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ON INVERSE SYMMETRIC DIVISION DEG INDEX OF GRAPHS

ZAHID RAzZA', LAXMAN SAHA? AND KINKAR CHANDRA Dag3*

Abstract. One of the 148 discrete Adria indices is the symmetric division deg (SDD) index. It was
developed about 13 years ago. Motivated by the success of the symmetric division deg index, Ghorbani
et al. recently proposed an inverse version of this index, which they called the ISDD index (Inverse
symmetric division deg index). The inverse symmetric division deg index (ISDD) of a graph I is defined
as follows:

did,
ISDD(T) = N
>

viv; €E(T)

where d; is the degree of the vertex v; in I'. In this paper, we determine the second maximal and
the second minimal trees with respect to the inverse symmetric division deg index (ISDD). We prove
that the star gives the minimal and the complete bipartite graph K r27, 12 gives the maximal graphs
with respect to the inverse symmetric division deg index (ISDD) among any chain graph of order n.
Moreover, the Turdn graph gives the maximal graph with respect to the ISDD index for any simple
graph of order n with chromatic number k. Finally, we give concluding remarks about future works.
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1. INTRODUCTION

Let T' = (V,E) be a simple graph having n vertices and m edges, where V(') = {v1,vq,...,v,} with
[V(T')| = n, |[E(T')| = m. The degree of the vertex v;, denoted by d;, is the number of edges incident to v;. In
particular, the maximum and minimum degrees of the graph I' are denoted by A(I") and §(I"), respectively. The
neighbor set of the vertex v; is denoted by Np(v;), that is, [Np(v;)| = d;. We write v;v; € E(T) if vertices v;
and v; are adjacent in I'. Let d;; be the shortest distance between vertices v; and v; in I'. Also let d be the
diameter in I', that is, d = maxi<j<j<n di;. A topological index I of a graph I' is the function defined on the
set of all graphs that satisfies the equation I(I') = I(H) whenever I' is isomorphic to H. The graph theoretic
definitions can be found in the book [5].

Particularly in QSPR/QSAR studies, molecular descriptors are crucial in mathematical chemistry. Among
them, the so-called topological descriptors occupy a special place. Nowadays, several topological indices exist
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with applications in chemistry. They can be categorised based on the structural properties of the graphs used
for their calculation. In the literature there were so many indices have been studied and their relation with
physical properties of the some chemical compounds. Therefore, the oldest and the most popular distance based
topological index, Wiener index [31] is based on the topological distance of the vertices of the corresponding
graph; the Hosoya index [24] is calculated by counting non-incident edges in a graph; energy [11,12,25] and
Estrada index [9,15,17] are based on the graphical spectrum; Randié connectivity index [29], Zagreb indices
[6,8,23], geometric-arithmetic index [13], atom-bond connectivity index [16,18,20], harmonic index [19] are cal-
culated using the degrees of vertices, etc. Very recently, some researchers studied on the degree based topological
indices in terms of graph parameters [1,27,32].

To enhance QSPR/QSAR studies, the authors of [30] investigated a new class of topological indices, the
“discrete Adriatic indices” consisting of 148 indices. The symmetric division deg (SDD) index is one of such
handful indices; for a graph I', the SDD index is defined as

SDD(M) = )

v;v; EE(T)

di + d3
did;

A rigorous multidimensional investigation of the SDD index has been carried out by Furtula et al. [21] and it
was found that SDD is a feasible and practical topological index. This index performed much better than that
of several other popular topological indices. Since then, there are so many paper specially related with SDD has
been published, see for example [3,10].

In response to the popularity of the SDD index, Ghorbani et al. [22] introduced the ISDD (inverse symmetric
division deg) index, which is the inverse version of the SDD index. The ISDD index of a graph I" is defned as
follows:

ISDDI) = Y did;

2 2’
viv; EE(T) dl + dj

The maximum and minimum trees of fixed order with respect to ISSD index have been characterized completely
in [22]. Albalahi and Ali [2] addressed the problem of finding the graphs having the largest and smallest ISDD
index from the set of all connected unicyclic graphs having the specified order. Throughout this paper we use
P, Sp, Cpn, Kpq(p+ ¢ = n) and K,, to denote the path graph, star graph, cycle graph, complete bipartite
graph and complete graph on n vertices, respectively.

This paper is scheduled as follows. In Section 2, we list some previously known results. In Section 3, we
determine the second maximal and the second minimal of the ISDD index of trees. In Section 4, we prove that
star gives the minimal and the complete bipartite graph Kz |» gives the maximal chain graphs of order n.
In Section 5, the turan graph gives the maximal graph with respect to the ISDD index for any simple graph of
order n with chromatic number k. In Section 6, we give concluding remarks with future works.

2. PRELIMINARIES
We provide a list of some previously known results that are necessary for the following three sections.

Lemma 2.1 ([28]). Let p > 0 and by, yr, > 0 for 1 <k <r. Then

T r +1
Z ?JZ—H > (Zk:l yk)p
by T (e )’
y

; ity off YL — Y2 — ... — Yr
with equality 1 b= b = =i
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Lemma 2.2. The weighted AM-HM inequality relates the weighted arithmetic and harmonic means. It states
that for any list of weights a1, aso, ..., a, > 0 such that a1 +as + -+ a, = a,

aly1+a2y2+"'+anyn> a

— a1 az an
a y1+yz+ +yn

with equality iff y1 =yo = = yp-
The following conclusion is obtained from the proof of Theorem 2.3 in [7].
Lemma 2.3 ([7]). Let v;vj be any edge in I' with d; > d;. Then

did; _ AS
di +d3 = A2 462

where A is the mazimum degree and § is the minimum degree in I'. Moreover, the equality holds iff (d;, d;) =

(A, 9).

Lemma 2.4. Let v;v; be any edge in I' with d; > d;. Then

d; d; 1
di +d3 ~— 2
with equality iff d; = d;.
Proof. Since (d; — dj)* > 0, we obtain
d; d; 1
< .
di +d3 2
Moreover, the equality holds iff d; = d;. O

From the above result, we obtain the maximum value of (12 is 1/2. So now we want to find the second
maximum value of d; T 52 in the following result:
Lemma 2.5. Let v;v; be any edge in I' with d; > d;. Then
d; d; < A(A-1)
di +d7 = A2+ (A-1)%

where A is the mazimum degree of graph I'. Moreover, the equality holds iff di = A and dj = A — 1.

Proof. Let v;v; be any edge in I' such that d; > d;. Since A is the maximum degree in I' and d; > d;, we obtain

d; A
; —d;j)A >d;, thatis, — >
(di —dj) A >d;, thatis, 4 A1

with equality iff d; = A and d; = A — 1. From the above, we obtain

fﬁw[ﬁ
oo T A

that is,
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that is,
2 2
d; [d; - \/ A \/ A-1
d; d; | — A—-1 A ’
that is,
d 4 A A1
di di ~ A-1 A
that is,
d; d; A(A-1)
d7 +di = A2+ (A —1)2
Moreover, the equality holds iff d; = A and d; = A — 1. O

3. ISDD INDEX ON TREES

Recall that DS,.; (r+t=n—2,r >t > 1), a double star of order n, obtained from joining the center of two
stars S,41 and Sy11. We now give a lower bound on ISDD in terms of n of any tree T' (2 S,,) and characterize
the corresponding extremal graphs.

Theorem 3.1. Let T (£ S,) be a tree of order n. Then

(n-=2)(n—3) 2 2(n—2)
SDD(T) = oo y1 "5 o214

with equality iff T = DS, _31.

Proof. Let A be the maximum degree in tree T'. Since T' 2 S,,, we have A < n — 2. Let d be the diameter of
tree T. We have d > 3. We take into account the next two scenarios:

Case 1. d =3. In thiscase T = DS, (r+t=n—2,r >t >1). Now,

o (r+Dr t+1)t (r+1)(t+1)
SDDDS:) = Coqe 1 T G2+ 1 T r e D2 4 (4 1)
(n—t-1)(n—t-2) t+1)t n—t-1)+1) 1)
 (n—t—1)2+1 (t+1)2+1  (n—t—1)24(t+1)2
Let us consider a function
_h—y-1DM-y-2)  (y+1y (n—y—-1)(y+1) ny
hly) = n—y—12+1 (y+1)24+1 (n—y—12+(y+1)2’ = SbJ L
Then we have
oy m—y—1m-—y+) -1 (g+1)?+2y+1) -1 n?(n—2y —2)
W (y) = 2 2 2
[(n—y—1)*+1] [(y+1)2+1] [(n—y =12+ (y+ 1)
Ca(@+2) -1 b +2b-1
- @17 @i’ )

where ¢ =n —y —1and b=y + 1. Since 1 <y < [§]| — 1, one can easily see that a > [5] > |5] > b > 2.
Now we have to prove that

b2 +2b—1 coal+2)—1

®»*+1* T (a2+1)?
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that is,
(b*+2b—1) (a* +2a° + 1) > (a® +2a — 1) (b* +2b° + 1),
that is,
(a®> = %) (a®b® —a® —b* —3) +2(a — b) [ab (a® + ab+b* +2) — 1] >0
which is true as a > b > 2. From (2), we have h'(y) > 0 for 1 <y < | 2] — 1. Therefore h(y) is an increasing
function on 1 <y < [%] — 1 and hence
n—=2)(n—3) 2 2(n—2)
h(y) > h(1) = -
W=2hW) =" =1 Y5t oo ta
with equality iff y = 1. Using this result in (1), we obtain
( —75—1)(n—t—2)+ (t+1)t n—t—-1)(t+1)
t+1)2+1 (n—t—1)2+(t+1)2

(n—t—12+1
n—2)(n—3) 2 2(n—2)
z — ISDD(DS,,_31).
m—22+1 5 (n-22+4 ( 3.1)
VU441 be a diametral patﬁ in tree T. Without loss of generality, we can

Moreover, the equality holds iff ¢ = 1, that is, iff T'= DS,,_31
L Vvg ... i
assume that do < dg. We have 2 < dy < ”?_1 Let S = {vov; € E(T) : v; € Nr(va)}. Then |S| = do. Now

Case 2. d > 4. Let Py
3 dyd; _dy(dy—1)
d3 + d? d3+1

vivgv, €S,

ISDD(DS, ;) =

=

Since 2 < ds, d3 < n — 2, by Lemma 2.3, we obtain
2(n—2)

da ds
dZ+d3 " (n—2)2+4
Let vy € (V(T)\Nr[vz]) U {vs} be a vertex in T. Then dj, < n — dy — 1. For any edge v;v; € E(T)\S with
1<dj, di <n—dy—1, by Lemma 2.3, we obtain
di dj (TL — d2 — ].)
F+d2 " (n—dy—1)>+1
and hence
di dj (n — dg — 1)2
2 Fra@Z dy— 12 +1
v €E(T\S ¢+ (n—dy—1)"+
Now,
d; d;
ISDD(T) = > 5
’Ui’UjEE(T) dz +d'7
d dj d2 d3 d/2 dz
- ¥ D>
2 2 72 2 72
viv; EE(T)\S ( + d d + d v ;’l%ilesv d2 + di
(n—dy —1)° L 20=2) | dy(da—1)
(n—2)2+4 d+1

> 2
(n—dg—l) +1
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Let us consider a function

m-y-1)> yy-1) n—1
= 2<y< :
1) (n—y—-12+1 3241~ =Y="
Then
f,(y):y2+2y—1_ 2(n—y—1) y 2y -1 2 .
W+1)°  (n-y-12+17" (2+1)° (-y-1>" "

as 2 <y < "7_1 Therefore f(y) is a strictly increasing function on 2 < y < "T_l, and hence

n—3)? n—3)(n—
f)z f) = P 2 BN g,

asn > d+ 1> 5. Using this result in (3), we obtain

n—3)(n—2) 2(n—2)

SDD(T) > o1 Y oo ta

+0.4 =ISDD(DS,_3.1).

O

Let T, (2 <i <n—2) be a tree of order n obtained from a path P,,_y : vivg---v; - - - vp_2v,_1 by attaching
a new pendant edge v;v,, at v;. Let Ty pc(a>b>c¢>2, a+b+c=n—1) be a tree of order n obtained from
three paths P,, P, and P. by attaching a new vertex to the exactly one pendant vertex of each of these three
paths. We have
n—2 11

ISDD(Ta’b’C) = T + ﬁ

Theorem 3.2. Let T (2 P,) be a tree of order n > 6. Then ISDD(T) < ”gQ + % with equality iff T = Topc-

Proof. Let A be the maximum degree and p be the number of pendant vertices in T. We have p > A > 3 as
T2 P,.

Claim 1. For any pendant edge v;v; € E(T) (d; > d;),

d; d;
<0.
Zrg =04 (4)

i J
with equality iff d; =d; +1 = 2.

Proof of Claim 1. Since v;v; is an pendant edge with d; > d;, we have d; > 2 and d; = 1. For d; =d; +1 =2,
the equality holds in (4). Otherwise, d; > 3. Since d; = 1, we obtain

d; d d 1
_ ~ <04
ErE B+l

as d; > 3. This proves the Claim 1. O
If p > 5, then by Lemma 2.4 with Claim 1, we obtain

2 p-2 11
(n—6)+5x04="""c 24 = _ISDD(T,s.).

ISDD(T) <
SDD(T) < 2 2 130

N |

Otherwise, 3 < p < 4. We take into account the next two scenarios:
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Case 1. p=3. If T =T, then
n—2 i 11
2 130
and hence the equality holds. Otherwise, T = T,,; (2<i<mn—2). For T =T, 5 (or T, ,—2), we obtain

ISDD(T) =

—5 6 n-2 11
ISDD(T) = "T +04+03 %2+ 1 < “ T + 135 = 1SDD(ZLiy5.).

For T=T,, (3 <i<n-—3), we obtain

6 n—2 11
+04%x24+0.3+ 3% 2<—5—+ 50~ ISDD(Tup,c)-

n—=6

ISDD(T) =

Case 2. p = 4. In this case A < p = 4. First we assume that I" has a pendant edge v,v; € E(I') with d; > 3
and d; = 1. Then (d; — 3) (3d; — 1) > 0, that is, 3d? + 3 > 10d;, that is,

d; d; d;
= <0.3.
di+dz d74+1 7

Using the above result with Claim 1, we obtain

n—2 n—2 11
5 < 5 +ﬁ—ISDD(Ta’b,C).

ISDD(T) < = (n—5) +3 x 0.4+ 0.3 =

DO =

Next we assume that I" has all the four pendant edges v;v; € E(I') such that (d;, d;) = (2,1). In this case,
there are at least one non-pendant edge v;v; € E(T") such that d; > d; > 1. Since 3 < A <4, by Lemma 2.5,

we obtain
d; d; 6 12
< —, — » = 0.48.
&1 & max{w’ 25} 048

Hence

2401 —2 11
n=24016 n=2 I epn,

ISDD(T) < .
(T) = 2 <3 130 be)

(n—6)+4x04+048 =

N | =

O

Remark 3.3. From Theorems 3.1 and 3.2, we conclude that DS, _3 1 gives the second minimum and T4 .
gives the second maximum inverse symmetric division deg index for all trees of order n.

4. ISDD INDEX OF CHAIN GRAPHS

A graph with no induced subgraph isomorphic to C3,C5 or 2K is called a chain graph. In any chain graph
I of order n, its vertex set consists of two color classes (or co-cliques). Each of these two classes are partitioned
into k non-empty cells Uy, Us, ..., Uy and Vi, Va, ..., Vi, respectively; all vertices in U; are joined by (cross)
edges to all vertices in Uf;l - V; for i = 1,2,...,k. The chain graph is also termed as double nested graph
(DNG) [4], difference graph [26], and Ferrers graph [14].

We give an upper bound on ISDD(T") in terms of n of chain graphs and the corresponding topological structure
of the extremal graph is characterized.

n12 | n (2
Theorem 4.1. Let T be a chain graph of order n. Then ISDD(T") < % with equality iff I' = Kz 2.

Proof. We take into account the next two scenarios:
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Case 1. h=1.In this case I' = K, ; (r+t =mn, r > t). From the definition of the inverse symmetric division
deg index, we obtain
rt r ¢? (n—1t)>t?

ISDD(T) = t— _ .
L e Bl (g B

Let us consider a function -
(n—y)*y n
S S A < |Z].
hly) (n—y)?+y?’ v= bJ
Then we have
Wiy = 20 —Y) [(n—9)® —v*]
[(n— )2+

Thus h(y) is an increasing function on y < % and a decreasing function on y > . Hence

o <31 3]} - AEELE

171\3

with equality iff y = [§] or y = [5].

From the above results, we conclude that ISDD(T") < % with equality iff I' = Kiny | n ).

Case 2. h > 2. Let m be the number of edges in I'. Since h > 2, we have m < [§] |5 ], thatis, m < [5] [§] —1.
First we assume that n is even (n = 2s, say). Then by Lemma 2.4, we obtain

didj 1 _ [5113)
Erd T 3P+ g)

with equality iff d; = d;. Using these results, one can see easily that

—_

for any edge v;v; € E(I)

d;d; (2] 2] (217 [2)°
ISDD(T") = <m .
R D AT T L

Next we assume that n is odd, n = 2s + 1, say. By Lemma 2.4, we obtain

ISDD(I) = Y

Now we have to prove that

n 27
2 2J
that is,
1 52 (s+1)2
= 1)—-1
) -1 < 2
that is,
252 (s+1)2—s(s+1)3 =3 (s+ 1)+ (s+1)2+s2>0,
that is,

24 s5+1>0,



ON ISDD INDEX OF GRAPHS 3231

which is always true. Therefore
I—ﬁ
ISDD(I') < 77
2

when n is odd. O
We now obtain a sharp lower bound on ISDD(T") in terms of n of chain graphs.

Theorem 4.2. Let T be a connected chain graph of order n. Then ISDD(T") > % with equality iff T =2 S,,.

Proof. Let m be the number of edges in chain graphs. Since I' is connected, m > n — 1. Now, we have to prove
that for any edge v;v; € E(T) (d; > d;),
di dj (n — 1)
> ?
;i +di — (n—1)2+1

that is,

that is,

which is true as g—; <n —1, that is, ,/g—; <+vn-—1and Va2 \/%, that is,

[4, 4 1
AN e R I
d; 4 =" Vn—1

Using the above results, we obtain

d;d; (n—1) (n—1)2
ISDD(I') = > > .
SDD(T) 2(1“) d?+d§_(n—1)2+lm_(n—1)2+1
Vivj

Moreover, the above equality holds iff m =n — 1, and for any edge v,v; € E(I') (d; > d;),

di dj (Tl — 1)

d2+d? (n—12+1

that is, if ' = §,,. O

5. UPPER BOUND ON ISDD INDEX OF GRAPHS IN TERMS OF ORDER AND CHROMATIC
NUMBER

A k-partite graph is a set of graph vertices that is divided into k disjoint sets such that no two graph vertices
from the same set are adjacent. A complete k-partite graph is a k-partite graph where every pair of graph vertices
in the k sets are adjacent. If there are ny, ns,..., ni graph vertices in the k sets, the complete k-partite graph
is denoted Ky, n,....n,- The least number of colors required to color a graph’s vertices so that no two adjacent
vertices have the same color is known as the chromatic number. The Turén graph, denoted by T'(n, k), is a
complete multipartite graph; it is formed by partitioning a set of n vertices into k subsets, with sizes as equal as
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possible, and then connecting two vertices by an edge iff they belong to different subsets. If n = kq+ s, then the

Turéngraphisoftheforqu+ 1,...,9+14q,...,q Suppose that H 2 T'(kg+s, k) = Kq+ 1,...,q+1gq,...,q
—— ——

s k—s s k—s

Then
VH)=ViUVaU---UVi, VinV; =0(i+#7),

and v;v; € E(H), wherev; € V., v; € Vi (1 <r #t <k). Moreover, di =n—¢g—1forv; € V. (1 <r <s) and
di=n—qforv, € V. (s+1<r<k). Let Sy, So, S5 be the three set of edges in H defined by

Si={vv; e E(H): v; eV, v; €V, 1 <r#t<s},
Sy ={vv; e EH): v;eV,,v; €V, s+1<r#t <k},
and Sz ={vv; e EH): v; €V, v; €V, 1<r<s,s+1<t <k}

Since the number of edges from the set V,. to the set V; (1 <r #t < s) in H is (¢ + 1)2. Thus we have

si= X 1=(5) e

v;v; EE(H),
v €V, €V, 1<r£t<s

Similarly, we obtain

[Sa| = Z 1=(k;3)q2, and |Ss| = Z l=s(k—s)q(¢g+1).

viv; EE(H), viv; EE(H),
v EVip, v EVE,s+1<r#t<k v; EVp,v;EVE,1<r<s,s+1<t<k

Let m(H) be the number of edges in H. Then

() = 1511+ 152l + 152 = (5) 0+ 17+ (7 %) st s)ata+ )

Now,
d; d;
ISDD(H) = ) d2l+ ]dz
viv;EEB(H) J
d; d; di d;
S >
2 2 2 2
vivj EE(H), di + dj viv EE(H), di + dj
viEVr,'vjth,lgr;étgs ’UiEVyw,vjEVt,S+1§T¢tSk
d; d;
+ > o
v  €B(H), di +dj

v; €V, v €V, 1<r<s,s+1<t<k

S A

'uivjeE(H), 'uivjéE(H),
v €V, €Vy, 1<r£<s v €V, EVy, s 1< r#£t<k
n—qg—1)(n—
D e
'vivjEE(H), q q
v €V v € VL, 1<r<s,s+1<t<k

1 /(s 1/k—s (n—q)(n—q—-1)
== 1)+ - 2 k— 1). 5

5 (o) @z g (U5 ) OB T e ata) (5)

We now present an upper bound on ISDD of graph I', and characterize the extremal graphs.
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Theorem 5.1. Let I' be a graph of order n with chromatic number k. Then
ISDD(T) < ISDD(T'(n, k))
with equality iff T =2 T(n, k).

Proof. Let m(T") be the number of edges in I'. Since I" has chromatic number k, we have I' C K, 1, . n,, where
n=ni+ng+---+ni(n1 >ng >--->ng). Then m(I') < m(Kp, n,, . n,). Again since I' has chromatic number
k and order n, then there exists a positive integer ¢ such that n = kq+ s, where 0 < s < k — 1.

Claim 2. Let Hy = Ky, 5y,....n,- Then m(Hy) < 5 (1= 1) (n? — s%) + (5) with equality iff Hy = T(n, k).
Proof of Claim 2. We take into account the next two scenarios:

Case 1. Hy =T (n,k). In this case we can assume that H; Kq +1,...,q+1.q,...,q and n = gk + s, where

s k—s

0 < s < k. Thus we obtain

m(Hy) = G) (¢+1)%+ (k;8>q2+8(k—8)q(q+1)~

n—s

Since ¢ = #-%, after simplifying from the above result, we obtain

=3}

and hence the equality holds.

Case 2. Hy 2 T(n,k). In this case there exist two positive integers ¢ and j with 1 < ¢ < j < k such that
n; —n; > 2. Then one can easily check that

m(Knl,...,ni,...,nj,...,nk) < m(Knl,...,ni—l,...,n_j+1,...,nk)'
Apply the above result several times (if needed), we obtain
m(H) = m(Knly--wnh--wnj»--<7nk) < m(Kn17~--,m—1=--<7nj+17-~7nk) << m(T(nak))

This completes the proof of Claim 2.

—

Let r = 1 (1 — 1) (n? — s?) + (3). From (5), we obtain

ISDD(T'(n, k)) = % (;) (q+1)%+ % (k ) S) ¢ + (n(f ;);I)Jr(?zn__qq__l)l)Q s(k—s)q(qg+1).

If T 2 T(n, k), then ISDD(T") = ISDD(T'(n, k)) and hence the equality holds. Otherwise, I' 2 T'(n, k). Then by
Claim 2, we obtain m(I") < r — 1. Since

dF(U;) dr(v;) 5 < E for any edge v;v; € E(I),
dr(v;)” +dr(vj) 2
we obtain 1 )
ISDD(T") < 5 m([) < 3 (r—1). (6)

We take into account the next two scenarios:
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Case 1. s = 0. In this case n = kq. Using the above results with Lemma 2.4, from the definition of the inverse
symmetric division deg index, we obtain
d;d;
ISDD(I') = S
O= > Zia

viv; EE(T) *
1 1 1 [k(k—1)¢* k(k—1)¢?
Sm(I) <5 r=1) =3 { 5 1 <= ISDD(T'(n, k))

IN

Case 2. s> 1.Since s<k—1,k—12>k—sand 2¢ > q+ 1, we obtain
2¢° (k—1)* > qs (¢ + 1) (k — s).
Since n = kq + s, we obtain
(q(k = 1)+ )"+ (qk =) +5-1)* >2¢° (k= 1)* 2 s (k —5) g (q + 1),

that is,
m—q)?+n—q—10°>s(k—s)q(qg+1),

that is,
s(k—s)q(qg+1)
(n—q?+(n—qg-—1)?

), we obtain

S 2 L (k=s) (n—q)(n—q—-1)
(2>(Q+1) +2< 2 >q ICET R
x s (k — (q—l—l)—%(r—l)

:% ;) (g +1)? (k25)q2+s(kS)Q(q+1)

<1.

Using the above result with (5) and

(6
ISDD(T'(n, k)) — ISDD(T) > %

(n )?+(n—q—1)2

IRE
T 22
1 m—q)(n—q-1) ]
2 (n—q)2+(n—q—1)2_s(k_s)q(q+1)
1 s(k—s)qg+1)
=3 2[(n_q)2+(n_q_1)2]>0.
Hence ISDD(T'(n, k)) > ISDD(T). 0

6. CONCLUDING REMARKS

In this letter we determine the second maximal and the second minimal trees with respect to the inverse
symmetric division deg index (ISDD). We have established that the star gives the minimal and the complete
bipartite graph K=y |n| gives the maximal graphs with respect to the inverse symmetric division deg index
(ISDD) among chain graphs of order n. Finally, we obtained that the Turdn graph gives the maximal graph for
any graph of order n with chromatic number k.

Future studies on inverse symmetric division deg index (ISDD) might focus on tight bounds for the bicyclic,
and tricyclic graphs with identifying extremal graphs.
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