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SOME BOUNDS ON SPECTRAL RADIUS OF SIGNLESS LAPLACIAN MATRIX
OF k-GRAPHS

JUNHAO ZHANG! AND ZHONGXUN ZHU?%*

Abstract. For a k-graph H = (V(H),E(H)), let B(H) be its incidence matrix, and Q(H) =
B(H)B(H)T be its signless Laplacian matrix, and this name comes from the fact that Q(H) is ex-
actly the well-known signless Laplacian matrix for 2-graph. Define the largest eigenvalue p(H) of Q(H)
as the spectral radius of H. In this paper, we give some lower and upper bounds on p(H) using some
structural parameters (such as independent number, maximum degree, minimum degree, diameter, and
so on) of H, which extended or improved some known results.
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1. INTRODUCTION

The graph spectra theory concentrates on the studies of the connection between structural properties of a
graph and the eigenvalues and eigenvectors of a matrix associated with that graph, which is a well-studied
and highly applicable subject [2,5,9]. Based on the success of this field, many researchers try to expand the
corresponding research to hypergraph by using some matrices related to it, for example, see [1,12,19-22]. Because
of the integration of pioneering work of Qi [18], Lim [14], and Cooper and Dutle [8], the study of hypergraph by
tensors has aroused wide interest of researchers in this field and, consequently, the study of hypergraph through
its matrices has been put aside. Hillar and Lim [11] pointed out that most tensor problems are NP-hard, and
so are the calculations of the eigenvalues of a tensor. This shows that the application of this theory has some
limitations, so we also believe that the study of hypergraphs through matrices remains its place, as Cardoso
and Trevisan said in [3].

Let H = (V(H),E(H)) be an k-uniform hypergraph (k-graph for simplicity) with vertex set V(H) =
{v1,v9,...,v,} and hyperedge set E(H) = {e1,ea,...,em} C V(H)®) where V(H)® is the family of all
k-subsets of V(H). Denote Ng(v) = {u : v € V(H),u,v € e;e € E(H)}, Eg(v) = {e : v € e,e € E(H)}.
Then the degree d,, of vertex v is equal to |Eg(v)|, the co-degree of vertices u,v € V/(H) is the number of edges
containing both » and v. The maximum, minimum and average degree, respectively, is defined as following:

AH) = max {d}.6(H) = min {d,}d() = Z0evan®.

veV(H) veV (H) n
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For two vertices u,v € V(H), u,v are adjacent if there exists an edge e in H satisfying u,v € e, otherwise
non-adjacent. An independent set of H is a set of pairwise non-adjacent vertices of H. The independent number
of H is the number of vertices of a maximum independent set of H.

For simplicity, let {1,2,...,n} = [n]. An alternating sequence of vertices and edges
P =wvy,e1,v9,e9,...,€,041
is a path of length [, if vi,va,...,v;41 are distinct vertices, e, es, ..., e, are distinct edges and v;, v; 1 € e; for

i € [l]. The distance between u and v is the length of a shortest path connecting them. The diameter D(H)
of H is the largest distance between any two vertices in V(H). A hypergraph H is connected if there exists
a path connecting v and v for any u,v € V(H). A hypergraph H is h-connected [26] if there exist h pairwise
vertex-disjoint paths between u and v for any u,v € V(H). A hypergraph H is called to be a linear hypergraph
if any two edges in H share at most one vertex.

The incidence matrix B(H) of H is defined as B(H) = (b(v, €))|v(#)|x|E(H)|, Where

bv,e) = {1, ifvee,

0, otherwise.

Define Q(H) = B(H)B(H)™ = (Q;j) be the signless Laplacian matrix of H [3] (This name may be
used only because of the definition of signless Laplacian matrix of 2-graph.), obviously, Q;; is exactly
the co-degree of vertices v; and wv; for i # j and @y is exactly the degree of vertex v;. For an edge
e = {vi,,Viy,-..,v;,} € E(H) and z = (21,%2,...,2,)F € R" , let z(e) = x4, + x4, + - + x;,, then
2TQ(H)r = XTB(H)B(H) 2z = D ecE(H) [z(€)]?. For a connected k-graph, it is obvious that Q(H) is non-
negative, symmetric, Irreducible, and semi-definite positive. Then the spectral radius p(Q(H)) is the largest
eigenvalue of Q(H) and it has unique positive eigenvector z = (21, ¥, ...,2,)T satisfying ||z||o = 1. It is obvi-
ous that p(Q(H)) = max,epn [jg)j,=1 2 Q(H)x = max,epn ||z||,=1 D ecB(H) [z(e)]?. We also call p(Q(H)) (for
simplicity, p(Q(H)) = p(H)) the spectral radius of H and call = the Perron vector of H. Let Py () = | A[—Q(H)|
be the characteristic polynomial of H, where I is an identity matrix of order |V (H)].

In [24], Stevanovié raised a problem: How small the difference between the maximum degree and the spectral
radius of a 2-graph can be when it is an irregular 2-graph? This question is closely related to the struc-
tural properties of 2-graphs. Many results corresponding to this problem have been obtained, for example, see
[4,6,7,13,16,17,23,25]. In [3], Cardoso and Trevisan established some elegant relations between the structural
properties of H and the algebra properties of Q(H). For example, for a connected k-graph, it is regular if and
only if p(H) = kd(H) = kA(H). Then for a connected irregular k-graph, it must have kd(H) < p(H) < kA(H).
Similar to the problem proposed by Stevanovié [24], we can also ask the following question:

Question 1. How small the differences p(H)—kd(H) and kA(H)—p(H) can be when it is an irregular k-graph?

Based on the success of research results on the problem raised by Stevanovié¢ [24], in this paper, we will make
further efforts to study structural properties of hypergraphs through the above question.

2. MAIN RESULTS

In this section, we first give some upper bounds on p(H).

Theorem 2.1. For a connected k-graph H = (V(H), E(H)) with |V(H)| = n, let d,, be the degree of vertex
v, Qi; be the co-degree of vertices v; and vj, b; be a real positive number, where 1, j € [n]. Then

2
(H) < max max do, + v, + \/(d”f? + d“j) - 4(d?)71d1)j - BiBj)
g "~ e€B(H) {vi,v;}Ce 9 :

where B; = Zzzl’h# by bnQin fori € [n].
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Proof. Let diagonal matrix D = diag(by,bs,...,b,), then p(D~*Q(H)D) = p(Q(H)) = p(H) and there exists
a positive eigenvector & = (Ty,, Ty, , - - -, Ty, ) T satisfying

D™'Q(H)Dz = p(H)x. (2.1)

Furthermore, we may assume that x,, = 1 and z,, <1 for h # i. Let x,, = max{xz,, : {vi,vp} € e,e € E(H)}.
From (2.1), we have

p(H) —dy, = > b7 0nQinao, < Y b 'bwQinty, = By, (2.2)
h=1,h#i h=1,h#i

(p(H) = dy))zy, = > b '0pQinae, < Y b;'bwQjn = Bj. (2.3)
h=1,h#j h=1,h#j

By (2.2) and (2.3), we have

Then

dy, +duy +\/(do, + ;)" — 4(dy,d,, — BiB;)
p(H) < max max :
c€B(H) {vi,v;}Ce 2

O

For a connected linear k-graph H, it has >3, ,; Qin = (k — 1)d,,. It is easy to obtain the following result
by Theorem 2.1.

Corollary 2.2. For a connected linear k-graph H = (V(H), E(H)) with |V (H)| = n, let d,, be the degree of
vertex v;,i € [n]. Then

Aoy + doy +\/ (do, + )" — 4dydy [L— (k — 1)?]
p(H) < max  max .
e€cE(H) {v;,v;}Ce 2

Proof. Let by, = 1,h € [n] in Theorem 2.1, we have B; = (k — 1)d,, and

oy + do, + ) (Ao, +d,)” — 4dyyd [1 = (k — 1))
p(H) < max max .
e€cE(H) {v;,v;}Ce 2

O

For a nonnegative matrix M = (m;;)nxn, let 7 (M) = Z?:I mi;. It is well known that minj<;<,, (M) <

p(M) < maxi<i<n r;(M). From this, we can obtain an upper bound on p(H).

Theorem 2.3. For a connected linear k-graph H = (V(H), E(H)) with |V(H)| =n, let dy > dy > --- > d,, be
its degree sequence. Then

p(H) < di+ (k—1)dids.
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Proof. Let D = diag(bs1,1,...,1), then

Q11 bi'Qiz - bleln
i b1Q21 Q22 o Qo
D™ Q(H)D = . . . .
b1(2n1 C2n2 e (an

Note that H is a linear k-graph, let by = (j—;)%, we have

n 1 1
ri(DT'QUH)D) = dy + by Y Quy =dy + by (k= 1)dy = dy + (k — 1)d} d3,
j=2
and for j > 2,

ri(DTQH)D) =@+ Qin=dj + (i =D)Qu+ Y Qi

h=2 h=1,h#j
1 1
=kd;j+ (b —1)Qj1 < (k+by —1)dj < (k+b; —1)dy = (k— 1)dy + di d3.

Since

1 1 1 1 1 1 1 1 1
|1+ (b = D75 | = [ = 1)+ d7 5 | > (k= 2)df d5 + (2= K)o = (k = 2)d5 (df —dF ) 20,

we have p(H) < maxi<;<, 7 (Q(H)) =d1 + (k — 1)d1%d2%. O

Remark 2.4. For k = 2, by Corollary 2.2, p(H) < maX.c p(fr) MaX(y, v, yCe(dv;, +dv;) and p(H) < dy + d%dé,
this is similar to the results in [25]; and if d,, = d,; = A, p(H) < kA, and this is exactly the upper bound
obtained in [3].

In the following theorem, some lower and upper bounds related to Question 1 are obtained.

Theorem 2.5. For 2 <k <mn, let H= (V(H),E(H)) be a connected irreqular k-graph with order n and size

m, then
sd? sd?
d,( vi_l)(\/iviwk_l)
vi 2ues i, 2o esdy;
p(H) — kd(H) > 3

n

v, €S
for any independent set S of H with order s.
Proof. Let x = (z1,22,...,7,)" be a vector in R", where

i if v; € 5,
n
xi = 1 h .
T otherwise,

and >, qa? = s. It is easy to that || z o= 1. Let S = V((H) — S, it is easy to see that eS| < 1 for any edge
e € E(H). Then

p(H) — kd(H) = p(H) ~ ’“7 > ) @) - kTm
e€E(H)
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k2m
_ 2 2 _
= Z z=(e) + Z x*(e) -
e€E(H),|lenS|=1 e€E(H),|enS|=0
i+k—1]° E\® k2
> 2 )
e€E(H),|enS|=1 e€E(H),|enS|=0

ZM ( Y )kg_kQ

v, €S €S

_Z dy, (a; az—&—Qk—l)

v, €S

2
Vi

Select a; = T e @ we have
v; ES

d Sd%i 1 sd2
Vi Z'uiES d3, o Eu €s du,
p(H) — k() > 3 ~

v, €S

For any z,y € R, it has (z + y)? > 4xy. Then the result in Theorem 2.5 can be simplified as follows.

Corollary 2.6. For 2 <k <n, let H= (V(H),E(H)) be a connected irreqular k-graph with order n, size m,
and independent number s, respectively. Then

\/S — k? dy,
) _ k;d(H) > 4( ) Z’u €S 1)7 ZviES i

n

p(H

Proof. By Theorem 2.5, we have

2
sd2.
dy, [ s+ (k — 1)] — k2d,,

ies du;

p(H) — kd(H) > 3

v, €ES n
sd2
4(k B 1)dvi D, e?dgl o devi 4( )\/ Zv €S v — K ZviGS dvz’
2 Z n - n
v, €ES

O

Remark 2.7. For k = 2, Q(H) = D + A(H) is exactly the signless Laplacian matrix of a 2-graph, where
A(H) (resp. D) is the adjacent matrix (resp. diagonal matrix of vertex degrees) of the 2-graph H. To some
extent, Theorem 2.2 and Corollary 2.3 in [17] are special cases for k = 2 in our Theorem 2.5 and Corollary 2.6,
respectively.

We will first give three lemmas which are useful for obtaining a lower bound on kA — p(H).

Lemma 2.8 ([13,23]). Let a,b, hy,hy be positive numbers, then a(hy — ho)? + bh3 > 2212 the equality holds

atb
if and only if ho = Zfﬁ)
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Lemma 2.9. Let H = (V(H), E(H)) be a connected k-graph with mazimum degree A, spectral radius p(H)

and Perron vector ¥ = (T, , Tuy, - - -, To, )T, Tespectively, then
KA —p(H) = Y (kA=kd)2d+ > (0, — )’
veV (H) v;,v;€e€E(H)

Proof. By a direct calculation, we have

kA — p(H) = kA Z 22 —2TQ(H)x
veV (H)

= Z (kA — kd,)z? + Z kdyaz? — Z z(e)?
veV (H) veV (H) e€E(H)

= Y (kA-kd)zi+ > [kme - x(e)2]
veV (H) ecE(H) vEe

= Z (kA — kd,)z? + Z (20, — xq,j)z.
veEV(H) v;,v;€e€E(H)

O

Lemma 2.10. For a connected k-graph H = (V(H), E(H)), let P = ug, e1, u1, €3, U, . . . , U1, €}, Uy be a short-
est path from u to w with ug = u and u; = w, and T = (T, , Ty, ..., Ty, )L be the Perron vector of H, then

Z Z xvl xU] %(xu—xw)z.

e€P {v;,w;}Ce

Proof. By a direct calculation, we have

(Tui_y — xui)Q + Z ((acuif1 - xuS)Q + (Tu, — xu)z)

-

Z Z (w0, — 20;) =

e€P {v;,v;}Ce i=1 | us€ei\{ui—1,u;}
L[ 2 1 2
> (muifl - xul) + Z 5 (mui—l - xul)
i=1| us€ei\{ui—1,ui}
U 1
2 k-2 2 k
= ‘ (mui—l - xut) + 2 (xuz‘—l — Lu, ] 52 Loy —
i=1" i=1
k
Z i(xu - xw)zv
where the second and the third inequalities follow from the Cauchy—Schwarz inequality. O

By the above three lemmas, we can obtain a lower bound on kA — p(H), which will extend the result in [15].

Theorem 2.11. For2 <k <mn, let H= (V(H),E(H)) be a connected irreqular k-graph with order n, size m,
mazimum degree A and diameter D, respectively, then

kEA(nA — km)
_ > .
RA =) 2 S p A — fom) £ A
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Proof. Let @ = (Zy,,Tuy,---,Ty, )" be the Perron vector of H, x, = MaXy, cV (H) Tv;y Tw = Milly, v (F) To;
P = ug,e1,uy,e2,us,...,u-1,€,u; be a shortest path from u to w with vy = v and u; = w. By Lemmas 2.8—
2.10, we have
KA —p(H) = > (kA — kdy)a? + > 3 (20, —a,)”
veV (H) e={v1,v2,...,v, }EE(H) vi,vj€eE
> 3 kA -kd)2+ Y Y (2 - w)
veEV (H) e€P {v;,v;}Ce
k k
> (knA — k*m)zl, + 21( = (knA — E*m)xy, + ——= (2 — zy)?

2D
k(nA — km) 2
~2D(nA —km)+1""

Note that
p(H) :xTQ(H)a:: Z [$(€)]2 < Z [k k*maz
e€E(H) eCE(H)
we have
S pUH).
~ k2m

Further by direct calculation, we obtain our result

EA(nA — km)
kA — p(H) > .
M) 2 D emnd —Fam) + A

O

Remark 2.12. Since Q(H) = 24,(H) = 2[aD+ (1—a)A(H)] for k = 2 and o = 3. In this case, Theorem 2.11
is exactly consistent with the result in [15].

Now we are going to study another lower bound on kA — p(H) according to hypergraph parameters: order,
size, connectivity, maximum degree, and minimum degree. Let’s first give two lemmas.

Lemma 2.13 ([26]). If a hypergraph H = (V(H), E(H)) is h-connected, then there are h mutual vertez-disjoint
paths between each pair of vertices.

Lemma 2.14. Let H = (V(H),E(H)) be a connected k-graph with mazimum degree A, minimum degree 0,
and Perron vector & = (T, , Ty, ..., Ty, )L, then

2 1
( max 'Ui) > 5
v €V (H) L4n—1

Proof. Without loss of generality, let d,, = A and d,, = 6. From Q(H)x = p(H )z, we have

p(H)x,, = (Q(H)x), Z x(e) > Z (kz mg‘l/l{lH) T, ) kAv g}?H) Loy s

EGE[p] EGE[p]

Y w05 3 (k,mpm,m) =50, 2,

eEE[p] eEE[p]

p(H)zy, = (Q(H)x)q
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Then

2
A o MaXyev(r) Lo, Ty, _ (maxv,iEV(H) fcv) .
6o - My, eV (H) Lv; Lo, o My, eV (H) Lv;

Further together with

1= E 22<( min z, | +(n—1) max =z, ),
i=1 o <”"’EV(H) ) ( )(me\/()}i) >

we have
() = 555
max Ty, >  E—
'UiGV(H) A +n — 1

From the above two lemmas, we obtain another lower bound on kA — p(H).

Theorem 2.15. For2 <k <n, let H= (V(H),E(H)) be a h-connected irregular linear k-graph with order n,
size m, maximum degree A, minimum degree §, then

kh?(nA — k
KA — p(H) > — (nA — km) -
(%2 +n—1)2(nA — km)(m + 2h — A — §) + h?]
Proof. Let & = (24,,Ty,, ..., Ty, )" be the Perron vector of H, x, = max,,ev(H) Tv;, and Ty, = MiNy, ey (f) Ty, -
Since H is a h-connected hypergraph, by Lemma 2.13, there exist at least h mutual vertex-disjoint paths
P :u=uvgy,€1,4,V14,-- -0t 0, =W between u and w, t € [h]. By Lemma 2.10, we have

{vi,t,v5,: }Ce€E(Py)

Further, we have

Z (xvi - xvj)Q Z

{vi,vj}geEE(H)

Z (l"uw - xvg\t)Q

{vi,t,v5,:} Ce€E(Py)

kh?
2 (T4 — xw)z.

M= 1D

Y

(g — xw)” > ———
1 2Ly Z?:1 2l

o~
Il

The last inequality follows from the Cauchy—Schwarz inequality. Now from Lemma 2.9, we have

KA —p(H) = Y (kA —kd,)2? + S (e - w)

veV(H) {vi,v;}Ce€E(H)
kh?
> (k:nA — kJQm).T?U + hi(xu — xw)2
Doieq 2y
kh?
(knA = k*m) s kh?(nA — km) ,

> = = A Xy,

(knA — k2m) + Z{fz’z o 2(nA — km) S0 It + h2

The last inequality follows from Lemma 2.8. Further by Lemma 2.14, we have
kA — p(H) > kh?(nA — km) .

(&+n-1) [2(nA —km) 1+ hQ}
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FIGURE 1. The example graph G.

Case 1. If dy(u) = A, we have Z?:l li<m-—(A—h)—(0—h)=m+2h — A —J since dg(v) > J. Then

kh?(nA — km)
kA - plH) 2 (2 +n—1)[2(nA — km)(m +2h — A —§) + h?]

Case 2. If dy(u) < A —1, from Q(H)x = p(H)z, we have

p(H)x, = Z z(e) < Z (kxy) = kdg (u)z, < k(A = 1)x,.

EEE[u] SGE[U]
Further by (£ +n —1)[2(nA — km)(m +2h — A — §) + h?] > 2(n — 1)h(nA — km) > h?(nA — km), we have

kh?(nA — km)
KA 282 YR eA — k) + 2h— A= 5) T 4]

O

Example. Let G (as shown in Fig. 1) be an irregular 2-graph with n = 10,m = 12,h =2,A = 3, and § = 2.
By Theorem 2.15, we have kA — p(H) > 0.044335, by Theorem 3.2 in [17], kA — p(H) > 0.026667. This show
that Theorem 2.15 is better than Theorem 3.2 in [17] in some case. Note that

kh?(nA — km) - kh?(nA — km)
(2 +n—1)2nA —km)(m+2h— A =8 +h2 ~ (& +n—1)2m(nA — km) + h?]

and Q(H) = 24,(H) = 2[aD + (1 — a)A(H)] for k = 2 and a = 3. In this case, we can see that the result in
Theorem 2.15 is better the result in [10].

In the following, we will turn to study the lower bound on kd — p(H) by hypergraph parameters: order, size
and connectivity. Let’s first give two useful lemmas.

Lemma 2.16 ([3]). Let G = (V(G), E(G)) be a connected k-graph, then p(G) is an algebraically simple eigen-
value, with a positive eigenvector.

Lemma 2.17. Let G = (V(G),E(G)) be a connected k-graph. If H is a proper subhypergraph of G, then
p(H) < p(G).

Proof. If H is connected spanning proper subhypergraph of G, then Q(H) is irreducible. By Lemma 2.16,
there exists a positive principal eigenvector = (24, , Ty, - - -, To, ) of H. Then p(H) = 2TQ(H)z and p(G) >
2TQ(G)x.
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If p(G) = 2TQ(G)x, that is, z is also the eigenvector of Q(G) corresponding to p(G) = p(H), then Q(G)z =
Q(H)z. Since H is connected spanning proper subhypergraph of G, there must exist a u € V(G)(= V(H)) such
that E[u] (H) C E[u] (G), then

Q@)= 3 20> Y a)=(QH)).,
eEE[u](G) eeE[u](H)

a contradiction.
If H is a proper subhypergraph of G, it must be a subhypergraph of a connected spanning proper subhyper-
graph H; of G. Then we have p(G) > p(H1) > p(H). O

Remark 2.18. Obviously, this result is stronger than Proposition 12 in [3].

Now we can deduce the following main result.

Theorem 2.19. For2 <k <n,h>1, let G=(V(G), E(G)) be a h-connected d-reqular k-graph with order n,
size m. Then

2k (h-1)? .
kd — (H) ~ ) R2E(m+2h—2d-2)+(h—1)*](nd—1)’ if h > 2,
' : S8 if h =1.

(2k(m—2d+2)+1])(nd—1)

Proof. By Lemma 2.17, maxycq p(H) = max.cp(q){p(G —e)}, so we only need to consider the hypergraphs in
{G—e,e € E(G)} for obtaining a lower bound on kd— p(H). For convenience, let e = {v1, va,...,vx}, H = G—e,
2 = (Ty,, Ty -+, %0, )T be the Perron vector of H, x,, = Minyee Ty, Ty = MiNy ey (f) Tos Tw = MaXycV(H) Lo,
respectively. Then w # v;,4 € [k]. Otherwise, w = v; for some 4 € [k], it has

p(H)xy = Z z(e) < Z kzy = k(d — 1)Ty,

EEE[W] GGE[IU]
so p(H) < k(d —1). But from
2 v dg (v — -1
o(H) > knm :kZ eV(Z) (V) _ k)dzk(d ) :k(d_ fl) ~ h(d—1),

a contradiction. Thus dy(w) = d.

Case 1. h > 2. Let P, P,...,P,_1 be h — 1 pairwise vertex-disjoint paths from u to w in H. Then
h—1
Y IEE) < (m=1)=[d=(h=1)]=[(d=1) = (h=1)] = m+2h—2d -2,
t=1

since dy(u) > d — 1.
By Lemmas 2.9, 2.10 and 2.14, we have

kd—p(H)= > (kd—kd)2?+ > (v —x4,)’

veV(H ui,uj€a€E(H
J

h—1
t=1 u;,u;€acE(Py)
h—1

>k2xi+ 736“—96“)2
2 WL+ D Sy e )
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k(h—1)2
> k222 + %(zu - a:w)2
2> -1 |E(P)]

k(h —1)2 2
> k222 _
Z ket S on —2a gy B o)

201 1)2
- K2(h — 1) 2
~ 2k(m+2h—2d—2)+ (h—1)2""

di2(h — 1)2

Z hm+2h—2d—2) % (h— 12 (nd = 1)

Case 2. h=1.
Subcase 2.1. H is connected. Let P be path connecting v and w in H,

|[E(P)|<(m—-1)—(d—-1)—[(d=1)—1]=m—2d+ 2.
By Lemmas 2.9, 2.10 and 2.14, we have

kd—p(H) > k(22 +a2, +-+22 )+ Z (UCui—iqu)2
w;,ujE€acE(P)

k
> kzlﬂi + — (Iu - zw)Q

2|E(P)|
k2 9 k2 9
> > T
2k|E(P)|+1 %Y~ 2k(m—2d+2)+1 "
dk?

= @k(m—2d+2) + 1)(nd—1)

Subcase 2.2. H is not connected. Assume that H = Hy U Ho U --- U Hp,b > 2 and p(H) = p(Hy).
Let y = (y1,92,.-- ,y|V(H1)|)T be the positive principal eigenvector of Hy, y, = minyev(a,) Yo, Yo =
maX,cv (H,) Yo- Similar to the proof of Case 2.1, we have

k2 k2
Yo > ya
2k|E(P)| + 17" = 2k(m —2d +2) + 17"
. dk? N dk?
~ (2k(m—2d+2)+ 1))(|V(Hy)|d—1) = (2k(m — 2d +2) + 1[)(nd — 1)

kd — p(H)

This completes the proof. (I

3. CONCLUSIONS

Since the definition of adjacency tensor of hypergraph proposed by Cooper and Dutle [8], the study of
hypergraph by tensors has aroused wide interest of researchers. But due to their computational complexity and
theoretical difficulty, the study of hypergraphs through matrices remains its place. In this paper, we obtain some
lower and upper bounds on the spectral radius of signless Laplacian matrix of hypergraph by some structural
parameters such as independent number, maximum degree, minimum degree, diameter, connectivity, and so on.
However, it is very difficult to characterize the corresponding extremal structures. Obviously, a natural problem
is how to improve these lower and upper bounds and characterize their corresponding extremal hypergraphs.

Acknowledgements. This work is supported by the Special Fund for Basic Scientific Research of Central Colleges, South-
Central Minzu University (No. CZY23009). The authors would like to express their sincere gratitude to the editor and
the referees for a very careful reading of the paper and for all their insightful comments and valuable suggestions, which
led to a number of improvements in this paper.



2278 J. ZHANG AND Z. ZHU

REFERENCES

[1] A. Banerjee, On the spectrum of hypergraphs. Linear Algebra App. 614 (2021) 82-110.
[2] A. Brouwer and W. Haemers, Spectra of Graphs. Springer, New York (2012).
[3] K. Cardoso and V. Trevisan, The signless Laplacian matrix of hypergraphs. Spec. Matrices 10 (2022) 327-342.
[4] D. Chen, Z. Chen and X. Zhang, Spectral radius of uniform hypergraphs and degree sequences. Front. Math. Chin. 12 (2017)
1279-1288.
[5] F. Chung, Spectra Graph Theory. Vol. 92. American Mathematical Society, Providence (1997).
[6] S. Cioaba, The spectral radius and the maximum degree of irregular graphs. Electron. J. Comb. 14 (2007) #R38.
[7] S. Cioaba, D. Gregory and V. Nikiforov, Extreme eigenvalues of nonregular graphs. J. Comb. Theory Ser. B 97 (2007) 483-486.
[8] J. Cooper and A. Dutle, Spectra of uniform hypergraphs. Linear Algebra App. 436 (2012) 3268-3292.
[9] D. Cvetkovic, M. Doob and H. Sachs, Spectra of Graphs, Theory and Application. Academic Press, New York (2004).
[10] X. Duan, L. Wang P. Xiao and X. Li, The (signless laplacian) spectral radius (of subgraphs) of uniform hypergraphs. Filomat
33 (2019) 4733-4745.
[11] C. Hillar and L. Lim, Most tensor problems are NP-hard. J. ACM 60 (2013) 45.
[12] O. Kitouni and N. Reff, Lower bounds for the Laplacian spectral radius of an oriented hypergraph. Aust. J. Comb. 74 (2019)
408-422.
[13] H. Li, J. Zhou and C. Bu, Principal eigenvectors and spectral radii of uniform hypergraphs. Linear Algebra App. 544 (2018)
273-285.
[14] L. Lim, Singular values and eigenvalues of tensors, a variational approach, in 1st IEEE International Workshop on Computa-
tional Advances of Multitensor Adaptive Processing. Vol. 40. IEEE, Puerto Vallarta, Mexico (2005) 129-132.
[15] H. Lin, H. Guo and B. Zhou, On the a-spectral radius of irreglar uniform hypergraphs. Linear Multilinear Algebra 68 (2020)
265-277.
[16] V. Nikiforov, The spectral radius of subgraphs of regular graphs. Electron. J. Comb. 14 (2007) #N20.
[17] W. Ning, H. Li and M. Lu, on the signless Laplacian spectral radius of irregular graphs. Linear Algebra App. 438 (2013)
2280-2288.
[18] L. Qi, Eigenvalues of a real supersymmetric tensor. J. Symb. Comput. 40 (2005) 1320-1324.
[19] N. Refl, Spectral properties of oriented hypergraphs. Electron. J. Linear Algebra 27 (2014) 373-391.
[20] N. Reff and L. Rusnak, An oriented hypergraphic approach to algebraic graph theory. Linear Algebra App. 437 (2012) 2262—
2270.
[21] J. Rodriguez, On the Laplacian eigenvalues and metric parameters of hypergraphs. Linear Multilinear Algebra 50 (2002) 1-14.
[22] J. Rodriguez, Laplacian eigenvalues and partition problems in hypergraphs. Appl. Math. Lett. 22 (2009) 916-921.
[23] L. Shi, The spectral radius of irregular graphs. Linear Algebra App. 431 (2009) 189-196.
[24] D. Stevanovié, The largest eigenvalue of nonregular graphs. J. Comb. Theory Ser. B 91 (2004) 143-146.

[25] X. Yuan, M. Zhang and M. Lu, Some upper bounds on the eigenvalues of uniform hypergraphs. Linear Algebra App. 484
(2015) 540-549.
[26] A. Zykov, Hypergraphs. Uspehi Mat. Nauk 29 (1974) 89-154 (in Russian).

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to
publish this journal in open access in the current year, free of charge for authors and
readers.

Check with your library that it subscribes to the journal, or consider making a personal donation to
the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.


mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Introduction
	Main results
	Conclusions
	References

