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OPTIMAL INVESTMENT AND CONSUMPTION STRATEGIES FOR AN
INVESTOR WITH STOCHASTIC ECONOMIC FACTOR IN A DEFAULTABLE
MARKET

WEIWEI SHEN® AND JULIANG YIN*

Abstract. This paper considers the issue of optimal investment and consumption strategies for an
investor with stochastic economic factor in a defaultable market. In our model, the price process is
composed of a money market account and a default-free risky asset, assuming they rely on a stochastic
economic factor described by a diffusion process. A defaultable perpetual bond is depicted by the
reduced-form model, and both the default risk premium and the default intensity of it rely on the
stochastic economic factor. Our goal is to maximize the infinite horizon expected discounted power
utility of the consumption. Applying the dynamic programming principle, we derive the Hamilton—
Jacobi-Bellman (HJB) equations and analyze them using the so-called sub-super solution method to
prove the existence and uniqueness of their classical solutions. Next, we use a verification theorem to
derive the explicit formula for optimal investment and consumption strategies. Finally, we provide a
sensitivity analysis.
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1. INTRODUCTION

Merton was accredited as the forerunner of research on the issue of optimal investment and consumption
(see [10-12]). In Merton’s portfolio optimization problem, the investor allocated wealth dynamically between
a riskless asset and a risky asset and chose a consumption ratio for the goal of maximizing the total expected
discount utility of the consumption. Since then, the issue of default-free portfolio optimization has always been
subjects under a great deal of investigation (see, e.g., [6,7,13-15,18]) and references therein. Additionally,
one interesting promotion was initiated by Pang and Hussain [16], who considered the Merton-type portfolio
optimization problem with complete memory over a finite time horizon, which was described as a stochastic
control problem within the finite time frame, wherein the state was to evolve by following a process controlled
by a stochastic process with memory.

Over the past decades, the domains of mathematical finance and financial engineering have developed rapidly
thanks to the achievement of complex quantitative methods in helping professionals manage financial risks. As
known to all, the credit risk is one of the fundamental factors of financial risks. Therefore, the research on credit
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risk has drawn attentions from broad scholars. Particularly, the portfolio optimization problem with defaultable
securities has become a topic of interest. Bélanger et al. [1] provided a framework for the pricing of defaultable
bonds and derivatives. Although this framework failed to provide effective settings for obtaining the result of
the structural model, it had enough versatility such as to cover most structural models, thereby highlighting
the commonality between the reduced form and the structural model. Bielecki and Jang [2] studied the optimal
allocation problem related to a credit-risky asset by maximizing the expected CRRA utility of terminal wealth.
Lakner and Liang [9] analyzed the optimal investment strategy for a defaultable corporate bond and a money
market account in a continuous time model. Bo et al. [4] studied such an optimal portfolio problem with a
stochastic factor: the representative investor may dynamically choose a consumption ratio and allocate his/her
wealth in a defaultable perpetual bond, a default-free risky asset, and a money market account; the considered
utility function is log utility. Subsequently, Bo et al. [5] generalized the above result to the circumstance of
power utility. Rizal et al. [20] studied the reduced-form model for optimal investment of a defaultable corporate
bond under the market risks (the risks of credit and inflation). Shen and Siu [21] proposed a new risk-based
method to solve the optimal asset allocation problem with default risk, in which an investor’s goal is to choose
an optimal portfolio of the financial securities (a money market account, an ordinary share and a defaultable
security) so as to minimize the risk metric of a portfolio.

With the development of society, high-yield corporate bonds have grown increasingly alluring to investors
in today’s financial markets. Compared to default-free bonds or stocks, corporate bonds promise higher risk-
adjusted returns, making them frequently sought after. However, such allure comes with heightened risks. For
instance, the default of Enron stands as one of the largest in the history of defaultable securities, which indirectly
led to Kmart’s subsequent bankruptcy. In another case, American International Group (AIG) underestimated the
risks associated with Credit Default Swap (CDS) contracts and employed a flawed risk management approach,
resulting in its collapse in 2008. These events inflicted substantial losses upon investors. Thus, in the real world,
determining the optimal investment portfolio involving defaultable securities becomes a crucial area of research.
We propose a general framework for managing credit risk in the default market to address these issues. Our
approach involves modeling a perpetual defaultable bond using the reduced-form model and optimizing the
investment portfolio from the perspective of the investor. The insights derived from our research can be applied
to effectively manage portfolios that involve default risk. Another motivation for our work is the classical Merton
portfolio optimization problem, along with subsequent enhancements proposed by other scholars. However,
they usually consider a constant interest rate. In reality, we are well aware that the interest rate is subject
to fluctuations, even within the banking sector. Moreover, the interest rate variation may correlate with price
volatility in risk assets and the bond market. For instance, the Federal Reserve often adjusts the benchmark
interest rate based on the performance of the U.S. stock market. As a result, our paper introduces the stochastic
interest rate, acknowledging their variability in response to the stochastic economic factor.

This paper considers the issue of optimal investment and consumption strategies for an investor with a
defaultable perpetual bond, where the money market account and the default-free risky asset are both associated
with the stochastic economic factor. In other words, we consider the case of stochastic interest rate, and the
drift and diffusion coefficients of the stochastic differential equation (SDE) obeyed by the default-free risky
asset are both random. Here we intend to maximize the infinite horizon expected discounted power utility of the
consumption. Additionally, our stochastic economic factor is characterized by a more general diffusion process
rather than including the mere drift term (whose diffusion coefficient is a constant) as in the research by Bo
et al. [5]. It follows that the pre-default and post-default HJB equations are all nonlinear. In order to study
the classical solutions of the HJB equations, we use the so-called sub-super solution approach to derive the
explicit formula for the optimal Markov control strategy. Since the diffusion term of the stochastic economic
factor process is not constant, a classical result of Fleming and Pang [7] on sub-super solution approach cannot
be directly applied. However, under the condition that the diffusion term is bounded, we find that the result
can be generalized. Finally, the corresponding value function is derived.

In one recently published paper, Shen and Yin [22], an optimal investment and risk control problem for an
insurer subject to a stochastic economic factor in a Lévy market is considered. The current paper and Shen
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and Yin [22] are distinct in financial and mathematical aspects, despite both utilizing dynamic programming
to investigate stochastic control problems. First of all, they differ in terms of the research subjects. This paper
explores the optimal investment and consumption for an investor, whereas Shen and Yin [22] delve into the
optimal investment and risk control for an insurer. Secondly, the types of risks considered in either paper are
different. The current paper takes into account the risk of default in a bond, specifically a perpetual defaultable
bond, to find the optimal value for investing in this bond. On the other hand, Shen and Yin [22] focus on the
insurer’s risk, specifically the claim risk. In other words, this paper examines scenarios where an investor can
invest in a perpetual defaultable bond, while Shen and Yin [22] assume an insurer is not allowed to invest in
such bonds. Thirdly, the financial applications vary between the two papers. The findings of this paper can be
broadly applied to the portfolio management of investors facing default risk. On the other hand, the conclusions
in Shen and Yin [22] are only applicable to the portfolio management of insurance companies that do not involve
defaultable bonds. Fourthly, since this paper addresses an optimization problem in the context of the default
market, the value function is divided into pre-default and post-default states. Consequently, the HJB equation
is also separated into pre-default and post-default, and the classical sub-super solution method is employed
to establish the existence of classical solutions to the HJB equations. In contrast, an optimization problem
in the Lévy market is considered in Shen and Yin [22], where the model of the stochastic economic factor is
characterized by the Lévy processes (while the current paper employs a diffusion process). As a result, the HIB
equation in Shen and Yin [22] becomes a fully nonlinear partial integro-differential equation, and thus, it lacks
the classical solution. The approach taken in Shen and Yin [22] involves using the theory of viscosity solution
to seek the viscosity solution.

In summary, this paper makes three significant contributions compared to the existing literature. Firstly, we
consider the scenario with the stochastic interest rate, adding complexity to the research. Although Fleming
and Pang [7] as well as Pang [14] have examined the investment portfolio problem with default-free under
the stochastic interest rate, there is scarce literature addressing the investment portfolio problem with default
under the stochastic interest rate. Secondly, we characterize the stochastic economic factor using a more general
diffusion process, expanding the scope of our analysis. Thirdly, the HJB equations for both the pre-default
and post-default states are fully nonlinear, making the direct application of standard existence and uniqueness
results unfeasible. In response, we provide a novel sufficient condition, namely, the boundedness of the diffusion
term in the stochastic economic factor, to ensure the existence of a unique solution to the HJB equation. In the
proof, we ingeniously define a new function (refer to Thm. 3.7) and utilize the Intermediate Value Theorem to
derive the solution to the HJB equation.

The remainder of this paper is organized in the following way. In Section 2, we present the model and derive
the dynamics of the wealth process. In Section 3, we discuss the portfolio optimization problem with default risk
under power utility. In Section 4, under certain conditions, we provide the verification theorem proof. Finally, in
Section 5, we conduct a sensitivity analysis to study the impact of some important parameters on the optimal
control strategies, and then illustrate the effects of the wealth and stochastic economic factor on the value
function. The final section gives concluding remarks.

2. FORMULATION OF THE MODEL

Throughout this paper, Ry, R and N denote the family of nonnegative real numbers, real numbers and
nonnegative integers, respectively. Let (Q,F,P) be a complete real-world probability space. This space also
supports a 2-dimensional standard Brownian motion (W5, /V[v/t)tzo and a nontrivial random time 7. Suppose that
F = {Fi}t>0 is the augmented natural filtration of the Brownian motion.

2.1. The stochastic economic factor model and price processes

The stochastic economic factor model. In reality, we usually need to model the dynamics of macroeconomic
variables (such as economic growth, interest rate and price index). Obviously, these factors will affect the asset
price process. Therefore, it is necessary to take stochastic economic factors into account when modeling the price



2984 W. SHEN AND J. YIN

process. We use a diffusion process (Y:):>0 to describe the stochastic economic factor process. The dynamics of
(Y2)i>0 is driven by the following SDE: Y, =y € R and

4y, = B(Y) dt + 0(Y7) (pdW; + /1= p W), (1)

where 3(-) € C*(R), 6(-) is Lipschitz continuous, and the correlation coefficient p € (—1,1). We further assume
that —cy < %;y) < —¢; <0 and ¢s <6(y) < e for all y € R. Here ¢y, ¢o, c3 and ¢4 are four positive constants.

Remark 2.1. For all T > 0, let t € [0,T]. Clearly, by virtue of Theorem 1.1 in Friedman [8], we know that
(1) has a unique, strong solution Y;. Moreover, by Theorem 2.3 in Friedman [8], it is not hard to verify that
E|Y;|* < co.

Price processes. In the financial market, there are two assets available for investment, a money market account
(Bt)i>0 and a default-free risky asset (S;);>0. The dynamics of (B;);>¢ and (S;)i>0 are given by

dBt = T(E)Bt dt, (2)
dSt = /,L(Y%)St dt+0’(n)5t th, (3)

where 0 < r(-) < M is a C'-function, u(-) and o(-) > 0 are C'-functions. Here M is a positive constant. We
also assume p(y) > r(y) for all y € R. The initial conditions are By = 1 and Sy > 0.

2.2. A defaultable perpetual bond

In this subsection, we give the reduced-form model for a perpetual defaultable bond (see [3]). In other words,
we only focus on the modeling of default time, while the value of the firm’s assets and its capital structure are
not modeled at all. Since the credit events are specified in terms of some exogenously specified jump process,
the reduced-form model is henceforth referred to as the intensity-based model.

For ¢t > 0, define a default indicator process (Z;)i>0 by Z; = li;<4y, Zo = 0. Let Dy = 0(Z5;0 < 5 < t)
and G, = F; V Dy with ¢t > 0. We denote G = (G;)i>0, then 7 is a G stopping time. We further assume that
all the filtrations satisfy the usual conditions. In the light of the reduced-form framework for an intensity-based
defaultable market (see [5], Def. 2.1), we suppose that 7 has a positive F-adapted intensity process (A\;)i>o0.
Thus, for ¢t > 0,

t
Mt = Zt_/ Ast:Zt—/ (1—Zé))\5d3 (4)
(0,tAT] 0

is a (P, G)-martingale. Moreover, we assume that (A¢);>¢ and the default risk premium process (1/n:)¢>0 (0 <
ne < 1) rely on a stochastic economic factor process (Y;);>0 (see [5,18]), that is, there exit a nonnegative
measurable A(+) and a measurable (0, 1]-valued n(-) such that Ay = A(Y;), n: = n(Y%), t > 0. Here we also assume
that sup,cg A(y) < C and 7 = infyern(y) > 0, C > 0 is a constant.

Remark 2.2. It should be pointed out that in order to verify that (4) is a martingale, we need the following
two results. The first is the conditional survival probability, which is given by

t
Sy =P(r > t|F) = exp(—/ As ds).
0
The second is the conditional expectation E(1;;.,Y|G;), which is given by

E(1(r>Y|F)

E(1{7>t}Y|gt) = ]P{’T > t|gt} ]P){T N t|ft} 5

where Y is a G-measurable random variable. For more details, see Bielecki and Rutkowski [3], Chapter 5.
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Now we use (P;)i>0 to represent the cum-dividend price of a defaultable perpetual bond that pays constant
coupon C>0 per unit time. Denote & € (0, 1] as the constant loss rate when a default occurs. We adopt a
similar method to Bo et al. [4], that is, directly randomize the market parameters in the dynamics. Therefore,
the dynamics of (P;);>¢ is given by

AP, = r(Y3) Py dt + EXY;) P Zy(1/n(Y:) — 1) dt — Z,C dt — Py dM,, (5)
where 7, =1— 2, = 154y

2.3. The dynamics of the wealth process

For t > 0, let X; be the total wealth at time t. We denote k; and [; as the t-time proportions in the wealth
X, of (Py)i>0 and (S;)i>0 respectively. Then the t-time proportion in the wealth X; of (By)i>o is 1 — ki — ;.
Additionally, we assume that an investor can choose a consumption ratio ¢; at time ¢ > 0. Therefore, using the
self-financing strategy, the wealth process (X;);>¢ is given by the following dynamics

AX, = X, [r(¥;) = o + (u(Y) = r(Yo)l + €k ZAY) 1/ (V) — 1) dt
+ Lo(Y) X, AW, — Eky- Xp- dM,,  Xo =2 > 0. (6)

Moreover, by the Itd formula with jumps (see [19], Thm. 37), we have

X, = mexp{ / t [rm) e Y)YV + R 2 } ds}

¢ ¢
X exp{/ lso(Ys) dW, — %/ 2o?(Y,) ds} H(l — k- AZy).
0 0

s<t

Noting that AZ; € {0,1} for all ¢ > 0, to ensure that X; > 0 a.s., we need assume that k; < %
Remark 2.3. The main difference between our model and the existing ones in the literature is that the money
market account (Bi)¢>0, the default-free risky asset (Si)¢>0, the default process (A¢):>o and the default risk
premium (1/7;)¢>0 all rely on a stochastic economic factor process. In addition, the SDE obeyed by our stochastic
economic factor process contains not only drift term, but also nonconstant diffusion term. Therefore, we will
deploy some new technologies to deal with these more complex situations.

3. THE OPTIMAL PORTFOLIO PROBLEM UNDER POWER UTILITY

In this section, we use stochastic optimal control theory to find the optimal allocation pair (k¢,ls;¢ > 0) and
the optimal consumption ratio (¢;;¢ > 0) for an investor whose objective is to maximize the infinite horizon
expected discounted power utility of the consumption.

Now, we define the admissible control set A(G).

Definition 3.1. A cadlag G-adapted stochastic control strategy (ki,l:, ¢t)¢>0 is in the admissible control set
A(G), if for all t > 0,
kte [071/6), ltER, Ct€R+.

Remark 3.2. The constraint condition k; € [0,1/€) refers to avoiding bankruptcy. That is, each element
belonging to A(G) is a bankruptcy avoiding portfolio. In other words, if a cadlag G-adapted stochastic control
strategy (ki,l¢, ct)i>0 € A(G), then the wealth X; > 0 for all ¢ > 0.
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In this paper, the utility function is given by U(z) = %x"ﬁ where v € (0,1) is the risk-aversion parameter.
For an initial pair (z,y,2) € Ry x R x {0,1} and an admissible control strategy = := (k1 ,c.), we define the
performance criterion as

J(l’, Y,z u) = Em,y,z |:/ e_atU(CtXt) dt
0
=E {/ e U (e Xy) dt| X = 2, Yo =y, Zo = 2|,
0

where a > 0 is the discount factor. The value function is defined by

V(z,y,2) = sup J(x,y,zu). (7)
2eA(G)

The optimal portfolio problem is to find an admissible control strategy =* = (k*,1*,¢*) that attains the value
function V(z,y, z). The control Z* is called an optimal control strategy.

3.1. The pre-default and post-default value functions and HJB equations

In this subsection, we introduce the definitions of pre-default and post-default value functions and the corre-
sponding HJB equations.
By (7), the pre-default value function is defined by

VO(z,y) = V(z,y,0).
Instead, under the post-default case, the value function is given by
Vi(a,y) = V(z,y,1).

We assume that VO(z,y) and V1(z,y) are all C?2. Applying the dynamic programming principle, we deduce that
the following pre-default and post-default HJB equations associated with VO(z,y) and V!(z,y) respectively:

0
LV (z,y)

avO 27,70
(z,y) 1 yaV(fmy)
ox

2
Oy 20 ) Oy?
kéx OVO(x,y)
+ A su {
) ke[o,?/g) n(y) Oz

aVO(z,y) =r(y) + B(y)

+ Vi — xk€,y) — VO (z,y)

6V0($72U) 82V0(ac,y) 1o o 282V0($,y)
+§1€1D1§[(u(y) —rle—— = T Wl W)lr g = + Sl W g
1 ovVO(x y)}
+ - v —Z \"JJ , 8
561%11 {y(ca:) T (8)
and
oV (z,y) oVixy 1 ?Vi(x,y)
1 _ ) ) -2 ?
aVi(z,y) =ry)z—7p — +ﬁ(y)7ay +30 (y)iay2

avl(x,y) 32V1(x7y) 1o o 282V1(x,y)
=+ sup {(N(y) - r(y))le + PG(Z/)U(ZJ)LTW + 51 o (y)z T o2

leR

1
+ sup |:1(C(E)’Y — cxM .
ceRy 0 61‘
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Since V(z,y, z) is homogeneous in z (see 7], Lem. 2.3), the post-default value function admits the form
1
Vifz,y) = —2a"Wi(y), (z,y) €Ry xR,
v

where W (y) satisfies that

1, PWHy) o0 (y) (uy) — r(y)) ] OW' (y)
0= 30w g + | + R T
vp*6%(y) vaay(y)}
2(1—-7v) Wi(y)

N [v(u(y) —r(y))?
2(1 = 7y)a*(y)
Similarly, the pre-default value function is given by

1
VO(z,y) = ;x”Wo(y), (,y) € Ry xR,

T yr(y) - a} W) + LA W] o)

where W0(y) obeys that

a 0 2 21170
;WO(y) _ [r(y) _ /\Fyy):| WO(y) + ﬂfyy) avgy(y) + 9;3) d ‘;;z(y)
su Lﬁ 0 l YWl
) s S0+ 20— kW)
0
51 (uly) = NIV 0) + o0 G+ = D)W )|
leR
+ cselgi [rlycv - CWO(y)} . (11)

It is not hard to verify that

*(y) == arg su k€ o Lo Zrepwn _) M ot
Fw= gke[of/@[’?(y)w W+ = keTW (y)] {1 [n( y)} }

1) = argsup | (u(0) = IV () + () 2
Lo T —rly) P
b 50 D) HESH

1

c*y) = arg Sup HCW - cWO(y)} =Wy .

Substituting the above controls into (11) gives

1, PWOy) 1p9(y) (1(y) —r(y)) ] OW° (y)
0= 30w g + | + PR
Y(uly) = r(y))? A(y) V%0 (y) [amg‘;(y)}
+[2(1—7)02(y) ”T(y)”(y"“”mw}wo(y” 21— ) W)

~

- 7){1 W) (n(ly)) )] } [WO(y)] 7 (12)
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We will show that 1
Via,y,z) = e [2W(y) + (1 — 2)W(y)]

(13)

is the classical solution to the HJB equation associated with the value function V(x,y, 2) for (x,y,z) € R4 x
R x {0, 1}, where W' (y) and W°(y) are classical solutions to (10) and (12), respectively. In other words, if (10)
and (12) admit classical solutions W1(y) and W9(y), respectively, then V is the classical solution to the HJB

equation associated with the value function V.

3.2. Solutions to HJB equations

In this subsection, we analyze existence and uniqueness of the global classical solutions of HJB equations
(10) and (12) and then we will obtain V' is the classical solution to the HJB equation associated with the value

function V.
Since W(y) > 0 and WO(y) > 0 for all y € R, we can define

Wl(y) = e @ and Wo(y) = e’ W),

Differentiating yields

W) _ w8t @) W) _ gy 24°W)
83/ 0y ’ ay ay ’
PV _ o [0 W], w00 W)
6y2 8y 8y2 9
PWO) _ oy [20°W)]° | o P)
y? Y Oy?

Substituting the above derivatives into (10) and (12) yield that

Ll Ouly) 1= (L=pP)y oy [Oul ()] 1P0(y) (ly) — ()] du (y)
o= Pt + S e PR+ [ow - PR 2
Y(ply) —r(y))? e
+m+w(y)—a+(l—wev— )
and
1y PuO(y) 1 (L-p)y o, [ul(y)]” 7P0(y) (1(y) — r(y) ] 9u’(y)
0=57W o T 2Al-7) H(y)[ dy } +[ﬁ(y)+ (1 =7)o(y) } dy

Ay)

W+7r(y)—)\(y)—a+’yw+(l—’y)

2(1 =)o (y)

By (13), we have

+

5

1 T ol | wOw)

1+)\y<> e |er-T .
) n(y)

1
V(z,y,2) = —a” [ze“l(y) +(1- Z)euo(y)]
gl

(14)

Therefore, to get V, it suffices to seek the solutions u'(y) and u°(y) to (14) and (15), respectively. In the next
section, we shall show that the value function V' given by (7) is nothing but V. Consequently, we devote to
prove the existence of classical solutions to (14) and (15) in the remainder of this subsection. Due to the fact
that (14) and (15) are fully nonlinear PDE, the method of subsolution and supersolution will be used. Refer to

Fleming and Pang [7], Pao [17] and Walter [23] for details. To simplify our analysis, we let

Ll Pu 1= (1=p)y (0w 100(y) (u(y) — ()] du_
cu= 300 + =y 0(5;) o+ RIS S



OPTIMAL INVESTMENT AND CONSUMPTION STRATEGIES FOR AN INVESTOR 2989

We first consider (14). Define
hy,uw) = Qy) —a+ (1 —7)erT,

where Q(y) = W +97(y). According to the definition of subsolution (supersolution), u is a subsolution
(supersolution) of (14) if and only if
—Lu < (2)h(y, u).

In what follows, we assume that the following conditions hold for all y € R.

(A1) There exists positive constants ¢, € such that e < a — Q(y) <&
(A2) There exists a constant ¢5 > 0 such that 0 < “(y;(;yg(y) <ecs.
(A3) There exists a constant d; > 0 such that

: (1—9)a a—Qy)
oS mm{ T-0-pd 3 }
and
YPC3Cs 2[(1 —7)er = (1= (1 = p?)y)c3di](a — Qy) — c3d1)
o+ <\/ -
(Ad) v < 7.

Lemma 3.3. Suppose that (A1) holds. Then any constant C' < (y — 1) log O‘%Q,(Yy) = Cg(y) is a subsolution of

(14). In particular, any constant C' < (y — 1) log 157 =: C% is a subsolution of (14).

Proof. By a direct computation, it is easy to verify that

h(y,Cq(y)) = 0.

For any constant C' < Cq(y), we have
—LC =0=h(y,Cq(y))-

Moreover, h(y,u) is a decreasing function of u, so we have h(y, Cq(y)) < h(y, C). Thus,
—LC < h(y,0),

which implies that C' < Cg(y) is a subsolution of (14) according to the definition of subsolution. Clearly, since
Cz < Cg(y), then any constant C’ < Cz < Cp(y) is a subsolution of (14). The proof is complete. O

Lemma 3.4. Let (A1)—(A3) hold. Then there exist a positive constant da > (v — 1) log ﬁ > Cq(y) such that
' (y) = diy® + dy (16)
is a supersolution of (14).

96(y) < —c; for all y € R, we have

Proof. Since —cy < oy

B(0) = cay < By) < B(0) — cry. (17)

If y > 0, by virtue of (16), (17) and (A2), we can obtain

1—(1-p?
—Lua' > 2|crdy — mcgdﬂ y* —2d; (/3(0) + vlpisf;))y —cydy = I.
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So we only need to show that
dyy?+dy

I-Qy)+az=(1—v)e 1. (18)
From (A3), we may easily observe that
1—(1—p?
Cldl - %C%d% >0
and
2 vpeses | 1=(1=p*)7 50 2
4d1 5(0) + ﬁ -8 Cldl — ?ngl (O[ — Q(y) — ngl) < 0.
Therefore
1—(1—p? c3C
2 |:Cld1 - mcgdﬂ y? — 2d, <ﬁ(0) + ’y1/1_3,;,>y — i = Q(y) +a > 0. (19)

This implies that we can take do > (v — 1) log % > Cg(y) large enough such that (18) holds. In other words,
we have

—Lat > h(y,a"). (20)

When y < 0, similarly, we also have (20) because % >0 and ¢y > ¢; > 0 for all y € R. The proof

is therefore complete. O

Remark 3.5. It should be noted that the parameters satisfying the above conditions are nonempty. For
example,

(r(y), u(y),o(y), c1, c2, 3, ¢5,d1, p, v, ., (0)) = (0.05,0.1,1,0.2,0.3,0.6,0.06,0.1,0.5,0.3,1,0.5)
is a set of feasible parameters.

In order to obtain a solution of (14), we need the following lemma. To proceed, we let

1=y 5 By | ey —r)]  20Q) —a) 2(1-v) .
B e I IZ(C1D N
and
— (1 - p? [ —-r | -« — v
Halyv.p) = 1 51_ 7p )vpg 9 _ﬂc(g) N 754((11(3)7)0((3)))_}7 B 2(62(3221 ) 2(1(:3 V) o5
Lemma 3.6. Suppose that (A1)—(A3) hold. Then
2
T i (2. 2Z2) (1)
and
T i (2. 222 (22)

have solutions Z1(y) and Zs(y), respectively.
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Proof. Similar to Lemma 3.4, it is not difficult to find a subsolution and a supersolution of equation (21). Let
(Z1(y), Zu(y)) be a pair of ordered subsolution and a supersolution of equation (21). Clearly, H;(y,v,p) is
strictly increasing with respect to v. Next we let J; = [n1,ns] be an arbitrary finite interval on the real line,
Yn = max{|ni|, |n2|} and ¥ = max{sup,c, |ZL(y)|,sup,e s, |Zv(y)|}. Moreover, according to (17), we have
[B8(y)| < |B(0)] + e2ly| for y € R. Thus, for all y € J; and |v| < 3P, we have

2—7 4 1B(0)] + cayn vpes 12 4o 2 e
Hl y,v,p S P + — 4+ —el-v.
| Hi ( )| 1—~ 3 c3(1—7) 2 3

Thus, equation (21) has a solution Z;(y) follows from Theorem 3.8 in Fleming and Pang [7] immediately.
In a similar way, we can show that equation (22) has a solution Z5(y). O

Theorem 3.7. Assume that (A1)—(A3) hold. Then (14) admits a solution ul, and C= < ul(y) < ul(y), where
Ce and u'(y) are defined in Lemmas 3.3 and 3.4, respectively.

Proof. Let

H(y7l/7p) =

1-(1—=p")y 5 2[ﬁ(y) vp(ly) — T(y))] _2Q) —a) 2(1-7)
- “h W

then (14) can be rewritten as

By Lemma 3.6, we have

*Z(y)
Oy?

8Z1(y> and 62Z2()

o 322(3/)).

=H; (:%Zl = H, (%22(?/), ay

Since 6(y) is bounded for all y € R, we obtain Ha(y,v,p) < H(y,v,p) < Hi(y,v,p). Define

_ _0Zi(y) 02 Z>(y)
F(ﬂ-7 y) — 8y2 + (1 - 71—) 8y2
- H(y,ﬂ'Z1(y) T (- w)ZQ(y),waZ(;y(y) . )azgy(y)), 0<m<1
Then,
F) = T30~ 1 (1. 22000, 752 )
027, 07,

< 3y2(y) — Hs <y, Z>(y), ay(y)>

-0,
and

Oy?
02 Z1(y) 0Z1(y)

> _
= 6y2 Hl <ya Zl (y)v 8y )
=0.
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Therefore, we must have a 7* € [0, 1] such that F(7*,y) = 0. In other words, there exists a ul(y) == 7*Z;(y) +

(1 — 7*)Z2(y) such that

P (y) Ous(y)

— — H|y,ul(y), —=Z |

2 Y, ui (y) 9y

If this conclusion is false, then for any 7 € [0, 1] there must exist a yy € R satisfying F'(m,yo) # 0. Since F(,yo)
is continuous in 7 € [0, 1] and F(0,y) < 0 and F(1,yo) > 0, it is easily known that there is a 7° € (0,1) such
that F(7°,yo) = 0, which gives a contradiction. By virtue of Lemmas 3.3 and 3.4, (C¢, 4! (y)) is a pair of ordered
subsolution and supersolution of (14), so we have Cz < ul(y) < @!(y). The proof is therefore complete. O

We now counsider (15). With the help of Theorem 3.7, we define

A(y) 1+ A(y) (1) ”7‘16“}%’] eTT (23)

iy, u) = Qy) —a—A(y)ﬂW@ﬂL(l—v) o)

Lemma 3.8. Suppose that (A1) and (A4) hold. Then any constant C < Co(y) is a subsolution of (15).

Proof. Since Cisa constant, we have —£C = 0. So we only need to show that j(y, 5’) > 0. By (23), it is easy
to verify that

i(9.€) = Q) —a+ (1= 7)er +A<y>[n(”y)—1+<1—w>(n(1y))”“e“i£”:ﬂ.

Following some basic calculations, it is not hard to verify that

n(y)
So we have j(y,C) > 0. Therefore, C' is a subsolution of (15). O

. ui(y)—@ A’/ ¥—1
Qly)—a+(1—v)er-1 >0, e =7 >1 and ———-14+(1—7)——= > 0.
n

Lemma 3.9. Let the conditions (A1)—(A4) be satisfied. Then there exists a constant d3 > ds such that
u’(y) = dvy® +ds (24)
is a supersolution of (15).

Proof. To ensure that 4°(y) is a supersolution of (15), we only need to show that

—Lu’ > j(y,u°). (25)
Using a similar method in Lemma 3.4, we have —Lu® > I for y € R. In order to obtain (25), it is sufficient to
show that 5
Ay) 1 Y= wi() | dpy?+dy
I-Q)+az-Ay)+7——=<+A=7)[1+AMy)| =] e |e 7T . (26)
n(y) n(y)
By (A44), we have
Ay)

7>\(y) + PYW?J) < 0.

Moreover, we can find a sufficiently large d3 > ds such that

1 e ul(y)
1+ A () e
) n(y)

where ¢ > 0 is arbitrarily. Combined with (19), this implies (26). Therefore, the proof is complete. |

diy?+dg
e 1 <eg,

(1-7)
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Remark 3.10. Going back to Remark 3.5, if we choose 77 = 0.4 and the values of other parameters remain
unchanged, this is a set of feasible parameters. Therefore, the set of parameters which satisfies (A1)—(A4) is
also nonempty.

To derive a solution of (15), similar to the method of obtaining the solution of (14), define

— (1= p2 —r —@
By via) = _qu L {ﬁég) N v(pl(li(i))a(y)(zs)]q - 2(62(2% )
2| My) —v24 _ T ouw |
+ [ ! c; ()} - 2(1c§ s 1+/\(y)<77(1y)> 6153]@-17
and
_ _ 1=0=)7 5 [Bl) | veluly) —r(y) 2(Qy) — a)
Hy(y,v,q) =  1—4 T 2{ c? * (1 =7)o(y)ea }q - cf

=

Ay
22w) - vitd] 20—y
+ c2 2
3 1

Lemma 3.11. Suppose that (Al)—(A4) hold. Then

-
T i (w2, 222) (27)
and _ _
T — (.20, 252 (29)

have solutions Z1(y) and Z(y), respectively.

Proof. Similar to Lemmas 3.8 and 3.9, it is not difficult to find a subsolution and a supersolution of equa-
tion (27). Let (ZL(y), Zu(y)) be a pair of ordered subsolution and a supersolution of equation (27). Clearly,
Hi(y,v,q) is strictly increasing with respect to v. Let Jo = [my,mz] be an arbitrary finite interval on R,
Ym = max{|m1l,|ms|} and ® := max{sup,c s, |ZL(y)|,sup,c s, |Zv (y)|}. Therefore, for all y € J5 and |v| < 39,
we can show that

- 2 - 0)] + ¢ s 17 4o 4AC | 2 2pw)\ s
Hy(y.v.0)| < T + 7o) 2 2y 1P +2+2+2(1+Ce = )eluw.
1—7 c3 (I —7)cs 5 ¢ 3

Thus, equation (27) has a solution Z;(y) follows from Theorem 3.8 in Fleming and Pang [7] directly. Moreover,
we can prove that equation (28) has a solution Z3(y) in a similar way. O

Theorem 3.12. Let (A1)—(A4) hold. Then (15) possesses a solution u?(y) such that C= < u%(y) < a°(y),
where @ (y) is as defined in (24).

Proof. Let
. 1= =p")y 5 [BW) | eey) —r@)]  2Qy) — o)
H(:’/» v, Q) = 1— v 2 |:92(y) + (1 — y)a(y)ﬂ(y)} 4 92(y)
2[A(y) - v%} 2(1 — )
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then (15) can be represented as

0%*u° _ ou’
ayéy) = H<y,u0(y), a;y))

By Lemma 3.11, we have

2 7 = 95 B
PR (0,200, 220 g T (4,20, 220 ),

Since 0(y) is bounded for all y € R, we have Hs(y,v,p) < H(y,v,p) < Hi(y,v,p). In the similar way as in the
proof of Theorem 3.7, we must have a u?(y) such that

*

*ul(y)
Oy

— Ay

(102000,
According to Lemmas 3.8 and 3.9 and noting that the constant Ctz < Cq(y), (Ce, @(y)) is a pair of ordered
subsolution and supersolution of (15), so we have Cz < u?(y) < @#°(y). The proof is therefore complete. O

Remark 3.13. Noting that u2(y) € C? for y € J, J = [y1,92] is an arbitrary finite interval. Let y,, =
max{[y1|, [y2|} and T = max{sup,¢ ; [a°(y)|,|Cq(y)|}. Hence, for all y € J and |v| < 3T, we have

2

_ 2 — 0)| + cotym C 4o 4C 2 diyg, +d

‘H(y,V,q” S ’yq2+ |ﬂ( )‘ 5 2Y + ’Y,O 5 + 5 + 5 _;'_72 1+C€ lyl——y 2 613—T’Y.
-~ C4 (I =7)ca €4 G G

In the light of Lemma 3.4 in Fleming and Pang [7] and the arbitrariness of J, we may conclude that

for y € R, where A is a constant.

Remark 3.14. As already mentioned, by virtue of Theorems 3.7 and 3.12, it is easy to see that
; 1 ) ) ()
V(w,y,2) = —a7 [2e"0) 4 (1 = 2)e @] (30)
Y

is a classical solution of the HJB equation associated with the value function V.

At the end of this subsection, we give a G-adapted stochastic control strategy (kf, I}, cf)i>0 expressed as

1 1 eug(yt) y—1 0<t
ki =k (Y) =498 <n<me“i<yt)) ’ =t=T 31)
0, t>,
ou’
Y,) —r(Y,)  pO(Y) 5 (Y
=iy = L) P 0D (32)
(1=7)02(Y)  (1—-7)o(}1)
and
ul (vy) 0
X e, <t<m,
g =c'(Vy) = wl(vy) (33)
e -1 t>T,

where u! and u{ are classical solutions to (14) and (15), respectively. According to Definition 3.1, it is not hard
verify that (kf, I}, ¢f)i>0 € A(G).
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4. THE VERIFICATION THEOREM
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In this section, we will provide a verification theorem, in which the stochastic control strategy (k;, [, ¢})t>o0
given by (31)—(33) is optimal and V given by (30) is just the value function V defined by (7). To proceed, we

need the following lemmas.

Lemma 4.1. Denote (X, )i>0 as the wealth process satisfying (6) with (ki, i, c)i>0 replaced by (kf, 1}, ¢f)io0-

Let )
£ A 1
663=J\/[-5-7C"—’—C3C5 +C(A—1).
I—vy Ul
Then for all0 <t <T, we have

IEZ( sup |X;‘|2> < 4?2l
0<s<t

where

A = 2c6T + 32

C4 <C5+63A>2
1—v

Moreover, for all o > cg,
lim e *“TE,(X}) = 0.

T—o0

Proof. In the light of (6), we have

(34)

(35)

AX; = X} [r(V0) = ¢ + (u(Yi) = r(YO) + €k; ZAY)(1/n(Ye) = 1)] dt + Go(YO) X7 dWy — ki X[ Zo- M.

For each T > 0, define
T T
M} = / lro(Y) X dW; — / ¢k;- X[ Z, dM;,
0 0
and a random function
F(@) = [r(Y) = ¢ + (u(¥0) = r(Ya)li + €ki ZAY) (1 /() = D]a, = >0.
Therefore,
T
X5 =x+ M} +/ (X)) dt.
0

It is easy to see that

0
C7§87£§063 f(()):Oa

where

c3es A Co)
L=~
Noting that X; > 0 a.s. for all t > 0. For n € N, define

Cr =

T = inf{t > 0; X;" > n}.

By (4), the Cauchy—Schwarz inequality, and the Burkhélder-Davis—Gundy inequality, for 0 < T' < oo, we have

TNATy,
Em< sup X;|2> <2]E:,3< sup |x+M;|2> +266Tu<:m/ | X7 dt
0

0<t<TATy 0<t<TAT,
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sup
0<t<TAT,

T

TNy, T ATp,
< 42? + 2c6T1Ex/O | X dt + 32Em/0 [P0 (Yy)| X dt

TATy, t
< 4a? + 2¢6TE, / | X |? dt + 8E, / Io(Y)X:dW,
0 0

21
+ 8E,

sup
0<t<T AT

t
/ ek X* Z, dM,
0

+32E, | Y &k PIXEPAZ,

0<t<TATy

TATy, TAT,
< 42?4 2c6TIEx/ IX7[2 dt + 32]Ex/ 1171202 (Y,) | X2 2 dt
0 0

i TATy, _ T ATy,
sam| [ e el <t h [ R, (sup|xz|2) dt.
0 0

s<t

Clearly, 7,, — oo holds as n — oo. Hence, using the Fatou Lemma, the Monotone Convergence Theorem, and
the Gronwall inequality, we can obtain

IE$< sup |X;f2> <42%eAT) vie [0,T7.

0<s<t

This also implies that (M;);>¢ is a (P, G)-adapted cadlag martingale. In addition, by (36), we have, for 0 < ¢ <
T,

t
E,(X7) < m—l—/ ceBa(X7) ds.
0
Then, by virtue of the Gronwall inequality, we may easily observe that
E,(X5) < zecoT,

Therefore, for all a > cg, we have
lim e *TE,(X}) = 0.

T—o0
The proof is complete. O
Lemma 4.2. Assume that
C1
die(0,— |, 37
< (0503) 0
where K > 8 is a constant. Then for
Kdi|3(0)?

— 4 Kdiék = 38
201 — 2Kd10§ + 1C3 C8, ( )

there exists a constant A such that

e °TE, (ekdlyﬁ) <A (39)

for all T > 0.
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Proof. Let g(y) = Kdyy?. Define a sequence of functions {gn(y), N = 1,2,3,---} such that
gy €C® 0< gn(y) < ’M’<M. ’M‘SM'
{gzvl( ) < g, (y) < 9(y), Vy €R, N1 < Ny limy—.oo gn(y) = 9(y), Yy ER,

where M, N; and N, are three positive constants. Next we will show that
e_O‘TIEy [egN(YT)} < 1~\,

where A is a constant which is independent of N, M and T. According to Theorem 5.6.1 of Friedman [8], we
have
E, [ew(m} € C12([0, 00), R),

and, if we define
P(T,y) = e °TE, e (7],

then ¢ is a solution of the problem

52 = 10°(y) 5% + By) 52 — ap = Lo,
30(073/) :egN(y).

Let @(y) = e9®). Then

D 25 2 2
9% _ 2K dyyeShy e _ 2K d BNy 4 4K d2y2 el Ny
oy y?
So
—“——79 P% _ p)22 4+ ap = [-0°()Kdy — 262(5) K22y — 2B(y) Kd Kaiy?
Lp= ()82 (y)aerw—[ (y)Kdy — 20°(y) K*dYy* — 26(y) Kdiy + e

> [703Kd1 — 23 K2 d3y? + 21 Kdyy? — 26(0)Kdyy + a] Ky’ g(y)eKd1y2.

Since g(y) is quadratic, by (37) and (38), it is not hard to verify that g(y) > 0. Therefore, —£@ > 0. This
implies that ¢(y) = eKhv” is a supersolution of (40). That is

{aa'izéf)() 2 +0(y) %2 - ap,
(0

) Kdiy? .

Define ¢(T,y) = o(T,y) — #(y), then it satisfies

{3% < 10°() 35 + By) % - aC, "
¢(0,y) 0.
By definitions of ¢, ¢ and ¢, we can get

lim ((T,y) =

lyl—o0

Let Ty > T and Ty € [0,77]. If the maximum point of {(T,y) is located at (Tp,yo) and (T, yo) > 0, then we

have Ty > 0, and
2 3(
3y 5 (To,90) <0,  —=(Tb,0) > 0.

a¢ B
7(1—‘07y0) - 07 8T

0y
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This contradicts (41). Then for all y and T, we must have {(7,y) < 0. Thus,

efaTEy [egN(YT)} < eKdiy® /~\,

Clearly, A is a constant which is independent of N, M and T'. Finally, by the Monotone Convergence Theorem,
the required assertion (39) follows immediately. O

Lemma 4.3. Suppose that (37) holds. If Y; satisfies (1), then

Ey< sup ezdlytz> < 0o0. (42)
0<t<T

Proof. Let ¢(Yi) = 27 By the Ito formula, we have
A6(Y;) = [Ad Y, B(¥;) + S3Y20% (V) + 2160 (Y0)] 6(¥:) At + 4 Yib (YD) 6(Y,) (p W, + /T = g2 AW
< [4dy (2d1c3 — 1) Y2 + 4d13(0)Y; + 2dyc3| ¢(YVy) dt + dmy,
where

t
my = 4d1/0 YOV (Y) (pdW, + /1= 2 diF,).

From (37), we may easily observe that 2d;c3 — ¢; < 0. Thus, 4d;(2d1c3 — ¢1)Y;2 + 4d13(0)Y; + 2d;c3 is upper-
bounded. We might as well assume that Ug is an upper bound. So we have

o(¥:) < 6(y) + / Up(Ya) ds + m. (43)

By Lemma 4.2, we can derive that, for Ve > 0 and 0 < s < ¢,

1

1 1
E, [Y26*(Y,)] = E, [Y2e*7| < S [B, |V, + B, (77| < JE, V3| + SE, [e®+90).

Moreover, by Remark 2.1 and Lemma 4.2, we have
E,|Ys|* < 00, E, [e(8+8)dlyé'2} < 0.

This means that
E,[YZ¢*(Ys)] <00, 0<s<t

So we have . .
16d%/ E, [Y20%(Y:)$*(Ys)] ds < 16¢ d%/ E, [Y2*(Ys)] ds < oco.
0 0
Therefore, m; is a martingale. Applying the Doob martingale inequality, we can obtain
]Ey{ sup m?] < 4Eym2T < 7T < oo,
0<t<T

where T is a positive constant. Going back to (43), we may easily observe that

T
| swp o] <o)+ TH+ [ U, | sup o] at
0<t<T 0 0<s<t
Then the Gronwall inequality gives

B[ s o] < [0+ TH)e

0<t<T

and hence the required assertion (42) follows. (]
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Now, we present the verification theorem.

2999

Theorem 4.4 (Verification Theorem). Let the conditions (A1)—(A4) be satisfied, and 0 < v < 3. For (z,y,2) €

Ry x R x {0,1}, define

V(z,y,2) = %x”ezui(y)ﬂl*zm(y) = %aﬂ {ze“l(y) +(1— z)e"[*)(y)],

where ul and ul are classical solutions to (14) and (15), respectively.

(1) For all admissible control strategies (ki, i, ct)i>0 € A(G), it holds that
~ o0
V(xa Y, Z) Z Eaj,y,z / e_atU(CtXt> dt.
0

(i1) If the conditions (37) and (38) hold, then, for all o > cg, we have

V(z,y,2) =Eqy. / e U (i X)) dt = V(z,y, 2).
0

Proof. To simplify our analysis, we denote

% 27) 2
oV _ PV A

T = 877 Tr T TH20 Yy T amay

For all (K¢, 1, ct)e>0 € A(G), by the It6 formula with jumps, we can get

AV (X, Yi. Z,) = VX, [r(Yt) — ot (u(Ye) = (V) + €k 2y 28?;] a

1.~ R R
T [2vmzza2<mxf L V,B(%) + Vay XeplO(V)o (¥:) +

+ [V = 6k Xe 20, Y, 2o+ 1) = V(X0 Vi, Z0)| ZA(Y) dt + AN,

where (Ny¢);>0 is a (P, G)-adapted cadlag local martingale defined by

t t
Nt = / Vm(X&Ysa Zs)lsa(Ys)Xs dWs - / ‘A/Z/(X&}/sv ZS)Q(YS)<des + \% 1- p2 dWS)
0 0

. /t V(X — b X 2o Yoo Zoo 1) = V(X Ve Zo0) | DM,
0

Noting that

. .. . AN A .
ZiZy =0, ZiZy = Zy, (1 - fk'tZt) Zy = (1 —Eky)" Zy.

Therefore, by (44), we have

dv(Xt?Ka Zt) - dNt = Ztheui(}/t)

2
1 b 1 1
+ - (B + vplte(n)g(m)ai;(yt) n %92(1@)(
1 0%ul . .
+§92(Yt) g (Y| dt + ZeX7 2(Y1)

AnyQ(Y;)} dt

P(Y2) — e0 + (u(Ys) — r(YO)le + (v — 1)202(Vi)

r(Ye) — e+ (p(Ye) = r(Ye))ly

(44)
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(Yf) 1 2 2 1 3“2
+ &k, e + f( = Do (Yy) + 7(ﬂ(Yt)ﬂLwltf)( 1)o(Y)) ay (Y1)
u 2 2 0
* ;92(n>(%y* 00) + PG 0] i

1 4
+ =72, X] {(1 — Ehy) Ve ) — e“g(yt)} A(Y;) dt.

Y

Substituting W1 = e% and W° = e¥* into the above equation, and using
V(X0 iy Z)| = €AV (X0, Vi Z0) — eV (X0, Y, ) dt,
equations (10), (11) and (13), it is not hard to verify that
R R T
e "V (Xr,Yr, Zr) = V(x,y,2) — / e T dN,
0

T T T
:/ e—ath(Xt,Yt,Zt)—/ ae_atV(Xt,}Q,Zt)dt—/ e~ AN,
0 0 0

= /OT e—at{ztxg Kr(yt) —c + (V) — r(Y)l; + %(v - 1)l302(Yt)) W(y)

#2600+ 0o ) S 00 + Lo Z0 o)

# 27 [ () =+ (n)—rm))zwgkﬁgfi+;<v—1)1302<m>)vv0<y>
#2000+ 200 ) S ) + o) T ) - Aoy |
+ 7 X] AL (1—&k) " WHY;) — aV (X4, Vi, Zt)} dt

T
1 N 1 N
< / e~ot {thg (awl(yt) - cz) +Z,X) (aWO(Yt) - cz> - aV(Xt,Yt,Zt)} dt
0 Y Y Y Y
r a . 1 5 .
— / oot L X7 (2W1 (V) + 20°(v0)) - X7 (2] + Z2c7) = aV (X0, Vs, Zt)] dt
0
T
= —/ e_atU(ctXt) dt
0
Thus, for each T' > 0, we have
R TNATR R
V(l‘, Y, Z) Z ]E;c,y,z / eiatU(CtXt) dt =+ Ex,y,z [eiaTATRV(XT/\TR, YT/\TR, ZT/\TR) s (47)
0

where 7g is the exit time of the (X, Y} )i>0 from {(a:, y) ER? 12?2 + 92 < RQ}. Clearly, Tr — oo holds as R — oo.
So

T
V(2,9,2) 2 Eqy.. / U (¢, Xy) dt.
0

This implies that the required assertion (45) follows by letting T — oo.
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On the other hand, note that (k;,f, c})i>0 € A(G), instead of (47), we obtain

TATR R
V(z,y,2) =E; . / e U X )dt +Eqpy [e_O‘TATRV(X}ATR, Yrars, ZT/\TR)} . (48)
0
By (44), Theorems 3.7 and 3.12, and 4! < 4", we have

. 1
e_O‘T/\TRV(X}ATR, Yrarns ZT/\TR) = ;e_O‘TATR (X;«ATR)’YGZTATRui(YTATR)+(1_ZTATR)UZ(YTATR)

< L (Kiprg) e Ommn) = L (X5, ) e Enen

2 2
< Al( sup |X;|*" + sup e*hYe >,
0<t<T 0<t<T

where A; is a constant independent of 7" and R. Therefore, by (34) and (42),
Em,y,z {e_aTATRV(X’;/\TRv YTATR7 ZT/\TR>:| < 00.
Similarly, we can show that
Bpy:[e TV (X7, Ve, Z7)] < Age™ T Eqy [(X7)% + 2077,

where A, is a constant independent of T and R. Moreover, we note that for each 0 < v < 3, 227 < 1+ «z,

29
Vz > 0. Then
Euy o (X5)? <1+ B,y .(XF).

Denote & = max{cg, cs} and § = a — & Then, from a > cg and (38), we obtain § > 0, and § + & > cs. So
B[ TV(X5, Y, Z)] < Aae T [14 By o (X7)] 4+ Ape 2Te (BT, (200),
Therefore, by virtue of Lemmas 4.1 and 4.2, we have

limsupE, , - [e_an/(X:’;, Yr, ZT)} <0.

T—o00

Applying the Lebesgue Dominated Convergence Theorem to (48), we have

T
Vix,y, z) zEx%z/ efatU(c:Xt*)dt—FEm,y,z [e*O‘TV(X},YT,ZT) .
0

This implies that

V(o92) < Baye | VX)) dt =V (029.2),
0
Finally, by using (45), we can easily get (46). The proof is therefore complete. O

5. SENSITIVITY ANALYSIS

In this section, we analyze the impact of some important parameters on the optimal control strategy
(kf,cf)i>0, and then study the effects of the wealth and stochastic economic factor on the value function

V obtained in Theorem 4.4.
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the path of OU process Y

Time

FiGURE 1. The path of OU process Y; with T' = 10.

In order to conduct the sensitivity analysis, we interpreted the model as follows. For the stochastic economic
factor model, we take OU process as an example, that is,

v, = (2 — 0.5Y;) dt + (0.9 + 0.16*2’”3) dW,, Yo=—6¢cR, (49)

where 0(y) = 0.9 + 0.1e72v" < 1. Therefore, ¢; = co = 0.5, c3 = 1, p = 0 and $(0) = 2. Clearly, there exists a
unique solution Y;. The price dynamics of the default-free risky asset is given by

dSt = ﬂ(}/t)st de + U(}/t)st th, S() > 07

where the appreciation rate u(y) = 0.0le=v" + 0.07, and the volatility o(y) = v/0.0225 + €9-02v. Moreover, we
assume that the interest rate r(y) = 0.01e=%" + 0.01, and ﬁ =1+ 0.5e 059",

For great convenience, some parameters are given as follows: a = 0.92, v = 0.10, C = 0.02 and K = 10.

Figure 1 shows us the path of OU process Y; with Yy = —6, 3(y) = 2 — 0.5y, 0(y) = 0.9 + 0.le=2" and
T = 10. From Figure 1, we see that the value of Y; increases from the initial value Y = —6 to 0, and then
stays above the level 0. From (49), it is easy to obtain E(Y7) = 4 — 10e~°%5T ~ 3.93. Therefore, the value of Y;
fluctuates up and down around 3.93 for the second half of the time period due to the mean-reverting property
of OU process, which is also well illustrated in Figure 1.

By virtue of Lemma 4.2, we have d; € (0,0.05). Thus, we can choose d; = 0.014 and ¢5 = 0.4. Recall the
definitions Q(y) and Cg(y), we have Q(y) < 0.0109 and Cg(y) < —0.0039. Then it is not hard to verify that
the conditions (A1)—(A4), (18), (26), (38) and a > c¢g are satisfied. By (18) and (26), we can deduce that
ds > 0.0282 and d3 > 0.0362. Consequently,

—0.0039 < ul(y) < 0.014y* + 0.0282, (50)

and
—0.0039 < u%(y) < 0.014y* + 0.0362, (51)
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where ul and u? are classical solutions to (14) and (15), respectively.

By the way, based on our parameter settings, we observe that as the interest rate r(y) increases, Q(y) also
increases, which in turn leads to possibly smaller values for do and d3. Consequently, 4! (y) and @°(y) might
attain smaller values, thereby narrowing down the range of possible values for ul(y) and u2(y). Moreover, from
equations (52) and (53) below, it becomes apparent that the range of the optimal control strategies k; and
c; will also shrink. In essence, as the interest rate rises, the investor tends to reduce his or her investments
in the defaultable bond and decrease his or her consumption. Conversely, the investor will increase his or her
investments in the money market account. This behavior is also consistent with our intuition.

5.1. The optimal control strategy (k;, c})¢>o0

In this subsection, we investigate the parametric sensitivity of the optimal control strategy (k;, c})¢>0. Here
we only consider the pre-default case.

We begin by discussing the parametric sensitivity in the optimal control k* for the defaultable bond. For
0<t<rT,by(31),

f oy = 21 eue(¥e) !
P=R00 =g aperon

Then we infer by (50) and (51),

1
—0.014y%-0.0321 \ 71
L (e <k
3 n(y)

ﬁ =14 0.5¢7%%"_ Since the lower and upper bounds of k* are all completely characterized by the
loss rate &, risk aversion parameter v and stochastic economic factor g, we only consider the upper bound k*.
First of all, we study the relationship between the risk aversion parameter v and the upper bound k*. We fix
¢ = 0.5. Figure 2 shows that k* increases as the risk aversion parameter increases. This behavior is supported
by the economic interpretation of «. The smaller v implies that an investor is more risk averse. Therefore, when
v decreases, an investor reduces his/her investment proportion of the defaultable bond. In addition, Figure 2 is
symmetrical about y-axis. If v is fixed, we vary the stochastic economic factor y from 0 to 6, the upper bound
k* decreases first and then increases.

The Figure 3 displays the relationship between the loss rate &, stochastic economic factor y and the upper
bound k*. For a fixed y or 1/5(y), k* decreases while ¢ increases. In other words, a higher loss rate may lead
to high losses, so an investor will naturally minimize his/her investment proportion of the defaultable bond.
Similarly, Figure 3 is also symmetrical about y-axis. If £ is fixed, we vary y from 0 to 6, the upper bound k*
decreases first and then increases.

We now investigate the parametric sensitivity of the optimal consumption ratio ¢; given by (33). Recall that

o+~ x

1 £0-014y%+0.0401 T B
< ¢ 1- T = kJ, (52)

where

ud ()
>

cg=cYy)=er1, 0<t<T

By (51), we have

0.014y2+0.0362 0.0039

cf=e v=1 <cf<eir =¢f 0<t<T. (53)

In the left figure in Figure 4 depicts the lower bound ¢* wversus the risk aversion parameter v and stochastic
economic factor y. These observations are supported by the economic interpretation of «. For instance, if the
stochastic economic factor y is fixed, for a large +, a low risk averse investor will increase his/her investment pro-
portion of the defaultable bond and thus will reduce his/her consumption. However, the risk aversion parameter
~ affects the upper bound ¢* in an opposite way, which is well illustrated in the right figure in Figure 4.
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0576

FIGURE 2. The upper bound k* (z-axis) versus the risk aversion parameter v (z-axis) and
stochastic economic factor y (y-axis).

1.0-6

FIGURE 3. The upper bound k* (z-axis) versus the loss rate ¢ (z-axis) and stochastic economic
factor y (y-axis).

5.2. The value function V

In this subsection, we analyze the value function V(a:, Y, z) obtained in Theorem 4.4. In the light of (44), (50)
and (51), we can easily obtain the lower and upper bounds of V.

VDB = lm76_0'0039 < V(m,y, z) < 11’”’60'0143’2"’0'0362 =: VUB. (54)
vy v

The left figure in Figure 5 depicts the upper bound of V wersus the wealth z and stochastic economic factor y.
If we vary y from 0 to 10, it is shown that as y increases, the upper bound of V moves up. Moreover, as the
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1.020 1.025

1.000 1.005 1.010 1.015

FIGURE 4. Left: lower bound ¢* (z-axis) versus the risk aversion parameter v (z-axis) and
stochastic economic factor y (y-axis). Right: upper bound ¢* versus the risk aversion parameter
v as v € [0,0.80].

FIGURE 5. Left: upper bound VUB versus the wealth x and stochastic economic factor y. Right:
lower bound VDB wversus the wealth z.

wealth z increases, the upper bound VUB increases. As is shown in the right figure of Figure 5, the relationship
between the lower bound of V' and the wealth x is similar.

6. CONCLUSIONS

In this paper, we have considered the optimal investment and consumption strategies for an investor with
stochastic economic factor in a default market under the infinite time horizon. An investor allocates his/her
wealth dynamically in a perpetual defaultable bond, a money market account, and a default-free risky asset and
chooses a consumption rate. The goal is to maximize the expected discount power utility of the consumption.
We have generalized the existing model to a more general circumstance, assuming all financial securities rely on
a stochastic economic factor process which is described by a diffusion process related to a default-free risky asset.
The optimal investment and consumption strategies has been obtained through analysis on the classical solutions
of the corresponding HJB equations by the so-called sub-super solution method. Finally, we have analyzed the
sensitivity to parameters of the optimal control strategies and the value function through numerical simulation.
An interesting extension is probably a Lévy diffusion, which is used to describe the stochastic economic factor
process, with the interdependence introduced between the default time and the risky asset.
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