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MINIMIZING THE NUMBER OF EDGES IN (P, U K3)-SATURATED
CONNECTED GRAPHS

YuvinGg Lib2* AND KEXIANG XUul?

Abstract. For a graph H, a graph G is H-saturated if it contains no copy of H as a (not necessarily
induced) subgraph, but the addition of any edge missing from G creates a copy of H in the resultant
graph. The connected saturation number sat’(n, H) is defined as the minimum number of edges in H-
saturated connected graphs on n vertices. In this paper we consider the (P U K3)-saturated connected
graphs on n vertices and focus on the determination of sat’(n, P, U K3). We prove that n + 2 <
sat’(n, Pp U K3) < n+4 2528 for n > 3554 with k > 4 and characterize the extremal graphs at which
the upper bounds are attained. Moreover, the exact values of sat’(n, P, U K3) are determined with
k € {3,4} and we get sat(n, P, U K3) = sat'(n, P, U K3) = n.
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1. INTRODUCTION

All graphs considered in this paper are finite, undirected and simple. Let G = (V| E) be a graph, as usual,
denote by V(G), E(G), n(G), m(G) and G the vertex set, edge set, the number of vertices, the number of edges
and the complement of G, respectively. For any v € V(G), let dg(v) and Ng(v) denote the degree and the set of
neighbors of v in G, respectively. As usual, let A(G) and §(G) be the maximum degree and the minimum degree,
respectively, of graph G. Denote by K, P,,, C,, and S,, the complete graph, path, cycle and the star graph on n
vertices, respectively. The distance dg(x,y) of two vertices x, y is the length of a shortest x — y path in G. The
eccentricity, denoted by eccg(v), of a vertex v in a graph G is max{d(u,v) : v € V(G)}. For A C V(G), let G[A4]
be the subgraph of G induced by A. Given vertex sets A, B C V(G), we denote by Ex(A, B), or E(A, B) for
simplicity, the edge subset of G formed by edges with one endvertex in A and the other in B, and its cardinality
will be written as eg(A, B) or e(A, B) for short, and let A\ B denote A — B. For any edge e € E(G), we write
by G + e the graph obtained from G by adding the new edge e. Given any two vertex-disjoint graphs G and H,
their union G U H is the graph with vertex set V(G) UV (H) and edge set E(G)U E(H), and their join GV H
is the graph with vertex set V(G) UV (H) and edge set E(G)UE(H)U{gh:g€ V(G),he V(H)}.
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For two graphs G and H, G is H -saturated if it contains no copy of H as a (not necessarily induced) subgraph,
but the addition of any edge missing from G creates a copy of H in the resultant graph. Note that G mentioned
here is not necessarily connected. The saturation number sat(n, H) is defined as the minimum number of edges in
H-saturated graphs on n vertices. This can be viewed as the dual of the celebrated Turdn number ex(n, H), the
maximum number of edges in H-saturated graphs on n vertices. For some recent results on the Turdan number,
please see [24]. Moreover, for a (not necessarily connected) graph H, we denote by sat’(n, H) and sat”(n, H)
the minimum number of edges in H-saturated connected graphs and H-saturated disconnected graphs, respec-
tively, on n vertices. Clearly, sat(n, H) = min{sat’(n, H),sat” (n, H)} where sat’(n, H) and sat” (n, H) are called
connected saturation number and disconnected saturation number, respectively.

Saturation number was first studied by Erdds et al. [10], who proved that sat(n,K,) = (p —2)(n —p —

—9 S
2) + (p 5 ) with the extremal graphs K, o V K,_p4o. Kdszonyi and Tuza [20] considered sat(n,H) for

H € {S;,mKs, P,,} and determined the extremal graphs, respectively. As a generalization, Faudree et al. [15]
proved sat(n,tK,) = (t — 1) (p; !
Ky—2V ((t = 1)Kpi1 UK, _pi—i13). Moreover, they also determined sat(n, K, U K,) and sat(n, Fy , ¢) with the
extremal graphs where F} ), ¢ is the generalized friendship graph composed of ¢ copies of K, intersecting in a
common K, for positive integers ¢, p and /.

For the path, Készonyi and Tuza [20] found sat(n, Pn) = n — || where a,, = 3 2F=1 — 2 if m = 2k
and a,, = 2¥*1 — 2 if m = 2k + 1, and they also characterized the family of extremal graphs. Frick and
Singleton [16] proved sat(n,P,) = [2%-2] for n > 54 and several small order cases. For ¢t > 2, let F =
Py, U Py, U---U Py, be a linear forest where P, denotes a path on k vertices and k1 > kg > --- > k. Chen
et al. [8] investigated the saturation numbers for forests and provided the upper and lower bounds on sat(n, H)
with H € {F,tPy, P, U Pp}. Furthermore, they obtained the exact values of sat(n, P, UtPy) with m € {3,4,5}.
Moreover, some enumerative properties of star-free graphs are reported in [19]. Fan and Wang [12] proved that
sat(n, PsUtPy) = min{ f5”g4],3t + 12} for n > 3t + 8 with the extremal graphs K¢ U (t — 1)K3 U K,,_3;_3 for
n > 18470 Recently Yan [25] showed that sat(n, Ps UtP;) = min{n — | 15,3t + 18} with the extremal graphs
K;U(t—1)K3UK,,_34_4 for n > ?t + 20. The known results about Ci-saturated graphs are mainly for small
values of k. Please refer to [5,10,22,23] for the exact values of sat(n, Cy) with k£ <5 and sat(n,C),). For k > 6,
some lower bounds and upper bounds on sat(n, C}) are established in [1,17,18,21,26]. Please see an informative
survey [9] for some detailed results in graph saturation.

By now there are some results on sat(n, Hy U Hy) if H; and Hs have a same type such as the above cases
when they are both paths or complete graphs. But for all we know, there are no results on sat(n, H; U Ha)
when H; and Hs are of distinct types. In this paper we consider the (P U K3)-saturated connected graphs on
n vertices and determine the bounds on sat’(n, P, U K3). For convenience, a (P U K3)-saturated (connected)
graph with minimum number of edges is called a minimum (P U K3)-saturated (connected) graph. The paper
is organized as follows. In Section 2 we give the upper bounds on the saturation number and characterize the
extremal graphs at which the upper bounds are attained. In Section 3 we give a lower bound on the saturation
number sat’(n, Py UK3) > n+2 for n > 34 with k& > 4. In Section 4 we determine the values of sat’ (P, U K3)
with k € {2,3,4}. We end with a few remarks in Section 5.

-2
) + (p 5 ) + (p — 2)(n — p + 2) and constructed the extremal graphs

2. UPPER BOUND ON sat'(n, P, U K3)

Let Cry2 = v102 ... k1201 be a cycle. Let G* be the graph obtained by attaching n — k — 2 pendant vertices
to Vg2 of Crio where X is the set of these newly-attached pendant vertices. Next we introduce two kinds of
graphs based on the parity of k. If k is even, let G¥ _ be the graph obtained from G* by adding all edges

even
ViVkao—i, Vilka1—q Tor ¢ =1,2, ..., g — 1 and v;vp43_; fori=2,... ,% (see Fig. 1). If k is odd, let G’gdd be the
graph obtained from G* by adding all edges v;vgio—; for i = 1,2,..., ng, ViVgpt1—¢ for i = 1,2,..., ng -1
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FIGURE 1. Graph G, (left) and graph G*,, (right).

and v;vpy3_; for i = 2,...,|%| (see Fig. 1). It can be easily checked that m(G¥

2 even
m(Goaa) =n+3(15) —1) +1.
In the following result we provide an upper bound on sat’(n, P, U K3).

) =n+3(4-1) and

Theorem 2.1. Let k > 4 be an integer. Then

n+3(§fl), if kis even,

t'(n, P, U K3) <
sat (n, B 3>—{n+3(L’;J1)+1, if £ is odd.

K en and G* . defined as above are (P, U K3)-saturated.
We can easily check that GX,. and G are (P, U K3)-free. Next we show that there exists a copy of P, UK3 as
a subgraph of G¥ ken and G* . respectively, depending

Proof. For proving the result, it suffices to show that G*

k enteand G, +e by adding any edge e missing from G¥,
on the parity of k. Assuming that k is even, we divide into three cases based on the position of non-edge e.

Case Al. e = uv with u,v € X.
It is clear that G¥ e contains a copy of Py UK3 as a subgraph with K3 = uvvgou and P, = vav3 ... Upq1.

even

Case A2. ¢ € E(X,V(Cri2)\{vikt+2})-

Let YV = {vl,vg,...,v§+1}. We choose any vertex v € X. By the symmetry of G¥

even’

without loss of
generality, we can consider any edge e € E(v,Y).

Subcase A2.1. e = vv;.
It is clear that G*

oven + € contains a copy of P, U K3 as a subgraph with K3 = vjvgyovv; and Py, =
VU3 * + * Vk41-
Subcase A2.2. e =wv; with j € {2,3,..., 5 +1}.

In this subcase G’e“ven + e contains a copy of P, U K3 as a subgraph with K3 = vjvg1vkv1 and P, =

V420V Vj—1 * * - V2Uk—1Vg—2Vj41-
Case A3. e = v,;v; is a non-edge with v;,v; € V(Ci2).
By the symmetry of GF we only need to consider that one of the endpoint of e is v; with i €

even’

{k+21,2,...,5 %+ 1}. We choose any vertex v € X.

Subcase A3.1. e = vp42v;.
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We only need to consider that j € {2 3,.

k
case Gfien

VUV 42VVj -1 ** * VU1V —2 * - * Vj41-

Subcase A3.2. e =v;v; with ¢ € {1 2,3,. E - 3}.
Ifje{i+2,i+3,....k—i—1k— z} Geven + e contains a copy of P, U K3 as a subgraph with
K3 = v 1Vp41-iVkt2—Viy1 and Py = vUp 001 Vg1 - - Vi —1Vk43—iViVjVj41 * Vg —3Vi42V543 - - Vj—1 (par—
ticularly Py, = ka+2vlvk+1 U 1Uk43-iViVit2Vig3 Vg if § =14 2).
Ifj € {1,2,...,i—2}, Gk, +e contains a copy of P,UK3 as a subgraph with K3 = v; 1013 iVks2_iVi_1
and Py, = 'Uk+1fzvk72 Ui UV U4 ¢ Vi 2k d— iUk 45— * * * Uk 2—jUj—1Uk43—j * - - V1Vk41Vk420 (partic-
ularly Py = Ug41—iVk—i - - Vi—10;V1V2 - Uz—2vk+4—wk+5—z‘ U1 Ug2v if = 1).
Ifjelk+4—ik+5—14,....k+ 1} G* .. + e contains a copy of P, U K3 as a subgraph with

i, 2,7 —|—1} by the symmetry of G¥, . In this sub-

+ e contains a copy of P, U K3 as a subgraph with K3 = wvivgpivpv; and P, =

K3 = v 1Vky3—iUkt2—iVi 1 aﬂd Py = Upy1iUk—i Ui 1VUV5 1 Vkrd—iVi—2V;i—3 " Ugt2—jUj41
Vk41—j * " Vg+1V1Vk420 (particularly Py = Ugpq1—iUk—i " Vi 1ViUk 410k =+ Vkyd—iVi—2Vi—3 - = - V1 Vpp2v if
j=k+1).

Subcase A3.3. €= Vk_qyVj.
2

Iftj=35 e=ve v Geven+e contains a copy of P, UK3 as a subgraph with K3 = v _ vk 305405
and Pk = /U'Uk+2/01’l)k+1 _3VE 5UE _QUEVE 1 Vk .

Ifj = g—i—l, €= Vk Uk . Geven—i—e contains a copy of P,UK3 as a subgraph with K3 = Uk _UEVE 3UE
and P, = vvp 4oV, 4+1071 - - Uk 4Uk _gUk {1V .

Ifj = g + 2, e = Uk _oUk o G* .. + e contains a copy of P, U K3 as a subgraph with K3 =
Uk Uk 3Vk 44Uk and Py = g oV Vg1 - - Vk_gUk  5Vk Uk  pUk V.

If j € {g + 6, g +7,...,k+1}, GE., + e contains a copy of P, U K3 as a subgraph with

K3 =wve 3ve 5vx, 408 3 and P = 0k 30k oUK (JUEVE UK HUjUj 10 Uk gUE 4UE 5 Vkg2- U541

even

Vhal—i ** * Va1V VgtV articularly P, = wv v v VrU v Va1 Vg = * - U v v
k+1—j ' .k+1 1Vk+2 (p y k b4gUk oUk 1 UEVE 1 VE_5Uk4+1Vk EyeUb_4Vk 5
V1V ov if § =k 4+ 1).
Subcase A3.4. e =vi_ ;.
2
Ifj = st+l,e= U§—1”§+1- Gk

even € cONtains a copy of PLUK3 as a subgraph with Kz = ve _ vx vsve

and Py = v 1oV Vg1 - - - 27}k+4’l)k+3’0%+2
If j € {g + 5, g +6,... k—I— 1}, Gk, + e contains a copy of P, U K3 as a subgraph with
K3 = Uk _9Uk 44Uk 43Uk o and P, = Vk 49Uk {1VEVE qUjUj1 " Vk 5V _3Uk 4" Uk42—jUj+1Vk+1—j

Vg1V Vo0 (particularly Py = Uk _ Uk, (VEVUk _qUkt1VUk * " Vk L sUk _aUk _, " V1Vp1ov if j =k + 1).
k+1010k420 (P Y Pr = Uk oV (VEVE Uk Uk - VE L 5UE UKy V104 B j = k4 1)
Subcase A3.5. e = vrvj.
2
Ifj= §+2, €=VEVk o Gk .. + e contains a copy of P, U K3 as a subgraph with K3 = v« Uk oUk Uk
and Py = vUg42V1Vk41 - VR Uk 3.
If j € {§+4,§+5,. k—|—1} G* .. + e contains a copy of P, U K3 as a subgraph with
Ks = Uk Uk 3Vk Uk and P, = Uk UEVjUj 1" Vk 4V Uk 3 Vk42—jUj410k41—j " " Vk41V1
vpaov (particularly P, = Vg  {(VrVUgpy1Vk -+ " Vi, 4Vk _oU s Ugaou if j =k 4 1).
k20 (P Y Lk £ 41 VEVk+1Vk E iUk _oUk_3 1Vk420 11 ) +1)
Subcase A3.6. ¢ = vk v;.
2
Ifj = % + 3, e = Uk Uk 3. G* .. + e contains a copy of P, U K3 as a subgraph with K3 =
U§+1U§+3“g+zvg+1 and Py = U0k 42V1 0,41 "+ VE_pVk 14Uk _1 V.
Ifj e {% +4,§ S k+ 1} Gk .. + e contains a copy of P, U K3 as a subgraph with K3 =
VEVUE Uk 3Uk and Pk = Uk gUk (VU1 Vk Uk oUk 3" Vkg2—jUj41Vk41—j * * " Vk41V10k 420 (par-
tlcularly ke = Uk oUk Uk 1Vk - Vk 4 g Uk Uk 3" U1Uk42V ifj=k+1).

even

Therefore, we have shown that G¥ . + e contains a copy of P, U K3 as a subgraph for any non-edge e,
which means that G¥

is (P, U K3)-saturated. Similar to the argument for G%,_ , we will verify that

even even’
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G’gdd also is (P U K3)-saturated. Now, assuming that k is odd, we divide into three cases based on the
position of non-edge e.

Case B1. ¢ = uv with u,v € X.

It is clear that G’O“dd + e contains a copy of P, U K3 as a subgraph with K3 = uvviiou and Py, = vavs - - - Ug11.
Case B2. e € E(X,V(Cri2)\{vrt2}).

Let Y = V1, V2, Uk [ We choose any vertex v € X. By the symmetry of G¥,,, without loss of

generality, we can consider any edge e € E(v,Y).

Subcase B2.1. ¢ = vv;.
It is clear that G’gdd + e contains a copy of P, U K3 as a subgraph with K3 = vjvgovv; and Py =
VU3 * + * Vk41-

Subcase B2.2. e = vv; with j € {2,3, e L%J + 1}.
In this subcase Glédd + e contains a copy of P, U K3 as a subgraph with K3 = vjvgivgvy and Py =
Vg42VVV5 -1+ * VU -1V —2Vj41-

Case B3. e = v;v; is a non-edge with v;,v; € V(Cjy2).
By the symmetry of G’gdd, we only need to consider that one of the endpoint of e is v; with i €
{k+2,1,2,..., %], [5] +1}. We choose any vertex v € X.

Subcase B3.1. e = vp2v;.
We only need to consider that j € {2,3,..., |%],1%] + 1} by the symmetry of G¥;. In this sub-
case G’gdd + e contains a copy of P, U K3 as a subgraph with K3 = wvjvgppivpv; and P, =
VVE4-2VV5 -1 * " V2V -1V -2 " * " VUj41-

Subcase B3.2. e = v;v; with i € {1,2,3,...,| %] —2}.
Ifj e {i+2i+3,....k—i—1,k—i}, GF;y + e contains a copy of P, U K3 as a subgraph with
K3 = 0i410k+1-iVk+2-iVi+1 and Py = VUg 1201041+ + * Vi 1Vk43—iViVjVj 41 * * * Uk—iVi20Vi3 ** Vj—1 (par-
ticularly Py = vk 2010841 " Vi 1Vk43—iViVip2Viy3 - Vg if j =i+ 2).
Ifje{l1,2,...,i—2}, Glgdd—i—e contains a copy of P,UK3 as a subgraph with K3 = v; 10k 413-;Vg42—iVi—1
and Py = Vg1 iVk—i "+ Vit 1VV5V41 "+ Vi 2Vk4d—iVk+5—i " ** Vk12—jVj_1Vk13—j * * * V1V 1Vk4 20V (partic-
ularly Py = Upq1-iUk—i - Vig10iV102 * = Vi 2Vkd—iVkg5—i - - Vk1Vk420 if j = 1).
Ifj e {fk+4—-dik+5—14...,k+ 1}, G’gdd + e contains a copy of P, U K3 as a subgraph
with K3 = 0, 1Up43—iVky2—iVi—1 and Py = Vpy1_Vp—;- -~ Vi41ViV5V5 -1 Vp44—iV;—2V; -3 * - V42—
Vj41Vkt1—j - Vk41010k420  (particularly Pr = Ugp1-iUk—i " Vit1ViUk+1Vk - - Vppd—iVi—2Vi—3 = - -
V1Vg4ov if § =k + 1).

Subcase B3.3. e = U\ k)0
Ifj=15+1-¢= Uk Uk G4 + e contains a copy of Py U K3 as a subgraph with K3 =
VLS Vs T2V 51V &) And P = UUkpaV10k1 V)8 pUT K 1aV 4 1 V51U E
Ifj = [g] +1,e = U0k _qUrkq- Gk ,4 + e contains a copy of Py U K3 as a subgraph with K3 =
VL5 VT41+20r 514301 5] A Pl = U0k42V10k 41U £ 10V £744V 510151420 5410
If j € {[%] +5, f%] +6,...,k+ 1}, G4 + e contains a copy of P, U K3 as a subgraph with
K3 = vk oV[£144V15143Y 5 -2 and P = UrE1+2 5141V 5 1 VLB VLS 1Y 1 s T4 Y 5 -
U0k g Vk42—jVj410k41—j * " Ukt 1U1 V420V (particularly P, = Urk)4oUrk] 1Y)k 1Y)k |V k| Ukt
Vg -+ 'U(%“+5UL%J_3UL%J_4 . 'Ulvk+2v lfj = k + 1)

Subcase B3.4. ¢ = R
Ifj= [g} +1, e = U0k Uk 41 G4 + e contains a copy of Py U K3 as a subgraph with K3 =
VL5 0r81 1015 1410 ) ARG Pl = V0otttV 41V k50T 2
If j € {[%] +4, f%] +5,...,k+ 1}, G*.4 + e contains a copy of P, U K3 as a subgraph with

Kg = ’l}LgJ_l’l]"g'|+3'Ul'§'|+2UL%J_l and Pk = ’U"%“_"_l'UL%J_"_l’UL%J’Uj’Uj_l~.~U’—§-‘+4’UL§J_2’UL§J_3...
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F1GURE 2. Graph G.

Ukg2—jVj410k41—j " VUp41010k42v  (particularly P, = ULk 141V |41V & ) Vk4+1Vk Uk 4V B9
Uk |3 U1Uk42V ifj=k+1).

Subcase B3.5. ¢ = v x|, ,v;.
Ifj = (%W +2, e = U0k | 410k ] 42 G’(fdd + e contains a copy of P, U K3 as a subgraph with K3 =
Uk 4107142V 5141V 5 4+ And Pl = V0oV Uk V)8 1 UTE 430 &)
If j € {%1 + 3, f%] +4,...,k+1}, G, + e contains a copy of P, U K3 as a subgraph
with K3 = 1}|—§~|+2’UL§JUL%J_1U(%-‘+2 and P, = ’U(%W_H’UL%J_H’Ujvj_l . "’U!—%-‘*‘?’U\_%J—QU\_%J—S S U
Vj1Vkt1—j - Vk4+1U1Vk42v  (particularly P, = ULk 1Yk 41 0k+1Vk ULk 43V ]k oV k|3 " V1
vepov if j =k +1).

Note that m(G¥,) = n+3(4 —1) and m(G%y) = n+3(| %] —1) + 1 from the respective structures of
G* .. and G’gdd. Then we complete the proof of Theorem 2.1. O

even

Recalling that sat(n, P, U K3) = min{sat’(n, P, U K3),sat” (n, P, U K3)}, we arrive at the following result.

Corollary 2.1. Let k > 4 be an integer. Then

n+3(§—1), if kis even,

t(n, Py UK3) <
sat(n, Py 3)—{n+3(L’§J—1)+1, if k is odd.

Note that the statement of Theorem 2.1 cannot be extended to the case k£ > 3 as explained in the following.

Remark 2.1. k£ > 4 is necessary in the statement of Theorem 2.1. It can be routinely checked that G’gdd as
constructed in Figure 2 is not a (P U K3)-saturated connected graph for k = 3. For k = 3, a (P, U K3)-saturated
connected graph G of order n is constructed with n + 2 edges in Figure 2.

3. LOWER BOUND ON sat’(n, P, U K3)

In this section we focus on determining the lower bound on sat’(n, P, U K3). Before doing it, we need a
preliminary result. A graph G is k-self-centered if eccg(v) = k for any vertex v € V(G). For a graph G,
we denote by ¢(G) the cyclomatic number of G, that is, ¢(G) = |E(G)| — |V(G)| + w(G) where w(G) is the
number of connected components of G. In particular, ¢(G) = |E(G)| — |V(G)| + 1 if G is connected. For a
connected graph G with ¢(G) = 2, there are at least two cycles in G, and G contains one of the following graphs:

— A glasses-type graph, which is the union of two vertex-disjoint cycles;
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— An oo-type graph C}, 4, which consists of two cycles C}, and C sharing one common vertex, being this vertex
called the center of C,, 4;

— A O-type graph O, g, k, With 2 < k; < ko < ks, which consists of three cycles formed by three internally-
disjoint paths of lengths k1, ko and k3 with two common terminals.

Lemma 3.1 ([4]). If G is a 2-self-centered graph with n vertices and m edges, then m > 2n — 5.

3k+4

Lemma 3.2. Let G be a minimum (P, U K3)-saturated (not necessarily connected) graph on n > =%55= vertices.

Then there is a triangle in G for k > 4.

Proof. Firstly, we show that there is a cycle in G for k > 2. Otherwise, we suppose that there is no cycle in
G, which means that G is a forest. First we claim that G is a tree. Otherwise, G contains at least two distinct
trees, say T) and T. Now G + vjvy contains no K3 as a subgraph where v; € V(T}) and vo € V(T3), which is
a contradiction. For any edge e = zy missing from G, G + xy contains P, U K3. Then zy must belong to K3 in
G + xy since G is a tree. If dg(z,y) > 3, then there is no Py U K3 in G + xy since the unique cycle in it has
length at least 4. This is a contradiction. Thus dg(z,y) = 2 for any two non-adjacent vertices z and y in G,
which implies that G = S,,. But G 2 S,, is not (P U K3)-saturated as a clear contradiction again. Therefore,
G must contain a cycle.

We next prove that there is a triangle in G for k > 4. If not, we have |C| > 4 for every cycle C in
G. Furthermore, e € K3 in G + e for any edge e missing from G. Then any two non-adjacent vertices in
G have at least one common neighbor with A(G) < n —1 (if A(G) = n — 1, then G contains a triangle,
contradicting the above assumption). Therefore G is 2-self-centered. Then e(G) > 2n — 5 by Lemma 3.1.
However, e(G) > 2n —5 > n + 3’“776 for n > %, which contradicts Theorem 2.1. This completes the
proof. O

We give a lower bound on the saturation number sat’(n, P, U K3) for k > 4 in the following result.
Theorem 3.1. Ifn > L;‘L with k > 4, then sat’(n, P, U K3) > n + 2.

Proof. Let G be a minimum (P U K3)-saturated connected graph on n vertices. It follows from Lemma 3.2 that
¢(G) > 1. Next we divide into the following two cases to show that ¢(G) > 3.

Case 1. ¢(G) = 1.
In this case there is exactly one cycle C' in G. By Lemma 3.2, We have |C| = 3 with C' = vjvavsv;. Now
we claim that any vertex y € V(G)\V(C) is adjacent to exactly one vertex in C. Clearly, y has at most
one neighbor in V(C). If there is a vertex x € V(G)\V(C) such that x is not adjacent to any vertex in C,
we assume, without loss of generality, that min{dg(z,u) : v € V(C)} = dg(x,v1). In the graph G + zvg,
we have zvy € K3. Otherwise, there is no P, U K3 in G + zvq, contradicting the fact that G is (P, U K3)-
saturated. Then there exists a vertex 1 € V(G) \ V(C) such that K3 = xzivaz. Thus dg(x,v1) = 2 since
dg(z,v1) < dg(x,v2) = 2 and x is not adjacent to vy. This creates a second cycle in G as a contradiction to
¢(G) = 1. Therefore, G is a graph of order n obtained by attaching pendant vertices to some or all vertices
in C. But G turns out to be not (P U K3)-saturated from a routine check as a clear contradiction again.
Case 2. ¢(G) = 2.
In this case, by Lemma 3.2, there are at least two cycles C! and C? in G with C' = vjvov3v,. Now we
claim that V(C') NV (C?) # @. If not, then V(C1) NV (C?) = @ and set C? = vjvhv} - --v]. Thus there are
exactly two cycles C! and C? in G. Assume that dg(vi,v]) = min{de(z,y) : z € V(C'),y € V(C?)}. Now
we have vjvs € K3 in G + v]vy. Similarly as above, there is a vertex u € V(G) \ (V(C') UV (C?)) such that
K3 = uvvju and dg(vi,v]) = 2, creating a third cycle in G, a contradiction. Thus V(C!) NV (C?) # @.
If [V(CY)NV(C?)| = 1, then there are exactly two cycles C! and C? in G. Without loss of generality,
we assume that {v1} = V(CY) N V(C?). If |C?| > 4 with C? = v1vhviv) - vy, we consider G + vav},
then wvov} € Kj. Otherwise vovy € Pj and there is no P, U K3 in G 4 vyv}, contradicting the fact that
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G is (P, U K3)-saturated. Thus there is a y € V(G)\(V(C*) U V(C?)) such that K3 = vaviyvs. However,
a third cycle occurs in G as a contradiction. Therefore |C?| = 3 with C? = vijvhviv;. Any vertex y €
V(G\(V(CY) U V(C?)) has at most one neighbor in V(C!) U V(C?) since there are exactly two cycles in
G. If there exists a y with no neighbors in V(C*) U V(C?), we can consider G + v1y, then viy € K3 and
there is a y; € V(G)\(V(C*) U V(C?)) such that K3 = v1yy1v1. We claim that Ng(y) = {y1}. If not, we
assume y2 € Ng(y)\{y1} and consider G+ vy, then v1y, € K3 and there is a y5 € V(G)\(V(C') UV(C?))
such that K5 = v1yaysv1 (possibly y1 = ys holds). However, this creates a third cycle in G, a contradiction.
Therefore any vertex y € V(G)\(V(C') U V(C?)) either has exactly one neighbor in V(C1) U V(C?) or lies
on 2-length pendant path from vy € V(C') N V(C?) with dg(y,v1) = 2. By considering the non-edge vav}
or vzvh, we can verify that G with this structure is not a (P U K3)-saturated graph as a contradiction.
Next it suffices to consider the subcase when G contains a ©-type graph. In this subcase we consider two cycles
C! and C? in G of less lengths with |C| < |C?|. Then |[V(C!)NV(C?)| = 2. By Lemma 3.2 we assume that
{v1,v2} = V(CHNV(C?) with C! = vyvavzvy and C? = vy} - - v1. If |C?] > 5 with C? = vyvgvivjvl - - - vy,
we can consider G + v3v}. Then v3v) € K3 and there is a vertex y € V(G)\(V(C') U V(C?)) such that
K3 = v3vjyvs. This creates a new cycle in G as a contradiction. Then 3 < |C?| < 4. Denote by Gy the
induced subgraph of G by V(C') U V(C?). Now we claim that any vertex y € V(G)\V(Gy) has exactly
one neighbor in Gg. Clearly, y has at most one neighbor in Gy since ¢(G) = 2. If there exists a y without
neighbor in Gy, without loss of generality, we assume that min{dg(y,u) : v € V(Go)} = dg(y, z). Selecting
w € {v1,v2} \ {} and considering the graph G + wy, we have wy € Kj. Then there exists another vertex
y1 € V(G) \ V(Gp) such that K3 = wyyiw and dg(y,x) = 2. Then a new cycle occurs in G as a clear
contradiction. Therefore G is a graph obtained by attaching some pendant vertices to the vertices in Gg. It
is routine to verify that G with this structure is not (P U K3)-saturated as a contradiction.

Therefore we have ¢(G) > 3, which implies sat’(n, P, U K3) > n + 2. |

Combining Theorems 2.1 and 3.1, we can get the following result immediately.

Corollary 3.1. Let G be a minimum (P, U K3)-saturated connected graph on n > 3’“2—4'4 vertices with k > 4.

Thenn—l—ZSm(G)gn—i—?’kT_f}.

Remark 3.1. Similar to the proof (paragraphs 2 and 3 of Case 2) of Theorem 3.1, it can be checked that G
is not (P, U K3)-saturated for any graph G obtained by attaching some pendant vertices to vertices in C3 3 or
possibly identifying a leaf of one or more stars with its center, or obtained by attaching some pendant vertices
to vertices in Gy with Gy € {O233,023.4}.

Next we construct the (P U K3)-saturated disconnected graph G with specific order such that m(G) <
sat’(n, Py U K3), which means sat”’ (n, P, U K3) < sat’(n, P, U K3) for some n. If k& > 4, the structure of Pj-
saturated tree can be described in [20]. Let T} be a rooted (or double rooted) tree with [£] levels in which
every vertex has degree 3, except for the lowest level, and the highest level contains k + 1 — 2\_§j vertices (see
Fig. 3). Then

3.2t 2 if k=2m,
|Tk?‘ = m41 4
2 -2, if k=2m+ 1.

Theorem 3.2 ([20]). If T is a Py-saturated tree, then T}, C T.

In addition, any graph obtained from T} by adding more pendant vertices to the neighbors of leaves maintains
the Pj-saturated property. We denote by T}, the graph obtained from T}, by adding » pendant vertices to the
neighbors of leaves.

Let G = GS,, U4Ts U Ts, with n(GS,.,) = 9 and 0 < r < 9. It is not difficult to verify that G is
a (Ps U K3)-saturated disconnected graph of order n = 59 + r. Note that m(GS,.,) = 15. We can know
that m(G) = 154+4x9+9+7r =60+ 7 = n+ 1. Thus sat’(n, Ps U K3) < m(G) = n(G) + 1, meaning

sat”(n, Ps U K3) < sat’(n, Ps U K3) for n = 59 + r by Theorem 3.1. Thus we get the following result.
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FIGURE 3. Ty and T%.
Remark 3.2. The result of Theorem 3.1 cannot be extended to sat(n, P, U K3).

4. sat'(n, P, U K3) WITH k € {2,3,4}

In this section we will determine the exact values of sat’(n, Py U K3) when k is small. First we deal with the
case when k = 2.

Theorem 4.1. sat'(n, P, U K3) = n with n > 6.

Proof. Let G be a graph of order n obtained by attaching at least one pendant vertex to each vertex of a triangle.
We can easily verify that G is a (P, U K3)-saturated connected graph, implying that sat’(n, P, U K3) < n. On
the other hand, we have sat’(n, P, U K3) > sat(n, P, U K3) > n by the proof of Lemma 3.2. Our result follows
immediately. O

Note that sat(n, P, U K3) = min{sat’(n, P, U K3),sat”(n, P, U K3)} and sat(n, P, U K3) > n. Then we have
the following result.

Corollary 4.1. sat(n, P, U K3) = n with n > 6.

Next we turn to determine the value of sat’(n, Ps U K3).

Theorem 4.2. sat'(n, P UK3) =n+ 2.

Proof. Let G be a minimum (Ps U K3)-saturated connected graph on n vertices. By Remark 2.1, we have
m(G) < n+ 2. Then it suffices to show ¢(G) > 3. From the proof of Lemma 3.2, we have ¢(G) > 1. Next we
divide into the following two cases.

Case 1. ¢(G) = 1.

Now there is exactly one cycle C in G with C' = vjvavs - --v;. We claim that any vertex y € V(G)\V(C)
has exactly one neighbor in V(C). Clearly, y has at most one neighbor in C since ¢(G) = 1. If there is a
vertex y without neighbor in C, we assume that min{dg(y,u) : v € V(C)} = dg(y,v1). Consider the graph
G + vay, we have voy € K3 since G is (P3U K3)-saturated. Then there is a vertex u € V(G) \ V(C) such that
K3 = voyuvs in G + voy and dg(y,v1) = 2, which creates a second cycle in G and contradicts the fact that
¢(G) = 1. Therefore G is a graph obtained by attaching one or more pendant vertices to some vertices of
V(C). But now G is not (P3 U K3)-saturated, which can be verified similarly as that in the proof (Case 1) of
Theorem 3.1 for |C| = 3 and can be done by adding a non-edge yx into G for |C| > 4 where y € V(G)\V (C)
and z lies on C with dg(x,y) = 3. This is a contradiction.
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FI1GURE 4. Graph G.

Case 2. ¢(G) = 2.

In this case we consider two cycles C! and C? in G of less lengths. By a similar reasoning as that in the proof
(paragraph 1 of Case 2) of Theorem 3.1, we have V(C1)NV(C?) # @. Now we divide into three cases base on
the value of min{|C*|,|C?|}. If min{|C'|,|C?|} > 5, there must exist two vertices z € V(C') and y € V(C?)
such that dg(z,y) > 3. In the graph G + zy, we have zy € K3 = xyzx where z € V(G) \ (V(CY) UV (C?)).
This creates a new cycle, contradicting the fact ¢(G) = 2. If min{|C!|,|C?|} = 3 with C! = vjvav3v1, by a
similar reasoning to the proof (paragraphs 2 and 3 of Case 2) of Theorem 3.1 and Remark 3.1, we deduce
that G is also not (P3 U K3)-saturated as a contradiction.

If min{|C|, |C?|} = 4 with C! = vivavgv4v1, we claim [V(C') N V(C?)| = 3. Otherwise, there must exist
two vertices z € V(C1) and y € V(C?) such that dg(z,y) > 3. In the graph G+xy, we have zy € K3 = xyzx
where 2z € V(G) \ (V(C') UV(C?)). This creates a new cycle, contradicting the fact ¢(G) = 2 again. Thus
[V(CYYNV(C?)| = 3 with {v1,ve,v3} = V(CH)NV(C?). If C? > 6 with C? = vyvav3vjvivg - - - v1, we have
vovl € K3 in G + vavf. This creates a new cycle in G, a contradiction. Therefore 4 = |Ct| < |C?] < 5
with {v1,v2,v3} = V(C') N V(C?). By a similar reasoning as that in the proof (paragraph 3 of Case 2) of
Theorem 3.1, G is a graph obtained by attaching some pendant vertices to the vertices in G[V (C1)UV (C?)].
It is routine to verify that G' with this structure is not (Ps U K3)-saturated as a contradiction.

It follows from the above two cases that ¢(G) > 3. Our result follows immediately. O

In the following result we determine sat’(n, Py U K3). Let G be the graph on n > 8 vertices as shown in
Figure 4. A, B and C are the vertex sets of at least one pendant vertex attaching to vs, v4 and vs, respectively.
Let X = {v1,v9,v3,v4,05} with Y =V (G)\ X. Then Y = AUBUC.

Theorem 4.3. sat’'(n, Py UK3) =n+ 2 withn > 8.

Proof. By Theorem 3.1, we have sat’(n, P;UK3) > n+2. Now we show that G is a (P,UK3)-saturated connected
graph with m(G) = n + 2. We can easily check that G is (P, U K3)-free. It suffices to prove that there exists
a copy of Py U K3 as a subgraph of G+e by adding any non-edge e. We divide into three cases based on the
position of non-edge e.

Case 1. e = v;v; with v;,v; € X.
Note that there are three non-edges v1vs5, vovs and vzvs in G [X]. From symmetry, we only need to consider
the non-edges vovs and vsvs. For any e € {vav3,v3v5}, it is routine to verify that G + e contains a copy of
P, U K3 as a subgraph by selecting vovg € K3 = vougvive and vivs € Py = avsvsb with any a € A, any
beBinG+ vovg and G+ v3U5, respectively.
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Case 2. e = uv with u,v € Y. R
If v and v are adjacent to a same vertex v; for i € {3,4,5}, it is clear that G + e contains a copy of P, U K3
as a subgraph with uwv € K3 = uvv;u in G + wv. If u and v are from two distinct vertex sets of A, B and
C, it is routine to verify that G + e contains a copy of Py U K3 as a subgraph with uwv € Py = vjvsuv,
uwv € Py = vzuvvs and wv € Py = vausvu in the graphs G + wv with wv € E(A, B), uv € E(A,C) and
wv € E(B, C), respectively.

Case 3. e € E(X,Y).
For any a € A, any b € B and any c € C, if e € E(X, A), it is clear that G + e contains a copy of P, U K3
as a subgraph with av; € K3 = av;vza, avy € Py = avgvsc and avs € Py = vzavse in the graphs G+ av;
with ¢ € {1,4}, G 4 ave and G + avs, respectively. If e € E(X, B), it is clear that G + e contains a copy
of P,UKj; as a subgraph with bv; € K3 = bvjuab, buy € Py = bvjvza and bvg € Py = bv2v5c in the graphs
G + bu; with i € {3,5}, G + bvy and G + buy, respectively. If e € E(X,(), it is clear that G + e contains
a copy of Py U K3 as a subgraph with cv; € K3 = cv;vsc, cvy € Py = cvyvsa and cvg € Py = vscvsa in the
graphs G+ cv; with ¢ € {2,4}, G+ cv; and G+ cvg, respectively.

Therefore G is a (P4UK3)-saturated connected graph with m(@) = n+2, implying that sat’(n, P,UK3) < n+2.
Our result follows immediately by Theorem 3.1. |

5. CONCLUDING REMARKS

In this paper we obtain the upper and lower bounds on sat’(n, P, U K3) for n > 3’“2—+4 with k > 4. Also the
exact values of sat’(n, P, U K3) are determined for k& € {2,3,4}. Note that sat’(n, P, U K3) = n + 2 attains
the lower bound in Theorem 3.1, but does not attain the upper bound in Theorem 2.1. Naturally we pose the
following problem.

Problem 5.1. Does there exist some k > 5 such that the lower bound in Theorem 3.1 is sharp for sat’(n, P, U
K3), that is, sat'(n, P, U K3) = n + 2, with n > %? Is there some k& > 5 such that the upper bound in
Theorem 2.1 is attained for sat’(n, P, U K3)?

Recall that a (P,UK3)-saturated (connected) graph G with minimum number of edges is a minimum (P,UK3)-
saturated (connected) graph, that is to say, m(G) = sat(n, P, U K3) (m(G) = sat’(n, P, U K3)) with n(G) = n.
The minimum (Py U K3)-saturated (connected) graph can be viewed as a realization graph for sat(n, P, U K3)
(sat/(n, P, U K3)). In G of Figure 4, we have |A| + |B| +|C| = n — 5 > 3. Therefore the realization graph for
sat’(n, P,UK3) is not unique. Moreover, the realization graph for sat(n, P, U K3) is also not unique. This results
in the following problem.

Problem 5.2. How can we determine the number of realization graphs for sat(n, P, U K3) and sat’(n, P, U K3)
for given k? In particular, can we determine some k such that the realization graph for sat(n, P, U K3) or
sat’(n, P, U K3) is unique?

Considering the results in Theorem 4.1 and Corollary 4.1, we propose the following general problem.

Problem 5.3. Under what conditions, do we have sat(n, H) = sat'(n, H) (sat(n, H) = sat”(n, H), resp.)?
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