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CHARACTERIZING AN ODD [1, 𝑏]-FACTOR ON THE DISTANCE SIGNLESS
LAPLACIAN SPECTRAL RADIUS

Sizhong Zhou1,* and Hongxia Liu2

Abstract. Let 𝐺 be a connected graph of even order 𝑛. An odd [1, 𝑏]-factor of 𝐺 is a spanning subgraph
𝐹 of 𝐺 such that 𝑑𝐹 (𝑣) ∈ {1, 3, 5, · · · , 𝑏} for any 𝑣 ∈ 𝑉 (𝐺), where 𝑏 is positive odd integer. The distance
matrix 𝒟(𝐺) of 𝐺 is a symmetric real matrix with (𝑖, 𝑗)-entry being the distance between the vertices 𝑣𝑖

and 𝑣𝑗 . The distance signless Laplacian matrix 𝒬(𝐺) of 𝐺 is defined by 𝒬(𝐺) = 𝑇𝑟(𝐺) +𝒟(𝐺), where
𝑇𝑟(𝐺) is the diagonal matrix of the vertex transmissions in 𝐺. The largest eigenvalue 𝜂1(𝐺) of 𝒬(𝐺) is
called the distance signless Laplacian spectral radius of 𝐺. In this paper, we verify sharp upper bounds
on the distance signless Laplacian spectral radius to guarantee the existence of an odd [1, 𝑏]-factor in a
graph; we provide some graphs to show that the bounds are optimal.
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1. Introduction

Graphs discussed in this paper are simple and undirected. Let 𝐺 be a graph with vertex set 𝑉 (𝐺) =
{𝑣1, 𝑣2, · · · , 𝑣𝑛} and edge set 𝐸(𝐺). The distance 𝑑𝐺(𝑣𝑖, 𝑣𝑗) between the vertices 𝑣𝑖 and 𝑣𝑗 is the length of
the shortest path between 𝑣𝑖 and 𝑣𝑗 in 𝐺. The distance matrix 𝒟(𝐺) of 𝐺 is a symmetric real matrix with (𝑖, 𝑗)-
entry being 𝑑𝐺(𝑣𝑖, 𝑣𝑗). The transmission 𝑇𝑟(𝑣𝑖) of a vertex 𝑣𝑖 ∈ 𝑉 (𝐺) is defined by the sum of the distances from
𝑣𝑖 to all other vertices in 𝐺, namely, 𝑇𝑟(𝑣𝑖) =

∑︀𝑛
𝑗=1 𝑑𝐺(𝑣𝑖, 𝑣𝑗). Let 𝑇𝑟(𝐺) = 𝑑𝑖𝑎𝑔(𝑇𝑟(𝑣1), 𝑇 𝑟(𝑣2), · · · , 𝑇 𝑟(𝑣𝑛))

denote the diagonal matrix of the vertex transmissions in 𝐺. The distance signless Laplacian matrix 𝒬(𝐺) of
𝐺 is defined by 𝒬(𝐺) = 𝑇𝑟(𝐺) +𝒟(𝐺). For an 𝑛× 𝑛 symmetric real matrix 𝑀 , let 𝜌1(𝑀) denote the spectral
radius of 𝑀 , namely, the largest eigenvalue of 𝑀 . Let 𝜂1(𝐺) ≥ 𝜂2(𝐺) ≥ · · · ≥ 𝜂𝑛(𝐺) be the eigenvalues of 𝒬(𝐺).
The largest eigenvalue 𝜂1(𝐺) of 𝒬(𝐺) is called to be the distance signless Laplacian spectral radius of 𝐺.

The degree of a vertex 𝑣 in 𝐺, written 𝑑𝐺(𝑣), is the number of vertices adjacent to 𝑣. The neighborhood
of a vertex 𝑣 in 𝐺, written 𝑁𝐺(𝑣), is the set of vertices adjacent to 𝑣. Let 𝑆 be a vertex subset of 𝐺. Set
𝑁𝐺(𝑆) =

⋃︀
𝑣∈𝑆 𝑁𝐺(𝑣). We denote by 𝐺[𝑆] the subgraph of 𝐺 induced by 𝑆, and write 𝐺 − 𝑆 = 𝐺[𝑉 (𝐺) ∖ 𝑆].

The complement graph 𝐺 of 𝐺 is the graph with vertex set 𝑉 (𝐺) such that two vertices are adjacent in 𝐺 if
and only if they are not adjacent in 𝐺. The Wiener index 𝑊 (𝐺) of a connected graph 𝐺 of order 𝑛 is defined
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by the sum of all distances in 𝐺, that is, 𝑊 (𝐺) =
∑︀

𝑖<𝑗 𝑑𝐺(𝑣𝑖, 𝑣𝑗). The complete graph of order 𝑛 is denoted
by 𝐾𝑛.

Let 𝐺1 and 𝐺2 be two disjoint graphs. The union 𝐺1 ∪𝐺2 denotes the graph with vertex set 𝑉 (𝐺1)∪ 𝑉 (𝐺2)
and edge set 𝐸(𝐺1) ∪ 𝐸(𝐺2). The join 𝐺1 ∨ 𝐺2 is the graph with vertex set 𝑉 (𝐺1) ∪ 𝑉 (𝐺2) and edge set
𝐸(𝐺1) ∪ 𝐸(𝐺2) ∪ {𝑢𝑣 : 𝑢 ∈ 𝑉 (𝐺1), 𝑣 ∈ 𝑉 (𝐺2)}.

A [1, 2]-factor of 𝐺 is defined as a spanning subgraph 𝐹 of 𝐺 with 𝑑𝐹 (𝑥) ∈ {1, 2} for any 𝑥 ∈ 𝑉 (𝐺). Let
𝑓 : 𝑉 (𝐺) → {1, 3, 5, · · · } be an odd integer-valued function. An odd (1, 𝑓)-factor of 𝐺 is a spanning subgraph
𝐹 of 𝐺 such that 𝑑𝐹 (𝑣) ∈ {1, 3, 5, · · · , 𝑓(𝑥)} for any 𝑣 ∈ 𝑉 (𝐺). Obviously, an odd (1, 𝑓)-factor is a 1-factor or
a perfect matching if 𝑓(𝑣) = 1 for any 𝑣 ∈ 𝑉 (𝐺). An odd (1, 𝑓)-factor is called an odd [1, 𝑏]-factor if 𝑓(𝑣) = 𝑏
for any 𝑣 ∈ 𝑉 (𝐺), where 𝑏 is an odd integer with 𝑏 ≥ 1.

Brouwer and Haemers [1] claimed that a graph 𝐺 contains a 1-factor if 𝜇1(𝐺) ≤ 2𝜇𝑛−1(𝐺), where 𝜇1(𝐺)
and 𝜇𝑛−1(𝐺) are the largest and second smallest Laplacian eigenvalues of 𝐺, respectively. Suil [2] claimed two
sufficient conditions for a graph to admit a 1-factor in light of its size and adjacency spectral radius, respectively.
Liu et al. [3] put forward an adjacency spectral radius condition to ensure the existence of a 1-factor in a graph.
Liu and Li [4] characterized a graph or a bipartite graph with a 1-factor by virtue of its distance signless
Laplacian spectral radius. Lots of researchers presented some sufficient conditions on various parameters to
guarantee the existence of [1, 2]-factors in graphs, such as the neighborhood condition [5], the degree conditions
[6–8], the binding number [8, 9], the independence number [10, 11], the isolated toughness [12–15], and the sun
toughness [16]. Zhou [17] derived some sufficient conditions for graphs to possess [1, 2]-factors. Cui and Kano
[18] showed a neighborhood condition for a graph having an odd [1, 𝑏]-factor. Lu et al. [19] characterized a graph
with an odd [1, 𝑏]-factor in terms of its Laplacian eigenvalues and adjacency eigenvalues, respectively. Kim et al.
[20] established an upper bound for the third largest adjacency eigenvalue in a regular graph to ensure the
existence of an odd [1, 𝑏]-factor. Fan et al. [21] showed a lower bound for the adjacency spectral radius to ensure
a graph admitting an odd [1, 𝑏]-factor. More other results on graph factors can be found in [22–32].

In this paper, we establish a connection between the distance signless Laplacian spectral radius of a graph and
its odd [1, 𝑏]-factor, and present a distance signless Laplacian spectral radius condition to ensure the existence
of an [1, 𝑏]-factor in a graph.

Theorem 1.1. Let 𝐺 be a connected graph of even order 𝑛, and let 𝑏 be a positive odd integer.

(i) For 𝑛 ≥ 𝑏 + 3 and (𝑏, 𝑛) /∈ {(1, 6), (1, 8), (1, 10)}, if 𝜂1(𝐺) < 𝜃(𝑛), then 𝐺 has an odd [1, 𝑏]-factor, where
𝜃(𝑛) is the largest root of 𝑥3− (5𝑛 + 2𝑏− 7)𝑥2 + (8𝑛2 + (2𝑏− 27)𝑛 + 4𝑏(𝑏 + 1) + 24)𝑥− 4𝑛3 + 22𝑛2− (4𝑏2 +
8𝑏 + 42)𝑛 + 6𝑏2 + 14𝑏 + 28 = 0.

(ii) For (𝑏, 𝑛) ∈ {(1, 6), (1, 8), (1, 10)}, if 𝜂1(𝐺) < 2𝑛− 2 +
√

2𝑛(𝑛+2)

2 , then 𝐺 has a 1-factor.

2. Preliminaries

We first put forward a fundamental result to compare the distance signless Laplacian spectral radius of a
graph and its spanning subgraph, which is a corollary of the Perron–Frobenius theorem.

Lemma 2.1 ([33]). Let 𝑒 be an edge of a graph 𝐺 such that 𝐺− 𝑒 is still connected. Then 𝜂1(𝐺) < 𝜂1(𝐺− 𝑒).

Xing et al. [34] presented a lower bound on the distance signless Laplacian spectral radius of a graph.

Lemma 2.2 ([34]). Let 𝐺 be a connected graph of order 𝑛. Then

𝜂1(𝐺) ≥ 4𝑊 (𝐺)
𝑛

with equality if and only if 𝐺 is transmission regular.
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Lemma 2.3 ([4]). Let 𝑛, 𝑞, 𝑠 and 𝑛𝑖 (𝑖 = 1, 2, · · · , 𝑞) be positive integers with 𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛𝑞 ≥ 1 and
𝑛 = 𝑠 +

∑︀𝑞
𝑖=1 𝑛𝑖. Then

𝜂1(𝐾𝑠 ∨ (𝐾𝑛1 ∪𝐾𝑛2 ∪ · · · ∪𝐾𝑛𝑞
)) ≥ 𝜂1(𝐾𝑠 ∨ (𝐾𝑛−𝑠−𝑞+1 ∪ (𝑞 − 1)𝐾1))

with equality if and only if 𝐾𝑠 ∨ (𝐾𝑛1 ∪𝐾𝑛2 ∪ · · · ∪𝐾𝑛𝑞 ) ∼= 𝐾𝑠 ∨ (𝐾𝑛−𝑠−𝑞+1 ∪ (𝑞 − 1)𝐾1).

In what follows, we show the concepts of equitable matrices and equitable partitions.

Definition 2.4 ([35]). Let 𝑀 be the following 𝑛× 𝑛 real matrix

𝑀 =

⎛⎜⎜⎜⎝
𝑀11 𝑀12 · · · 𝑀1𝑟

𝑀21 𝑀22 · · · 𝑀2𝑟

...
...

. . .
...

𝑀𝑟1 𝑀𝑟2 · · · 𝑀𝑟𝑟

⎞⎟⎟⎟⎠,

whose rows and columns are partitioned into subsets 𝑋1, 𝑋2, · · · , 𝑋𝑟 of {1, 2, · · · , 𝑛}. Let 𝑀𝑖𝑗 denote the
submatrix (called a block) of 𝑀 by removing the rows in {1, 2, · · · , 𝑛} − 𝑋𝑖 and removing the columns in
{1, 2, · · · , 𝑛}−𝑋𝑗 . The quotient matrix 𝐵(𝑀) of the matrix 𝑀 (with respect to the given partition) is the 𝑟× 𝑟
matrix whose entries are the average row sums of the blocks 𝑀𝑖𝑗 of 𝑀 . If every block 𝑀𝑖𝑗 of 𝑀 admits constant
row sum, then the partition is equitable and 𝐵(𝑀) is called an equitable quotient matrix of 𝑀 .

Lemma 2.5 ([36]). Let 𝑀 be a partitioned matrix, and let 𝐵(𝑀) be its equitable quotient matrix. Then the
eigenvalues of 𝐵(𝑀) are eigenvalues of 𝑀 . Furthermore, if 𝑀 is a nonnegative matrix, then 𝜌1(𝐵(𝑀)) = 𝜌1(𝑀),
where 𝜌1(𝐵(𝑀)) denotes the spectral radius of 𝐵(𝑀) and 𝜌1(𝑀) denotes the spectral radius of 𝑀 .

Amahashi [37] characterized a graph with an odd [1, 𝑏]-factor, which is the main tool in our proof.

Lemma 2.6 ([37]). Let 𝐺 be a graph and let 𝑏 be a positive odd integer. Then 𝐺 admits an odd [1, 𝑏]-factor if
and only if

𝑜(𝐺− 𝑆) ≤ 𝑏|𝑆|

for any 𝑆 ⊆ 𝑉 (𝐺), where 𝑜(𝐺− 𝑆) denotes the number of odd components in 𝐺− 𝑆.

3. The proof of Theorem 1.1

Proof of Theorem 1.1. Let 𝜙(𝑥) = 𝑥3 − (5𝑛 + 2𝑏− 7)𝑥2 + (8𝑛2 + (2𝑏− 27)𝑛 + 4𝑏(𝑏 + 1) + 24)𝑥− 4𝑛3 + 22𝑛2 −
(4𝑏2 + 8𝑏 + 42)𝑛 + 6𝑏2 + 14𝑏 + 28 and let 𝜃(𝑛) be the largest root of 𝜙(𝑥) = 0. Suppose to the contrary that 𝐺
has no odd [1, 𝑏]-factor. According to Lemma 2.6, we possess

𝑜(𝐺− 𝑆) > 𝑏|𝑆|

for some nonempty subset 𝑆 of 𝑉 (𝐺). Let 𝑜(𝐺− 𝑆) = 𝑞 and |𝑆| = 𝑠. Since 𝑛 is even, 𝑞 and 𝑏𝑠 admit the same
parity, hence

𝑞 ≥ 𝑏𝑠 + 2. (3.1)

In what follows, we choose a connected graph 𝐺 of order 𝑛 such that its distance signless Laplacian spectral
radius is as small as possible. Combining this with Lemma 2.1, we see that all the components of 𝐺 − 𝑆
are odd, the induced subgraph 𝐺[𝑆] (resp. each connected component of 𝐺 − 𝑆) is a complete graph, and
𝐺 ∼= 𝐺[𝑆] ∨ (𝐺− 𝑆).

Let 𝐺1, 𝐺2, · · · , 𝐺𝑞 be all the components of 𝐺− 𝑆 with |𝑉 (𝐺𝑖)| = 𝑛𝑖 (𝑖 = 1, 2, · · · , 𝑞) and 𝑛1 ≥ 𝑛2 ≥ · · · ≥
𝑛𝑞 ≥ 1. It’s clear that 𝑛 = 𝑠 +

∑︀𝑞
𝑖=1 𝑛𝑖 and 𝐺 ∼= 𝐾𝑠 ∨ (𝐾𝑛1 ∪𝐾𝑛2 ∪ · · · ∪𝐾𝑛𝑞

). Let 𝑛2 = 𝑛3 = · · · = 𝑛𝑞 = 1,
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then 𝑛1 = 𝑛 − 𝑠 − 𝑞 + 1 is odd and we get a new graph 𝐺′ ∼= 𝐾𝑠 ∨ (𝐾𝑛−𝑠−𝑞+1 ∪ (𝑞 − 1)𝐾1). Note that
𝑜(𝐺′ − 𝑆) = 𝑞 ≥ 𝑏𝑠 + 2 by (3.1) and 𝑛− 𝑠− 𝑞 + 1 being odd, and 𝐺′ is a connected graph of order 𝑛. Utilizing
Lemma 2.3, 𝜂1(𝐺) ≥ 𝜂1(𝐺′) with equality if and only if 𝐺 ∼= 𝐺′. Combining this with the choice of 𝐺, we deduce
𝐺 ∼= 𝐺′ ∼= 𝐾𝑠∨ (𝐾𝑛−𝑠−𝑞+1∪ (𝑞−1)𝐾1) (otherwise, 𝜂1(𝐺) > 𝜂1(𝐺′) by Lemma 2.3, which contradicts the choice
of 𝐺).

Claim 1. 𝑞 = 𝑏𝑠 + 2.

Proof. Assume that 𝑞 ≥ 𝑏𝑠 + 4. Recall that 𝐺 ∼= 𝐾𝑠 ∨ (𝐾𝑛−𝑠−𝑞+1 ∪ (𝑞 − 1)𝐾1). Let 𝐺′′ ∼= 𝐾𝑠 ∨ (𝐾𝑛−(𝑏+1)𝑠−1 ∪
(𝑏𝑠 + 1)𝐾1). Note that 𝑜(𝐺′′ − 𝑆) = 𝑏𝑠 + 2 and 𝐺′′ is a connected graph of order 𝑛. Denote the vertex set of
𝐺′′ by 𝑉 (𝐺′′) = 𝑉 (𝐾𝑠) ∪ 𝑉 (𝐾𝑛−(𝑏+1)𝑠−1) ∪ 𝑉 ((𝑏𝑠 + 1)𝐾1). Let 𝑋 be the Perron vector of 𝒬(𝐺′′) and 𝑋(𝑣)
is the entry of 𝑋 corresponding to the vertex 𝑣 ∈ 𝑉 (𝐺′′). By virtue of symmetry, it’s easy to see that all
vertices of 𝑉 (𝐾𝑠) admit the same entries in 𝑋, all vertices of 𝑉 (𝐾𝑛−(𝑏+1)𝑠−1) have the same entries in 𝑋 and
all vertices of 𝑉 ((𝑏𝑠+1)𝐾1) possess the same entries in 𝑋. Thus, we can suppose 𝑋(𝑢) = 𝑥0 for any 𝑢 ∈ 𝑉 (𝐾𝑠),
𝑋(𝑣) = 𝑥1 for any 𝑣 ∈ 𝑉 (𝐾𝑛−(𝑏+1)𝑠−1) and 𝑋(𝑤) = 𝑥2 for any 𝑤 ∈ 𝑉 ((𝑏𝑠 + 1)𝐾1). Note that 𝑞 ≥ 𝑏𝑠 + 4 and
𝑛 ≥ 𝑠 + 𝑞 ≥ (𝑏 + 1)𝑠 + 4. Then

𝜂1(𝐺)− 𝜂1(𝐺′′) ≥ 𝑋𝑇 (𝒬(𝐺)−𝒬(𝐺′′))𝑋
= 3(𝑞 − 𝑏𝑠− 2)(𝑛− 𝑠− 𝑞 + 1)𝑥2

1 + (𝑞 − 𝑏𝑠− 3)(𝑞 − 𝑏𝑠− 2)𝑥2
1

+ (𝑞 − 𝑏𝑠− 2)(𝑛− (𝑏 + 1)𝑠− 2)𝑥2
1 > 0,

which implies 𝜂1(𝐺) > 𝜂1(𝐺′′), which contradicts the choice of 𝐺. Hence, 𝑞 ≤ 𝑏𝑠 + 2. Combining this with (3.1),
we get 𝑞 = 𝑏𝑠 + 2. Claim 1 is verified. �

Recall that 𝐺 ∼= 𝐾𝑠 ∨ (𝐾𝑛−𝑠−𝑞+1 ∪ (𝑞 − 1)𝐾1). Then using Claim 1, we deduce 𝐺 ∼= 𝐾𝑠 ∨ (𝐾𝑛−(𝑏+1)𝑠−1 ∪
(𝑏𝑠 + 1)𝐾1). We easily see that 𝑛 − (𝑏 + 1)𝑠 − 1 is odd. In what follows, we discuss two cases by the value of
𝑛− (𝑏 + 1)𝑠− 1.

Case 1. 𝑛− (𝑏 + 1)𝑠− 1 ≥ 3.

Obviously, 𝑛 ≥ (𝑏 + 1)𝑠 + 4. Then the equitable quotient matrix 𝐵1 of the distance signless Laplacian matrix
𝒬(𝐺) of the graph 𝐺 ∼= 𝐾𝑠 ∨ (𝐾𝑛−(𝑏+1)𝑠−1 ∪ (𝑏𝑠 + 1)𝐾1) with the partition {𝑉 (𝐾𝑠), 𝑉 (𝐾𝑛−(𝑏+1)𝑠−1), 𝑉 ((𝑏𝑠 +
1)𝐾1)} can be expressed as

𝐵1 =

⎛⎝𝑛 + 𝑠− 2 𝑛− (𝑏 + 1)𝑠− 1 𝑏𝑠 + 1
𝑠 2𝑛− 𝑠− 2 2𝑏𝑠 + 2
𝑠 2𝑛− 2(𝑏 + 1)𝑠− 2 2𝑛 + (2𝑏− 1)𝑠− 2

⎞⎠.

According to simple calculation, the characteristic polynomial of the matrix 𝐵1 is

𝑓1(𝑥) = 𝑥3 − (5𝑛 + (2𝑏− 1)𝑠− 6)𝑥2 + (8𝑛2 + (2𝑏− 3)𝑠𝑛− 24𝑛 + 4𝑏(𝑏 + 1)𝑠2 + 8𝑠 + 16)𝑥
− 4𝑛3 + 2𝑠𝑛2 + 20𝑛2 − 4𝑏(𝑏 + 1)𝑠2𝑛− (4𝑏 + 10)𝑠𝑛− 32𝑛− 2𝑏2𝑠3

+ (8𝑏2 + 6𝑏)𝑠2 + (8𝑏 + 12)𝑠 + 16.

If 𝑠 = 1, then 𝐺 ∼= 𝐾𝑠 ∨ (𝐾𝑛−(𝑏+1)𝑠−1 ∪ (𝑏𝑠 + 1)𝐾1) becomes 𝐺* ∼= 𝐾1 ∨ (𝐾𝑛−𝑏−2 ∪ (𝑏 + 1)𝐾1) and the
polynomial 𝑓1(𝑥) becomes 𝜙(𝑥) = 𝑥3 − (5𝑛 + 2𝑏− 7)𝑥2 + (8𝑛2 + (2𝑏− 27)𝑛 + 4𝑏(𝑏 + 1) + 24)𝑥− 4𝑛3 + 22𝑛2 −
(4𝑏2 + 8𝑏 + 42)𝑛 + 6𝑏2 + 14𝑏 + 28.

In terms of Lemma 2.5, 𝜂1(𝐺) is the largest root of 𝑓1(𝑥) = 0 and 𝜂1(𝐺*) = 𝜃(𝑛) is the largest root of
𝜙(𝑥) = 0. Applying Lemma 2.2, 𝑠 ≥ 2 and 𝑛 ≥ (𝑏 + 1)𝑠 + 4, we get

𝜃(𝑛) = 𝜂1(𝐺*) ≥ 4𝑊 (𝐺*)
𝑛
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=
2𝑛2 + 2(2𝑏 + 1)𝑛− 2(𝑏 + 1)(𝑏 + 4)

𝑛

≥ 2𝑛2 + 3𝑏𝑛 + (𝑏 + 2)((𝑏 + 1)𝑠 + 4)− 2(𝑏 + 1)(𝑏 + 4)
𝑛

≥ 2𝑛2 + 3𝑏𝑛 + 2(𝑏 + 2)(𝑏 + 3)− 2(𝑏 + 1)(𝑏 + 4)
𝑛

=
2𝑛2 + 3𝑏𝑛 + 4

𝑛
> 2𝑛 + 3𝑏. (3.2)

By plugging the value 𝜃(𝑛) into 𝑥 of 𝑓1(𝑥)− 𝜙(𝑥), it follows from 𝜙(𝜃(𝑛)) = 0 that

𝑓1(𝜃(𝑛)) = 𝑓1(𝜃(𝑛))− 𝜙(𝜃(𝑛))
= (𝑠− 1)

(︀
−(2𝑏− 1)(𝜃(𝑛))2 + ((2𝑏− 3)𝑛 + 4𝑏(𝑏 + 1)(𝑠 + 1) + 8)𝜃(𝑛)

+ 2𝑛2 − (4𝑏(𝑏 + 1)(𝑠 + 1) + 4𝑏 + 10)𝑛− 2𝑏2
(︀
𝑠2 + 𝑠 + 1

)︀
+ (8𝑏2 + 6𝑏)(𝑠 + 1) + 8𝑏 + 12

)︀
. (3.3)

Let 𝑔(𝜃(𝑛)) = −(2𝑏− 1)(𝜃(𝑛))2 + ((2𝑏− 3)𝑛 + 4𝑏(𝑏 + 1)(𝑠 + 1) + 8)𝜃(𝑛) + 2𝑛2− (4𝑏(𝑏 + 1)(𝑠 + 1) + 4𝑏 + 10)𝑛−
2𝑏2(𝑠2 + 𝑠 + 1) + (8𝑏2 + 6𝑏)(𝑠 + 1) + 8𝑏 + 12. Then by (3.2) and 𝑛 ≥ (𝑏 + 1)𝑠 + 4, we see

(2𝑏− 3)𝑛 + 4𝑏(𝑏 + 1)(𝑠 + 1) + 8
2(2𝑏− 1)

< 2𝑛 + 3𝑏 < 𝜃(𝑛).

So when 𝜃(𝑛) > 2𝑛 + 3𝑏, 𝑔(𝜃(𝑛)) monotonically decreases as 𝜃(𝑛) increases and

𝑔(𝜃(𝑛)) < 𝑔(2𝑛 + 3𝑏)
= − (2𝑏− 1)(2𝑛 + 3𝑏)2 + ((2𝑏− 3)𝑛 + 4𝑏(𝑏 + 1)(𝑠 + 1) + 8)(2𝑛 + 3𝑏)

+ 2𝑛2 − (4𝑏(𝑏 + 1)(𝑠 + 1) + 4𝑏 + 10)𝑛− 2𝑏2
(︀
𝑠2 + 𝑠 + 1

)︀
+
(︀
8𝑏2 + 6𝑏

)︀
(𝑠 + 1) + 8𝑏 + 12

= − 4𝑏𝑛2 +
(︀
4𝑏2𝑠 + 4𝑏𝑠− 14𝑏2 + 3𝑏 + 6

)︀
𝑛 + 12𝑏3𝑠− 6𝑏3 − 2𝑏2𝑠2 + 18𝑏2𝑠 + 27𝑏2

+ 6𝑏𝑠 + 38𝑏 + 12. (3.4)

Write 𝑝(𝑛) = 𝑔(2𝑛+3𝑏) = −4𝑏𝑛2+(4𝑏2𝑠+4𝑏𝑠−14𝑏2+3𝑏+6)𝑛+12𝑏3𝑠−6𝑏3−2𝑏2𝑠2+18𝑏2𝑠+27𝑏2+6𝑏𝑠+38𝑏+12.
Then

4𝑏2𝑠 + 4𝑏𝑠− 14𝑏2 + 3𝑏 + 6
8𝑏

< (𝑏 + 1)𝑠 + 4 ≤ 𝑛.

So when 𝑛 ≥ (𝑏 + 1)𝑠 + 4, 𝑝(𝑛) is monotonically decreasing and

𝑝(𝑛) ≤ 𝑝((𝑏 + 1)𝑠 + 4)
= − 4𝑏((𝑏 + 1)𝑠 + 4)2 + (4𝑏2𝑠 + 4𝑏𝑠− 14𝑏2 + 3𝑏 + 6)((𝑏 + 1)𝑠 + 4)

+ 12𝑏3𝑠− 6𝑏3 − 2𝑏2𝑠2 + 18𝑏2𝑠 + 27𝑏2 + 6𝑏𝑠 + 38𝑏 + 12
= − 2𝑏2𝑠2 −

(︀
2𝑏3 + 9𝑏2 + 𝑏− 6

)︀
𝑠−

(︀
6𝑏3 + 29𝑏2 + 14𝑏− 36

)︀
< 0. (3.5)

It follows from 𝑠 ≥ 1, (3.3)–(3.5) that

𝑓1(𝜃(𝑛)) = (𝑠− 1)𝑔(𝜃(𝑛)) ≤ (𝑠− 1)𝑔(2𝑛 + 3𝑏) = (𝑠− 1)𝑝(𝑛) ≤ 0,

which implies 𝜂1(𝐺) ≥ 𝜃(𝑛), which contradicts 𝜂1(𝐺) < 𝜃(𝑛).
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Case 2. 𝑛− (𝑏 + 1)𝑠− 1 = 1.

In this case, 𝑛 = (𝑏+1)𝑠+2. Recall that 𝐺 ∼= 𝐾𝑠∨(𝐾𝑛−(𝑏+1)𝑠−1∪(𝑏𝑠+1)𝐾1), 𝐺* ∼= 𝐾1∨(𝐾𝑛−𝑏−2∪(𝑏+1)𝐾1)
and 𝜂1(𝐺*) = 𝜃(𝑛) is the largest root of 𝜙(𝑥) = 0. If 𝑠 = 1, then 𝐺 ∼= 𝐺*, and so 𝜂1(𝐺) = 𝜂1(𝐺*) = 𝜃(𝑛) for
𝑛 = 𝑏 + 4, which contradicts 𝜂1(𝐺) < 𝜃(𝑛). Next, we assume 𝑠 ≥ 2.

In terms of Lemma 2.2 and 𝑛 = (𝑏 + 1)𝑠 + 2 ≥ 2𝑏 + 4, we obtain

𝜃(𝑛) = 𝜂1(𝐺*) ≥ 4𝑊 (𝐺*)
𝑛

=
2𝑛2 + 2(2𝑏 + 1)𝑛− 2(𝑏 + 1)(𝑏 + 4)

𝑛

≥ 2𝑛2 + 3𝑏𝑛 + (𝑏 + 2)(2𝑏 + 4)− 2(𝑏 + 1)(𝑏 + 4)
𝑛

=
2𝑛2 + 3𝑏𝑛− 2𝑏

𝑛
> 2𝑛 + 3𝑏− 1. (3.6)

Recall that 𝑔(𝜃(𝑛)) = −(2𝑏 − 1)(𝜃(𝑛))2 + ((2𝑏 − 3)𝑛 + 4𝑏(𝑏 + 1)(𝑠 + 1) + 8)𝜃(𝑛) + 2𝑛2 − (4𝑏(𝑏 + 1)(𝑠 + 1) +
4𝑏 + 10)𝑛− 2𝑏2(𝑠2 + 𝑠 + 1) + (8𝑏2 + 6𝑏)(𝑠 + 1) + 8𝑏 + 12. Then from (3.6) and 𝑛 = (𝑏 + 1)𝑠 + 2, we deduce

(2𝑏− 3)𝑛 + 4𝑏(𝑏 + 1)(𝑠 + 1) + 8
2(2𝑏− 1)

< 2𝑛 + 3𝑏− 1 < 𝜃(𝑛).

So when 𝜃(𝑛) > 2𝑛 + 3𝑏− 1, 𝑔(𝜃(𝑛)) monotonically decreases as 𝜃(𝑛) increases and

𝑔(𝜃(𝑛)) < 𝑔(2𝑛 + 3𝑏− 1)
= − 4𝑏𝑛2 +

(︀
4𝑏2𝑠 + 4𝑏𝑠− 14𝑏2 + 9𝑏 + 5

)︀
𝑛 + 12𝑏3𝑠− 6𝑏3 − 2𝑏2𝑠2 + 14𝑏2𝑠

+ 35𝑏2 + 2𝑏𝑠 + 26𝑏 + 5. (3.7)

Set ℎ(𝑛) = 𝑔(2𝑛+3𝑏−1) = −4𝑏𝑛2+(4𝑏2𝑠+4𝑏𝑠−14𝑏2+9𝑏+5)𝑛+12𝑏3𝑠−6𝑏3−2𝑏2𝑠2+14𝑏2𝑠+35𝑏2+2𝑏𝑠+26𝑏+5.
In the following, we consider two subcases by the value of 𝑏.

Subcase 2.1. 𝑏 ≥ 3.

Note that 𝑠 ≥ 2, 𝑏 ≥ 3 and 𝑛 = (𝑏 + 1)𝑠 + 2. Hence, we infer

ℎ(𝑛) = ℎ((𝑏 + 1)𝑠 + 2)
= − 2𝑏3𝑠− 2𝑏2𝑠2 + 𝑏2𝑠 + 8𝑏𝑠 + 5𝑠− 6𝑏3 + 7𝑏2 + 28𝑏 + 15
≤ − 2𝑏3𝑠− 3𝑏2𝑠 + 8𝑏𝑠 + 5𝑠− 6𝑏3 + 7𝑏2 + 28𝑏 + 15
≤ − 4𝑏3 − 6𝑏2 + 16𝑏 + 10− 6𝑏3 + 7𝑏2 + 28𝑏 + 15
= − 10𝑏3 + 𝑏2 + 44𝑏 + 25
≤ − 30𝑏2 + 𝑏2 + 44𝑏 + 25
= − 29𝑏2 + 44𝑏 + 25
≤ − 87𝑏 + 44𝑏 + 25
= − 43𝑏 + 25 < 0. (3.8)

By virtue of 𝑠 ≥ 2, (3.3), (3.7) and (3.8), we deduce

𝑓1(𝜃(𝑛)) = (𝑠− 1)𝑔(𝜃(𝑛)) < (𝑠− 1)𝑔(2𝑛 + 3𝑏− 1) = (𝑠− 1)ℎ(𝑛) < 0,

which implies 𝜂1(𝐺) > 𝜃(𝑛), which contradicts 𝜂1(𝐺) < 𝜃(𝑛).
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Subcase 2.2. 𝑏 = 1.

In this subcase, 𝑛 = (𝑏 + 1)𝑠 + 2 = 2𝑠 + 2 and 𝐺 ∼= 𝐾𝑠 ∨ (𝑠 + 2)𝐾1. Then the equitable quotient matrix
𝐵2 of the distance signless Laplacian matrix 𝒬(𝐺) of the graph 𝐺 ∼= 𝐾𝑠 ∨ (𝑠 + 2)𝐾1 with the partition
{𝑉 ((𝑠 + 2)𝐾1), 𝑉 (𝐾𝑠)} equals

𝐵2 =
(︂

5𝑠 + 4 𝑠
𝑠 + 2 𝑛 + 𝑠− 2

)︂
.

The characteristic polynomial of the matrix 𝐵2 can be written as

𝑓2(𝑥) = 𝑥2 − (𝑛 + 6𝑠 + 2)𝑥 + 5𝑠𝑛 + 4𝑛 + 4𝑠2 − 8𝑠− 8.

Since the partition {𝑉 ((𝑠 + 2)𝐾1), 𝑉 (𝐾𝑠)} is equitable, it follows from Lemma 2.5 that 𝜂1(𝐺) is the largest
root of 𝑓2(𝑥) = 0, that is, 𝑓2(𝜂1(𝐺)) = 0. Recall that 𝑛 = 2𝑠 + 2. By simple computation, we get

𝜂1(𝐺) =
𝑛 + 6𝑠 + 2 +

√︀
(𝑛 + 6𝑠 + 2)2 − 4(5𝑠𝑛 + 4𝑛 + 4𝑠2 − 8𝑠− 8)

2

= 2𝑛− 2 +

√︀
2𝑛(𝑛 + 2)

2
·

Note that 𝑏 = 1 and 𝑠 ≥ 2. Then 𝜙(𝑥) = 𝑥3 − (5𝑛− 5)𝑥2 + (8𝑛2 − 25𝑛 + 32)𝑥− 4𝑛3 + 22𝑛2 − 54𝑛 + 48 and
𝜃(𝑛) is the largest root of 𝜙(𝑥) = 0, that is, 𝜙(𝜃(𝑛)) = 0. If 𝑠 = 2 and 𝑛 = 6, then 𝜂1(𝐺) = 10 + 2

√
6 and

𝜙(𝜂1(𝐺)) = 𝜙(10 + 2
√

6) = −28− 12
√

6 < 0, so 𝜂1(𝐺) = 10 + 2
√

6 < 𝜃(6), which contradicts 𝜂1(𝐺) < 10 + 2
√

6
for (𝑏, 𝑛) = (1, 6). If 𝑠 = 3 and 𝑛 = 8, then 𝜂1(𝐺) = 14+2

√
10 and 𝜙(𝜂1(𝐺)) = 𝜙(14+2

√
10) = −44−18

√
10 < 0,

so 𝜂1(𝐺) = 14 + 2
√

10 < 𝜃(8), which contradicts 𝜂1(𝐺) < 14 + 2
√

10 for (𝑏, 𝑛) = (1, 8). If 𝑠 = 4 and 𝑛 = 10, then
𝜂1(𝐺) = 18 + 2

√
15 and 𝜙(𝜂1(𝐺)) = 𝜙(18 + 2

√
15) = −24− 12

√
15 < 0, so 𝜂1(𝐺) = 18 + 2

√
15 < 𝜃(10), which

contradicts 𝜂1(𝐺) < 18 + 2
√

15 for (𝑏, 𝑛) = (1, 10). If 𝑠 ≥ 5 and 𝑛 = 2𝑠 + 2 ≥ 12, then the following claim holds.

Claim 2. If 𝑠 ≥ 5 and 𝑛 = 2𝑠 + 2 ≥ 12, then 𝜂1(𝐺) > 𝜃(𝑛).

Proof. Recall that 𝑏 = 1 and 𝑛 = 2𝑠+2. Then 𝜙(𝑥) = 𝑥3−(5𝑛−5)𝑥2 +(8𝑛2−25𝑛+32)𝑥−4𝑛3 +22𝑛2−54𝑛+48
and 𝜙′(𝑥) = 3𝑥2 − 2(5𝑛 − 5)𝑥 + 8𝑛2 − 25𝑛 + 32. If 𝑠 = 5 and 𝑛 = 12, then 𝜂1(𝐺) = 22 + 2

√
21, 𝜙(𝜂1(𝐺)) =

𝜙(22 + 2
√

21) = 56 > 0 and 𝜙′(𝜂1(𝐺)) = 𝜙′(22 + 2
√

21) = 168 + 44
√

21 > 0, so 𝜂1(𝐺) > 𝜃(12). If 𝑠 = 6 and
𝑛 = 14, then 𝜂1(𝐺) = 26 + 4

√
7, 𝜙(𝜂1(𝐺)) = 𝜙(26 + 4

√
7) = 220 + 40

√
7 > 0 and 𝜙′(𝜂1(𝐺)) = 𝜙′(26 + 4

√
7) =

234 + 104
√

7 > 0, so 𝜂1(𝐺) > 𝜃(14). If 𝑠 = 7 and 𝑛 = 16, then 𝜂1(𝐺) = 42, 𝜙(𝜂1(𝐺)) = 𝜙(42) = 780 > 0
and 𝜙′(𝜂1(𝐺)) = 𝜙′(42) = 672 > 0, so 𝜂1(𝐺) > 𝜃(16). If 𝑠 = 8 and 𝑛 = 18, then 𝜂1(𝐺) = 34 + 6

√
5,

𝜙(𝜂1(𝐺)) = 𝜙(34+6
√

5) = 896+252
√

5 > 0 and 𝜙′(𝜂1(𝐺)) = 𝜙′(34+6
√

5) = 402+204
√

5 > 0, so 𝜂1(𝐺) > 𝜃(18).
If 𝑠 ≥ 9 and 𝑛 = 2𝑠 + 2 ≥ 20, then

ℎ(𝑛) = 𝑔(2𝑛 + 2)
= − 4𝑛2 + 8𝑠𝑛− 2𝑠2 + 28𝑠 + 60
= − 4(2𝑠 + 2)2 + 8𝑠(2𝑠 + 2)− 2𝑠2 + 28𝑠 + 60
= − 2(𝑠− 3)2 + 62 < 0. (3.9)

Applying 𝑏 = 1, 𝑠 ≥ 9, (3.3), (3.7) and (3.9), we infer

𝑓1(𝜃(𝑛)) = (𝑠− 1)𝑔(𝜃(𝑛)) < (𝑠− 1)𝑔(2𝑛 + 3𝑏− 1) = (𝑠− 1)𝑔(2𝑛 + 2) = (𝑠− 1)ℎ(𝑛) < 0,

which yields 𝜂1(𝐺) > 𝜃(𝑛). Claim 2 is verified. �

According to Claim 2 and the hypothesis of Theorem 1.1, we possess 𝜃(𝑛) < 𝜂1(𝐺) < 𝜃(𝑛) for 𝑏 = 1 and
𝑛 ≥ 12, which is a contradiction. This completes the proof of Theorem 1.1. �
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4. Extremal graphs

In this section, we create some graphs to claim that the bounds on the distance signless Laplacian spectral
radius shown in Theorem 1.1 are sharp, respectively.

For 𝑘 ≥ 3, the sequential join 𝐺1∨𝐺2∨· · ·∨𝐺𝑘 denotes the graph with vertex set 𝑉 (𝐺1)∪𝑉 (𝐺2)∪· · ·∪𝑉 (𝐺𝑘)
and edge set 𝐸(𝐺1) ∪ 𝐸(𝐺2) ∪ · · · ∪ 𝐸(𝐺𝑘) ∪ {𝑒 = 𝑥𝑖𝑥𝑖+1 : 𝑥𝑖 ∈ 𝑉 (𝐺𝑖), 𝑥𝑖+1 ∈ 𝑉 (𝐺𝑖+1), 1 ≤ 𝑖 ≤ 𝑘 − 1}.

Theorem 4.1. Let 𝜃(𝑛) be the largest root of 𝑥3−(5𝑛+2𝑏−7)𝑥2+(8𝑛2+(2𝑏−27)𝑛+4𝑏(𝑏+1)+24)𝑥−4𝑛3+22𝑛2−
(4𝑏2 +8𝑏+42)𝑛+6𝑏2 +14𝑏+28 = 0, where 𝑏 is a positive odd integer and 𝑛 ≥ 𝑏+3 is a positive even integer. For
𝑛 ≥ 𝑏+3 and (𝑏, 𝑛) /∈ {(1, 6), (1, 8), (1, 10)}, we possess 𝜂1(𝐾𝑛−𝑏−2∨𝐾1∨𝐾𝑏+1) = 𝜃(𝑛) and 𝐾𝑛−𝑏−2∨𝐾1∨𝐾𝑏+1

contains no odd [1, 𝑏]-factor. For (𝑏, 𝑛) ∈ {(1, 6), (1, 8), (1, 10)}, we admit 𝜂1(𝐾𝑛−2
2
∨𝐾𝑛+2

2
) = 2𝑛−2+

√
2𝑛(𝑛+2)

2

and 𝐾𝑛−2
2
∨𝐾𝑛+2

2
contains no 1-factor.

Proof. Partition the vertex set 𝑉 (𝐾𝑛−𝑏−2 ∨𝐾1 ∨𝐾𝑏+1) as {𝑉 (𝐾1), 𝑉 (𝐾𝑛−𝑏−2), 𝑉 (𝐾𝑏+1)}. Then the equitable
quotient matrix of the distance signless Laplacian matrix𝒬(𝐾𝑛−𝑏−2∨𝐾1∨𝐾𝑏+1) of the graph 𝐾𝑛−𝑏−2∨𝐾1∨𝐾𝑏+1

can be written as

𝐵(𝐾𝑛−𝑏−2 ∨𝐾1 ∨𝐾𝑏+1) =

⎛⎝𝑛− 1 𝑛− 𝑏− 2 𝑏 + 1
1 2𝑛− 3 2𝑏 + 2
1 2𝑛− 2𝑏− 4 2𝑛 + 2𝑏− 3

⎞⎠.

By simple computation, its characteristic polynomial is 𝑥3− (5𝑛 + 2𝑏− 7)𝑥2 + (8𝑛2 + (2𝑏− 27)𝑛 + 4𝑏(𝑏 + 1) +
24)𝑥−4𝑛3 +22𝑛2− (4𝑏2 +8𝑏+42)𝑛+6𝑏2 +14𝑏+28. Note that the partition is equitable. In light of Lemma 2.5,
the largest root 𝜃(𝑛) of 𝑥3−(5𝑛+2𝑏−7)𝑥2 +(8𝑛2 +(2𝑏−27)𝑛+4𝑏(𝑏+1)+24)𝑥−4𝑛3 +22𝑛2−(4𝑏2 +8𝑏+42)𝑛+
6𝑏2 + 14𝑏 + 28 = 0 equals the distance signless Laplacian spectral radius of the graph 𝐾𝑛−𝑏−2 ∨𝐾1 ∨𝐾𝑏+1, that
is, 𝜂1(𝐾𝑛−𝑏−2∨𝐾1∨𝐾𝑏+1) = 𝜃(𝑛). Set 𝑆 = 𝑉 (𝐾1). Then 𝑜(𝐾𝑛−𝑏−2∨𝐾1∨𝐾𝑏+1−𝑆) = 𝑏+ 2 = 𝑏|𝑆|+ 2 > 𝑏|𝑆|.
Applying Lemma 2.6, 𝐾𝑛−𝑏−2 ∨𝐾1 ∨𝐾𝑏+1 contains no odd [1, 𝑏]-factor.

Partition the vertex set 𝑉 (𝐾𝑛−2
2
∨ 𝐾𝑛+2

2
) as {𝑉 (𝐾𝑛+2

2
), 𝑉 (𝐾𝑛−2

2
)}. Then the equitable quotient matrix of

the distance signless Laplacian matrix 𝒬(𝐾𝑛−2
2
∨𝐾𝑛+2

2
) of the graph 𝐾𝑛−2

2
∨𝐾𝑛+2

2
can be written as

𝐵
(︁
𝐾𝑛−2

2
∨𝐾𝑛+2

2

)︁
=

(︃
5𝑛
2 − 1 𝑛

2 − 1
𝑛
2 + 1 3𝑛

2 − 3

)︃
.

By a simple calculation, its characteristic polynomial is 𝑥2−4(𝑛−1)𝑥+ 7𝑛2

2 −9𝑛+4. Note that the partition is
equitable. By means of Lemma 2.5, the largest root 𝜃(𝑛) of 𝑥2−4(𝑛−1)𝑥+ 7𝑛2

2 −9𝑛+4 = 0 equals the distance

signless Laplacian spectral radius of the graph 𝐾𝑛−2
2
∨𝐾𝑛+2

2
, that is, 𝜂1(𝐾𝑛−2

2
∨𝐾𝑛+2

2
) = 2𝑛− 2 +

√
2𝑛(𝑛+2)

2 .
Set 𝑆 = 𝑉 (𝐾𝑛−2

2
). Then 𝑜(𝐾𝑛−2

2
∨ 𝐾𝑛+2

2
− 𝑆) = 𝑛+2

2 = 𝑛−2
2 + 2 = |𝑆| + 2 = 𝑏|𝑆| + 2 > 𝑏|𝑆|, where 𝑏 = 1.

Utilizing Lemma 2.6, 𝐾𝑛−2
2
∨𝐾𝑛+2

2
contains no 1-factor. �
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