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BOUNDS FOR A,-EIGENVALUES

JoA0 DOMINGOS GOMES DA SILVA JR.!, CARLA SILVA OLIVEIRAZ*
AND LILIANA MANUELA G.C. pA CosTA®

Abstract. Let G be a graph with adjacency matrix A(G) and degree diagonal matrix D(G). In 2017,
Nikiforov (V. Nikiforov, Appl. Anal. Discret. Math. 11 (2017) 81-107.) defined the matrix A.(G), as
a convex combination of A(G) and D(G), the following way, Ao (G) = cA(G) + (1 — a)D(G), where
a € [0,1]. In this paper we present some new upper and lower bounds for the largest, second largest
and the smallest eigenvalue of A,-matrix. Moreover, extremal graphs attaining some of these bounds
are characterized.
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1. INTRODUCTION

Let G = (V, E) be a simple graph such that [V| = n and |E| = m. If v; is adjacent to v; we denote by v; ~ v;,
otherwise v; ~ v;. For v € V, the set of its neighbours is denoted by N, and |N,| is the cardinality of N,,. For
each vertex v € V' the degree of v, denoted by d(v), is the number of neighbours to v. The minimum degree of
G is §(G) := min{d(v) : v € V} and the maximum degree of G is A(G) := max{d(v) : v € V}. Eventually, we
will use d;, A and § to represent d(v;), A(G) and 6(G) respectively. Also assume that the vertices are labeled
such that A =dy > dy > -+ > d,, = 0 and the degree sequence is defined by d(G) = (di,...,d,). A graph is
said to be bidegreed if and only if its degree sequence has only two different values.

The first Zagreb index is defined by Z1(G) = Z d*(v;) and the study of its bounds and properties can be
i=1
found at [4,7-9,27]. A nonempty subset I C V is independent if and only if no two of its elements are adjacent.
The independence number of G, v(G), is the largest cardinality among all independent sets of G.

A graph is called regular if all its vertices have the same degree. The complement of the graph G, denoted
by G, is the graph obtained from G with the same vertex set, V = V, and v;v; € E if and only if v;v; ¢ E.
We denote by K,,, K43, K1,—1 and P, the complete graph, the complete bipartite graph, the star and the
path, respectively. The bipartite complement of a connected bipartite graph G with partitions V7 and V3 is
a bipartite graph, denoted by G such that G has edges between V; and V5 exactly where G does not, that
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is, V(G) = V(Kv,|,|»|) and E(G) = E(K|v,|w|) — E(G). A graph G is called semi-regular bipartite, with
parameters (ni,ns,r1,72), if G is bipartite such that V' = V4 U V4 where ny = |Vi| and ny = |V2|, and the
vertices in the same partition have the same degree. In other words, n; vertices have degree r; and ns vertices
have degree ro, such that niry = nars.

Let z € R", we denote by |z| the Euclidean norm of x. Let M be a n X n matrix. If M is symmetric, the
M-eigenvalues are real and we shall index them in non-increasing order, represented by A\; (M) > Ao(M) > -+ >
An(M). The collection of M-eigenvalues together with their multiplicities is called the M-spectrum, denoted by
o(M).

The adjacency matrix of G, A = A(G) = [aj;], is a square and symmetric matrix of order n, such that a;; = 1
if v; ~ v; and a;; = 0 otherwise. The degree matrix of G, denoted by D(G) = [d;;], is the diagonal matrix
such that d;; = d(v;). The Laplacian and signless Laplacian matrices are defined by L(G) = D(G) — A(G) and
Q(G) = D(G) + A(G), respectively. An interesting problem in Graph Spectral Theory is to obtain bounds for
A-eigenvalues, L-eigenvalues and Q-eigenvalues involving invariants associated to graphs.

In 2017 Nikiforov, [25], defined for any real o € [0, 1] the convex linear combination, 4,(G), of A(G) and
D(G) in the following way:

Ay(G) = aD(G) + (1 — a)A(G), «a€]0,1].

It is easy to see that A(G) = Ao(G), D(G) = Ai(G) and Q(G) = 2A.1(G). So, obtaining bounds for A,-
eigenvalues is an interesting problem because it contemplates the study of bounds for the adjacency and signless
Laplacian matrices.

Results involving bounds for A,-eigenvalues have been obtained, as we can see in [1,3,20-23,25, 28,30, 31].
In this paper we obtain some bounds for the largest eigenvalue, the second largest eigenvalue and the smallest
eigenvalue of the A, matrix. This paper is organized as follows: in Section 2 we introduce some definitions and
results required to prove the main results; after, in Section 3 we show the main results referring to bounds for
A,-eigenvalues.

2. PRELIMINARIES

In this section we present some aspects of matrix theory that will be needed to prove the main results of this
paper. The principal sub-matrix of a matrix is obtained by removing rows and columns with the same indices
[12]. An important result about sub-matrices is presented in Theorem 2.1.

Theorem 2.1. [18] Suppose A € M, (IR) is symmetric matriz with eigenvalues Ay > -+ > \,. If B € M,,(IR)
with m < n is a principal submatriz of A with eigenvalues py > -+ > fm, then Ap_mys < py < N, for
t=1,...,m.

The following result is the theorem of Weyl and So, which is inequalities involving eigenvalues of sums of
Hermitian matrices.

Theorem 2.2 (Weyl). [18] Let A, B € M,,(IR) be Hermitian and let the spectrum of A, B, and A+ B be o(A) =
{M(A),...; (A}, a(B) = {M(B),..., n(B)} and 0(A+ B) = {\M(A+ B),..., \(A+ B)}, respectively.
Then,

)\1+7—1(A+B)§)\1(A)+)\](B), ]:1,,H—Z—|—1 (1)

foreachi=1,...,n, with equality for some pair i, j if and only if there is a nonzero vector x such that Ax = \;x,
Bz = \jz and (A+ B)x = A\iyj_1z. Also,
>\1<A)+>‘J(B) §>\i+j—n(A+B)7 j:ia-“vn (2)

foreachi=1,... n, with equality for some pairi,j if and only if there is a nonzero vector x such that Ax = \;x,
Bz = \jz and (A+ B)x = M\itj_nx. If A and B have no common eigenvector, then the inequalities in (1) and
(2) are strict.
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As a consequence of Theorem 2.2, follows Corollary 2.3.
Corollary 2.3. [18] Let A, B € M,,(IR) be Hermitian. Then,
Ai(A) + M (B) < Ni(A4 B) < \(A4) + M (B), (3)

with i = 1,...,n. Equality in the upper bound holds if and only if there is a monzero vector x that is the
eigenvector of A, B and A+ B with corresponding eigenvalues A;, A1 and \;, respectively. Analogously, equality
in the lower bound holds if and only if there is a nonzero vector x that is the eigenvector of A,B and A+ B
with corresponding eigenvalues \;, A, and X\;, respectively.

Lemma 2.4. [11] Let G be a connected graph with n vertices and A(G) be its adjacency matriz. Let P(x) be
any polynomial function and S,(P(A(G))) be the row sums of P(A(G)) corresponding to each vertex v. Then

min S, (P(4)) < PO\ (A(G))) < max S,(P(4)).
Moreover, equality holds if and only if the row sums of P(A(QG)) are all equal.
The proof of Lemma 2.5 is presented because it is used to prove Theorem 3.5 in the next section.

Lemma 2.5. [17] Let G be a graph with n vertices, m edges and minimum degree §. Then, S,(A*(G) — (6 —
DA(G)) <2m —6(n—1).

Proof. Note that S,(A¥(G)) is exactly the number of walks of length % in G which begin at v. In particular,
Su(A(G)) is d(v) and S,(A%(G)) = > d(u). So,

Su(A%(G)) =D d(u)
=2m—d(v)— Y  d(u)

UV, UFV
<2m —d(v) — (n —d(v) — 1)0
=2m+ (0 — 1)d(v) —d(n —1).
Hence,
S (A%(G) — (6 — 1)A(G)) < 2m — 6(n — 1).
O

The next two theorems present a lower and an upper bound, respectively, for Z; (G) using A, §, m and n.

Lemma 2.6. [7] Let G be a simple graph with n vertices and m edges. Let 6 and A be the minimum and the
(2m — A — §)?

mazimum degree of G, respectively. Then, for n >3, Z1(G) > A% 4 5% + —

. Furthermore, equality

occurs if and only if do = -+ = dp—1.

Lemma 2.7. [7] Let G be a connected graph with n vertices and m edges. Let § be the minimum degree of G.
Then, Z1(G) < 2mn —n(n —1)d + 2m(d — 1). Moreover, the equality holds if and only if G is a star graph or a
reqular graph.

The next results involve properties and bounds for the largest, the second largest and the smallest eigenvalues

of A(G).

Lemma 2.8. [6] A graph G is bipartite if and only if its spectrum is symmetric about the origin.
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Proposition 2.9. [6] Let G be a r-reqular graph. Then

(i) r is an eigenvalue of A(G);
(ii) G is a connected graph if and only if the algebraic multiplicity of r is 1;
(#ii) any X eigenvalue of A(G) satisfies |\| < r.

Proposition 2.10. [15] Let G be a graph with m edges, then

Equality holds if and only if G is reqular or semi-regular bipartite.

Lemma 2.11. [16] Let G be a connected graph with m edges and n vertices. Then,
MA(G)) < vam —m i1,

with equality if and only if G = K,, or G = Ky 1.

Lemma 2.12. [2] Let G be a graph with n vertices and m edges. Let \1(A(G)) be the largest eigenvalue of the
adjacency matriz A(G). Then

Lemma 2.13. [2/] Let G be a r-regular graph of order n and independence number v(G), then

2(n — 1 — 7))

/\Q(A(G)) > -1+ ,Y(G)ny(G)—l

3

Lemma 2.14. [29] Let G be a r-regular bipartite connected graph with n vertices. Then A2(A(G)) < g -

Corollary 2.15. [29] Let G be a r-regular bipartite graph with n vertices. Then A\ (A(G)) + A2(A(G)) <
Furthermore, A\ (A(G)) + X2(A(G)) = g if and only if its bipartite complement is disjoint.
Lemma 2.16. [13] Let G be a graph with minimum degree § # 0 and independence number v(G), then

1(G)d?
M(AG)(V(G) —n)

Lemma 2.17. [6,14] If G is a r-regular graph with independence number v(G), then

7(G)r
A (A(G)) < G

Lemma 2.18. [5] Let G be a triangle-free graph on n vertices. Then,

M (A(G))
M(AG) < S

An(A(G)) <

Lemma 2.19. [29] Let G be a r-regular bipartite connected graph with 2n vertices and G be its bipartite com-
plement. Then,
Pacy(d) _ PagW

A2 —7r2 X2 — (n—7)2
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Lemma 2.20. [10] If G is a regular graph of order n, then A\ (A(G))+A2(A(G)) < n—2. Moreover, A (A(G))+
A2(A(GQ)) = n — 2 if and only if the complement of G has a component that is a bipartite graph.

Proposition 2.21. [6] Let o(L(G)) = {1, ..., pin} be the L(G)-spectrum such that py > -+ > pp. If G is a
graph with n vertices, then py < n, with equality occurring if and only if G is disconnected.

The next results refer to the A,-matrix.

Proposition 2.22. [25] If « € [0,1] and G is a graph of order n, then

M (A (@) = max (A4 (G)z, x) and A\, (Ax(G)) = min (A, (G)z, ). (4)

|z|=1 |z|=1

Furthermore, if x is a unit vector, then A1 (Aq(G)) = (Aa(G)z, z) if and only if x is an eigenvector of A1 (Aq(G)),
and A, (A6 (G)) = (Aa(G)x, ) if and only if x is an eigenvector of A, (Ax(G)).

Lemma 2.23. [25] If « € [0,1] and k = 1,...,n and G is a r-reqular graph of order n, then there ezists a
linear correspondence between the eigenvalues of Ao (G) and A(G), the following way

Ae(Aa(G)) = ar + (1 — a)AL(A(G)). (5)
In particular, if G is r-regular, then \1(Ao(G)) =r, Va €0,1].

Proposition 2.24. [25] Let o € [0,1), G be a graph and z be a nonnegative eigenvector of A1 (Aq(G)).

(i) If G is connected, then x is positive and unique minus scalar;
(i1) If G is disconnected and P is the set of vertices with positive entries of x, then the subgraph induced by P
is a union of H components of G with A\1(As(H)) = M (Aa(GQ));
(iii) If G is connected and p is an eigenvalue of Ao (G) with a non-negative eigenvector, then = A (Aq(G));
(iv) If G is connected, and H is a proper subgraph of G, then A\ (Aq(H)) < A1 (Ax(G)).

Proposition 2.25. [25] The eigenvalues of Ay (Ky,) are A1 (Aq(Ky)) =n—1 and A (Ao (K,)) = an—1 for 2 <
k<n.

Proposition 2.26. [25] Let a > b > 1. If a € [0,1], then the eigenvalues of Ay (Kap) are

M(Aa(Kap) = 5 (ala+b) + va2(a+ b + dab(l - 20) )

Me(Aa(Kop)) = aa for 1 < k < b,

1
2
1
3 (a(a +b) — v/a2(a + b)2 + 4ab(1 — 2a)> ,
a
Me(Aa(Kop)) =ab forb< k <a+b.

3. MAIN RESULTS

This section presents the main results of this paper which involve bounds for the largest, the second largest
and the smallest eigenvalues of A,-matrix.
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3.1. Bounds for A1 (A4(G))

Theorem 3.1. Let o € [0,1] and G be a graph with m # 0 edges, n > 3 vertices, A and & be the mazimum and
minimum degrees, respectively. Then,

%+1*Tazw/didj. (6)

M (Aa(G)) > (A2+52+ W) -

i~j

1-1
The equality occurs if and only if G is a regular graph or G = U G U K3 such that Gy, is r-regular.
k=1

Proof. From Proposition 2.22 we know that there exists an eigenvector z € IR" associated with A\; (A, (G)) that

TA
satisfies \1 (A4 (G)) = max x;ﬂ So for all y # kx, k € IR, we have
zclR" T x

(G)y _ ¥y (aD(G) + (1 - a)A(G))y

\%

y' Ay
Ty yTy
ay" D(G)y + (1 — a)y" A(Q)y
yTy '

A (Aa (@) ‘Z

Taking y = (v/d1,Vda, . ..,\/d,), follows that
az 2+ (1 - a)yTAG))y ade (1-a) Z 2¢/did,
i=1

A S i _ =l Vi~V
M (4a(@)) 2m 2m + 2m

2m =
From Lemma 2.6 follows that
! 5 o (2m—A—0)? (1-a)
> Y did;.
M (AL (G)) > 5 {A + 6%+ — + — d;d; (7)

ViU

Suppose initially that G is a r-regular graph. So A =§ =r and m = % Then,

QA2 52 (2m — A —9)? (1-a) o
2m[A + 0%+ + o > Vdid; =

’L)7‘,N’Uj
e )2 1— 2 722
L P e B G IO U B
nr n—2 m nr n—2

gr2(2+n72)+(17a)1":oerr(l—a)r:r_
nr
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1-1 -1
Now, suppose that G = U G U K7 such that Gy, is r-regular. We have Z V(Gp)+1=n, A=r,6=0
k=1 k=1
and m = u So,
2

a (2m — A —§)? (1-a)

i AQ 2 [d.d. —

2m [ FoT n—2 * m Z did;

Vi~V

mr =

= { (o —nlzrz— r)z} L ;a)
a [ 5 1% (n—2)?
(n—1)r n—2

ar+ (1—a)r=r.

}—I—(l—a)r:rQ(n—l)—i—(l—a)r:

Moreover, from Lemma 2.23 we have A\ (4, (G)) = r.
Now, suppose there is a graph G that satisfies the equality

M(Aa(@)) = (Az L5ty W) . 1_70‘ S Vdid;.

Vi~V

This implies that z = (\/dy, ..., v/d,) is an eigenvector of A, (G) associated to A\1(An(G)), which is A, (G)z =
)\1(Aa (G))LL'
If G is connected, we have

S Vid

ViU
di

for all i = 1,...n. So, for arbitrary ¢ and s, such that i # s we have

> Vi, > Vi,

i =ads+ (1 —a)

ad; + (1 — O() =\ (Aa(G))v

Vj~Vs

ad; + (1 — ) 7

d;

which implies that d; = ds; and then G is regular.
l

Now, suppose that G is disconnected. Then G = U G, and consequently for each component such that

k=1
|E(G)| # 0, we also have
> Vdid;
ad; + (1 — a)Uijdl = A (Aa(Gr)),
foralli =1,...,|V(G)|. So, for arbitrary ¢ and s, such that ¢ # s we have
> Vdid, > Vddd,
adi—&-(l—a)vjwidi :ads+(1—04)vjwvsds
L. . . 2 o, 2m—A— 8)*
which implies that d; = ds and then Gy, Vk, is regular. From Lemma 2.6 Z,(G) = A 4+ §° + ——
n—
l -1
must occur if and only if ds = --- =d,—_1. Then, G = U Gy or G = U G U Ky where Gy, is r-regular. [l

k=1 k=1
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Theorem 3.2 presents other lower bound of A;(A4(G)). This bound is obtained similarly of the lower bound
for A\;(A(G)), obtained by Kumar, [19]. Denote by (A,);, A; and D; to represent the i** column vector of the
matrices A (G), A(G) and D(G), respectively. Furthermore, we define ¢;; = [Ny, N N,, |.

Theorem 3.2. Let G be a graph with n > 2 vertices and « € [0,1]. Then

i<i j<i 2

a2(d? 2 — a)2(d: . a?(d? 2 — a)2(d; .
Al(Aa(G))Zmax{max\/ (dz+dj)+(1 5 ) (d2+d])+\/a’max (d7,+d])+(1 ) (d’LJ’»d])+\/F}7 (8)

where C = o*(d? — d3)? + 20*(1 — a)*(d} + d3) — 8acm (a = 1)*(d; + dj) + (o — 1)*(50® — 2a + 1)(d} + d3) —
202(1 — @)d;d; (d; + dj) + 4c}; (a — 1)* + 2d; d (1-a)?’(14+a)(Ba—1) and F = (df — d3)* + 20*(1 — a)*(d}
d?d] — dzd§ + df) + (1 ) (40” (dl + dj)Q).

_|_

Proof. We know that A; (M), for all symmetric matrix M, is greater than or equal to the largest eigenvalue of
any principal sub-matrix of M. We also know that any principal sub-matrix of order two of A2(G) is of the

(Ag)i(Ad)i (A)i(Aq); ]
fi B = o Th
o {<AZ;>]-<A )i (AD);(Aa) ]
{( 2)i(Aq)i (A )Z(Aa)]]_
(A Z) (Aa)i (A);(Aq)
{(a +(1—a)Al)(aD; + (1 - a)A;) (aD] + (1 - a)Af)(@D; + (1 - a)Aj)] _
(aDT+(1fa)AT)(aD +(1—a)A;) (aDT+(1fa)A;‘.r)(aDj+(lfa) )
[ a?DTD; + a(l — a)(DT A, +ATD) +(1—-a)?ATA; o®>DTD; +a(l —a)(DFA; + ATD;) + (1 — «)2ATA; )
2DTD +a(l —a)(DfA; + ATD;) + (1 — @)?ATA; o> DI'D; + a1 — a)(D ]T +ATDj)+ (1 -a)?ATA;

We have two cases to consider.
Case 1. v; ~ v;

From (9) we have

{(Ag)i(Aa)i (Az)i(Aa)j] B { a?d? + (1 — a)%d; a(l —a)(d; +d;
(AD);(AL)i (AL);(AL); a(l = a)(di +d;) + (1 — a)?cyy o?d? 4 (1 — a)?d;

As A\1(A2(G)) > A\ (B) we obtain

1
A (Aa(G)) > \7@\/042@2 +d2) + (1— a)2(di +d;) + VO
where C' = o*(d? — d2)? + 20%(1 — @)*(d} + d3) — 8acij(o — 1)3(di + dj) + (o — 1)?(5a° — 2cc + 1)(d} + d7) —
202(1 — @)?dyd;(d; + dj) + 4¢3 (o — 1)* + 2d;d; (1 — @)*(1 4 @) (3a — 1).
Case 2. v; » v;

From (9) we have that

5 [AD(AL): (AD)(AL);] _ [0® + (1= a)di (1 a)%ey
(AD);(Au)i (AD);(A) (1—a)cy @ +(1-a)d)

Then,

M(A0(G)) = Z\fa2(@ + @) + (1= 0)(di+ ) +VF

where F = (d? — d?)2 + 2a%(1 — a)?(d} + d?d; — did? + d;’) + (1 — @)*(4cij + (d; + dj)?) and the result

follows. .
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V2 U1

U3 Uy
F1Gure 1. Graph G.

TABLE 1. Table with lower bounds of A1 (A, (G)) with different o values.

a=00 a=01 a=02 a=03 a=04 a=05 a=06 a=07 a=08 «a=079

M (Aa(G)) 256155  2.56815 2.57631 2.58661 2.6 2.61803 2.6434 2.68102 2.74031 2.83852
(6) 2.55959  2.55863  2.55767 2.55671 2.55576  2.5548 2.55384  2.55288  2.55192  2.55096
(8) 2.23607 2.16333 2.12603 2.12603 2.16333 2.23607 2.34094 2.47386 2.63059 2.80713

Example 3.3. Let G be a graph in Figure 1. Table 1 shows that the lower bounds presented in (6) and (8) are
incomparable.

Theorem 3.4. If G is a connected graph with n vertices, m edges, mazximum degree A, minimum degree 6 and
a € [0,1], then

M (Ao (@) < Va2(2mn —n(n — 1)8 + 2m(6 — 1)) + 2m(1 — )2 + 5(a25 + (1 — )2)(A —n + 1). (10)

Proof. Denote by (Ag); the i-th row of the matrix A, (G). From Proposition 2.24, let X = (z1,...,z,) be the

unit positive eigenvector associated to A1 (A (G)). Denote X* the vector obtained from X by replacing z; by 0

if v; is not adjacent to v;. Since Ao (G)X = A1 (4a(G))X, we have that A\ (As(G))z; = (Aa)iX = (Aa)i X"
From the Cauchy-Schwarz inequality, we have

M(Aa(@))a? = (Aa)iX P < [(Aa)iPIXTP = (dFe® + (1 —a)’di) ([ 1— Y af |- (11)

Taking the inequality (11) for all 4, we have

n

M(AL(G)) < a2Zd2 Zd = (BoP+(1-a)?d;) | Y a7 (12)

i=1 Vi

Since

i(d?a2+(l—a)2di) > a? —a2Zd2<Z ) (1—a)2zn:di<zgc?>

VPV Vi?U;

s (5 ) va-ary (3 4)

=1 \Vi®v; = ViV
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= a?? Z(n —d; —Da? + (1 - )% Z(n —d; — 1)a?

i=1 i=1

=a??(n—1)+ (1 —-a)?s(n—1)— 252Zdz - 170425211552. (13)

Therefore, substituting (13) into (12), we have
A (AL(Q)) < aQZdQ a)zidi —d(n—1)(a25 + (1 — a)?) +a262idix? +(1 —a)25zn:dia:§
< a? Zd? +2m(1 —a)? + 5?5+ (1 — @)*)(A —n+1).
=1
From Lemma 2.7 we have
M(AL(G) < a?(2mn —n(n —1)§ +2m(6 — 1)) +2m(1 — a)? +5(a?5 + (1 — a)*) (A —n +1).

Then

M (A(@)) < Va2(2mn —n(n —1)6 +2m(6 — 1)) + 2m(1 — )2 +6(a26 + (1 — a)2)(A —n + 1) (14)
and the result follows. O

Theorem 3.5. Let G be a graph with n vertices, m edges, mazimum degree A, minimum degree 6 and o € [0, 1].
Then

AM(A,(Q)) < <1 ( 14/ —12+4(aA —a(6—1)0+ (1 —a)(2m —d(n — 1))) . (15)
Equality holds if and only if G is reqular.

Proof. Let M be any matrix associated with a graph G and S, (M) be the sum of the row of M corresponding
to the vertex v. It is easy to see that

So(A%(G) = (6 = 1) Aa(G)) = Su(A%(G)) = (6 = 1)S,(Aa(G)).

From [25], we have

Su(A%(G)) = a8y (D*(G)) + (1 — a) S, (A%(G))

and therefore

Su(A%(G) = (0 = D Aa(G)) = aSy(D*(G)) + (1 = a)S,(A%(G)) = a(d = 1)Sy(D(G)) = (1 = a)(5 — 1)S, (A(G))
= aS,(D*(G)) — (6 — 1)Sy(D(G)) + (1 — @) S, (A%(G) — (6 — D A(G)).

From Lemma 2.5, we have
Su(A%(G) = (6 = 1) Aa(G)) < aSy(D*(G)) — a6 = 1)Su(D(G)) + (1 — @) (2m — §(n — 1)) (16)
The inequality (16) holds for every vertex v € V(G) and for o € [0,1]. From Lemma 2.4 we have that

M (A4 (@) = (6 = DA (Ax(GR)) < ad?(v) — a(d — 1)d(v) + (1 — a)(2m — §(n — 1))
<alA? —a(6—1)0+ (1 —a)(2m — 6(n — 1)). (17)
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FIGURE 2. Graph G.

TABLE 2. Table with upper bounds of A1 (A, (G)) with different « values.

a=00 a=01 a=02 a=03 a=04 a=05 a=06 «oa=07 a=08 «a=079

M(Aa(G))  2.44949  2.56867 2.72237 2.9215 3.17764 3.5 3.89165 4.34803 4.85913  5.41329
(10) 3.4641 3.18434 3.05941 3.10805 3.32265 3.67423 4.12795 4.65403 5.23068  5.84294
(15) 2.44949 3.0 3.4641 3.87298  4.24264  4.58258 4.89898 5.19615 5.47723  5.74456

Then, solving the quadratic inequality we obtain

A (Aa(G)) < % (5 14612+ 4(@A2 — a6 - 1)0 + (1 —a)(2m —o(n — 1))) .

Now, suppose that G is a r-regular graph. So 6 = A = r and m = % So,
1
B (5 14/ -1)2+4(aA2—a(0—-1)§+ (1 —a)2m—d(n — 1))) = r = A\ (4.(G)). Now, suppose the

equality holds. Then, all inequalities in the above argument must be equalities. From Lemma 2.5

S d(w) = (n—d(v) = )3,

UV, UFEV

for all v € V(G). Hence either d(v) =n — 1 or d(u) = ¢, for all u € V(G) and u ~ v, which implies that either
G is a regular graph or G is a bidegreed graph in which each vertex is of degree either § or n — 1. As the second
one can not occur because of inequality (17), we get the result. (I

Example 3.6. Let G = K;¢ as in Figure 2. The Table 2 presents a comparison of the upper bounds
(10) and (15) and concludes that they are incomparable.

Remark 3.7. From Theorem 3.5 we have that the equality in (15) occurs if and only if G is regular. Taking
this extremal graph and applying its information in (10) we obtain

Z@2mn —nn—-10+2m0 - 1)) +2m(1l —a)* +6(a*0+ (1 —a)))(A—n+1) =
A3+ 2r )+ (1 —2a)(r + 1) > r’
Then, the bounds obtained in (10) is bigger than the bound obtained in (15) for regular graphs.
3.2. Bounds for A2(A,(G))

Proposition 3.8. Let G be a r-regular graph with n vertices and independence number v(G) and o € [0,1].
Then,

n—1-=r)G)
Ao(Aa(@)) > ar + (1 - a) (-1+W>. (18)

Equality holds if G = K,,.
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Proof. From Theorem 2.2 we know that
A2(Aa(G)) = X2(aD(G) + (1 = a)A(G)) = aXn(D(G)) + (1 — @) A2(A(G)) = ar + (1 — a) X2 (A(G))

and from Lemma 2.13 the result follows.
Now, suppose that G = K,,. Then v(G) =1, r = n — 1 and consequently

2(n—1—r)" @\
aT+(1—a)<—1+W —om—l

and from Proposition 2.25 the equality holds. O

Proposition 3.9. Let G be a connected bipartite graph with n vertices, G be the bipartite complement of G,
K,q (1 <p <q) be the complete bipartite graph whose partitions are the same as those of G, and o € [0,1].
Then,

qe — /\3—j (Aoc(G)) < )‘j (Aoc(G)) < gqo— >‘2—j+n(Aoc(é))
forj=1,2.

Proof. It is easy to see that Ay (G) + Aa(G) = Ao (K, 4). From Theorem 2.2, it follows that

Ai(Aa(G)) + Aivjin(Aa(G)) < Ai(Aa(Kpq)), 1<i<j<n (19)
and
AN Aa(Fyp ) € N(AalG)) + My (Aa(@), 1<j<i<n. (20)
From inequalities (19) and (20) we have
/\j(Aa(G)) < Ai(Aa(Kpq)) — )\ifj+n(Aa<é)) (21)
and
Ai(Aa(Kp,g)) = Xijr1(Aal@)) < Aj(4Aa(G)). (22)

From Proposition 2.26 we obtain Ag(A. (K, 4)) = ag and taking ¢ = 2 in the inequalities (21) and (22) we have

Aj (Aa(G)) < ga — )\27j+n(Aa(é))

and

qa = Az—j(Aa(G)) < X;(4a(G)).
Then
40— X5 (Aa(@)) < N (Aa(G)) < g0~ Ao jin(Aa(@), =12
O
Corollary 3.10. Let G be a connected bipartite and r-reqular graph with n vertices. IfaY is the bipartite com-
plement of G and « € [0,1] then

A2 (A(G)) < s(a+1) =7 (23)

|3

Proof. Let G be a connected bipartite and r-regular graph such that V = Vi U Va, where |Vi| = p and |Va| = ¢
(p < q). From Proposition 3.9 we knows that

Aj(Aa(@) < g — Ao jin(Aa(G)), j=1,2.

Taking j = 2 we have B
A2(Aa(G)) < qor = An(Aa(G))
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n ~
As G is r-regular bipartite, it follows that ¢ = —. Furthermore, we know that the graph G is also bipartite

and (% - r) -regular which implies )q(Aa(é)) = g —r and (% - r) > —)\n(Aa(é)). Consequently, the result
follows. (]

The upper bound obtained by Corollary 3.10 can be improved, as we can see in Proposition 3.11.

Proposition 3.11. Let G be a r-regular bipartite and connected graph with n vertices. Then

Ao(Aa(G)) < a (27‘ - g) + g . (24)

Proof. Since G is r-regular and bipartite, from Lemma 2.8 and Proposition 2.9, it follows that A\ (A(G)) = r
and A\, (A(G)) = —r are eigenvalues of A(G). Moreover, we have that G is (% - 7‘) -regular and bipartite, so

M(AQ)) = % —r and A\, (A(G)) = —g + r are eigenvalues of A(G). From Lemmas 2.19 and 2.23 we have

M(A(G)) = M(A(G)), for 2 <k <n—1,

M (Ao (G)) = ar+ (1 — a) M (A(G)), for 1 <k <n (25)
and
Me(Aa(G)) = @ (g - r) 4 (1= a)M(A(GQ)), for 1 <k <n. (26)

~ n

80, A (4a(G)) = 7 Ai(Aa(@) = 5 =7, M(Aa(G)) = (20 = 1) and A, (4a(G)) = (g - r) (20— 1).
Subtracting the equations (26) from (25) and using the relation between Ay(As(G)) and A (Aq(G)) for

2<k<n-—1weget
n

M(Aa(G)) = a (2 = £ ) + Mel(4a(@)) (27)

Taking k = 2 and considering A (A4 (G)) > A2(Aq(G)), we have that
n n
< - — ——r=—(1- —
A (An(@) <« (27" 2) + 5 "T=73 (1—a)+7r2a—-1) (28)
and the result follows. O
n

Remark 3.12. It is worth noting that if G is a regular connected and bipartite graph and the regularity is 5’
then the upper bounds shown in the equations (23) and (24) are equal.

Proposition 3.13. Let G be a r-regular graph of order n. Then A\ (Ao (G))+XA2(A0(G)) < 2ra+(1—a)(n—2).
Equality holds if, and only if, G has a connected component that is a bipartite graph.

Proof. Let G be a r-regular graph of order n. From Lemmas 2.20 and 2.23 we have
M (A4a(G)) + A2(Aa(G)) = 2ar + (1 — a)(M(A(G)) + X2(A(G))) < 2ar + (1 — a)(n - 2) (29)

with equality occuring if and only if G has a connected component that is a bipartite graph and the result
follows. U

Proposition 3.14. Let G be a r-regular bipartite graph of order n and o € [0,1). Then A (An(G)) +
A2(Aa(@)) < 2ra+ (1 - a)g. Equality occurs if and only if G is disconnected.
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Proof. Let G be a r-regular bipartite graph. From Lemma 2.23 we have A\ (A4,(G)) = r. Moreover, from
Proposition 3.11 we have

M(Au(G) + X2(40(G) <r 4« (2r - g) + g —-r=a«a (2r - g) + g =2ra+(1 —a)g.

Now, suppose that A\ (Ax(G)) + X2(Aa(G)) = 2ra+ (1 — a)g. As G is r-regular, we have that
AM(AQ(@) = ar 4+ (1 — )\ (A(G)) and M (A4(GQ)) = ar + (1 — a)\2(A(G))

and consequently
M (Aa(G)) + A2(4a(G)) = 2ar + (1 — a) (M (A(G)) + A2 (A(G))).

So,
M(A(G)) + A2(A(G)) =

|3

and from Corollary 2.15, it follows that G is disconnected.
Now, suppose that the G is disconnected. From Corollary 2.15, Ay (A(G)) + A (A(G)) = D AsGis r-regular

2
we have

M (Aa(€)) + Xa(Aa(€)) = 207 + (1~ ) (A(A(G)) + Aa(A(G))) = 207 + (1~ ) 2.
and the result follows. O

3.3. Bounds for A\, (A4(G))

Proposition 3.15. Let G be a graph with n vertices, minimum degree § # 0, maximum degree A and indepen-
dence number v(G). Then

2
M(Aa(G)) < aA+ (1 - ) AT cZ)()C(}i((S &) (30)
In particular, if G is an r-regular graph we have
M (Aa(G) < ar b (1= ) (31)

n

2
whose equality holds if G = K,, or, when n is even, G = U Ky, or G2 Kz UKz.
i=1

Proof. From Corollary 2.3 and Lemma 2.16 we obtain the bound in (30) and from Corollary 2.3 and Lemma 2.17

we have the bound in (31). Initially suppose that G = K,,. Then 7(G) = 1 and from Proposition 2.25,
V(G)r

M(AL(G)=an—1.S0,ar+(1 —a)———— =an — 1.

(Au(@) (1-a) 250
n

Now suppose that n is even and G = U Ks. We know that v(G) =

i=1

|3

,r =1, \y(4a(G)) = 2a— 1 and

= 2a — 1. Finally, suppose that n is even and G = Kz U Kz In this case,

WG _ ol _ 1, and the result follows. [

a(G):ﬁa—l. Soar—l—(l—a)m_ 5

2
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Proposition 3.16. Let G be a triangle-free graph with n vertices and independence number ~v(G). Then

Proof. From Theorem 2.2 we have that A\, (A4(G)) < aA + (1 — o)\, (A(G)) and applying Lemma 2.18 the
result follows. O
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