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ALGORITHMIC ASPECT ON TOTAL ROMAN {2}-DOMINATION OF
CARTESIAN PRODUCTS OF PATHS AND CYCLES

QIiN CHEN*

Abstract. A total Roman {2}-dominating function (TR2DF) on a graph G with vertex set V is a
function f : V' — {0,1, 2} having the property that for every vertex v with f(v) =0, 3, c n,) f(u) > 2,

where N (v) represents the open neighborhood of v, and the subgraph of G induced by the set of vertices
with f(v) > 0 has no isolated vertex. The weight of a TR2DF f is the value w(f) = > o\ f(v), and
the minimum weight of a TR2DF of G is the total Roman {2}-domination number ~tr2(G). The
total Roman {2}-domination problem (TR2DP) is to determine the value vtr2(G). In this paper, we
first propose an integer linear programming (ILP) formulation for the TR2DP. Furthermore, we apply
the discharging approach to determine the total Roman {2}-domination number for some Cartesian
products of paths and cycles.
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1. INTRODUCTION

Through out this paper we only consider simple graph G = (V, E) with vertex set V' = V(G) and edge set
E = E(G). The open neighborhood of a vertex v € V is the set N(v) = {u € V|uww € E}, while its closed
neighborhood is N[v] = {v} U N(v). We use P, and C,, to denote a path and a cycle of order n, respectively.

Consider a function f : V. — {0,1,2} and the ordered partition (Vp,Vi,V2) of V induced by f, where
Vi ={v e V|f(v) =i} for i € {0,1,2}. Since there is a one-to-one correspondence between the function f and
the ordered partition (Vo, Vi, V2) of V, we will identify f with the ordered partition (Vp, Vi, V2) of V' and write
f = (V07 Vlv VQ)

A function f:V — {0,1,2} is a Roman dominating function on G if every vertex u € V for which f(u) =0
is adjacent to at least one vertex v for which f(v) = 2. The weight of a Roman dominating function is the
value w(f) = >, cy f(v). The Roman domination number yr(G) is the minimum weight among all Roman
dominating functions on G. The concept of a Roman domination was formally proposed by Cockayne et al. [13]
and was motivated by the work of ReVelle and Rosing [25], and Stewart [27]. Since then, Roman domination has
been extensively studied by researchers, see for example [7,14,22,24]. For further details on Roman domination
and its variations we refer to the reader the book chapters [9,11] and survey [10].

Keywords. Total Roman {2}-domination, Cartesian product graph, double domination.

College of Science, China Jiliang University, Hangzhou 310018, P.R. China.
*Corresponding author: chenqin0308@126. com

© The authors. Published by EDP Sciences, ROADEF, SMAI 2024

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/ro/2023121
https://www.rairo-ro.org
mailto:chenqin0308@126.com
https://creativecommons.org/licenses/by/4.0

2030 Q. CHEN

In 2016, Chellali et al. [8] introduced a variant of Roman dominating function. For a graph G = (V, E),
a Roman {2}-dominating function (also called Italian dominating function in [18] and weak {2}-dominating
function in [3,21]) is a function f = (Vp, V4, V2) satisfying the condition that for every vertex v € Vy, f(N(v)) > 2,
that is, v is either adjacent to a vertex u with f(u) = 2 or to two vertices z and y with f(x) = f(y) = 1.

As a new variant of the Roman domination, the total Roman {2}-dominating function (TR2DF) of a graph G
with no isolated vertex is a Roman {2}-dominating function f = (Vp, Vi, V2) on G with the additional property
that the subgraph induced by V4 UV; has no isolated vertex. The total Roman {2}-domination number vir2(Q)
is the minimum weight among all TR2DFs on G. A TR2DF of weight 1tr2(G) is called a yir2(G)-function.
This concept was independently introduced in [2,15], and further studied in [1,20,26]. The total Roman {2}-
domination problem (TR2DP) is an optimization problem of finding the TR2DF of minimum weight.

Recall that a set S C V is a double dominating set of G if for every vertex v € V, [N[v] N'S| > 2. The
minimum cardinality of a double dominating set of G is the double domination number vx2(G). By definition,
it is clear that vx2(G) > Yr2(G). The problem of characterizing all graphs with 7x2(G) = 1gr2(G) remains
open. The authors in [2,15,23] observed that yx2(G) = vir2(G) if there exists a TR2DF f = (Vy, V4, V2) of G
such that V5 = ). By this observation, they proved that vyx2(G) = 14r2(G) when G is a path or a cycle.

It has been shown in [2,15] that the associated decision problem for total Roman {2}-domination is NP-
complete even when restricted to bipartite and chordal graphs. But it is possible to compute this parameter in
polynomial time for bounded treewidth graphs, threshold graphs and chain graphs [6], which are subclasses of
bipartite graphs and chordal graphs. One common approach to designing exact algorithms or approximation
algorithms for an NP-complete problem is to model it using integer linear programming (ILP). Some integer
linear programming formulations have been described for several variants of domination, such as Roman domi-
nation [4], weak Roman domination [19] and double Roman domination [5]. Motivated by this, we propose an
ILP model for TR2DP.

The Cartesian product of two graphs G and H is the graph with vertex set V(G) x V(H) and two vertices
(v1,v2) and (uy,ug) are adjacent whenever viu; € E(G) and vy = usg, or vaus € E(H) and vy = u;. When
considering the Cartesian product graph of paths and cycles, we denote V(GOH) = {z; ;|1 <1i < |V(G)|,1 <
j < |V(H)|}. The set of vertices C* = {z; ;|1 < j < |V(H)|} is called the ith column of GOH. In what follows,
when considering the vertices x; ; in graph C,,[C,,, we use the arithmetic operations of the index i over modulo
n and j over modulo m, respectively. Let f be a TR2DF of a Cartesian product of paths and cycles, for any
column C, we denote the weight of C by wy(C) = >_,cy () f(v). In the history of domination problem, a lot of
work has been done to study the class of Cartesian product graphs, see, for example [12,16,21]. We use the
standard notation [n] ={1,2,...,n}.

In this paper, we first propose an integer linear programming (ILP) formulation for the total Roman {2}-
domination problem. Furthermore, we determine the total Roman {2}-domination number for some Cartesian
products of paths and cycles by discharging method. Additionally, we obtain that the equality vx2(G) = 1tr2(G)
holds for the graphs under our consideration.

We close this section with two useful lemmas.

Lemma 1.1. Let f be a TR2DF of P,00H, where H is a path P,, or a cycle C,,. Let C*~', C*, C**! be three
consecutive columns of P,H.
(i) For2<i<n-—1,ifws(C") =0, then ws(C7LUCTY) > 2m; if ws(CY) = 1, then wy(C*-1UCT!) > 2m —3.
(ii) Fori=1 orn, if wg(C") =0, then the weight of the adjacent column of C* is 2m; if wg(C?) = 1, then the
weight of the adjacent column of C* is at least 2m — 3.

Proof. (i) If ws(C*) = 0, then each vertex z; ; € C* should be Italian dominated by x;_1,; and x;+1,;. Hence,
we have f(z;—1;) + f(ziy1,;) > 2, and further wy(C*~1 UC™) > 2m. If ws(C?) = 1, we distinguish two
cases.
~ f(z;4) = 1 for some j € {2,...,m—1}. To total Roman {2}-dominate vertices in C*, we have f(z;_1 1)+

fl@ig16) >2for k¢ {j—1,4,7+1}, and f(xi—1x) + f(@iy1k) > 1 for k € {j —1,5,j + 1}. Therefore,
wr(CTLUCHT) > 2(m —3) 4+ 3 =2m — 3.
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-~ H = P, and f(x;;) = 1 for some j € {1,m}. Without loss of generality, let f(x;1) = 1. Then to
total Roman {2}-dominate vertices in C*, we have f(x;i—14) + f(ziz14) > 2 for k € {3,...,m}, and
f(@ic1 ) + f(zig1x) > 1 for k € {1,2}. Therefore, w(C*"'UC™H) >2(m—2)+2=2m —2 > 2m — 3.

(ii) The proof of part (ii) is analogous to that of part (i).

O
Lemma 1.2. Let f be a TR2DF of C,00C,,, and C*~1, C?, C**! be three consecutive columns of C,0C,,.
(i) Ifws(C) =0, then wp(C*"1UCT) > 2m.
(ii) Ifws(CH) =1, then we(C*~1UCT) > 2m — 3.
Proof. The proof follows immediately from the definition of a TR2DF. (]

2. ILP MODEL

In this section, an ILP model for the TR2DP together with the proof of its correctness will be presented. This
model uses two vectors of binary variables, x and y to find a TR2DF of minimum weight. The interpretation is
that x, = 1 if and only if f(v) = 1, and y, = 1 if and only if f(v) =2

The TR2DP can be formulated as follows:

min va+22yv

veV UEV
s.t.x1,+yv+f Z Ty + Z Yu > 1, YveV (1)
uEN (v) u€EN (v)
Doowut D Yu >+, VoevV (2)
uw€N (v) u€N (v)
Ty + Yy <1, YoeV (3)
Ty, Yo € {0, 1}, Yo e V. (4)

Theorem 2.1. The optimal objective function value of the TR2DP formulation is equal to the total Roman
{2}-domination number vira.

Proof. Given a feasible solution (x,y) of the TR2DP formulation, we construct a function f:V — {0,1,2} as
follows:

— if &, =y, = 0, then set f(v) =0;
—ifz, =1, y, =0, then set f(v) =1;
— if Ty = O, Yy = 1, then set f(’l}) =

Observe that constraint set (1) ensures that if f(v) = 0, then vertex v must be adjacent to at least two
neighbors assigned 1 under f or at least one neighbor assigned 2 under f. Constraint set (2) ensures that if
f(v) > 1, then vertex v must have at least one neighbor v with f(u) > 1. We conclude that f is a TR2DF.

Conversely, we argue that for any TR2DF f, there is a corresponding solution (x,y) satisfying constraint
sets (1)—(4):

— if f(v) =0, then set z, =y, = 0;
— if f(v) =1, then set x, = 1, y, = 0;
— if f(v) =2, then set x, =0, y, = 1.

Note that if f(v) = 0, v must have at least one neighbor assigned 2 under f or at least two neighbors assigned
1 under f, which means there exists at least one vertex u € N(v) with y, = 1 or two vertices uy,us € N(v)
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with z,, = x,, = 1. Hence, constraint set (1) is satisfied. If f(v) > 1, then one of z, and y, equals 1. It is clear
that constraint set (1) is satisfied.

Consider constraint set (2). If f(v) = 0, then z, = y, = 0, so constraint set (2) is trivial. If f(v) > 1, then
Zy + Y = 1. By the definition of TR2DF, v must be adjacent to a vertex w with f(u) > 1, which means z, = 1
or y, = 1. It follows that constraint set (2) is satisfied. Finally, constraint sets (3) and (4) naturally hold from
our construction.

We have shown a bijection between the set of feasible solutions of TR2DP and the set of all total Roman
{2}-dominating functions of G. So the optimal objective function value of the TR2DP formulation is equal to
the minimum weight among all TR2DFs on G. (]

3. ToTAL ROMAN {2}-DOMINATION NUMBER OF P,[1P, anD C,00P,

Lemma 3.1. Forn > 2, yro(P,0P) > n+ 1.

Proof. First, we prove that ytr2(P,0P;) > n. Let f be a TR2DF of P,00P,. We assign an initial charge
ch(C) = wy(C) for each column C of P,00P,. Then we design a discharging rule to redistribute the charge
accordingly.

R1. Every column C with ¢h(C) > 2 sends % charge to each adjacent column with initial charge 0.

Let c¢h/(C) be the new charge after the discharging process is finished according to R1. We will show that
ch/(C) > 1 for all columns of P,0P,.

— For each column C with ch(C) > 2, since it sends charges to at most two adjacent columns, the new charge
' (C) > ch(C) —2 x PEI=L — 1.

— For each column C* with ch(C?) = 0, if i = 1 or n, then the initial charge of the adjacent column of C is 4, so C*
receives 451 = 1.5 charge from the adjacent column. If 2 < ¢ < n—1, then by Lemma 1.1, wy (Ci_1UCi+1) > 4.
Hence, C? is either adjacent to a column C* with ch(C%) > 3 or adjacent to two columns C® and C¢ with

ch(C) > 2, ch(C®) > 2. So C* receives % > 1 charge from C* or Ch(CQb)_l + Ch(c;)_l > 422 =1 charge
from C® and C¢. Therefore, the new charge of C* is ch/(C?) > 1.
— For each column C with ch(C) = 1, no rule is applied to ch(C), so c¢h/(C) = 1.

From the above discussion, we know that the new charge of each column of P,0P, is at least 1. Since no
charge is lost in the discharging procedure, we have 3=, v (p.op,) f(v) = 200, ch(C) = 307, ch'(C) > n.

Next, we prove that viro(P,0P2) > n + 1. Suppose, to the contrary, that viro(P,0P:) = n. Then by the
analysis above, we can obtain that ch’(C) = 1 for each column C of P,[JP;. In particular, ch’(C!) = ch’(C?) =
1 requires ch(C') = 1 and ch(C?) < 1. However, since f is a TR2DF, ch(C') = 1 implies ch(C?) > 2, a
contradiction. This completes the proof. (I

Theorem 3.2. Forn > 2, vre(P,0P) =n+ 1.

Proof. Tt suffices to provide a TR2DF f of P,0P, with w(f) = n+1. Define a function f : V(P,0FP) — {0,1,2}
as follows: f(z11) =1, f(zi1) = f(zi2) =1if i =0 (mod 2) and f(z; ;) = 0 otherwise. If n is odd, redefine
[ by setting f(2n,2) = 1. It is easy to check that >° v (p op,) f(v) =n+ 1. Note that each vertex z; ; with
f(zi ;) = 0 has exactly two neighbors assigned 1 and each vertex z; ; with f(z; ;) = 1 has at least one neighbor
assigned 1. Hence, f is a TR2DF of P,,[0P, with weight n + 1. This completes the proof. O

Since P,0P; is a spanning subgraph of C,, 0Py, it is easy to see that vira(P,0Ps) > Ytr2(Cr,OP,). The next
result determines the total Roman {2}-domination number for C,,0P.

Theorem 3.3. Forn > 3, yr2(C,0P) = 2[5 ].
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Proof. First, we show that v4r2(C,00P) > 2[%]. Using a similar argument as in the proof of Lemma 3.1, we
can get Yir2(CpOP2) > n. Thus, if n is even then we are done. When n is odd, suppose to the contrary that
Yr2(CnOP,) = n. Let f be a TR2DF of C,,0P, with weight w(f) = n. Let ch(C) = w¢(C) be the initial charge
of the column C and ch/(C) the new charge after the discharging process is finished according to R1. Hence,
ch/(C) = 1 for each column C of C,,0P,. By the analysis in the proof of Lemma 3.1, we know that ch(C) < 3
for each column C, and if ch(C?) > 2 for some column C?, then ch(C*~1) = ch(C*™!) = 0. We consider two cases.

Case 1. There is some column of C,,[]P, with weight 1. By symmetry, we may assume ch(C?) =1, f(xa1) =0
and f(xg2) = 1. So we have ch(C!) < 1 and ch(C3) < 1. Since f is total, we can obtain that either f(z12) = 1
or f(zs2) =1, say f(x12) = 1. Then f(z11) = f(z32) =0 and f(z31) = 1. Since ch(C') = ch(C?) = 1, we
further obtain ch(C™) < 1 and ch(C*) < 1. Continuing in this way, we get that ch(C) = 1 for each column
of C,0P,, and f(z;1) =1ifi=0,3 (mod 4), f(z;2) =1if i = 1,2 (mod 4). However, it is easy to check
that for n = 3 (mod 4), x,,1 is an isolated vertex in V3 U Vs, and for n = 1 (mod 4), f(z1,1) = 0 but
f(N(z1,1)) =1, a contradiction.

Case 2. There is no column of C,,lJP, with weight 1. Since n is odd, at most ”T’l columns of C,,[1P; can
receive positive weight. Then there are two adjacent columns with weight 0, say w(C') = w;(C?) = 0. So
f(z31) = f(z32) =2, and ch(C?) = 4, a contradiction.

Hence, 1tr2(C,0P2) > nif n is even and g2 (C,0P2) > n+1if n is odd. Next, we prove the upper bounds.
For odd n, since P,[JP, is a spanning subgraph of C,,[JP,, we have yir2(Cr,O0P2) < yir2 (P, 0P) = n41 = 2[5 ].
For even n, we provide a TR2DF f of C,[0P, as follows. Let Vi = [J2, C*~1, Vo = V(C,,OP) \ V1 and V, = 0.
Note that each vertex assigned 0 has exactly two neighbors assigned 1 and one neighbor assigned 0. Consequently,
f=(Vo,V1,Va) is a TR2DF of C,0P, with weight n. O

4. ToTAL ROMAN {2}-DOMINATION NUMBER OF P,0P; AND P,00P,

In this section, we give the exact value of the total Roman {2}-domination number for P,,[1P;, and give the
estimation of this number with respect to P,[1P;.

Lemma 4.1. Forn > 3, yre(P,0P3) > [37]7;1]

Proof. First, we prove that viro(P,0P3) > [37"} Let f be a TR2DF of P,[0P;. We assign an initial charge
ch(C) = wy(C) for each column C of P,00P;. Then we design a discharging rule to redistribute the charge
accordingly.

R2. Every column C with ch(C) > 2 sends &2_15 charge to each adjacent column with initial charge at
most 1.

Let ¢h/(C) be the new charge after the discharging process is finished according to R2. Now we show that
the average new charge of the columns of P,[0Ps is at least 1.5.

— For each column C with ch(C) > 2, since it sends charges to at most two adjacent columns, the new charge
! (C) > ch(C) — 2 x PEZLE — 15

— For each column C? with ch(C?) = 0, if i = 1 or n, then by Lemma 1.1 the adjacent column of C? has weight 6,
so C? receives % = 2.25 charge from the adjacent column. If 2 < 4 < n—1, then by Lemma 1.1, C is either
adjacent to a column C® with ch(C%) > 5 or adjacent to two columns C® and C¢ with ch(C®) > 2, ch(C¢) > 2
and ch(Cb)+ch(C¢) > 6. So C? receives %2)715 > 1.75 charge from C“ or Ch(cb2)715+0h(cz)71'5 >03 =15
charge from C® and C¢. Therefore, the new charge of C? is ch/(C?) > 1.5.

— For each column C? with ch(C?) =1, if i = 1 or n, C? is adjacent to a column with initial charge at least 3. So
the new charge of C' is ch/(C") > 1+ 352 = 1.75. If 2 < i < n— 1, by Lemma 1.1, ch(C'') + ch(C**1) > 3.
If one of ch(C*~1) and ch(Ci*1) is at least 3, then as discussed in the case where i = 1 or n, we have ch/(C?) >

1.75. If both of ch(C*~1) and ch(C*t1) are equal to 2, then ch’(C?) = ch(C?) + Ch(ci;)_l's + Ch(ci+21)_1‘5 =
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0 1 0 1 0 1 0 1 0
1 1 0 1 1 0 1
1 1
0 1 0 0 1 0 1
1 0
PP PPy

FiGure 1. A TR2DF of P,00P; and Ps[Ps, respectively.

1+ 453 = 1.5. It remains to consider the case that ch(C'™') > 1, ch(C™*') > 1 and ch(C*™') + ch(C*T) = 3.
In this case, we have f(z;2) =1, f(z;1) = f(z;3) = 0. Without loss of generality, assume ch(C*~!) =1 and
ch(C1) = 2.

(1) If v NneCi-1 = {-Ti—l,l} or V1 Nnci-1 = {xi_1,3}, then f(xi—2,1) + f(xi_gg,) > 3, that is, C]’L(Ci_2) > 3. After
the discharging process, we have ch/(C*=2) > 1.5, ch/(C*~1) > 1.75, c¢h/(C?) > 1.25, ch/(C**') > 1.5. Now,
the average value of ch/(C*=2), ch’(C*~1), ch/(C*) and ch/(C'T1) is at least 1.5.

(2) If %mci71 = {11_172}7 then ‘/1 ﬂC”l = {xi-i-l,la 131'_;,_173}. By the definition of TR2DF, we have f(JL‘H_Q,l)
and f(z;423) > 1. So ch(C**2) > 2. On the other hand, since f(z;_11) = f(z;-13) =0, then f(x;_21)
and f(z;—23) > 1. If ch(C'=2) > 3, as discussed in (1), the average value of ch/(C*=2), ch/(C*~1), ch’(C?) and
ch’(C**1) is at least 1.5. So assume ch(C™2) = 2, and then f(x;—21) = f(zi—23) =1, f(xi—22) = 0. This
implies that f(z;—31) > 1 and f(z;_33) > 1. Hence, ch(C'=3) > 2. After the discharging process, we have
ch(CP3) > 1.5, ch!(C*2) > 1.75, ¢h/(C'=1) > 1.25, ch'(C?) > 1.25, ¢h/(CY) > 1.75 and ch/(C™2) > 1.5.
Now, the average value of ch/(C=3), ch’(C'=2), ch/(C*™1), ch/(C?), ch/(C*T1) and ch/(C*H2) is at least 1.5.

>1
>1

From the above discussion, we know that the average new charge of each column of P,[1P;5 is at least 1.5. Since
no charge is lost in the discharging procedure, we have } v (p, op,) f(v) = S ch(C) =300 el (CY) > [32].

Next, we prove that yir2(P,00P3) > [25H]. If n is odd, then yr2(P,0P3) > [22] = [2%EL], as required.
We consider the case when n is even. Suppose, to the contrary, that vire(P,00P3) = [37”1 = 37" By the
above, the average new charge for each column of P,[JP; is equal to 1.5. Hence, we deduce that ch(C!) = 2,
ch(C?) = ch(C?) = 1 and ch(C*) = ch(C%) = 2 (It corresponds to the case (2) above). It can be checked
that ch(C') = 2 and ch(C?) = ch(C?) = 1 only if V1 NC? = {x22} and f(z1,) + f(ws,;) = 1 for i = 1,2,3.
So Van(Ctuc?) = 0. If ViNC' = {x11,713}, then 1 is an isolated vertex in V; U Vs, a contradiction.
If VinC' = {z11,212} or {z13,712}, say Vi NC' = {x13,212}, then f(x11) = 0 and f(N(z11)) = 1, a
contradiction. Therefore, when n is even, Yiro(P,00Ps) > [32] 4+ 1 = [22EL], O

Theorem 4.2. For n > 3, vir2(P,0P;) = [3%5H].

Proof. In view of Lemma 4.1, it suffices to provide a TR2DF f of P,00P; with w(f) = (3”—;1] Define a
function f : V(P,OP;) — {0,1,2} as follows. If n is odd, let Vi = {z12,7,2} UC?UC*UCCU---UC" L,
Vo = V(P,OPs)\ Vi, V2 = 0. If n is even, let Vi = {z1 2} UC?UC*UCC U---UC", Vo = V(P,0P3) \ V1, Vo = 0.

Note that for each vertex z;; with f(x;;) = 0, we have f(N(x;;)) = 2 and for each vertex ax;; with
f(zi;) =1, we have f(N(x;;)) > 1. Hence, f is a TR2DF of P,[JP; with weight [3"2—“-\ A TR2DF of P,00Ps
and Ps;[P;s, respectively, is shown in Figure 1. This completes the proof. O

In the remaining part of this section, we establish an upper bound of the total Roman {2}-domination number
of P,0P,. Moreover, we show that this bound is attained for n = 4,5, 6. In fact, we do believe that this upper
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bound provides the exact value for all n > 7. The following symbol will be used to construct a TR2DF of
P,0OPy. Let A;, A;j be two arrays with size m x s, m x t, respectively. We use the notation A4;A; to denote the
concatenation of A; and A; which forms an m x (s +t¢) array. In particular, let A¥ denote the concatenation of
arrays A; for k times which forms an m x ks array. We also need the following observation to show the sharpness
of Theorem 4.4 below.

Observation 4.3. For P,[0P; (n > 4), if ws(C') = 2, then w;(C?) > 2, with equality if and only if V3 N (C' U
C?) ={w12,713, 721,724} and Vo N (C*UC?) = 0. So if ws(C') = ws(C?) = 2, then wy(C3) > 2, furthermore,
if we(C?) =2, then V1 NC3 ={x31,234}, VoNC? =0 and wf(C4) > 2.

Theorem 4.4. For n > 4,

2n + 1, n:5; 6;
Yera(PnPy) < { om otherwise.

This bound is sharp for n =4,5,6.

i

Proof. Denote n = 3k +t, where k > 1 and 0 <t < 2. Let

0 1 1 0 0 1 o 1 0 1 1 0 0 1 1
4|1 00 11 4 1 1.0 0 0 1 1 0 0
=11 0 1 0 0 Of° 2710 0 1 1 0 0 0 1 1}
1 0 1 0 1 1 1 1. 0 0 1 1 0 1 0
T 1 0 0 1 1 07 0 1 0 1 1
0 0 1 1 0 0 1 1 1 0 0 0
B=1yg o 1| “=11 0 0 1| D=1o 0 1 1 1
1 1 0 0 1 1 0] 1 1 0 0 1

— If t =0, when n = 6, the array A; provides a pattern of TR2DF of Ps[1P,; with weight 13; when n = 9, the
array A, provides a pattern of TR2DF of Py[JP; with weight 18; when n > 12, the array C2B*~* provides
a pattern of TR2DF of P,,[0P; with weight 2n.

— If t = 1, then the array CB*~! provides a pattern of TR2DF of P,[JP; with weight 2n.

— If t = 2, when n = 5, the array D provides a pattern of TR2DF of P;0P, with weight 11; when n > 8, the
array C2B*~2 provides a pattern of TR2DF of P,[0P; with weight 2n.

Therefore, the desired upper bound is established. We now proceed to show the sharpness of the bound when
n=4,5,6.

We first consider the case n = 4. It is sufficient to prove that yr2(Ps0P,) > 8. Suppose, to the contrary,
that f is a TR2DF of P,00P; with weight w(f) < 7. Then by Lemma 1.1, it can be seen that ws(C*) > 1 for
1 <i<4,and ws(C") > 2 fori=1,4. If wy(C') = 2, then observation 4.3 leads to ws(C?) > 2. Since wy(C3) > 1
and wf(C*) > 2, we can get ws(C?) =2, ws(C?) =1 and ws(C*) = 2, contradicting to Observation 4.3. Hence,
wy(C) > 3 and wy(C*) > 3. Then Z?Zl wy(C') > 8, a contradiction. Hence, viro(P,00P;) > 8, and then
Yir2(PoOPy) = 8.

Then we consider the case n = 5. It is sufficient to prove that yro(Ps0P,) > 11. Suppose, to the contrary,
that f is a TR2DF of Ps0P, with weight w(f) < 10.

Claim 1. ws(C") >1for 1 <i <5.

If wp(C') = 0 or wp(C?) = 0, then by Lemma 1.1, 320 w(C?) > 8. Hence ws(C*) + wy(C?)
Lemma 1.1(ii) and Observation 4.3, ws(C®) cannot be 0, 1 or 2, a contradiction. Hence, w¢(C')
wf(C?) > 1, then by symmetry, w¢(C®) > 1 and wy(C*) > 1.

Ifwy(C3) = 0, then w(C?)+ws(C*) > 8. Hence, wy(C!) =
6 and ws(C*) 4+ wy(C®) > 6, contrary to w(f) < 10.

2. By

<
> 1 and

wf(C®) = 1. Now by Lemma 1.1, w (C')+wy(C?) >
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Claim 2. w(C") > 2 for i = 1,5.

Suppose wy(C') = 1. Then wy(C?) > 5. If w;(C?) > 6, we have w;(C3) = wy(C*) = wy(C%) = 1 by Claim 1.
However, according to Lemma 1.1, ws(C?) + w(C%) > 5 if ws(C*) = 1, a contradicton. So w;(C?) = 5 and
Zf:3 wf(C?) < 4. Then we have that ws(C%) = 2 and w(C?) = ws(C*) = 1, which is impossible by Lemma 1.1.
Hence, ws(C') > 2 and ws(C%) > 2.

Claim 3. w¢(C') > 3 or ws(C%) > 3.

By Claims 1 and 2, we have w(C?) +w(C*) < 5. So one of ws(C?) and wy(C*) is at most 2, say wy(C?) <
In addition, by Observation 4.3 and Lemma 1.1, we have w;(C*) +w(C®) > 4. If w¢(C') = 2, then ws(C?
wy(C?) = 2. By Observation 4.3, we further obtain that ViNC* = {x40,243}, VaNC* = 0 and wy(C®)
However, it is easy to check that in this case f is not a TR2DF of P;00Py, a contradiction. Hence, w¢(C!)
when wf(CQ) <2, and w¢(C®) > 3 when wy(C*) < 2.

By Claim 3, without loss of generality, we may assume w;(C%) > 3. Since w(C?) = 1 implies wy(C?) +
wy(C*) > 5 and wy(C?) = 2 implies wf(C?) + ws(C*) > 3, we have 2?22 w¢(C') > 5. Combining Claim 2, we
can get wy(C') = 2, 2?22 wy(C) =5 and wy(C®) = 3. So wp(C?) = wy(C3) =2 and wy(C*) = 1, contradicting
Observation 4.3. By the above analysis, we conclude that g2 (Ps0P;) > 11, and hence g2 (Ps0P,) = 11.

Finally, we consider the case n = 6. It is sufficient to prove that yra(Ps0P,) > 13. Suppose, to the contrary,
that f is a TR2DF of Ps0P, with weight w(f) < 12.

Q\/

Claim 4. w;(C") > 1for 1 <i <6.

Ifws(CY) = 0or wg(C?) = 0, then Zf’zl ws(C') > 8 and 2?24 wf(C') < 4. By Lemma 1.1 and Observation 4.3,
wy(CY) = 3. No matter w;(C®) =1 or ws(C®) = 0, we both have w;(C*) + w;(C®) > 5, a contradiction. Hence,
wy(C) > 1, wy(C?) > 1 and by symmetry, wy(C%) > 1, wy(C®) > 1.

If w(C3) =0, then ws(C?) + ws(C*) > 8. Obviously, ws(C*) > 1, otherwise w¢(C?) + wy(C%) > 8 + 8 = 16,
a contradiction. If ws(C®) = 1, then w;(C%) > 5 and 30, w;(C?) > 14, a contradiction. Hence, w;(C%) > 2.
Since w¢(C?) > 1 for i = 1,2,5,6, we have ws(C') = ws(C®) = 1, w¢(C®) = 2. However, by symmetry of C! and
CS, according to Observation 4.3, it is impossible. Hence, w;(C?) > 1 and by symmetry w(C*) > 1.

Claim 5. w(C") > 2 for i = 1,6.

If wp(C') = 1, then ws(C?) > 5. By Claim 4, we have 1 < ws(C%) < 3 and wy(C®) + ws(C%) < 4. Then
wy(CY) # 1 by Lemma 1.1. If w¢(C®) = 2, then w;(C®) = 2, and by Observation 4.3, w;(C*) > 2. In this case,
Z?:1 ws(C) > 13, a contradiction. Hence, w(C®) = 3, and further, we have w(C?) = ws(C*) = ws(C?) = 1,
which contradicts Lemma 1.1 when i = 4. Therefore, w;(C') > 2 and by symmetry w;(C®) > 2.

Claim 6. w(C") > 2 for i = 3,4.

If wp(C*) =1, then 25’23 wf(C*) > 6. By Claim 5 we have w(C?) < 2. When w;(C?) = 2, then wy(C*
wf(C%) =2 and 37, w(C?) = 6. So both of w(C?) and w((C?) are at least 2, and then {w;(C?),ws(C®
2,3}. According to Observation 4.3, no matter w¢(C?) = 2 or w(C?) = 2, we both have w C4 >
! f f
contradiction. Hence, w;(C*) > 2 and by symmetry w;(C?) > 2.

) =
)}
27

@

Claim 7. w(C") > 2 for i = 2,5.

If wf(C5) = 1, then 3°°_, w;(C") > 6. Combining the Claims 4-6, we have w;(C') = w;(C?) = w;(C?) = 2
and Z _, wr(C) = 6. So by Observation 4.3, w¢(C*) = 2 and wy(C®%) = 3. We deduce that V; NC° = {52} or
{z53}, and CoN(ViUV,) = {x61,76.4}. However, x6 1 is an isolated vertex in the subgraph induced by V; U Va,
a contradiction.
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By Claims 4-7, we have w;(C') = 2 for 1 < i < 6. Hence, we deduce that V43 N C* = {x42,243} by
Observation 4.3. On the other hand, interchanging the roles of C' and C® in Observation 4.3, we can get
ViNC* = {x41,744}, a contradiction. By the above analysis, we conclude that vra2(Ps{JP;) > 13, and hence
Yer2 (PsOPy) = 13.

Therefore, the upper bound in theorem is sharp for n = 4,5, 6. This completes the proof of Theorem 4.4. [

5. TOTAL ROMAN {2}-DOMINATION NUMBER OF C,[0C,, FOR 3 <m <5
Theorem 5.1. For n > 3, 1r2(C,0C3) = [%ﬂ

Proof. Let f be a TR2DF of C,0C5. First, we assign an initial charge ch(C) = wy(C) for each column C
of C,l0C5. Next, we discharge the initial charge of columns with weight at least 2 to their adjacent columns
according to the following rule.

R3. Every column C with ch(C) > 2 sends Ch(cz)_%

Let ch/(C) be the new charge after the discharging process is finished according to R3. Now we show that
ch/(C) > 3 for all columns of C,(0CS.

charge to each adjacent column with initial charge at most 1.

— For each column C with ¢h(C) > 2, since it sends charges to at most two adjacent columns, the new charge
_4
ch'(C) > ch(C) —2 x PI=5 — 4,
— For each column C with ch(C) = 1, by Lemma 1.2, C must be adjacent to a column with initial charge at

. 2—4 4
least 2. So the new charge of C is ch/(C) > 1 + =5 = 3.

— For each column C with ch(C) = 0, by Lemma 1.2, C is either adjacent to a column C* with ch(C*) > 5
or adjacent to two columns C® and C¢ with ch(C?) > 2, ch(C®) > 2 and ch(C®) + ch(C®) > 6. So C receives
ch(C)-5 < 11 ch(C®)—4 | ch(C®)—4 _ 6-38

= 5 T3 23

charge from C“ or

= % charge from C? and C¢. Therefore, the new
: 5 4
charge of C is ch/(C) > 5 > 3.

From the above discussion, we know that the new charge of each column of C,,l0C5 is at least %. Since
the discharging procedure preserves the total charge of C,Cs5, we have Z’UGV(CnDC3) fv) =317 ch(C) =
Soiich'(C) > [,

Next, we present a TR2DF of C,,00C3 with weight [47"] Denote n = 3k +t, where k > 1 and 0 <t < 2. Let

0 1 0 0 1 1 0 01 1 1 0

As=1|1 0 1], Ay=11 0 1], As=11 0 0 0 1
0 1 0 0 1 1 0 00 1 0 1
[0 1. 1. 0 0 1 1 0

As=11 0 0 1 1 0 0 1].
01 0 0 1 0 0 1

— If t = 0, then the array A% provides a pattern of TR2DF of C,,(0C3 with weight 4k = [%"]

— If t = 1, then the array AY~' A, provides a pattern of TR2DF of C,[1C5 with weight 4(k — 1) + 6 = [4].

— If t = 2, when n = 5, the array As provides a pattern of TR2DF of C5[0C3; when n > 8, the array A§_2A8
provides a pattern of TR2DF of C,,(0C3 with weight 4(k — 2) + 11 = [4].

By the above discussion, all the upper bounds are established. A TR2DF of C7[0C5 and CsJC3, respectively,
is shown in Figure 2. O

We provide next the total Roman {2}-domination number of C,,00Cy for n > 4.

Lemma 5.2. Let n > 4. Then ygr2(C,0Cy) > [12].
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0 1 0 0 1 1 0
1 0 \1 \1 \0 0 !
0 1 0 0 1 1 0
0
0 1 1 0 0 1 L
[ [ | L
1 !0 \0 \1 \1 \0 7o \
3
0 . 0 0 1 0 0 1

F1cURE 2. A TR2DF of C;0C3 and CsdCj3, respectively.

Proof. Let f be a TR2DF of C,00Cy. First, we assign an initial charge ch(C) = wy(C) for each column C
of C,0C,. Next, we discharge the initial charge of columns with weight at least 2 to their adjacent columns
according to the following rule.

RA4. Every column C with ch(C) > 2 sends

Let ¢h/(C) be the new charge after the discharging process is finished according to R4. Now we show that
ch/(C) > % for all columns of C,,(0C}.

ch(€) -
2

charge to each adjacent column with initial charge at most 1.

— For each column C with ch(C) > 2, since it sends charges to at most two adjacent columns, the new charge
ch'(C) > ch(C) — 2 x MO=T _ T,

— For each column C with ch(C) = 1, by Lemma 1.2(ii), C is either adjacent to a column C* with ch(C*) > 4
or adjacent to two columns C® and C¢ with ch(C®) > 2, ch(C¢) > 2 and ch(C®) + ch(C¢) > 5. So C receives
h(C)-7 5 9 charge from C® or ch(C)-F + ch(C)-F 5 53

2 =3 2 2 =72
charge of Cis ¢h/(C) > 1+ % = %.

— For each column C with ch(C) = 0, by Lemma 1.2(i), C is either adjacent to a column C* with ch(C*) > 7

or adjacent to two columns C® and C¢ with ch(C?) > 2, ch(C®) > 2 and ch(C?) + ch(C®) > 8. So C receives
a b c
% > % > % charge from C® or Ch(cz)f% + Ch(cz)f% > % > % charge from C® and C¢. Therefore, the

new charge of C is ch/(C) > I.

= % charge from C® and C°. Therefore, the new

In summary, ch/(C) > g holds for each column C of C,,lJC}. Since the discharging procedure preserves the
total charge of C,,00C4, we have 3, v (¢, oc,) f(v) = S ch(C) =300 ch/(CT) > [T, O

We will show that the lower bound in Lemma 5.2 is tight except for n = 4.

Lemma 5.3. Forn =4, yr2(C,0Cy) = 2n.

Proof. Since P,0Py is a subgraph of C,,[JCy, then by Theorem 4.4, yir2(C40C4) < vro(PyOP,) = 8.

Next, we prove the lower bound. Assume to the contrary that f is a TR2DF of C4,0C, with w(f) = 7.
Then by Lemma 1.2(i), we have w;(C) > 1 for each column C of C400C,. Hence, there exists a column Ct
with wy(C?) = 1. By symmetry, let w;(C?) = 1. Then by Lemma 1.2(ii), ws(C') + w;(C®) > 5, and further,
wr(C) +ws(C?) =5, ws(C?) = wp(C) =1 and {ws(C),ws(C3)} = {2,3}. Without loss of generality, assume
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f(w23) = 1. This implies that f(z11)+ f(x31) = 2 and f(z1,) + f(z3:) = 1 for i = 2,3,4. So Vi NC* = {z43}.
Since f is total, one of z1 3 and x3 3 is assigned 1, say f(x33) = 1. Then f(x13) =0.

If f(z1,4) =0, then f(zs4) =1, f(z1,1) = 2, f(.’L‘gyl) =0, f(z32) =1 and f(x1,2) = 0. However, x11 is an
isolated vertex in Vi U V5, a contradiction.

If f($1,4) = 17 then f(l’374) = 0, f(IS,l) = 1, f(1171) = 1, f(ILQ) =1 and f(I372) = 0. In this case, rs 1 is an
isolated vertex in V7 U V5, a contradiction.
Therefore, yr2(C40Cy) > 8 and then ~iro(C4OC,) = 8. O

Theorem 5.4. For n > 5, vr2(C,0Cy) = [Z2].

Proof. To prove the upper bound, it is sufficient to provide a TR2DF of C,[0C,; with weight f%ﬂ Denote
n =8k+t, where k > 0and 0 <t < 7. Let

00 1 0 1 0 1 0 001 1 1 1
1 1 0 0 1 0 0 1 1 0 0 0 0
Hi=\1 o o 1|0 =11 1 0 o B=|1 0 1 1 ol
1 0 1 0 00 1 0 1 0 0 0 0
11 1 0 1 00 1 00 1 0 1 1
1 0 1 0 0 1 1.0 0 1 10 0 0
He= |1 ol H =11 1 ol =1{1 0 0 1 0 0 1 1 ol
0 0 0 0 1 1 0 1 1 0 1 0 0 0
‘11 0 0 1 0 1 0 1 0 0 1 1
1 0 0 1 1 1 1 00 1 1 0 0
Ho=17 o 1 0 0o ol Hu=1]1 1 0 0 1 0 1|
0001 0 1 0 00 1 0 1 0 0
‘110 0 1 0 1 1
go_ |1 00 1 1 0 0 0
2=11 9 1 0 0 1 1 0
001 0 1 0 0 0

~ If t = 0, then the array (H;H»)* provides a pattern of TR2DF of C,,0Cy with weight 14k = [T%].

~ If t = 1, then the array (H;H>)"~!Hy provides a pattern of TR2DF of C,,[0Cy with weight 14k +2 = [Z*].
— Ift = 2, then the array (H; Hy)*~! H, Hy provides a pattern of TR2DF of C,,[0C with weight 14k-+4 = [%ﬂ
— Ift = 3, then the array (H; Hy)*~! Hy Hy; provides a pattern of TR2DF of C,,[JC with weight 14k-+6 = f%ﬂ
— If t = 4, then the array (Hy Ho)* ' Hy Hy5 provides a pattern of TR2DF of C,,(0C; with weight 14k+7 = [%ﬂ
— If t = 5, then the array (H;H,)*Hjs provides a pattern of TR2DF of C,[0C, with weight 14k +9 = [T 1
ll

1
— If t = 6, then the array (HyH,)*H; Hg provides a pattern of TR2DF of C,,[JC, with weight 14k +11 = [
— If t = 7, then the array (H, H>)* H, H; provides a pattern of TR2DF of C,,[0C; with weight 14k +13 = [%ﬂ

This establish the upper bound. |

In what follows, we determine the total Roman {2}-domination number of C,,[0C5 for n > 5.

2n, n =0 (mod 5);
Theorem 5.5. Forn > 5, %r2(Cph0C5) =< 2n+1,n=1,2,3 (mod 5);
2n+2,n =4 (mod 5).

Proof. To show the lower bounds, we proceed with three claims.

Claim 1. If n > 5, then yr2(C,0C5) > 2n.
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Let f be a TR2DF of C,,0C5. Set the initial charge ch(C) = w¢(C) to each column C of C,0C5. We then
redistribute the initial charge of columns as follows.

R5. Every column C with ch(C) > 3 sends W charge to each adjacent column with initial charge at most 1.

Let ch/(C) be the new charge after the discharging process is finished according to R5. Now we show that
ch’(C) > 2 for all columns of C,,[0Cs5.

— For each column C with ¢h(C) > 3, since it sends charges to at most two adjacent columns, the new charge
ch'(C) > ch(C) — 2 x PEI=2 — 9,

— For each column C with ch(C) = 1, by Lemma 1.2(ii), C is either adjacent to a column C* with ch(C*) > 5
or adjacent to two columns C® and C¢ with ch(C?) > 3, ch(C®) > 3 and ch(C®) + ch(C®) > 7. So C receives

% Ch(cg)ﬁ + Ch(c;)ﬂ > 72;4 = % charge from C? and C°. Therefore, the new

> % charge from C® or
charge of Cis ¢h/(C) > 1+ % = %

— For each column C with ch(C) = 0, by Lemma 1.2(i), C is either adjacent to a column C® with ch(C®) > 8
or adjacent to two columns C® and C¢ with ch(C?) > 3, ch(C¢) > 3 and ch(C®) + ch(C®) > 10. So C receives

W ch(C;)—Q n ch(C;)—Q > 102*4 = 3 charge from C® and C°. Therefore, the new

> 3 charge from C® or
charge of C is ¢h/(C) > 3.

In summary, ch/(C) > 2 holds for each column C of C,0C5. Since the discharging procedure preserves the
total charge of C,OC5, we have Y- v (o, oy f(v) = 21y ch(C') = 3511, ¢h/(C") > 2n. This completes the
proof of Claim 1.

Claim 2. If n # 0 (mod 5) and n > 5, then 1r2(C,OC5) > 2n + 1.

Suppose, to the contrary that f is a TR2DF of C\,00C5 with 3, cy (¢, ey f(v) = 2n when n # 0 (mod 5).
Then by the previous discharging result, ch(C) = w;(C) = 2 for each column C of C,,[1C5. If there exists a vertex
z; ; € V(C,OC5) with f(x;;) = 2, then V4 NC* = 0, and therefore, w;(C*~1) + wy(C*T') > 5, a contradiction.
This leads to f(z; ;) =0 or 1 for each z; ; € V(C,0OC5).

Suppose that there are two adjacent vertices x; ; and x; j41 with f(z; ;) = f(zi,;+1) = 1, by the symmetry
of C,0C5, say f(z13) = f(x14) = 1. Then to Roman {2}-dominate 1, we have f(z21) = f(xn1) = 1,
and to Roman {2}-dominate z; 2, we have f(z22) = 1 or f(z,z2) = 1. Now the values of the vertices in
Ule C" are determined. Specifically, If f(z22) = 1, then f(z2;) = 0 for j = 3,4,5. It is easy to check that
ViNe? = {x34,235}, ViNC* = {242,743} and Vi NC® = {x51,255}. In this case, the TR2DF on the first
five columns of C,,0C5 is shown in Figure 3a. If f(z,2) = 1, then f(z,;) = 0 for j = 3,4,5. Hence, to
Roman {2}-dominate 15, we have f(z25) = 1 and then f(z2,;) = 0 for j = 2,3,4. It is easy to check that
ViNe? = {x32,233}, ViNC* = {x44,745} and V1 NC® = {x51,252}. In this case, the TR2DF on the first
five columns of C,0C}5 is shown in Figure 3b. In both cases, we can find that the TR2DF on the remaining
columns of C,00C5 is a repeat pattern of that on the first five columns. However, it is a TR2DF only when
n =0 (mod 5), a contradiction.

Hence, the two vertices assigned 1 in each column of C,,lJC5 are not adjacent. Without loss of generality, let
f(z11) = f(z1,3) = 1. Since f is total, one of f(x21) and f(xy,1) is 1, say f(z2,1) = 1. Hence, f(z25) = 0 and
f(zn5) = 1, which leads to f(z,4) = 0 and f(z24) = 1. It is not hard to check that Vi NC3 = {x32,234},
ViNC* = {z49,245} and V3 NC® = {w53,755}. As before, we can find that the TR2DF on the remaining
columns of C,,[JC} is a repeat pattern of that on the first five columns. It is a TR2DF only when n = 0 (mod 5),
a contradiction again. This completes the proof Claim 2.

Claim 3. If n =4 (mod 5) and n > 5, then vr2(C,0C5) > 2n + 2.

Suppose, to the contrary that f is a TR2DF of C,,l0Cs with 3, v (¢, oicy) f(v) = 2n+1 whenn = 4 (mod 5).
Then by the discharging result in the proof of Claim 1, there exists either at most one column with weight 0 or
at most two columns with weight 1. If w(C*) = 0 for some i € [n], then w;(C7) > 2 for any j € [n] \ {i}, and



ALGORITHMIC ASPECT ON TR2D OF CARTESIAN PRODUCTS OF PATHS AND CYCLES 2041

FiGURE 3. A TR2DF on the first five columns of C,,(0C5.

by Lemma 1.2(i), ws(C*™') +w¢(C**) > 10. So > vev(c,ncs) f (V) = St wp(CH > 104 2(n — 3) = 2n + 4,
contradicting our assumption that }°, cv-(c. e, f(v) = 2n + 1. If there is only one column C* with ws(C*) =1
for some i € [n], then w(C?) > 2 for any j € [n] \ {i}, and by Lemma 1.2(ii), ws(C*™') + ws(C*Tt) > 7.
So X evc,nes) f(v) = 20 w(CY) > 8 +2(n — 3) = 2n + 2, contradicting our assumption again. If there
are exactly two columns C* and C’ (i < j) with weight 1, then we should have j = i + 2 according to the
assumption >° v (o, 0c,) f(v) = 2n + 1. Furthermore, w(CY) + wp(CHY) = 7, wp(CHY) + wp(CH3) =7
and Z;;i_l wy(C*) = 11. By inclusion-exclusion principle, we have w(C**1) = 5, and hence, w(C*) = 2 for
any k € [n] \ {i,i + 1,7 + 2}. However, it is easy to check that w;(C*™!) = 2 forces ws(C*™2) + ws(C*) > 4, a
contradiction.

Therefore, w¢(C) > 2 for any column C of C,,[JC5. Then except one column is weighted 3, all other columns
are weighted 2. Without loss of generality, let w;(C"~?) = 3. Observe that if w;(C?) = 2 and VaNC* #  for some
i € [n], then w;(C* 1) +wy(C*H) > 5. S0 VoNC? = P fori = 1,2,...,n—4,n. By a similar argument to the proof
of Claim 2, we can see that no matter the two vertices assigned 1 in C' are adjacent or not, the values of the
vertices in the first five columns are determined according to f(C!). And the TR2DF on the subsequent columns
is a repeat pattern of that on the first five columns. Since n — 4 = 0 (mod 5), we conclude that f(C%), f(C"™%)
and f(C") share the same pattern, f(C') and f(C"~?) share the same pattern, and f(C*) and f(C"~!) share
the same pattern. However, it is straightforward to check that wy (C"2) > 4, a contradiction. This completes
the proof of Claim 3.

The lower bounds of Theorem 5.5 follows from Claims 1-3. We further show the upper bounds of the theorem.
Let

0 1 0 1 0 00 0 1 1
1 0 0 1 0 01 1 0 0
P=|1 0 1 0 0|, Q=|1 0 0 0o 1],
00 1 0 1 00 1 1 0
001 0 0 1 1 1.0 0 0
1 1 0 1
0 0 0 1
Li=|1|, Lo=|0]|, Ly=|1|, Ls= |0
0 1 1 1
1 1 1 1

Let n =5k +t, where k> 1 and 0 <t <4. For 1 <i <5, we denote by C' the i-th column of the array P.
— If t = 0, then the array P* provides a pattern of TR2DF of C,,[dC5 with weight 10k = 2n.
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— If t = 1, then the array Q*L; provides a pattern of TR2DF of C,[0C5 with weight 10k + 3 = 2n + 1.

— If t = 2, then the array P*C' L, provides a pattern of TR2DF of C,,[0Cs with weight 10k + 5 = 2n + 1.

If t = 3, then the array P*C'C?L3 provides a pattern of TR2DF of C,,[0C5 with weight 10k + 7 = 2n + 1.
If t = 4, then the array P*C'C?C3 L, provides a pattern of TR2DF of C,,[0Cs with weight 10k +10 = 2n+2.

From the patterns above, all the upper bounds are established. This completes the proof of
Theorem 5.5. ([l

6. TOTAL ROMAN {2}-DOMINATION NUMBER OF P,[1C5

In previous sections, we determine the total Roman {2}-domination number for P,[0P; and C,0C5. Now,
we investigate the exact value of vyro(P,0C5). It can be seen that the difference between g2 (P,0C3) and
Yir2(CrOC3) is at most 1.

(mod 3);
0,2 (mod 3).

Theorem 6.1. For n > 2, yr2(P,0C3) = { { ]|

‘”\:“\:

Proof. Since P,[0Cj5 is a spanning subgraph of C,0C5, Theorem 5.1 implies yiro(P,0C5) > 1r2(C,0C3) =
[

For n = 2 (mod 3), we first prove that yr2(FP,,0C5) > f%”] + 1. Suppose to the contrary that f is a TR2DF
of P,0Cs with w(f) = [4*] = 4% Let ch(C) = wy(C) be the initial charge of column C and ch/(C) the
new charge after the discharging process is finished according to R3. By a similar analysis as in the proof of
Theorem 5.1, we have that there is at most one column with new charge ch/(C) = 2, and the new charge of all
the other columns is %. Specifically, there is at most one column C? with ch(C?) = 0, meanwhile it also satisfies
2<t<n-1and ch(C'™)+ch(C) = 6. Hence, ch('C") = 3. In what follows, we show that such a column C’
does not exist. Since ch(C!™1) +ch(Ct+1) = 6, by symmetry we may assume ch(C*t1) > 3. If t +1 = n, then the

new charge ch’(CtH) >3- % =13 > 2 Assume t + 1 < n. Recall that ch(C**?) > 1. Thus the new charge
cW(CHH) > > 2 a contradiction So the initial charge for each column of P,00C5 is positive. This further
deduces that there is no column with initial charge ch(C) > 3.

Consequently, the initial charge of each column of P,[1Cj3 is either 1 or 2. If ch(C!) = 1, then by Lemma 1.2
ch(C?) > 3, a contradiction. Hence, ch(C') = 2. If ch(C?) = 2, then the new charge ch’(C!) = 2, a contradiction.
So ch(C?) = 1. Now the new charge of C! is ch/(C') = 3. So the new charge of each other column of P,[0C3 is 3.
Based on the initial charge of the first two columns, we observe that for each 2 <i < n, ch(C*~!)+ch(C**!) =3
if ch(C?) =1 and ch(C'™1) = ch(C*') = 1 if ch(C?) = 2. By this observation, the pattern of the initial charge of
the columns is 21121, where 121 means repeat the three numbers as n becomes large. Therefore, ch(C”’l) =2
and ch(C") = 1. By symmetry, let f(zn1) =1, f(@n2) = f(zn,3) = 0. Then we have f(rp_12) = f(@n_13) =1
and f(zn—1,1) = 0. However, z,, 1 has no neighbor with positive weight, a contradiction.

For n =0 (mod 3), we first prove that v4ra(P,[0C3) > f%”] + 1. Suppose to the contrary that f is a TR2DF
of P,00Cs with w(f) = [4*] = 4. Let ch(C) = wy(C) be the initial Charge of the column C. By the analysis
in the proof of Theorem 5.1, the new charge of each column of P,0C5 is 3 Consequently, there is no column
with initial charge ch(C) = 0 or ch(C) > 3. As discussed in the prev1ous case where n = 2 (mod 3), we get
ch(C') = 2 and ch(C?) = 1. Now the new charge of C! is ch’/(C!) = 2, a contradiction.

Finally, we prove the upper bounds by establishing a TR2DF of PnDCg, as follows. Let Vo = 0, V; NC! =
{zi1, 22} ifi =1 (mod 3) and Vi NC" = {z; 3} if i = 0,2 (mod 3), Vo = V(P,0C3) \ V4. If n =0,2 (mod 3),
redefine Vi by setting Vi NC™ = {@,,2,2n3}. It is easy to check that w(f) = 4 x 251 +2 = 422 — 4n]
if n =1 (mod 3), w(f) =4x22+4=T[22+1if n =2 (mod 3) and w(f) :4><7+1— f43"]—|—11f
n =0 (mod 3), proving the result. O
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7. CONCLUSION

Notice that all the yr2(G)-functions f = (Vp, V4, V) provided for the Cartesian product graphs under our

discussion satisfy Vo = ). As a consequence, we derive the following corollary.

Corollary 7.1. If G € {P,0P,,|m = 2,3} U {C,O0C,,|m = 3,4,5} U {P,0P4|n = 4,5,6} U {C,, 0P, P,0C5},
then vx2(G) = 1r2(G).
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