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ON INVERSE SYMMETRIC DIVISION DEG INDEX OF GRAPHS

Zahid Raza1, Laxman Saha2 and Kinkar Chandra Das3,*

Abstract. One of the 148 discrete Adria indices is the symmetric division deg (SDD) index. It was
developed about 13 years ago. Motivated by the success of the symmetric division deg index, Ghorbani
et al. recently proposed an inverse version of this index, which they called the ISDD index (Inverse
symmetric division deg index). The inverse symmetric division deg index (ISDD) of a graph Γ is defined
as follows:

ISDD(Γ) =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(Γ)

𝑑𝑖𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

,

where 𝑑𝑖 is the degree of the vertex 𝑣𝑖 in Γ. In this paper, we determine the second maximal and
the second minimal trees with respect to the inverse symmetric division deg index (ISDD). We prove
that the star gives the minimal and the complete bipartite graph 𝐾⌈𝑛

2 ⌉, ⌊
𝑛
2 ⌋ gives the maximal graphs

with respect to the inverse symmetric division deg index (ISDD) among any chain graph of order 𝑛.
Moreover, the Turán graph gives the maximal graph with respect to the ISDD index for any simple
graph of order 𝑛 with chromatic number 𝑘. Finally, we give concluding remarks about future works.
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1. Introduction

Let Γ = (𝑉,𝐸) be a simple graph having 𝑛 vertices and 𝑚 edges, where 𝑉 (Γ) = {𝑣1, 𝑣2, . . . , 𝑣𝑛} with
|𝑉 (Γ)| = 𝑛, |𝐸(Γ)| = 𝑚. The degree of the vertex 𝑣𝑖, denoted by 𝑑𝑖, is the number of edges incident to 𝑣𝑖. In
particular, the maximum and minimum degrees of the graph Γ are denoted by ∆(Γ) and 𝛿(Γ), respectively. The
neighbor set of the vertex 𝑣𝑖 is denoted by 𝑁Γ(𝑣𝑖), that is, |𝑁Γ(𝑣𝑖)| = 𝑑𝑖. We write 𝑣𝑖𝑣𝑗 ∈ 𝐸(Γ) if vertices 𝑣𝑖

and 𝑣𝑗 are adjacent in Γ. Let 𝑑𝑖𝑗 be the shortest distance between vertices 𝑣𝑖 and 𝑣𝑗 in Γ. Also let 𝑑 be the
diameter in Γ, that is, 𝑑 = max1≤𝑖<𝑗≤𝑛 𝑑𝑖𝑗 . A topological index 𝐼 of a graph Γ is the function defined on the
set of all graphs that satisfies the equation 𝐼(Γ) = 𝐼(𝐻) whenever Γ is isomorphic to 𝐻. The graph theoretic
definitions can be found in the book [5].

Particularly in QSPR/QSAR studies, molecular descriptors are crucial in mathematical chemistry. Among
them, the so-called topological descriptors occupy a special place. Nowadays, several topological indices exist

Keywords. Symmetric division deg index, inverse symmetric division deg index, diameter, chromatic number, Turán graph.

1 Department of Mathematics, College of Sciences, University of Sharjah, 27272 Sharjah, UAE.
2 Department of Mathematics, Balurghat College, Balurghat 733101, India.
3 Department of Mathematics, Sungkyunkwan University, Suwon 16419, Republic of Korea.
*Corresponding author: kinkardas2003@gmail.com

c○ The authors. Published by EDP Sciences, ROADEF, SMAI 2023

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

https://doi.org/10.1051/ro/2023181
https://www.rairo-ro.org
https://orcid.org/0000-0003-2576-160X
mailto:kinkardas2003@gmail.com
https://creativecommons.org/licenses/by/4.0


3224 Z. RAZA ET AL.

with applications in chemistry. They can be categorised based on the structural properties of the graphs used
for their calculation. In the literature there were so many indices have been studied and their relation with
physical properties of the some chemical compounds. Therefore, the oldest and the most popular distance based
topological index, Wiener index [31] is based on the topological distance of the vertices of the corresponding
graph; the Hosoya index [24] is calculated by counting non-incident edges in a graph; energy [11, 12, 25] and
Estrada index [9, 15, 17] are based on the graphical spectrum; Randić connectivity index [29], Zagreb indices
[6,8,23], geometric-arithmetic index [13], atom-bond connectivity index [16,18,20], harmonic index [19] are cal-
culated using the degrees of vertices, etc. Very recently, some researchers studied on the degree based topological
indices in terms of graph parameters [1, 27,32].

To enhance QSPR/QSAR studies, the authors of [30] investigated a new class of topological indices, the
“discrete Adriatic indices” consisting of 148 indices. The symmetric division deg (SDD) index is one of such
handful indices; for a graph Γ, the SDD index is defined as

SDD(Γ) =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(Γ)

𝑑2
𝑖 + 𝑑2

𝑗

𝑑𝑖𝑑𝑗
·

A rigorous multidimensional investigation of the SDD index has been carried out by Furtula et al. [21] and it
was found that SDD is a feasible and practical topological index. This index performed much better than that
of several other popular topological indices. Since then, there are so many paper specially related with SDD has
been published, see for example [3, 10].

In response to the popularity of the SDD index, Ghorbani et al. [22] introduced the ISDD (inverse symmetric
division deg) index, which is the inverse version of the SDD index. The ISDD index of a graph Γ is defned as
follows:

ISDD(Γ) =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(Γ)

𝑑𝑖𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

·

The maximum and minimum trees of fixed order with respect to ISSD index have been characterized completely
in [22]. Albalahi and Ali [2] addressed the problem of finding the graphs having the largest and smallest ISDD
index from the set of all connected unicyclic graphs having the specified order. Throughout this paper we use
𝑃𝑛, 𝑆𝑛, 𝐶𝑛, 𝐾𝑝,𝑞 (𝑝 + 𝑞 = 𝑛) and 𝐾𝑛 to denote the path graph, star graph, cycle graph, complete bipartite
graph and complete graph on 𝑛 vertices, respectively.

This paper is scheduled as follows. In Section 2, we list some previously known results. In Section 3, we
determine the second maximal and the second minimal of the ISDD index of trees. In Section 4, we prove that
star gives the minimal and the complete bipartite graph 𝐾⌈𝑛

2 ⌉, ⌊
𝑛
2 ⌋ gives the maximal chain graphs of order 𝑛.

In Section 5, the turan graph gives the maximal graph with respect to the ISDD index for any simple graph of
order 𝑛 with chromatic number 𝑘. In Section 6, we give concluding remarks with future works.

2. Preliminaries

We provide a list of some previously known results that are necessary for the following three sections.

Lemma 2.1 ([28]). Let 𝑝 > 0 and 𝑏𝑘, 𝑦𝑘 > 0 for 1 ≤ 𝑘 ≤ 𝑟. Then

𝑟∑︁
𝑘=1

𝑦𝑝+1
𝑘

𝑏𝑝
𝑘

≥
(
∑︀𝑟

𝑘=1 𝑦𝑘)𝑝+1

(
∑︀𝑟

𝑘=1 𝑏𝑘)𝑝

with equality iff 𝑦1
𝑏1

= 𝑦2
𝑏2

= · · · = 𝑦𝑟

𝑏𝑟
.
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Lemma 2.2. The weighted AM-HM inequality relates the weighted arithmetic and harmonic means. It states
that for any list of weights 𝑎1, 𝑎2, . . . , 𝑎𝑛 ≥ 0 such that 𝑎1 + 𝑎2 + · · ·+ 𝑎𝑛 = 𝑎,

𝑎1 𝑦1 + 𝑎2 𝑦2 + · · ·+ 𝑎𝑛 𝑦𝑛

𝑎
≥ 𝑎

𝑎1
𝑦1

+ 𝑎2
𝑦2

+ · · ·+ 𝑎𝑛

𝑦𝑛

with equality iff 𝑦1 = 𝑦2 = · · · = 𝑦𝑛.

The following conclusion is obtained from the proof of Theorem 2.3 in [7].

Lemma 2.3 ([7]). Let 𝑣𝑖𝑣𝑗 be any edge in Γ with 𝑑𝑖 ≥ 𝑑𝑗. Then

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≥ ∆ 𝛿

∆2 + 𝛿2
,

where ∆ is the maximum degree and 𝛿 is the minimum degree in Γ. Moreover, the equality holds iff (𝑑𝑖, 𝑑𝑗) =
(∆, 𝛿).

Lemma 2.4. Let 𝑣𝑖𝑣𝑗 be any edge in Γ with 𝑑𝑖 ≥ 𝑑𝑗. Then

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ 1
2

with equality iff 𝑑𝑖 = 𝑑𝑗.

Proof. Since (𝑑𝑖 − 𝑑𝑗)2 ≥ 0, we obtain
𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ 1
2
·

Moreover, the equality holds iff 𝑑𝑖 = 𝑑𝑗 . �

From the above result, we obtain the maximum value of 𝑑𝑖 𝑑𝑗

𝑑2
𝑖 +𝑑2

𝑗
is 1/2. So now we want to find the second

maximum value of 𝑑𝑖 𝑑𝑗

𝑑2
𝑖 +𝑑2

𝑗
in the following result:

Lemma 2.5. Let 𝑣𝑖𝑣𝑗 be any edge in Γ with 𝑑𝑖 > 𝑑𝑗. Then

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ ∆ (∆− 1)
∆2 + (∆− 1)2

,

where ∆ is the maximum degree of graph Γ. Moreover, the equality holds iff 𝑑𝑖 = ∆ and 𝑑𝑗 = ∆− 1.

Proof. Let 𝑣𝑖𝑣𝑗 be any edge in Γ such that 𝑑𝑖 > 𝑑𝑗 . Since ∆ is the maximum degree in Γ and 𝑑𝑖 > 𝑑𝑗 , we obtain

(𝑑𝑖 − 𝑑𝑗) ∆ ≥ 𝑑𝑖, that is,
𝑑𝑖

𝑑𝑗
≥ ∆

∆− 1

with equality iff 𝑑𝑖 = ∆ and 𝑑𝑗 = ∆− 1. From the above, we obtain√︃
𝑑𝑖

𝑑𝑗
≥
√︂

∆
∆− 1

and
√︂

𝑑𝑗

𝑑𝑖
≤
√︂

∆− 1
∆

,

that is, √︃
𝑑𝑖

𝑑𝑗
−
√︂

𝑑𝑗

𝑑𝑖
≥
√︂

∆
∆− 1

−
√︂

∆− 1
∆

,
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that is, (︃√︃
𝑑𝑖

𝑑𝑗
−
√︂

𝑑𝑗

𝑑𝑖

)︃2

≥

(︃√︂
∆

∆− 1
−
√︂

∆− 1
∆

)︃2

,

that is,
𝑑𝑖

𝑑𝑗
+

𝑑𝑗

𝑑𝑖
≥ ∆

∆− 1
+

∆− 1
∆

,

that is,
𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ ∆ (∆− 1)
∆2 + (∆− 1)2

·

Moreover, the equality holds iff 𝑑𝑖 = ∆ and 𝑑𝑗 = ∆− 1. �

3. ISDD index on trees

Recall that DS𝑟,𝑡 (𝑟 + 𝑡 = 𝑛− 2, 𝑟 ≥ 𝑡 ≥ 1), a double star of order 𝑛, obtained from joining the center of two
stars 𝑆𝑟+1 and 𝑆𝑡+1. We now give a lower bound on ISDD in terms of 𝑛 of any tree 𝑇 (� 𝑆𝑛) and characterize
the corresponding extremal graphs.

Theorem 3.1. Let 𝑇 (� 𝑆𝑛) be a tree of order 𝑛. Then

ISDD(𝑇 ) ≥ (𝑛− 2) (𝑛− 3)
(𝑛− 2)2 + 1

+
2
5

+
2 (𝑛− 2)

(𝑛− 2)2 + 4

with equality iff 𝑇 ∼= DS𝑛−3,1.

Proof. Let ∆ be the maximum degree in tree 𝑇 . Since 𝑇 � 𝑆𝑛, we have ∆ ≤ 𝑛 − 2. Let 𝑑 be the diameter of
tree 𝑇 . We have 𝑑 ≥ 3. We take into account the next two scenarios:

Case 1. 𝑑 = 3. In this case 𝑇 ∼= DS𝑟,𝑡 (𝑟 + 𝑡 = 𝑛− 2, 𝑟 ≥ 𝑡 ≥ 1). Now,

ISDD(DS𝑟,𝑡) =
(𝑟 + 1) 𝑟

(𝑟 + 1)2 + 1
+

(𝑡 + 1) 𝑡

(𝑡 + 1)2 + 1
+

(𝑟 + 1) (𝑡 + 1)
(𝑟 + 1)2 + (𝑡 + 1)2

=
(𝑛− 𝑡− 1) (𝑛− 𝑡− 2)

(𝑛− 𝑡− 1)2 + 1
+

(𝑡 + 1) 𝑡

(𝑡 + 1)2 + 1
+

(𝑛− 𝑡− 1) (𝑡 + 1)
(𝑛− 𝑡− 1)2 + (𝑡 + 1)2

· (1)

Let us consider a function

ℎ(𝑦) =
(𝑛− 𝑦 − 1) (𝑛− 𝑦 − 2)

(𝑛− 𝑦 − 1)2 + 1
+

(𝑦 + 1) 𝑦

(𝑦 + 1)2 + 1
+

(𝑛− 𝑦 − 1) (𝑦 + 1)
(𝑛− 𝑦 − 1)2 + (𝑦 + 1)2

, 1 ≤ 𝑦 ≤
⌊︁𝑛

2

⌋︁
− 1.

Then we have

ℎ′(𝑦) = − (𝑛− 𝑦 − 1) (𝑛− 𝑦 + 1)− 1
[(𝑛− 𝑦 − 1)2 + 1]2

+
(𝑦 + 1)2 + 2(𝑦 + 1)− 1

[(𝑦 + 1)2 + 1]2
+

𝑛2 (𝑛− 2𝑦 − 2)
[(𝑛− 𝑦 − 1)2 + (𝑦 + 1)2]2

≥ −𝑎 (𝑎 + 2)− 1
(𝑎2 + 1)2

+
𝑏2 + 2𝑏− 1
(𝑏2 + 1)2

, (2)

where 𝑎 = 𝑛− 𝑦 − 1 and 𝑏 = 𝑦 + 1. Since 1 ≤ 𝑦 ≤ ⌊𝑛
2 ⌋ − 1, one can easily see that 𝑎 ≥ ⌈𝑛

2 ⌉ ≥ ⌊𝑛
2 ⌋ ≥ 𝑏 ≥ 2.

Now we have to prove that
𝑏2 + 2𝑏− 1
(𝑏2 + 1)2

≥ 𝑎 (𝑎 + 2)− 1
(𝑎2 + 1)2

,
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that is, (︀
𝑏2 + 2𝑏− 1

)︀ (︀
𝑎4 + 2𝑎2 + 1

)︀
≥
(︀
𝑎2 + 2𝑎− 1

)︀ (︀
𝑏4 + 2𝑏2 + 1

)︀
,

that is, (︀
𝑎2 − 𝑏2

)︀ (︀
𝑎2𝑏2 − 𝑎2 − 𝑏2 − 3

)︀
+ 2(𝑎− 𝑏)

[︀
𝑎𝑏
(︀
𝑎2 + 𝑎𝑏 + 𝑏2 + 2

)︀
− 1
]︀
≥ 0,

which is true as 𝑎 ≥ 𝑏 ≥ 2. From (2), we have ℎ′(𝑦) ≥ 0 for 1 ≤ 𝑦 ≤ ⌊𝑛
2 ⌋ − 1. Therefore ℎ(𝑦) is an increasing

function on 1 ≤ 𝑦 ≤ ⌊𝑛
2 ⌋ − 1 and hence

ℎ(𝑦) ≥ ℎ(1) =
(𝑛− 2) (𝑛− 3)
(𝑛− 2)2 + 1

+
2
5

+
2 (𝑛− 2)

(𝑛− 2)2 + 4

with equality iff 𝑦 = 1. Using this result in (1), we obtain

ISDD(DS𝑟,𝑡) =
(𝑛− 𝑡− 1) (𝑛− 𝑡− 2)

(𝑛− 𝑡− 1)2 + 1
+

(𝑡 + 1) 𝑡

(𝑡 + 1)2 + 1
+

(𝑛− 𝑡− 1) (𝑡 + 1)
(𝑛− 𝑡− 1)2 + (𝑡 + 1)2

≥ (𝑛− 2) (𝑛− 3)
(𝑛− 2)2 + 1

+
2
5

+
2 (𝑛− 2)

(𝑛− 2)2 + 4
= ISDD(DS𝑛−3,1).

Moreover, the equality holds iff 𝑡 = 1, that is, iff 𝑇 ∼= DS𝑛−3,1.
Case 2. 𝑑 ≥ 4. Let 𝑃𝑑+1 : 𝑣1𝑣2 . . . 𝑣𝑑𝑣𝑑+1 be a diametral path in tree 𝑇 . Without loss of generality, we can

assume that 𝑑2 ≤ 𝑑𝑑. We have 2 ≤ 𝑑2 ≤ 𝑛−1
2 . Let 𝑆 = {𝑣2𝑣𝑖 ∈ 𝐸(𝑇 ) : 𝑣𝑖 ∈ 𝑁𝑇 (𝑣2)}. Then |𝑆| = 𝑑2. Now,

∑︁
𝑣𝑖:𝑣2𝑣𝑖∈𝑆,

𝑑𝑖=1

𝑑2 𝑑𝑖

𝑑2
2 + 𝑑2

𝑖

=
𝑑2 (𝑑2 − 1)

𝑑2
2 + 1

·

Since 2 ≤ 𝑑2, 𝑑3 < 𝑛− 2, by Lemma 2.3, we obtain

𝑑2 𝑑3

𝑑2
2 + 𝑑2

3

>
2 (𝑛− 2)

(𝑛− 2)2 + 4
·

Let 𝑣𝑘 ∈ (𝑉 (𝑇 )∖𝑁𝑇 [𝑣2]) ∪ {𝑣3} be a vertex in 𝑇 . Then 𝑑𝑘 ≤ 𝑛 − 𝑑2 − 1. For any edge 𝑣𝑖𝑣𝑗 ∈ 𝐸(𝑇 )∖𝑆 with
1 ≤ 𝑑𝑗 , 𝑑𝑖 ≤ 𝑛− 𝑑2 − 1, by Lemma 2.3, we obtain

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≥ (𝑛− 𝑑2 − 1)
(𝑛− 𝑑2 − 1)2 + 1

and hence ∑︁
𝑣𝑖𝑣𝑗∈𝐸(𝑇 )∖𝑆

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≥ (𝑛− 𝑑2 − 1)2

(𝑛− 𝑑2 − 1)2 + 1
·

Now,

ISDD(𝑇 ) =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝑇 )

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

=
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝑇 )∖𝑆

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

+
𝑑2 𝑑3

𝑑2
2 + 𝑑2

3

+
∑︁

𝑣𝑖:𝑣2𝑣𝑖∈𝑆,
𝑑𝑖=1

𝑑2 𝑑𝑖

𝑑2
2 + 𝑑2

𝑖

>
(𝑛− 𝑑2 − 1)2

(𝑛− 𝑑2 − 1)2 + 1
+

2 (𝑛− 2)
(𝑛− 2)2 + 4

+
𝑑2 (𝑑2 − 1)

𝑑2
2 + 1

· (3)
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Let us consider a function

𝑓(𝑦) =
(𝑛− 𝑦 − 1)2

(𝑛− 𝑦 − 1)2 + 1
+

𝑦 (𝑦 − 1)
𝑦2 + 1

, 2 ≤ 𝑦 ≤ 𝑛− 1
2

·

Then

𝑓 ′(𝑦) =
𝑦2 + 2𝑦 − 1
(𝑦2 + 1)2

− 2 (𝑛− 𝑦 − 1)
[(𝑛− 𝑦 − 1)2 + 1]2

>
𝑦2 + 2𝑦 − 1
(𝑦2 + 1)2

− 2
(𝑛− 𝑦 − 1)3

> 0,

as 2 ≤ 𝑦 ≤ 𝑛−1
2 . Therefore 𝑓(𝑦) is a strictly increasing function on 2 ≤ 𝑦 ≤ 𝑛−1

2 , and hence

𝑓(𝑦) ≥ 𝑓(2) =
(𝑛− 3)2

(𝑛− 3)2 + 1
+

2
5

>
(𝑛− 3) (𝑛− 2)
(𝑛− 2)2 + 1

+ 0.4

as 𝑛 ≥ 𝑑 + 1 ≥ 5. Using this result in (3), we obtain

ISDD(𝑇 ) >
(𝑛− 3) (𝑛− 2)
(𝑛− 2)2 + 1

+
2 (𝑛− 2)

(𝑛− 2)2 + 4
+ 0.4 = ISDD(DS𝑛−3,1).

�

Let 𝑇𝑛,𝑖 (2 ≤ 𝑖 ≤ 𝑛− 2) be a tree of order 𝑛 obtained from a path 𝑃𝑛−1 : 𝑣1𝑣2 · · · 𝑣𝑖 · · · 𝑣𝑛−2𝑣𝑛−1 by attaching
a new pendant edge 𝑣𝑖𝑣𝑛 at 𝑣𝑖. Let 𝑇𝑎,𝑏,𝑐 (𝑎 ≥ 𝑏 ≥ 𝑐 ≥ 2, 𝑎 + 𝑏 + 𝑐 = 𝑛− 1) be a tree of order 𝑛 obtained from
three paths 𝑃𝑎, 𝑃𝑏 and 𝑃𝑐 by attaching a new vertex to the exactly one pendant vertex of each of these three
paths. We have

ISDD(𝑇𝑎,𝑏,𝑐) =
𝑛− 2

2
+

11
130

·

Theorem 3.2. Let 𝑇 (� 𝑃𝑛) be a tree of order 𝑛 > 6. Then ISDD(𝑇 ) ≤ 𝑛−2
2 + 11

130 with equality iff 𝑇 ∼= 𝑇𝑎,𝑏,𝑐.

Proof. Let ∆ be the maximum degree and 𝑝 be the number of pendant vertices in 𝑇 . We have 𝑝 ≥ ∆ ≥ 3 as
𝑇 � 𝑃𝑛.

Claim 1. For any pendant edge 𝑣𝑖𝑣𝑗 ∈ 𝐸(𝑇 ) (𝑑𝑖 > 𝑑𝑗),

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ 0.4 (4)

with equality iff 𝑑𝑖 = 𝑑𝑗 + 1 = 2.

Proof of Claim 1. Since 𝑣𝑖𝑣𝑗 is an pendant edge with 𝑑𝑖 > 𝑑𝑗 , we have 𝑑𝑖 ≥ 2 and 𝑑𝑗 = 1. For 𝑑𝑖 = 𝑑𝑗 + 1 = 2,
the equality holds in (4). Otherwise, 𝑑𝑖 ≥ 3. Since 𝑑𝑗 = 1, we obtain

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

=
𝑑𝑖

𝑑2
𝑖 + 1

<
1
𝑑𝑖

< 0.4

as 𝑑𝑖 ≥ 3. This proves the Claim 1. �

If 𝑝 ≥ 5, then by Lemma 2.4 with Claim 1, we obtain

ISDD(𝑇 ) ≤ 1
2

(𝑛− 6) + 5× 0.4 =
𝑛− 2

2
<

𝑛− 2
2

+
11
130

= ISDD(𝑇𝑎,𝑏,𝑐).

Otherwise, 3 ≤ 𝑝 ≤ 4. We take into account the next two scenarios:
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Case 1. 𝑝 = 3. If 𝑇 ∼= 𝑇𝑎,𝑏,𝑐, then

ISDD(𝑇 ) =
𝑛− 2

2
+

11
130

and hence the equality holds. Otherwise, 𝑇 ∼= 𝑇𝑛,𝑖 (2 ≤ 𝑖 ≤ 𝑛− 2). For 𝑇 ∼= 𝑇𝑛,2 (or 𝑇𝑛,𝑛−2), we obtain

ISDD(𝑇 ) =
𝑛− 5

2
+ 0.4 + 0.3× 2 +

6
13

<
𝑛− 2

2
+

11
130

= ISDD(𝑇𝑎,𝑏,𝑐).

For 𝑇 ∼= 𝑇𝑛,𝑖 (3 ≤ 𝑖 ≤ 𝑛− 3), we obtain

ISDD(𝑇 ) =
𝑛− 6

2
+ 0.4× 2 + 0.3 +

6
13
× 2 <

𝑛− 2
2

+
11
130

= ISDD(𝑇𝑎,𝑏,𝑐).

Case 2. 𝑝 = 4. In this case ∆ ≤ 𝑝 = 4. First we assume that Γ has a pendant edge 𝑣𝑖𝑣𝑗 ∈ 𝐸(Γ) with 𝑑𝑖 ≥ 3
and 𝑑𝑗 = 1. Then (𝑑𝑖 − 3) (3𝑑𝑖 − 1) ≥ 0, that is, 3𝑑2

𝑖 + 3 ≥ 10𝑑𝑖, that is,

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

=
𝑑𝑖

𝑑2
𝑖 + 1

≤ 0.3.

Using the above result with Claim 1, we obtain

ISDD(𝑇 ) ≤ 1
2

(𝑛− 5) + 3× 0.4 + 0.3 =
𝑛− 2

2
<

𝑛− 2
2

+
11
130

= ISDD(𝑇𝑎,𝑏,𝑐).

Next we assume that Γ has all the four pendant edges 𝑣𝑖𝑣𝑗 ∈ 𝐸(Γ) such that (𝑑𝑖, 𝑑𝑗) = (2, 1). In this case,
there are at least one non-pendant edge 𝑣𝑖𝑣𝑗 ∈ 𝐸(Γ) such that 𝑑𝑖 > 𝑑𝑗 > 1. Since 3 ≤ ∆ ≤ 4, by Lemma 2.5,
we obtain

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ max
{︂

6
13

,
12
25

}︂
= 0.48.

Hence

ISDD(𝑇 ) ≤ 1
2

(𝑛− 6) + 4× 0.4 + 0.48 =
𝑛− 2 + 0.16

2
<

𝑛− 2
2

+
11
130

= ISDD(𝑇𝑎,𝑏,𝑐).

�

Remark 3.3. From Theorems 3.1 and 3.2, we conclude that DS𝑛−3,1 gives the second minimum and 𝑇𝑎,𝑏,𝑐

gives the second maximum inverse symmetric division deg index for all trees of order 𝑛.

4. ISDD index of chain graphs

A graph with no induced subgraph isomorphic to 𝐶3, 𝐶5 or 2𝐾2 is called a chain graph. In any chain graph
Γ of order 𝑛, its vertex set consists of two color classes (or co-cliques). Each of these two classes are partitioned
into 𝑘 non-empty cells 𝑈1, 𝑈2, . . . , 𝑈𝑘 and 𝑉1, 𝑉2, . . . , 𝑉𝑘, respectively; all vertices in 𝑈𝑖 are joined by (cross)
edges to all vertices in

⋃︀𝑘+1−𝑖
𝑗=1 𝑉𝑗 for 𝑖 = 1, 2, . . . , 𝑘. The chain graph is also termed as double nested graph

(DNG) [4], difference graph [26], and Ferrers graph [14].
We give an upper bound on ISDD(Γ) in terms of 𝑛 of chain graphs and the corresponding topological structure

of the extremal graph is characterized.

Theorem 4.1. Let Γ be a chain graph of order 𝑛. Then ISDD(Γ) ≤ ⌈𝑛
2 ⌉

2 ⌊𝑛
2 ⌋

2

⌈𝑛
2 ⌉2+⌊

𝑛
2 ⌋2

with equality iff Γ ∼= 𝐾⌈𝑛
2 ⌉, ⌊

𝑛
2 ⌋.

Proof. We take into account the next two scenarios:
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Case 1. ℎ = 1. In this case Γ ∼= 𝐾𝑟,𝑡 (𝑟 + 𝑡 = 𝑛, 𝑟 ≥ 𝑡). From the definition of the inverse symmetric division
deg index, we obtain

ISDD(Γ) =
𝑟 𝑡

𝑟2 + 𝑡2
𝑟 𝑡 =

𝑟2 𝑡2

𝑟2 + 𝑡2
=

(𝑛− 𝑡)2 𝑡2

(𝑛− 𝑡)2 + 𝑡2
·

Let us consider a function

ℎ(𝑦) =
(𝑛− 𝑦)2 𝑦2

(𝑛− 𝑦)2 + 𝑦2
, 𝑦 ≤

⌊︁𝑛

2

⌋︁
·

Then we have

ℎ′(𝑦) =
2𝑦 (𝑛− 𝑦)

[︀
(𝑛− 𝑦)3 − 𝑦3

]︀
[(𝑛− 𝑦)2 + 𝑦2]2

·

Thus ℎ(𝑦) is an increasing function on 𝑦 ≤ 𝑛
2 and a decreasing function on 𝑦 ≥ 𝑛

2 . Hence

ℎ(𝑦) ≤ max
{︁

ℎ
(︁⌈︁𝑛

2

⌉︁)︁
, ℎ
(︁⌊︁𝑛

2

⌋︁)︁}︁
=

⌈︀
𝑛
2

⌉︀2 ⌊︀𝑛
2

⌋︀2⌈︀
𝑛
2

⌉︀2 +
⌊︀

𝑛
2

⌋︀2
with equality iff 𝑦 = ⌈𝑛

2 ⌉ or 𝑦 = ⌊𝑛
2 ⌋.

From the above results, we conclude that ISDD(Γ) ≤ ⌈𝑛
2 ⌉

2 ⌊𝑛
2 ⌋

2

⌈𝑛
2 ⌉2+⌊

𝑛
2 ⌋2

with equality iff Γ ∼= 𝐾⌈𝑛
2 ⌉, ⌊

𝑛
2 ⌋.

Case 2. ℎ ≥ 2. Let 𝑚 be the number of edges in Γ. Since ℎ ≥ 2, we have 𝑚 < ⌈𝑛
2 ⌉ ⌊

𝑛
2 ⌋, that is, 𝑚 ≤ ⌈𝑛

2 ⌉ ⌊
𝑛
2 ⌋−1.

First we assume that 𝑛 is even (𝑛 = 2𝑠, say). Then by Lemma 2.4, we obtain

𝑑𝑖𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ 1
2

=

⌈︀
𝑛
2

⌉︀ ⌊︀
𝑛
2

⌋︀⌈︀
𝑛
2

⌉︀2 +
⌊︀

𝑛
2

⌋︀2 for any edge 𝑣𝑖𝑣𝑗 ∈ 𝐸(Γ)

with equality iff 𝑑𝑖 = 𝑑𝑗 . Using these results, one can see easily that

ISDD(Γ) =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(Γ)

𝑑𝑖𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ 𝑚

⌈︀
𝑛
2

⌉︀ ⌊︀
𝑛
2

⌋︀⌈︀
𝑛
2

⌉︀2 +
⌊︀

𝑛
2

⌋︀2 <

⌈︀
𝑛
2

⌉︀2 ⌊︀𝑛
2

⌋︀2⌈︀
𝑛
2

⌉︀2 +
⌊︀

𝑛
2

⌋︀2 ·
Next we assume that 𝑛 is odd, 𝑛 = 2𝑠 + 1, say. By Lemma 2.4, we obtain

ISDD(Γ) =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(Γ)

𝑑𝑖𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ 𝑚

2
≤ 1

2

(︁⌈︁𝑛

2

⌉︁ ⌊︁𝑛

2

⌋︁
− 1
)︁
.

Now we have to prove that
1
2

(︁⌈︁𝑛

2

⌉︁ ⌊︁𝑛

2

⌋︁
− 1
)︁

<

⌈︀
𝑛
2

⌉︀2 ⌊︀𝑛
2

⌋︀2⌈︀
𝑛
2

⌉︀2 +
⌊︀

𝑛
2

⌋︀2 ,

that is,
1
2

(𝑠 (𝑠 + 1)− 1) <
𝑠2 (𝑠 + 1)2

(𝑠 + 1)2 + 𝑠2
,

that is,
2𝑠2 (𝑠 + 1)2 − 𝑠 (𝑠 + 1)3 − 𝑠3 (𝑠 + 1) + (𝑠 + 1)2 + 𝑠2 > 0,

that is,
𝑠2 + 𝑠 + 1 > 0,
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which is always true. Therefore

ISDD(Γ) <

⌈︀
𝑛
2

⌉︀2 ⌊︀𝑛
2

⌋︀2⌈︀
𝑛
2

⌉︀2 +
⌊︀

𝑛
2

⌋︀2
when 𝑛 is odd. �

We now obtain a sharp lower bound on ISDD(Γ) in terms of 𝑛 of chain graphs.

Theorem 4.2. Let Γ be a connected chain graph of order 𝑛. Then ISDD(Γ) ≥ (𝑛−1)2

(𝑛−1)2+1 with equality iff Γ ∼= 𝑆𝑛.

Proof. Let 𝑚 be the number of edges in chain graphs. Since Γ is connected, 𝑚 ≥ 𝑛− 1. Now, we have to prove
that for any edge 𝑣𝑖𝑣𝑗 ∈ 𝐸(Γ) (𝑑𝑖 ≥ 𝑑𝑗),

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≥ (𝑛− 1)
(𝑛− 1)2 + 1

,

that is,
𝑑𝑖

𝑑𝑗
+

𝑑𝑗

𝑑𝑖
≤ 𝑛− 1 +

1
𝑛− 1

,

that is, (︃√︃
𝑑𝑖

𝑑𝑗
−
√︂

𝑑𝑗

𝑑𝑖

)︃2

≤
(︂√

𝑛− 1− 1√
𝑛− 1

)︂2

,

which is true as 𝑑𝑖

𝑑𝑗
≤ 𝑛− 1, that is,

√︁
𝑑𝑖

𝑑𝑗
≤
√

𝑛− 1 and
√︁

𝑑𝑗

𝑑𝑖
≥ 1√

𝑛−1
, that is,√︃

𝑑𝑖

𝑑𝑗
−
√︂

𝑑𝑗

𝑑𝑖
≤
√

𝑛− 1− 1√
𝑛− 1

·

Using the above results, we obtain

ISDD(Γ) =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(Γ)

𝑑𝑖𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≥ (𝑛− 1)
(𝑛− 1)2 + 1

𝑚 ≥ (𝑛− 1)2

(𝑛− 1)2 + 1
·

Moreover, the above equality holds iff 𝑚 = 𝑛− 1, and for any edge 𝑣𝑖𝑣𝑗 ∈ 𝐸(Γ) (𝑑𝑖 ≥ 𝑑𝑗),

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

=
(𝑛− 1)

(𝑛− 1)2 + 1
,

that is, iff Γ ∼= 𝑆𝑛. �

5. Upper bound on ISDD index of graphs in terms of order and chromatic
number

A 𝑘-partite graph is a set of graph vertices that is divided into 𝑘 disjoint sets such that no two graph vertices
from the same set are adjacent. A complete 𝑘-partite graph is a 𝑘-partite graph where every pair of graph vertices
in the 𝑘 sets are adjacent. If there are 𝑛1, 𝑛2, . . . , 𝑛𝑘 graph vertices in the 𝑘 sets, the complete 𝑘-partite graph
is denoted 𝐾𝑛1,𝑛2,...,𝑛𝑘

. The least number of colors required to color a graph’s vertices so that no two adjacent
vertices have the same color is known as the chromatic number. The Turán graph, denoted by 𝑇 (𝑛, 𝑘), is a
complete multipartite graph; it is formed by partitioning a set of 𝑛 vertices into 𝑘 subsets, with sizes as equal as
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possible, and then connecting two vertices by an edge iff they belong to different subsets. If 𝑛 = 𝑘𝑞 +𝑠, then the
Turán graph is of the form 𝐾𝑞 + 1, . . . , 𝑞 + 1⏟  ⏞  

𝑠

,𝑞, . . . , 𝑞⏟  ⏞  
𝑘−𝑠

. Suppose that 𝐻 ∼= 𝑇 (𝑘𝑞+𝑠, 𝑘) ∼= 𝐾𝑞 + 1, . . . , 𝑞 + 1⏟  ⏞  
𝑠

,𝑞, . . . , 𝑞⏟  ⏞  
𝑘−𝑠

.

Then
𝑉 (𝐻) = 𝑉1 ∪ 𝑉2 ∪ · · · ∪ 𝑉𝑘, 𝑉𝑖 ∩ 𝑉𝑗 = ∅ (𝑖 ̸= 𝑗),

and 𝑣𝑖𝑣𝑗 ∈ 𝐸(𝐻), where 𝑣𝑖 ∈ 𝑉𝑟, 𝑣𝑗 ∈ 𝑉𝑡 (1 ≤ 𝑟 ̸= 𝑡 ≤ 𝑘). Moreover, 𝑑𝑖 = 𝑛− 𝑞 − 1 for 𝑣𝑖 ∈ 𝑉𝑟 (1 ≤ 𝑟 ≤ 𝑠) and
𝑑𝑖 = 𝑛− 𝑞 for 𝑣𝑖 ∈ 𝑉𝑟 (𝑠 + 1 ≤ 𝑟 ≤ 𝑘). Let 𝑆1, 𝑆2, 𝑆3 be the three set of edges in 𝐻 defined by

𝑆1 = {𝑣𝑖𝑣𝑗 ∈ 𝐸(𝐻) : 𝑣𝑖 ∈ 𝑉𝑟, 𝑣𝑗 ∈ 𝑉𝑡, 1 ≤ 𝑟 ̸= 𝑡 ≤ 𝑠},
𝑆2 = {𝑣𝑖𝑣𝑗 ∈ 𝐸(𝐻) : 𝑣𝑖 ∈ 𝑉𝑟, 𝑣𝑗 ∈ 𝑉𝑡, 𝑠 + 1 ≤ 𝑟 ̸= 𝑡 ≤ 𝑘},

and 𝑆3 = {𝑣𝑖𝑣𝑗 ∈ 𝐸(𝐻) : 𝑣𝑖 ∈ 𝑉𝑟, 𝑣𝑗 ∈ 𝑉𝑡, 1 ≤ 𝑟 ≤ 𝑠, 𝑠 + 1 ≤ 𝑡 ≤ 𝑘}.

Since the number of edges from the set 𝑉𝑟 to the set 𝑉𝑡 (1 ≤ 𝑟 ̸= 𝑡 ≤ 𝑠) in 𝐻 is (𝑞 + 1)2. Thus we have

|𝑆1| =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝐻),

𝑣𝑖∈𝑉𝑟,𝑣𝑗∈𝑉𝑡,1≤𝑟 ̸=𝑡≤𝑠

1 =
(︂

𝑠

2

)︂
(𝑞 + 1)2.

Similarly, we obtain

|𝑆2| =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝐻),

𝑣𝑖∈𝑉𝑟,𝑣𝑗∈𝑉𝑡,𝑠+1≤𝑟 ̸=𝑡≤𝑘

1 =
(︂

𝑘 − 𝑠

2

)︂
𝑞2, and |𝑆3| =

∑︁
𝑣𝑖𝑣𝑗∈𝐸(𝐻),

𝑣𝑖∈𝑉𝑟,𝑣𝑗∈𝑉𝑡,1≤𝑟≤𝑠,𝑠+1≤𝑡≤𝑘

1 = 𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1).

Let 𝑚(𝐻) be the number of edges in 𝐻. Then

𝑚(𝐻) = |𝑆1|+ |𝑆2|+ |𝑆3| =
(︂

𝑠

2

)︂
(𝑞 + 1)2 +

(︂
𝑘 − 𝑠

2

)︂
𝑞2 + 𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1).

Now,

ISDD(𝐻) =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝐻)

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

=
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝐻),

𝑣𝑖∈𝑉𝑟,𝑣𝑗∈𝑉𝑡,1≤𝑟 ̸=𝑡≤𝑠

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

+
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝐻),

𝑣𝑖∈𝑉𝑟,𝑣𝑗∈𝑉𝑡,𝑠+1≤𝑟 ̸=𝑡≤𝑘

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

+
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝐻),

𝑣𝑖∈𝑉𝑟,𝑣𝑗∈𝑉𝑡,1≤𝑟≤𝑠,𝑠+1≤𝑡≤𝑘

𝑑𝑖 𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

=
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝐻),

𝑣𝑖∈𝑉𝑟,𝑣𝑗∈𝑉𝑡,1≤𝑟 ̸=𝑡≤𝑠

1
2

+
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝐻),

𝑣𝑖∈𝑉𝑟,𝑣𝑗∈𝑉𝑡,𝑠+1≤𝑟 ̸=𝑡≤𝑘

1
2

+
∑︁

𝑣𝑖𝑣𝑗∈𝐸(𝐻),

𝑣𝑖∈𝑉𝑟,𝑣𝑗∈𝑉𝑡,1≤𝑟≤𝑠,𝑠+1≤𝑡≤𝑘

(𝑛− 𝑞 − 1) (𝑛− 𝑞)
(𝑛− 𝑞 − 1)2 + (𝑛− 𝑞)2

=
1
2

(︂
𝑠

2

)︂
(𝑞 + 1)2 +

1
2

(︂
𝑘 − 𝑠

2

)︂
𝑞2 +

(𝑛− 𝑞) (𝑛− 𝑞 − 1)
(𝑛− 𝑞)2 + (𝑛− 𝑞 − 1)2

𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1). (5)

We now present an upper bound on ISDD of graph Γ, and characterize the extremal graphs.
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Theorem 5.1. Let Γ be a graph of order 𝑛 with chromatic number 𝑘. Then

ISDD(Γ) ≤ ISDD(𝑇 (𝑛, 𝑘))

with equality iff Γ ∼= 𝑇 (𝑛, 𝑘).

Proof. Let 𝑚(Γ) be the number of edges in Γ. Since Γ has chromatic number 𝑘, we have Γ ⊆ 𝐾𝑛1,𝑛2,...,𝑛𝑘
, where

𝑛 = 𝑛1 +𝑛2 + · · ·+𝑛𝑘 (𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛𝑘). Then 𝑚(Γ) ≤ 𝑚(𝐾𝑛1,𝑛2,...,𝑛𝑘
). Again since Γ has chromatic number

𝑘 and order 𝑛, then there exists a positive integer 𝑞 such that 𝑛 = 𝑘𝑞 + 𝑠, where 0 ≤ 𝑠 ≤ 𝑘 − 1.

Claim 2. Let 𝐻1
∼= 𝐾𝑛1,𝑛2,...,𝑛𝑘

. Then 𝑚(𝐻1) ≤ 1
2

(︀
1− 1

𝑘

)︀
(𝑛2 − 𝑠2) +

(︀
𝑠
2

)︀
with equality iff 𝐻1

∼= 𝑇 (𝑛, 𝑘).

Proof of Claim 2. We take into account the next two scenarios:

Case 1. 𝐻1
∼= 𝑇 (𝑛, 𝑘). In this case we can assume that 𝐻1

∼= 𝐾𝑞 + 1, . . . , 𝑞 + 1⏟  ⏞  
𝑠

, 𝑞, . . . , 𝑞⏟  ⏞  
𝑘−𝑠

and 𝑛 = 𝑞𝑘 + 𝑠, where

0 ≤ 𝑠 < 𝑘. Thus we obtain

𝑚(𝐻1) =
(︂

𝑠

2

)︂
(𝑞 + 1)2 +

(︂
𝑘 − 𝑠

2

)︂
𝑞2 + 𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1).

Since 𝑞 = 𝑛−𝑠
𝑘 , after simplifying from the above result, we obtain

𝑚(𝐻1) =
1
2

(︂
1− 1

𝑘

)︂
(𝑛2 − 𝑠2) +

(︂
𝑠

2

)︂
and hence the equality holds.

Case 2. 𝐻1 � 𝑇 (𝑛, 𝑘). In this case there exist two positive integers 𝑖 and 𝑗 with 1 ≤ 𝑖 < 𝑗 ≤ 𝑘 such that
𝑛𝑖 − 𝑛𝑗 ≥ 2. Then one can easily check that

𝑚
(︀
𝐾𝑛1,...,𝑛𝑖,..., 𝑛𝑗 ,..., 𝑛𝑘

)︀
< 𝑚

(︀
𝐾𝑛1,...,𝑛𝑖−1,..., 𝑛𝑗+1,..., 𝑛𝑘

)︀
.

Apply the above result several times (if needed), we obtain

𝑚(𝐻) = 𝑚
(︀
𝐾𝑛1,...,𝑛𝑖,..., 𝑛𝑗 ,..., 𝑛𝑘

)︀
< 𝑚

(︀
𝐾𝑛1,...,𝑛𝑖−1,..., 𝑛𝑗+1,..., 𝑛𝑘

)︀
< · · · < 𝑚(𝑇 (𝑛, 𝑘)).

This completes the proof of Claim 2.

�

Let 𝑟 = 1
2

(︀
1− 1

𝑘

)︀
(𝑛2 − 𝑠2) +

(︀
𝑠
2

)︀
. From (5), we obtain

ISDD(𝑇 (𝑛, 𝑘)) =
1
2

(︂
𝑠

2

)︂
(𝑞 + 1)2 +

1
2

(︂
𝑘 − 𝑠

2

)︂
𝑞2 +

(𝑛− 𝑞) (𝑛− 𝑞 − 1)
(𝑛− 𝑞)2 + (𝑛− 𝑞 − 1)2

𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1).

If Γ ∼= 𝑇 (𝑛, 𝑘), then ISDD(Γ) = ISDD(𝑇 (𝑛, 𝑘)) and hence the equality holds. Otherwise, Γ � 𝑇 (𝑛, 𝑘). Then by
Claim 2, we obtain 𝑚(Γ) ≤ 𝑟 − 1. Since

𝑑Γ(𝑣𝑖) 𝑑Γ(𝑣𝑗)
𝑑Γ(𝑣𝑖)

2 + 𝑑Γ(𝑣𝑗)2
≤ 1

2
for any edge 𝑣𝑖𝑣𝑗 ∈ 𝐸(Γ),

we obtain
ISDD(Γ) ≤ 1

2
𝑚(Γ) ≤ 1

2
(𝑟 − 1). (6)

We take into account the next two scenarios:
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Case 1. 𝑠 = 0. In this case 𝑛 = 𝑘𝑞. Using the above results with Lemma 2.4, from the definition of the inverse
symmetric division deg index, we obtain

ISDD(Γ) =
∑︁

𝑣𝑖𝑣𝑗∈𝐸(Γ)

𝑑𝑖𝑑𝑗

𝑑2
𝑖 + 𝑑2

𝑗

≤ 1
2

𝑚(Γ) ≤ 1
2

(𝑟 − 1) =
1
2

[︂
𝑘(𝑘 − 1) 𝑞2

2
− 1
]︂

<
𝑘(𝑘 − 1) 𝑞2

4
= ISDD(𝑇 (𝑛, 𝑘)).

Case 2. 𝑠 ≥ 1. Since 𝑠 ≤ 𝑘 − 1, 𝑘 − 1 ≥ 𝑘 − 𝑠 and 2𝑞 ≥ 𝑞 + 1, we obtain

2𝑞2 (𝑘 − 1)2 ≥ 𝑞𝑠 (𝑞 + 1) (𝑘 − 𝑠).

Since 𝑛 = 𝑘𝑞 + 𝑠, we obtain

(𝑞(𝑘 − 1) + 𝑠)2 + (𝑞(𝑘 − 1) + 𝑠− 1)2 > 2𝑞2 (𝑘 − 1)2 ≥ 𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1),

that is,
(𝑛− 𝑞)2 + (𝑛− 𝑞 − 1)2 > 𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1),

that is,
𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1)

(𝑛− 𝑞)2 + (𝑛− 𝑞 − 1)2
< 1.

Using the above result with (5) and (6), we obtain

ISDD(𝑇 (𝑛, 𝑘))− ISDD(Γ) ≥ 1
2

(︂
𝑠

2

)︂
(𝑞 + 1)2 +

1
2

(︂
𝑘 − 𝑠

2

)︂
𝑞2 +

(𝑛− 𝑞) (𝑛− 𝑞 − 1)
(𝑛− 𝑞)2 + (𝑛− 𝑞 − 1)2

× 𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1)− 1
2

(𝑟 − 1)

=
1
2

[︂(︂
𝑠

2

)︂
(𝑞 + 1)2 +

(︂
𝑘 − 𝑠

2

)︂
𝑞2 + 𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1)

]︂
+
[︂

(𝑛− 𝑞) (𝑛− 𝑞 − 1)
(𝑛− 𝑞)2 + (𝑛− 𝑞 − 1)2

− 1
2

]︂
𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1)− 1

2
(𝑟 − 1)

=
1
2

[︂
1
2

(︂
1− 1

𝑘

)︂(︀
𝑛2 − 𝑠2

)︀
+
(︂

𝑠

2

)︂]︂
− 1

2
(𝑟 − 1)

−
[︂

1
2
− (𝑛− 𝑞) (𝑛− 𝑞 − 1)

(𝑛− 𝑞)2 + (𝑛− 𝑞 − 1)2

]︂
𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1)

=
1
2
− 𝑠 (𝑘 − 𝑠) 𝑞 (𝑞 + 1)

2 [(𝑛− 𝑞)2 + (𝑛− 𝑞 − 1)2]
> 0.

Hence ISDD(𝑇 (𝑛, 𝑘)) > ISDD(Γ). �

6. Concluding remarks

In this letter we determine the second maximal and the second minimal trees with respect to the inverse
symmetric division deg index (ISDD). We have established that the star gives the minimal and the complete
bipartite graph 𝐾⌈𝑛

2 ⌉, ⌊
𝑛
2 ⌋ gives the maximal graphs with respect to the inverse symmetric division deg index

(ISDD) among chain graphs of order 𝑛. Finally, we obtained that the Turán graph gives the maximal graph for
any graph of order 𝑛 with chromatic number 𝑘.

Future studies on inverse symmetric division deg index (ISDD) might focus on tight bounds for the bicyclic,
and tricyclic graphs with identifying extremal graphs.
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[10] K.C. Das, M. Matejić, E. Milovanović and I. Milovanović, Bounds for symmetric division deg index of graphs. Filomat 33
(2019) 683–698.

[11] K.C. Das, S.A. Mojallal and S. Sun, On the sum of the 𝑘 largest eigenvalues of graphs and maximal energy of bipartite graphs.
Linear Algebra Appl. 569 (2019) 175–194.

[12] K.C. Das, A. Alazemi and M. Andelic, On energy and Laplacian energy of chain graphs. Discrete Appl. Math. 284 (2020)
391–400.
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