
RAIRO-Oper. Res. 58 (2024) 3859–3870 RAIRO Operations Research
https://doi.org/10.1051/ro/2024153 www.rairo-ro.org

SPECTRAL SUFFICIENT CONDITIONS FOR GRAPH FACTORS CONTAINING
ANY EDGE

Jin Cai and Bo Zhou*

Abstract. A factor of a graph is a spanning subgraph. Spectral sufficient conditions are provided
via spectral radius and signless Laplacian spectral radius for graphs with (i) a matching of given size
(particularly, 1-factor) containing any given edge, and (ii) a star factor with a component isomorphic
to stars of order two or three containing any given edge, respectively.
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1. Introduction

We consider finite, simple, and undirected graphs. A factor of a graph is a spanning subgraph. For integers 𝑎
and 𝑏 with 0 ≤ 𝑎 ≤ 𝑏, an [𝑎, 𝑏]-factor is defined as a factor 𝐹 such that 𝑎 ≤ 𝑑𝐹 (𝑥) ≤ 𝑏 for every vertex 𝑥, where
𝑑𝐹 (𝑥) is the degree of 𝑥 in 𝐹 . A 1-factor is a [1, 1]-factor. Denote by 𝐾1,𝑚 the star of order 𝑚+1 (i.e., a complete
bipartite graph with partite sizes 1 and 𝑚). For positive integer 𝑘, let 𝑆(𝑘) = {𝐾1,1, . . . ,𝐾1,𝑘}. An 𝑆(𝑘)-factor is
factor for which each component is (isomorphic to) one of the stars 𝐾1,1, . . . ,𝐾1,𝑘. A {𝐾1,1}-factor is a 1-factor.
A star factor is an 𝑆(𝑘)-factor for some 𝑘. The existence of factors with given properties has received special
attention; see, e.g. [2,5,7,10–12,16,17]. For example, a graph with factor containing any given edge is known as
to be factor covered. In recent years, it is of great interest for researchers to find spectral sufficient conditions
such that a graph has a given factor; see the survey [3]. Li and Miao [9] gave spectral condition that implies a
graph has a factor consisting of vertex disjoint paths on at least two vertices that contains any given edge.

For two vertex disjoint graphs 𝐺1 and 𝐺2, and 𝐺1 ∪ 𝐺2 denotes the disjoint union of 𝐺1 and 𝐺2, 𝐺1 ∨ 𝐺2

denotes the join of 𝐺1 and 𝐺2, which is obtained from 𝐺1 ∪𝐺2 by adding all possible edges between any vertex
of 𝐺1 and any vertex of 𝐺2. For positive integer 𝑘 and a graph 𝐺, 𝑘𝐺 denotes the graphs consisting of 𝑘 vertex
disjoint copies of 𝐺. Denote by 𝐾𝑛 the complete graph of order 𝑛.

Given a graph, we denote by 𝜌(𝐺) the spectral radius of 𝐺 and 𝑞(𝐺) the signless Laplacian spectral radius
of 𝐺. We are concerned about two types of factors with given properties.

One is 1-factor containing any given edge, for which Little et al. [11] gave a characterization. As far as we
know, although this concept has been extended to various factors that contain a given edge, there is no spectral
sufficient condition for a graph has a 1-factor containing any given edge. Feng et al. [4], Suil [14] and Kim
et al. [8] gave spectral radius conditions that imply a graph on 𝑛 vertices has a matching of size (at least) 𝑛−𝑘

2

Keywords. 1-factor, star factor, spectral radius, signless Laplacian spectral radius.

School of Mathematical Sciences, South China Normal University, Guangzhou 510631, P.R. China.
*Corresponding author: zhoubo@scnu.edu.cn

c○ The authors. Published by EDP Sciences, ROADEF, SMAI 2024

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

https://doi.org/10.1051/ro/2024153
https://www.rairo-ro.org
https://orcid.org/0000-0001-7321-9554
mailto:zhoubo@scnu.edu.cn
https://creativecommons.org/licenses/by/4.0


3860 J. CAI AND B. ZHOU

for 0 ≤ 𝑘 ≤ 𝑛. Instead of directly considering 1-factor containing any given edge, we establish spectral radius
conditions that imply a graph on 𝑛 vertices has a matching of size (at least) 𝑛−𝑘

2 for 0 ≤ 𝑘 ≤ 𝑛 containing any
given edge. We show the following results.

Theorem 1.1. Let 𝐺 be a graph of order 𝑛 ≥ 5𝑘 + 6, where 𝑛 ≡ 𝑘 (mod 2). If 𝜌(𝐺) ≥ 𝜌(𝐾2 ∨ ((𝑘 + 1)𝐾1 ∪
𝐾𝑛−𝑘−3)), then 𝐺 has a matching of size 𝑛−𝑘

2 containing any given edge unless 𝐺 ∼= 𝐾2∨((𝑘+1)𝐾1∪𝐾𝑛−𝑘−3).

Theorem 1.2. Let 𝐺 be a graph of order 𝑛 ≥ 5𝑘 + 7, where 𝑛 ≡ 𝑘 (mod 2). If 𝑞(𝐺) ≥ 𝑞(𝐾2 ∨ ((𝑘 + 1)𝐾1 ∪
𝐾𝑛−𝑘−3)), then 𝐺 has a matching of size 𝑛−𝑘

2 containing any given edge unless 𝐺 ∼= 𝐾2∨((𝑘+1)𝐾1∪𝐾𝑛−𝑘−3).

The other is an 𝑆(𝑘)-factor with a component being 𝐾1,1 or 𝐾1,2 containing any given edge, for which Chen,
Egawa and Kano [2] gave a characterization. Also, we establish spectral conditions that imply a graph has an
𝑆(𝑘)-factor with a component being 𝐾1,1 or 𝐾1,2 containing any given edge. Our results are as follows.

Theorem 1.3. Let 𝐺 be a graph of order 𝑛 ≥ 3
2𝑘 +7 without isolated vertices. If 𝜌(𝐺) ≥ 𝜌(𝐾2∨ (2𝐾1∪𝐾𝑛−4)),

then 𝐺 has an 𝑆(𝑘)-factor in which a component being 𝐾1,1 or 𝐾1,2 containing any given edge unless 𝐺 ∼=
𝐾2 ∨ (2𝐾1 ∪𝐾𝑛−4).

Theorem 1.4. Let 𝐺 be a graph of order 𝑛 ≥ 2𝑘 + 6 without isolated vertices. If 𝑞(𝐺) ≥ 𝑞(𝐾2∨ (2𝐾1∪𝐾𝑛−4)),
then 𝐺 has an 𝑆(𝑘)-factor in which a component being 𝐾1,1 or 𝐾1,2 containing any given edge unless 𝐺 ∼=
𝐾2 ∨ (2𝐾1 ∪𝐾𝑛−4).

2. Preliminaries

For a graph 𝐺, let 𝑉 (𝐺) be the vertex set of 𝐺 and 𝐸(𝐺) the edge set of 𝐺. For 𝑣 ∈ 𝑉 (𝐺), the neighborhood
𝑁𝐺(𝑣) of 𝑣 is the set of vertices adjacent to 𝑣 in 𝐺, and the degree of 𝑣, denoted by 𝑑𝐺(𝑣), is the number
|𝑁𝐺(𝑣)|. For any 𝑆 ⊆ 𝑉 (𝐺), let 𝐺[𝑆] be the subgraph of 𝐺 induced by 𝑆, and write 𝐺 − 𝑆 = 𝐺[𝑉 (𝐺) ∖ 𝑆] if
𝑆 ̸= 𝑉 (𝐺).

The spectral radius of a graph 𝐺 is the largest eigenvalue of the adjacency matrix of 𝐺, which is defined as
the symmetric matrix A(𝐺) = (𝑎𝑢𝑣)𝑢,𝑣∈𝑉 (𝐺), where 𝑎𝑢𝑣 = 1 if 𝑢 and 𝑣 are adjacent, and 𝑎𝑢𝑣 = 0 otherwise.
The signless Laplacian spectral radius of a graph 𝐺 is the largest eigenvalue of its signless Laplacian matrix
Q(𝐺) = D(𝐺) + A(𝐺), where D(𝐺) is the degree diagonal matrix of 𝐺.

For a square nonnegative matrix M, let 𝜆(M) be its the spectral radius (maximum modulus of the eigen-
values), which is an eigenvalue of M by the Perron-Frobenius theorem. In particular, we have 𝜌(𝐺) = 𝜆(A(𝐺))
and 𝑞(𝐺) = 𝜆(Q(𝐺)) for a graph 𝐺.

The following lemma, following from the Perron-Frobenius theorem, is well known.

Lemma 2.1. Let 𝐺 be a graph and 𝑢 and 𝑣 two distinct vertices that are not adjacent in 𝐺. Then 𝜌(𝐺 + 𝑢𝑣) ≥
𝜌(𝐺) and 𝑞(𝐺 + 𝑢𝑣) ≥ 𝑞(𝐺). Both inequalities are strict if 𝐺 + 𝑢𝑣 is connected.

For a graph 𝐺, let 𝑉 (𝐺) = 𝑉1 ∪ · · · ∪ 𝑉𝑠 be a partition of 𝑉 (𝐺). For 1 ≤ 𝑖 < 𝑗 ≤ 𝑠, set B𝑖𝑗 denotes the
submatrix of H(𝐺) ∈ {A(𝐺),Q(𝐺)} with rows corresponding to vertices in 𝑉𝑖 and columns corresponding to
vertices in 𝑉𝑗 . The matrix B = (𝑏𝑖𝑗), where 𝑏𝑖𝑗 equals to the average row sums of B𝑖𝑗 , is called the quotient
matrix of H(𝐺) with respect to the partition 𝑉1 ∪ · · · ∪ 𝑉𝑠. Furthermore, if B𝑖𝑗 has constant row sum, then we
say that B is equitable. As an immediate consequence of Lemma 2.3.1 of [1], one gets the following lemma.

Lemma 2.2. [1] If 𝐺 is a connected graph and B is an equitable quotient matrix of H(𝐺) ∈ {A(𝐺),Q(𝐺)},
then 𝜆(H(𝐺)) is equal to the largest eigenvalue of B.

Given a connected graph 𝐺 and 𝛼 = 0, 1, we denote by 𝜆𝛼(𝐺) the spectral radius of the matrix 𝛼D(𝐺)+A(𝐺).
By the Perron-Frobenius theorem, there is a unique unit positive eigenvector corresponding to 𝜆𝛼(𝐺), which
is called the Perron vector. It is known that if there is an automorphism 𝜑 of 𝐺 such that 𝜑(𝑢) = 𝑣, then the
entries of the Perron vector at 𝑢 and 𝑣 are equal. The following is known in [15] when 𝛼 = 0 and in [6] when
𝛼 = 1, see also [13].
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Lemma 2.3. Let 𝐺 be a connected graph and 𝑢 and 𝑣 be two vertices of 𝐺. Let 𝑋 be the Perron vector of
𝛼D(𝐺) + A(𝐺) with 𝑥𝑢 ≥ 𝑥𝑣, where 𝛼 = {0, 1}. Suppose that 𝑁𝐺(𝑣) ∖ (𝑁𝐺(𝑢) ∪ {𝑢}) ̸= ∅. Then for any
nonempty 𝑁 ⊆ 𝑁𝐺(𝑣) ∖ (𝑁𝐺(𝑢) ∪ {𝑢}),

𝜆𝛼(𝐺− {𝑣𝑤 : 𝑤 ∈ 𝑁}+ {𝑢𝑤 : 𝑤 ∈ 𝑁}) > 𝜆𝛼(𝐺).

For the graph 𝐺 = 𝐾𝑠 ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑡) we call the graph 𝐾𝑠 appearing first the outer copy of 𝐺, and the
𝑖-th graph in 𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑡

the 𝑖-th inner copy of 𝐺, where 𝑖 = 1, . . . , 𝑡.

Lemma 2.4. For positive integers 𝑠, 𝑡, 𝑛1, . . . 𝑛𝑡 with 𝑡 ≥ 2 and 𝑛1 ≤ · · · ≤ 𝑛𝑡, let 𝐺 = 𝐾𝑠 ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑡)
and 𝑋 be the Perron vector of 𝛼D(𝐺) + A(𝐺) with 𝛼 = {0, 1}, where for 𝑖 = 1, . . . , 𝑡, 𝑥𝑖 is the entry of 𝑋 at
any vertex of the 𝑖-th inner copy of 𝐺. Then 𝑥𝑖 ≤ 𝑥𝑖+1 for 𝑖 = 1, . . . , 𝑡− 1.

Proof. Denote by 𝑥0 the entry of 𝑋 at any vertex of the out copy of 𝐺. Then

(𝜆𝛼(𝐺)− 𝛼(𝑛𝑖 − 1 + 𝑠) + 1− 𝑛𝑖)𝑥𝑖 = 𝑠𝑥0 = (𝜆𝛼(𝐺)− 𝛼(𝑛𝑖+1 − 1 + 𝑠) + 1− 𝑛𝑖+1)𝑥𝑖+1

for 𝑖 = 1, . . . , 𝑡− 1. As 𝑛𝑖 ≤ 𝑛𝑖+1 and 𝜆𝛼(𝐺) > 𝜆𝛼(𝐾𝑛𝑖+1) = (𝛼 + 1)(𝑛𝑖+1 − 1), one gets 𝑥𝑖 ≤ 𝑥𝑖+1. �

Given a graph 𝐺, 𝑜(𝐺) the number of odd components of 𝐺, and 𝑖(𝐺) the number of isolated vertices of 𝐺.

3. Graphs with a matching and 1-factor containing any given edge

We need the following lemma.

Lemma 3.1. [11] Let 𝐺 be a graph on 𝑛 vertices. Let 𝑘 be an integer with 0 ≤ 𝑘 ≤ 𝑛 and 𝑘 ≡ 𝑛 (mod 2). Then
𝐺 has a matching of size 𝑛−𝑘

2 containing any given edge if and only if 𝑜(𝐺−𝑆) ≤ |𝑆|+ 𝑘 for all 𝑆 ⊂ 𝑉 (𝐺) and
𝑜(𝐺− 𝑆) = |𝑆|+ 𝑘 implies that 𝑆 is an independent set.

3.1. Spectral radius

Lemma 3.2. Let 𝑛, 𝑠, 𝑘 be positive integers with 𝑛 ≥ max{5𝑘 + 6, 2𝑠 + 𝑘}, 𝑠 ≥ 2 and 0 ≤ 𝑘 ≤ 𝑛. For fixed 𝑛
and 𝑘, 𝜌(𝐾𝑠 ∨ ((𝑠 + 𝑘 − 1)𝐾1 ∪𝐾𝑛−2𝑠−𝑘+1)) is uniquely maximized when 𝑠 = 2.

Proof. Let 𝐻𝑠 = 𝐾𝑠∨((𝑠+𝑘−1)𝐾1∪𝐾𝑛−2𝑠−𝑘+1). Partition 𝑉 (𝐻𝑠) into 𝑆∪𝑉1∪𝑉2, where 𝑉1 = 𝑉 ((𝑠+𝑘−1)𝐾1)
and 𝑉2 = 𝑉 (𝐾𝑛−2𝑠−𝑘+1). With respect to this partition, the quotient matrix B of A(𝐻𝑠) is equitable, where

B =

⎛⎝𝑠− 1 𝑠 + 𝑘 − 1 𝑛− 2𝑠− 𝑘 + 1
𝑠 0 0
𝑠 0 𝑛− 2𝑠− 𝑘

⎞⎠ .

By a simple calculation, the characteristic polynomial of B is

𝑓𝑠(𝑥) = 𝑥3 − (𝑛− 𝑘 − 𝑠− 1)𝑥2 − (𝑛 + 𝑠2 + (𝑘 − 2)𝑠− 𝑘)𝑥− 2𝑠3 + (𝑛− 3𝑘 + 2)𝑠2 + ((𝑘 − 1)𝑛− 𝑘2 + 𝑘)𝑠.

By Lemma 2.2, 𝜌(𝐻𝑠) is equal to the largest root of the equation 𝑓𝑠(𝑥) = 0. In particular, for 𝐻2 = 𝐾2 ∨ ((𝑘 +
1)𝐾1 ∪𝐾𝑛−𝑘−3), 𝜌(𝐻2) is equal to the largest root of 𝑓2(𝑥) = 0.

Suppose that 𝑠 > 2. We only need to show that 𝜌(𝐻𝑠) < 𝜌(𝐻2). Note that

𝑓𝑠(𝑥)− 𝑓2(𝑥)
𝑠− 2

= ℎ(𝑥) := 𝑥2 − (𝑠 + 𝑘)𝑥− 2𝑠2 + (𝑛− 3𝑘 − 2)𝑠 + (𝑘 + 1)𝑛− 𝑘2 − 5𝑘 − 4.

As a quadratic function of 𝑥, ℎ(𝑥) is strictly increasing for 𝑥 ≥ 𝑥0 := 𝑠+𝑘
2 . As 𝑛 ≥ 5𝑘 + 6 ≥ 5

3𝑘 + 8
3 and

𝑛 ≥ 2𝑠 + 𝑘, one gets 𝑥0 ≤ 𝑛− 𝑘 − 2. Then, for 𝑥 ∈ [𝑛− 𝑘 − 2, +∞), ℎ(𝑥) is strictly increasing, so

ℎ(𝑥) ≥ ℎ(𝑛− 𝑘 − 2)
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= −2𝑠2 − 2𝑘𝑠 + 𝑛2 − (2𝑘 + 3)𝑛 + 𝑘2 + 𝑘

≥ − (𝑛− 𝑘)2

2
− 𝑘(𝑛− 𝑘) + 𝑛2 − (2𝑘 + 3)𝑛 + 𝑘2 + 𝑘

=
1
2
𝑛2 − (2𝑘 + 3)𝑛 +

3
2
𝑘2 + 𝑘

≥ 1
2

(5𝑘 + 6)2 − (2𝑘 + 3)(5𝑘 + 6) +
3
2
𝑘2 + 𝑘

= 4𝑘2 + 4𝑘

≥ 0,

where the second inequality follows because as a quadratic function of 𝑠, ℎ(𝑛− 𝑘 − 2) is strictly decreasing for
2 ≤ 𝑠 ≤ 𝑛−𝑘

2 , and the third inequality follows because as a quadratic function of 𝑛, 1
2𝑛2 − (2𝑘 + 3)𝑛− 1

2𝑘2 + 𝑘
is strictly increasing for 𝑛 ≥ 5𝑘 + 6 > 2𝑘 + 3. Thus, ℎ(𝑥) > 0 for 𝑥 ∈ [𝑛 − 𝑘 − 2, +∞), as ℎ(𝑥) = 0 implies
𝑘 = 0, but then ℎ(𝑥) ≥ ℎ(𝑛 − 2) > 0, a contradiction. That is, 𝑓𝑠(𝑥) > 𝑓2(𝑥) for 𝑥 ∈ [𝑛 − 𝑘 − 2, +∞). By
Lemma 2.1, we have 𝜌(𝐻2) > 𝜌(𝐾𝑛−𝑘−1) = 𝑛− 𝑘− 2, so 𝑓𝑠(𝑥) > 𝑓2(𝑥) ≥ 0 for 𝑥 ∈ [𝜌(𝐻2), +∞). implying that
𝜌(𝐻𝑠) < 𝜌(𝐻2). �

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Suppose by contradiction that 𝐺 does not have a matching of size 𝑛−𝑘
2 containing any

given edge. By Lemma 3.1, there exists a vertex subset 𝑆 ⊂ 𝑉 (𝐺) with |𝑆| = 𝑠 such that 𝑜(𝐺 − 𝑆) ≥ 𝑠 + 𝑘
and if 𝐺[𝑆] is empty, then 𝑜(𝐺 − 𝑆) > 𝑠 + 𝑘. Evidently, 𝑛 ≡ 𝑠 + 𝑜(𝐺 − 𝑆) (mod 2), i.e., 𝑜(𝐺 − 𝑆) ≡ 𝑛 − 𝑠
(mod 2). As 𝑛 ≡ 𝑘 (mod 2), one gets 𝑜(𝐺 − 𝑆) ≡ 𝑘 − 𝑠 ≡ 𝑠 + 𝑘 (mod 2). Thus, if 𝐺[𝑆] is empty, then
𝑜(𝐺− 𝑆) ≥ 𝑠 + 𝑘 + 2. Let 𝑡 = 𝑜(𝐺− 𝑆), 𝑛1 ≤ · · · ≤ 𝑛𝑡−1 be the orders the odd components of 𝐺− 𝑆 with the
first 𝑡 − 1 smallest orders, and let 𝑛𝑡 = 𝑛 − 𝑠 − 𝑛1 − · · · − 𝑛𝑡−1. Then 𝐺 is a spanning subgraph of the graph
𝐺′ := 𝐺[𝑆] ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑡). By Lemma 2.1, 𝜌(𝐺) ≤ 𝜌(𝐺′) with equality when 𝑆 ̸= ∅ if and only if 𝐺 ∼= 𝐺′.
Let 𝐻𝑠 = 𝐾𝑠 ∨ ((𝑠 + 𝑘 − 1)𝐾1 ∪𝐾𝑛−2𝑠−𝑘+1).

Case 1. 𝐺[𝑆] is not empty.
In this case, 𝑠 ≥ 2 and 𝑛 ≥ 𝑠+𝑜(𝐺−𝑆) ≥ 2𝑠+𝑘. So 2 ≤ 𝑠 ≤ 𝑛−𝑘

2 . By Lemma 2.1 again, 𝜌(𝐺) ≤ 𝜌(𝐺*)
with equality if and only if 𝐺 ∼= 𝐺*, where 𝐺* := 𝐾𝑠 ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑡). By Lemmas 2.3 and 2.4,
we have 𝜌(𝐺*) ≤ 𝜌(𝐻𝑠) with equality if and only if 𝐺* ∼= 𝐻𝑠. Thus 𝜌(𝐺) ≤ 𝜌(𝐻𝑠) with equality if and
only if 𝐺 ∼= 𝐻𝑠. By the assumption, 𝜌(𝐺) ≥ 𝜌(𝐻2). Thus

𝜌(𝐻2) ≤ 𝜌(𝐺) ≤ 𝜌(𝐻𝑠).

By Lemma 3.2, 𝜌(𝐺) = 𝜌(𝐻2), so 𝐺 ∼= 𝐻2, which is a contradiction.
Case 2. 𝐺[𝑆] is empty.

Suppose first that 𝑠 = 0. Then 𝑡 ≥ 𝑘 + 2 and 𝜌(𝐺) ≤ 𝜌(𝐺′) ≤ 𝜌(𝐾𝑛𝑡
) ≤ 𝑛 − 𝑘 − 2. Since 𝜌(𝐻2) >

𝜌(𝐾𝑛−𝑘−1) = 𝑛− 𝑘 − 2, we have 𝜌(𝐺) ≤ 𝜌(𝐾𝑛𝑡
) < 𝜌(𝐻2), which is a contradiction.

Suppose next that 𝑠 = 1. Then 𝜌(𝐺) ≤ 𝜌(𝐾1 ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑘+3)). By Lemmas 2.3 and 2.4, we have

𝜌(𝐾1 ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑘+3)) ≤ 𝜌(𝐾1 ∨ ((𝑘 + 2)𝐾1 ∪𝐾𝑛−𝑘−3)).

By Lemma 2.1, we have

𝜌(𝐾1 ∨ ((𝑘 + 2)𝐾1 ∪𝐾𝑛−𝑘−3)) < 𝜌(𝐻2).

Thus, we have 𝜌(𝐺) < 𝜌(𝐻2), a contradiction.
Now, suppose that 𝑠 ≥ 2. By Lemmas 2.3 and 2.4, we have

𝜌(𝐺′) ≤ 𝜌(𝑠𝐾1 ∨ ((𝑠 + 𝑘 + 1)𝐾1 ∪𝐾𝑛−2𝑠−𝑘−1))
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with equality if and only if 𝐺′ ∼= 𝑠𝐾1 ∨ ((𝑠 + 𝑘 + 1)𝐾1 ∪𝐾𝑛−2𝑠−𝑘−1). By Lemma 2.1, 𝜌(𝑠𝐾1 ∨ ((𝑠 +
𝑘 + 1)𝐾1 ∪ 𝐾𝑛−2𝑠−𝑘−1)) < 𝜌(𝐻𝑠). It follows that 𝜌(𝐺) < 𝜌(𝐻𝑠). By Lemma 3.2, 𝜌(𝐺) < 𝜌(𝐻2), a
contradiction.

�

As an immediate consequence of Theorem 1.1, we have

Corollary 3.3. Let 𝐺 be a graph of order 𝑛 ≥ 6, where 𝑛 ≡ 0 (mod 2). If 𝜌(𝐺) ≥ 𝜌(𝐾2 ∨ (𝐾1 ∪𝐾𝑛−3)), then
𝐺 has a 1-factor containing any given edge unless 𝐺 ∼= 𝐾2 ∨ (𝐾1 ∪𝐾𝑛−3).

3.2. Signless Laplacian spectral radius

Lemma 3.4. Let 𝑛, 𝑠, 𝑘 be positive integers with 𝑛 ≥ max{5𝑘 + 7, 2𝑠 + 𝑘}, 𝑠 ≥ 2 and 0 ≤ 𝑘 ≤ 𝑛. For fixed 𝑛
and 𝑘, 𝑞(𝐾𝑠 ∨ ((𝑠 + 𝑘 − 1)𝐾1 ∪𝐾𝑛−2𝑠−𝑘+1)) is uniquely maximized when 𝑠 = 2.

Proof. Let 𝐻𝑠 = 𝐾𝑠∨((𝑠+𝑘−1)𝐾1∪𝐾𝑛−2𝑠−𝑘+1). Partition 𝑉 (𝐻𝑠) into 𝑆∪𝑉1∪𝑉2, where 𝑉1 = 𝑉 ((𝑠+𝑘−1)𝐾1)
and 𝑉2 = 𝑉 (𝐾𝑛−2𝑠−𝑘+1). With respect to this partition, the quotient matrix

B =

⎛⎝𝑛 + 𝑠− 2 𝑠 + 𝑘 − 1 𝑛− 2𝑠− 𝑘 + 1
𝑠 𝑠 0
𝑠 0 2𝑛− 3𝑠− 2𝑘

⎞⎠ .

of Q(𝐻𝑠) is equitable. By a simple calculation, the characteristic polynomial of B is

𝑓𝑠(𝑥) = 𝑥3 − (3𝑛− 2𝑘 − 𝑠− 2)𝑥2 − (4𝑠2 − (𝑛− 4𝑘 + 4)𝑠− 2𝑛2 + 2(𝑘 + 2)𝑛− 4𝑘)𝑥
− 2𝑠3 + (4𝑛− 4𝑘 − 2)𝑠2 − (2𝑛2 − 2(2𝑘 + 1)𝑛 + 2𝑘2 + 2𝑘)𝑠.

By Lemma 2.2, 𝑞(𝐻𝑠) is equal to the largest root of the equation 𝑓𝑠(𝑥) = 0. Similarly, let 𝐻2 = 𝐾2 ∨ ((𝑘 +
1)𝐾1 ∪𝐾𝑛−𝑘−3). 𝑞(𝐻2) is equal to the largest root of 𝑓2(𝑥) = 0.

Suppose that 𝑠 > 2. It is easy to see that

𝑓𝑠(𝑥)− 𝑓2(𝑥)
𝑠− 2

= ℎ(𝑥) := 𝑥2 + (𝑛− 4𝑠− 4𝑘 − 4)𝑥− 2𝑠2 + (4𝑛− 4𝑘 − 6)𝑠− 2𝑛2

+ (4𝑘 + 10)𝑛− 2𝑘2 − 10𝑘 − 12.

Evidently, ℎ(𝑥) is strictly increasing for 𝑥 ≥ 𝑥0 := 4𝑠−𝑛+4𝑘+4
2 . As 𝑛 ≥ max{2𝑘 + 4, 2𝑠 + 𝑘}, one gets 𝑥0 ≤

2𝑛−2𝑘−4. It then follows that ℎ(𝑥) is strictly increasing for 𝑥 ∈ [2𝑛−2𝑘−4, +∞). Thus, for 𝑥 ∈ [2𝑛−2𝑘−4, +∞),
one gets

ℎ(𝑥) ≥ ℎ(2𝑛− 2𝑘 − 4)
= −2𝑠2 − (4𝑛− 4𝑘 − 10)𝑠 + 4𝑛2 − (14𝑘 + 18)𝑛 + 10𝑘2 + 30𝑘 + 20

≥ − (𝑛− 𝑘)2

2
− (4𝑛− 4𝑘 − 10)(𝑛− 𝑘)

2
+ 4𝑛2 − (14𝑘 + 18)𝑛 + 10𝑘2 + 30𝑘 + 20

=
3
2
𝑛2 − (9𝑘 + 13)𝑛 +

15
2

𝑘2 + 25𝑘 + 20

≥ 3
2

(5𝑘 + 7)2 − (9𝑘 + 13)(5𝑘 + 7) +
15
2

𝑘2 + 25𝑘 + 20

= 2𝑘 +
5
2

> 0,
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where the second inequality follows because ℎ(2𝑛− 2𝑘− 4) is strictly decreasing for 2 ≤ 𝑠 ≤ 𝑛−𝑘
2 , and the third

inequality follows because 3
2𝑛2 − (9𝑘 + 13)𝑛 + 15

2 𝑘2 + 25𝑘 + 20 is strictly increasing for 𝑛 ≥ 5𝑘 + 7 > 3𝑘 + 13
3 .

Thus 𝑓𝑠(𝑥) > 𝑓2(𝑥) for 𝑥 ∈ [2𝑛− 2𝑘 − 4, +∞). By Lemma 2.1, we have 𝑞(𝐻2) > 𝑞(𝐾𝑛−𝑘−1) = 2𝑛− 2𝑘 − 4, so
𝑓𝑠(𝑥) > 𝑓2(𝑥) ≥ 0 for 𝑥 ∈ [𝑞(𝐻2), +∞). implying that 𝑞(𝐻𝑠) < 𝑞(𝐻2). �

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Suppose by contradiction that 𝐺 does not have a matching of size 𝑛−𝑘
2 containing any

given edge. By Lemma 3.1, there exists a vertex subset 𝑆 ⊂ 𝑉 (𝐺) with |𝑆| = 𝑠 such that either 𝑜(𝐺−𝑆) ≥ 𝑠+𝑘
or 𝐺[𝑆] is empty and 𝑜(𝐺 − 𝑆) > 𝑠 + 𝑘. Evidently, 𝑛 ≡ 𝑠 + 𝑜(𝐺 − 𝑆) (mod 2), i.e., 𝑜(𝐺 − 𝑆) ≡ 𝑛 − 𝑠
(mod 2). As 𝑛 ≡ 𝑘 (mod 2), one gets 𝑜(𝐺 − 𝑆) ≡ 𝑘 − 𝑠 ≡ 𝑠 + 𝑘 (mod 2). Thus, if 𝐺[𝑆] is empty, then
𝑜(𝐺− 𝑆) ≥ 𝑠 + 𝑘 + 2. Let 𝑡 = 𝑜(𝐺− 𝑆), 𝑛1 ≤ · · · ≤ 𝑛𝑡−1 be the orders the odd components of 𝐺− 𝑆 with the
first 𝑡 − 1 smallest orders, and let 𝑛𝑡 = 𝑛 − 𝑠 − 𝑛1 − · · · − 𝑛𝑡−1. Then 𝐺 is a spanning subgraph of the graph
𝐺′ := 𝐺[𝑆] ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑡

). By Lemma 2.1, 𝑞(𝐺) ≤ 𝑞(𝐺′) with equality when 𝑆 ̸= ∅ if and only if 𝐺 ∼= 𝐺′.
Let 𝐻𝑠 = 𝐾𝑠 ∨ ((𝑠 + 𝑘 − 1)𝐾1 ∪𝐾𝑛−2𝑠−𝑘+1).

Case 1. 𝐺[𝑆] is not empty.
In this case, 𝑠 ≥ 2 and 𝑛 ≥ 𝑠+𝑜(𝐺−𝑆) ≥ 2𝑠+𝑘. So 2 ≤ 𝑠 ≤ 𝑛−𝑘

2 . By Lemma 2.1 again, 𝑞(𝐺) ≤ 𝑞(𝐺*)
with equality if and only if 𝐺 ∼= 𝐺*, where 𝐺* := 𝐾𝑠 ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑡

). By Lemmas 2.3 and 2.4,
we have 𝑞(𝐺*) ≤ 𝑞(𝐻𝑠) with equality if and only if 𝐺* ∼= 𝐻𝑠. Thus 𝑞(𝐺) ≤ 𝑞(𝐻𝑠) with equality if
and only if 𝐺 ∼= 𝐻𝑠. By the assumption, 𝑞(𝐺) ≥ 𝑞(𝐻2). Thus 𝑞(𝐻2) ≤ 𝑞(𝐺) ≤ 𝑞(𝐻𝑠) By Lemma 3.4,
𝑞(𝐺) = 𝑞(𝐻2), so 𝐺 ∼= 𝐻2, which is a contradiction.

Case 2. 𝐺[𝑆] is empty.
Suppose first that 𝑠 = 0. Then 𝑡 ≥ 𝑘 + 2 and 𝑞(𝐺) ≤ 𝑞(𝐺′) ≤ 𝑞(𝐾𝑛𝑡

) ≤ 2𝑛 − 2𝑘 − 4. Since 𝑞(𝐻2) >
𝑞(𝐾𝑛−𝑘−1) = 2𝑛− 2𝑘 − 4, we have 𝑞(𝐺) ≤ 𝑞(𝐾𝑛𝑡) < 𝑞(𝐻2), which is a contradiction.
Suppose next that 𝑠 = 1. Then 𝑞(𝐺) ≤ 𝑞(𝐾1 ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑘+3)). By Lemmas 2.3 and 2.4, we have

𝑞(𝐾1 ∨ (𝐾𝑛1 ∪ · · · ∪𝐾𝑛𝑘+3)) ≤ 𝑞(𝐾1 ∨ ((𝑘 + 2)𝐾1 ∪𝐾𝑛−𝑘−3)).

By Lemma 2.1, we have

𝑞(𝐾1 ∨ ((𝑘 + 2)𝐾1 ∪𝐾𝑛−𝑘−3)) < 𝑞(𝐻2).

Thus, we have 𝑞(𝐺) < 𝑞(𝐻2), a contradiction.
Finally, suppose that 𝑠 ≥ 2. By Lemmas 2.3 and 2.4, we have

𝑞(𝐺′) ≤ 𝑞(𝑠𝐾1 ∨ ((𝑠 + 𝑘 + 1)𝐾1 ∪𝐾𝑛−2𝑠−𝑘−1))

with equality if and only if 𝐺′ ∼= 𝑠𝐾1 ∨ ((𝑠 + 𝑘 + 1)𝐾1 ∪𝐾𝑛−2𝑠−𝑘−1). By Lemma 2.1, 𝑞(𝑠𝐾1 ∨ ((𝑠 +
𝑘 + 1)𝐾1 ∪𝐾𝑛−2𝑠−𝑘−1)) < 𝑞(𝐻𝑠). It thus follows that 𝑞(𝐺) < 𝑞(𝐻𝑠). By Lemma 3.4, 𝑞(𝐺) < 𝑞(𝐻2), a
contradiction.

�

By Theorem 1.2, we have

Corollary 3.5. Let 𝐺 be a graph of order 𝑛 ≥ 7, where 𝑛 ≡ 0 (mod 2). If 𝑞(𝐺) ≥ 𝑞(𝐾2 ∨ (𝐾1 ∪𝐾𝑛−3)), then
𝐺 has a 1-factor containing any given edge unless 𝐺 ∼= 𝐾2 ∨ (𝐾1 ∪𝐾𝑛−3).



SPECTRAL SUFFICIENT CONDITIONS FOR GRAPH FACTORS CONTAINING ANY EDGE 3865

4. Star factor with a component 𝐾1,1 or 𝐾1,2 containing any given edge

We need the following lemma.

Lemma 4.1. [2] Let 𝐺 be a graph and let 𝑘 be an integer, 𝑘 ≥ 2. Then 𝐺 has an 𝑆(𝑘)-factor with a component
being 𝐾1,1 or 𝐾1,2 containing any given edge if and only if, for any proper subset 𝑆 of 𝑉 (𝐺),

𝑖(𝐺− 𝑆) ≤

{︃
𝑘|𝑆| if 𝐺[𝑆] is empty,
𝑘|𝑆| − 2𝑘 + 1 otherwise.

4.1. Spectral radius

Lemma 4.2. Let 𝑛, 𝑠, 𝑘 be positive integers with 𝑛 ≥ max{ 3
2𝑘 + 5, (𝑘 + 1)𝑠 + 1}, 𝑠 ≥ 1 and 𝑘 ≥ 2. For fixed 𝑛

and 𝑘, 𝜌(𝑠𝐾1 ∨ ((𝑘𝑠 + 1)𝐾1 ∪𝐾𝑛−(𝑘+1)𝑠−1)) is uniquely maximized when 𝑠 = 1.

Proof. Let 𝐺𝑠 = 𝑠𝐾1∨ ((𝑘𝑠+1)𝐾1∪𝐾𝑛−(𝑘+1)𝑠−1). Partition 𝑉 (𝐺𝑠) into 𝑆∪𝑉1∪𝑉2, where 𝑉1 = 𝑉 ((𝑘𝑠+1)𝐾1)
and 𝑉2 = 𝑉 (𝐾𝑛−(𝑘+1)𝑠−1). With respect to this partition, the quotient matrix

B =

⎛⎝0 𝑘𝑠 + 1 𝑛− (𝑘 + 1)𝑠− 1
𝑠 0 0
𝑠 0 𝑛− (𝑘 + 1)𝑠− 2

⎞⎠ .

of A(𝐺𝑠) is equitable. By a simple calculation, the characteristic polynomial of B is

𝑓𝑠(𝑥) = 𝑥3 − (𝑛− 𝑠− 𝑘𝑠− 2)𝑥2 − (𝑛𝑠− 𝑠2)𝑥− (𝑘2 + 𝑘)𝑠3 + (𝑘𝑛− 3𝑘 − 1)𝑠2 + (𝑛− 2)𝑠.

By Lemma 2.2, 𝜌(𝐺𝑠) is equal to the largest root of the equation 𝑓𝑠(𝑥) = 0. In particular, 𝜌(𝐺1) is equal to the
largest root of 𝑓1(𝑥) = 0.

Suppose that 𝑠 > 1. It is easy to see that

𝑓𝑠(𝑥)− 𝑓1(𝑥)
𝑠− 1

= ℎ(𝑥) := (𝑘 + 1)𝑥2 − (𝑛− 𝑠− 1)𝑥− (𝑘2 + 𝑘)𝑠2 + (𝑘𝑛− 𝑘2 − 4𝑘 − 1)𝑠

+ (𝑘 + 1)𝑛− 𝑘2 − 4𝑘 − 3.

Note that ℎ(𝑥) is strictly increasing for 𝑥 ≥ 𝑥0 := 𝑛−𝑠−1
2(𝑘+1) . As 𝑛 ≥ 2𝑘2+6𝑘+2

2𝑘+1 and 𝑠 ≥ 1, one gets 𝑥0 ≤ 𝑛− 𝑘 − 2.
It then follows that ℎ(𝑥) is strictly increasing for 𝑥 ∈ [𝑛 − 𝑘 − 2, +∞). Thus, one may check that, for 𝑥 ∈
[𝑛− 𝑘 − 2, +∞),

ℎ(𝑥) ≥ ℎ(𝑛− 𝑘 − 2)
= −(𝑘2 + 𝑘)𝑠2 + ((𝑘 + 1)𝑛− 𝑘2 − 5𝑘 − 3)𝑠 + 𝑘𝑛2 − (2𝑘2 + 4𝑘)𝑛 + 𝑘3 + 4𝑘2 + 3𝑘 − 1
≥ −(𝑘2 + 𝑘) + ((𝑘 + 1)𝑛− 𝑘2 − 5𝑘 − 3) + 𝑘𝑛2 − (2𝑘2 + 4𝑘)𝑛 + 𝑘3 + 4𝑘2 + 3𝑘 − 1
= 𝑘𝑛2 − (2𝑘2 + 3𝑘 − 1)𝑛 + 𝑘3 + 2𝑘2 − 3𝑘 − 4

≥ 𝑘

(︂
3
2
𝑘 + 5

)︂2

− (2𝑘2 + 3𝑘 − 1)
(︂

3
2
𝑘 + 5

)︂
+ 𝑘3 + 2𝑘2 − 3𝑘 − 4

=
1
4
𝑘3 +

5
2
𝑘2 +

17
2

𝑘 + 1

> 0.

Thus 𝑓𝑠(𝑥) > 𝑓1(𝑥) for 𝑥 ∈ [𝑛 − 𝑘 − 2, +∞). By Lemma 2.1, we have 𝜌(𝐺1) > 𝜌(𝐾𝑛−𝑘−1) = 𝑛 − 𝑘 − 2, so
𝑓𝑠(𝑥) > 𝑓1(𝑥) ≥ 0 for 𝑥 ∈ [𝜌(𝐻1), +∞) implying that 𝜌(𝐺𝑠) < 𝜌(𝐺1). �
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Lemma 4.3. Let 𝑛, 𝑠, 𝑘 be positive integers with 𝑛 ≥ max{𝑘 + 7, (𝑘 + 1)𝑠− 2𝑘 + 2}, 𝑠 ≥ 2 and 𝑘 ≥ 2. For fixed
𝑛 and 𝑘, 𝜌(𝐾𝑠 ∨ ((𝑘𝑠− 2𝑘 + 2)𝐾1 ∪𝐾𝑛−(𝑘+1)𝑠+2𝑘−2)) is uniquely maximized when 𝑠 = 2.

Proof. Let 𝐺𝑠 = 𝐾𝑠 ∨ ((𝑘𝑠 − 2𝑘 + 2)𝐾1 ∪ 𝐾𝑛−(𝑘+1)𝑠+2𝑘−2). Partition 𝑉 (𝐺𝑠) into 𝑆 ∪ 𝑉1 ∪ 𝑉2, where 𝑉1 =
𝑉 ((𝑘𝑠− 2𝑘 + 2)𝐾1) and 𝑉2 = 𝑉 (𝐾𝑛−(𝑘+1)𝑠+2𝑘−2). With respect to this partition, the quotient matrix of Q(𝐺𝑠)
is

B =

⎛⎝𝑠− 1 𝑘𝑠− 2𝑘 + 2 𝑛− (𝑘 + 1)𝑠 + 2𝑘 − 2
𝑠 0 0
𝑠 0 𝑛− (𝑘 + 1)𝑠 + 2𝑘 − 3

⎞⎠ ,

which is equitable. By a simple calculation, the characteristic polynomial of B is

𝑓𝑠(𝑥) = 𝑥3 − (𝑛 + 2𝑘 − 𝑘𝑠− 4)𝑥2 − (𝑛 + 𝑘𝑠2 − (3𝑘 − 2)𝑠 + 2𝑘 − 3)𝑥− (𝑘2 + 𝑘)𝑠3

+ (𝑘𝑛 + 4𝑘2 − 3𝑘 − 2)𝑠2 − (2(𝑘 − 1)𝑛 + 4𝑘2 − 10𝑘 + 6)𝑠.

By Lemma 2.2, 𝜌(𝐺𝑠) is equal to the largest root of the equation 𝑓𝑠(𝑥) = 0. Particularly, 𝜌(𝐺2) is equal to the
largest root of 𝑓2(𝑥) = 0.

Suppose that 𝑠 > 2. It is easy to see that

𝑓𝑠(𝑥)− 𝑓2(𝑥)
𝑠− 2

= ℎ(𝑥) := 𝑘𝑥2 − (𝑘𝑠− 𝑘 + 2)𝑥− (𝑘2 + 𝑘)𝑠2 + (𝑘𝑛 + 2𝑘2 − 5𝑘 − 2)𝑠 + 2𝑛− 10.

Note that ℎ(𝑥) is is strictly increasing for 𝑥 ≥ 𝑥0 := 𝑘𝑠−𝑘+2
2𝑘 . As 𝑛 ≥ max{ 7𝑘2+5𝑘+2

2𝑘2+𝑘 , (𝑘 + 1)𝑠 + 1}, one gets
𝑥0 ≤ 𝑛− 3. Thus, for 𝑥 ∈ [𝑛− 3, +∞), we have

ℎ(𝑥) ≥ ℎ(𝑛− 3)
= −(𝑘2 + 𝑘)𝑠2 + (2𝑘2 − 2𝑘 − 2)𝑠 + 𝑘𝑛2 − 5𝑘𝑛 + 6𝑘 − 4

≥ −(𝑘2 + 𝑘)
(︂

𝑛 + 2𝑘 − 2
𝑘 + 1

)︂2

+ (2𝑘2 − 2𝑘 − 2)
𝑛 + 2𝑘 − 2

𝑘 + 1
+ 𝑘𝑛2 − 5𝑘𝑛 + 6𝑘 − 4

=
𝑘2

𝑘 + 1
𝑛2 − 7𝑘2 + 3𝑘 + 2

𝑘 + 1
𝑛 +

6𝑘2 − 2𝑘

𝑘 + 1

≥ 𝑘2

𝑘 + 1
(𝑘 + 7)2 − 7𝑘2 + 3𝑘 + 2

𝑘 + 1
(𝑘 + 7) +

6𝑘2 − 2𝑘

𝑘 + 1

=
1

𝑘 + 1
(𝑘4 + 7𝑘3 + 3𝑘2 − 25𝑘 − 14)

> 0.

Thus 𝑓𝑠(𝑥) > 𝑓2(𝑥) for 𝑥 ∈ [𝑛−3, +∞). By Lemma 2.1, we have 𝜌(𝐺2) > 𝜌(𝐾𝑛−2) = 𝑛−3, so 𝑓𝑠(𝑥) > 𝑓2(𝑥) ≥ 0
for 𝑥 ∈ [𝜌(𝐺2), +∞), implying that 𝜌(𝐻*

𝑠 ) ≤ 𝜌(𝐺2). �

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Suppose by contradiction that 𝐺 does not have an 𝑆(𝑘)-factor containing any given edge.
By Lemma 4.1, there exists a vertex subset 𝑆 ⊂ 𝑉 (𝐺) with |𝑆| = 𝑠 such that

𝑖(𝐺− 𝑆) ≥

{︃
𝑘𝑠 + 1 if 𝐺[𝑆] is empty,
𝑘𝑠− 2𝑘 + 2 otherwise.

As 𝐺 has no isolated vertices, 𝑠 ≥ 1. By Lemma 2.1, 𝜌(𝐺) ≤ 𝜌(𝐺𝑠) with equality if and only if 𝐺 ∼= 𝐺𝑠, where

𝐺𝑠 :=

{︃
𝑠𝐾1 ∨ ((𝑘𝑠 + 1)𝐾1 ∪𝐾𝑛−(𝑘+1)𝑠−1) if 𝐺[𝑆] is empty,
𝐾𝑠 ∨ ((𝑘𝑠− 2𝑘 + 2)𝐾1 ∪𝐾𝑛−(𝑘+1)𝑠+2𝑘−2) otherwise.
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Suppose first that 𝐺[𝑆] is empty. It is evident that 𝑠 ≥ 1. From 𝑛 ≥ 𝑠 + 𝑖(𝐺− 𝑆), we have 𝑛 ≥ (𝑘 + 1)𝑠 + 1.
So 2 ≤ 𝑠 ≤ 𝑛−1

𝑘+1 . By Lemmas 4.2 and 2.1, 𝜌(𝐺) ≤ 𝜌(𝐺𝑠) ≤ 𝜌(𝐺1) < 𝜌(𝐺2), contracting the assumption.
Suppose next 𝐺[𝑆] is not empty. Then 𝑠 ≥ 2. From 𝑛 ≥ 𝑠 + 𝑖(𝐺− 𝑆), we have 𝑛 ≥ (𝑘 + 1)𝑠− 2𝑘 + 2. Thus

2 ≤ 𝑠 ≤ 𝑛+2𝑘−2
𝑘+1 . By Lemma 4.3, 𝜌(𝐺) ≤ 𝜌(𝐺𝑠) ≤ 𝜌(𝐺2), By the assumption, 𝜌(𝐺) ≥ 𝜌(𝐺2). Thus 𝜌(𝐺) = 𝜌(𝐺2),

implying that 𝐺 ∼= 𝐺2, a contradiction. �

4.2. Signless Laplacian spectral radius

Lemma 4.4. Let 𝑛, 𝑠, 𝑘 be positive integers with 𝑛 ≥ max{2𝑘 + 4, (𝑘 + 1)𝑠 + 1}, 𝑠 ≥ 1 and 𝑘 ≥ 2. For fixed 𝑛
and 𝑘, 𝑞(𝑠𝐾1 ∨ ((𝑘𝑠 + 1)𝐾1 ∪𝐾𝑛−(𝑘+1)𝑠−1)) is uniquely maximized when 𝑠 = 1.

Proof. Let 𝐻 ′
𝑠 = 𝑠𝐾1∨ ((𝑘𝑠+1)𝐾1∪𝐾𝑛−(𝑘+1)𝑠−1). Partition 𝑉 (𝐻 ′

𝑠) into 𝑆∪𝑉1∪𝑉2, where 𝑉1 = 𝑉 ((𝑘𝑠+1)𝐾1)
and 𝑉2 = 𝑉 (𝐾𝑛−(𝑘+1)𝑠−1).

It is easy to see that this partition is an equitable partition. The corresponding quotient matrix is

B =

⎛⎝𝑛− 𝑠 𝑘𝑠 + 1 𝑛− (𝑘 + 1)𝑠− 1
𝑠 𝑠 0
𝑠 0 2𝑛− (2𝑘 + 1)𝑠− 4

⎞⎠ .

By a simple calculation, the characteristic polynomial of B is

𝑓𝑠(𝑥) = 𝑥3 − (3𝑛− (2𝑘 + 1)𝑠− 4)𝑥2 + (2𝑛2 − 4𝑛− (2𝑘 + 1)𝑛𝑠)𝑥− (2𝑘2 + 4𝑘 + 2)𝑠3

+ (4(𝑘 + 1)𝑛− 6𝑘 − 6)𝑠2 − (2𝑛2 − 6𝑛 + 4)𝑠.

By Lemma 2.2, 𝑞(𝐻 ′
𝑠) is equal to the largest root of the equation 𝑓𝑠(𝑥) = 0, and 𝑞(𝐻 ′

1) is equal to the largest
root of 𝑓1(𝑥) = 0.

Suppose that 𝑠 > 1. It is easy to see that

𝑓𝑠(𝑥)− 𝑓1(𝑥)
𝑠− 1

= ℎ(𝑥) := (2𝑘 + 1)𝑥2 − (2𝑘 + 1)𝑛𝑥− (2𝑘2 + 4𝑘 + 2)𝑠2

+ (4𝑘𝑛 + 4𝑛− 2𝑘2 − 10𝑘 − 8)𝑠− 2𝑛2 + (4𝑘 + 10)𝑛− 2𝑘2 − 10𝑘 − 12.

Note that ℎ(𝑥) is strictly increasing for 𝑥 ≥ 𝑥0 := 𝑛
2 . As 𝑛 ≥ 4

3𝑘 + 8
3 , one gets 𝑥0 ≤ 2𝑛− 2𝑘− 4. It then follows

that ℎ(𝑥) is strictly increasing for 𝑥 ∈ [2𝑛− 2𝑘 − 4, +∞). Thus

ℎ(𝑥) ≥ ℎ(2𝑛− 2𝑘 − 4)
= −(2𝑘2 + 4𝑘 + 2)𝑠2 + (4(𝑘 + 1)𝑛− 2𝑘2 − 10𝑘 − 8)𝑠 + 4𝑘𝑛2 − (12𝑘2 + 26𝑘 + 2)𝑛

+ 8𝑘3 + 34𝑘2 + 38𝑘 + 4
≥ −(2𝑘2 + 4𝑘 + 2) + (4(𝑘 + 1)𝑛− 2𝑘2 − 10𝑘 − 8) + 4𝑘𝑛2 − (12𝑘2 + 26𝑘 + 2)𝑛

+ 8𝑘3 + 34𝑘2 + 38𝑘 + 4
= 4𝑘𝑛2 − (12𝑘2 + 22𝑘 − 2)𝑛 + 8𝑘3 + 30𝑘2 + 24𝑘 − 6
≥ 4𝑘(2𝑘 + 4)2 − (12𝑘2 + 22𝑘 − 2)(2𝑘 + 4) + 8𝑘3 + 30𝑘2 + 24𝑘 − 6
= 2𝑘2 + 4𝑘 + 2
> 0.

Thus 𝑓𝑠(𝑥) > 𝑓1(𝑥) for 𝑥 ∈ [2𝑛− 2𝑘 − 4, +∞). By Lemma 2.1, we have 𝑞(𝐻1) > 𝑞(𝐾𝑛−𝑘−1) = 2𝑛− 2𝑘 − 4, so
𝑓𝑠(𝑥) > 𝑓1(𝑥) ≥ 0 for 𝑥 ∈ [𝑞(𝐻1), +∞), implying that 𝑞(𝐻 ′

𝑠) ≤ 𝑞(𝐻1). �

Lemma 4.5. Let 𝑛, 𝑠, 𝑘 be positive integers with 𝑛 ≥ max{2𝑘 + 6, (𝑘 + 1)𝑠 − 2𝑘 + 2}, 𝑠 ≥ 2 and 𝑘 ≥ 2. For
fixed 𝑛 and 𝑘, 𝑞(𝐾𝑠 ∨ ((𝑘𝑠− 2𝑘 + 2)𝐾1 ∪𝐾𝑛−(𝑘+1)𝑠+2𝑘−2)) is uniquely maximized when 𝑠 = 2.
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Proof. Let 𝐻*
𝑠 = 𝐾𝑠 ∨ ((𝑘𝑠 − 2𝑘 + 2)𝐾1 ∪ 𝐾𝑛−(𝑘+1)𝑠+2𝑘−2). Partition 𝑉 (𝐻*

𝑠 ) into 𝑆 ∪ 𝑉1 ∪ 𝑉2, where 𝑉1 =
𝑉 ((𝑘𝑠− 2𝑘 + 2)𝐾1) and 𝑉2 = 𝑉 (𝐾𝑛−(𝑘+1)𝑠+2𝑘−2).

It is easy to see that this partition is an equitable partition. The corresponding quotient matrix is

B =

⎛⎝𝑛 + 𝑠− 2 𝑘𝑠− 2𝑘 + 2 𝑛− (𝑘 + 1)𝑠 + 2𝑘 − 2
𝑠 𝑠 0
𝑠 0 2𝑛− (2𝑘 + 1)𝑠 + 4𝑘 − 6

⎞⎠ .

By a simple calculation, the characteristic polynomial of B is

𝑓𝑠(𝑥) = 𝑥3 − (3𝑛− (2𝑘 − 1)𝑠 + 4𝑘 − 8)𝑥2 + (2𝑛2 + (4𝑘 − 10)𝑛− 4𝑘𝑠2

− ((2𝑘 − 3)𝑛− 12𝑘 + 12)𝑠− 8𝑘 + 12)𝑥− 2𝑘2𝑠3 + (4𝑘𝑛 + 8𝑘2 − 14𝑘)𝑠2

− (2𝑛2 + (8𝑘 − 14)𝑛 + 8𝑘2 − 28𝑘 + 24)𝑠.

By Lemma 2.2, 𝑞(𝐻*
𝑠 ) is equal to the largest root of the equation 𝑓𝑠(𝑥) = 0, and 𝑞(𝐻*

2 ) is equal to the largest
root of 𝑓2(𝑥) = 0.

Suppose that 𝑠 > 2. It is easy to see that

𝑓𝑠(𝑥)− 𝑓2(𝑥)
𝑠− 2

= ℎ(𝑥) := (2𝑘 − 1)𝑥2 − ((2𝑘 − 3)𝑛 + 4𝑘𝑠− 4𝑘 + 12)𝑥− 2𝑘2𝑠2

+ (4𝑘𝑛 + 4𝑘2 − 14𝑘)𝑠− 2𝑛2 + 14𝑛− 24.

As 𝑛 ≥ max{ 28𝑘2+12𝑘
6𝑘2+𝑘−1 , (𝑘+1)𝑠−2𝑘+2}, one gets 𝑥0 := (2𝑘−3)𝑛+4𝑘𝑠−4𝑘+12

2(2𝑘−1) ≤ 2𝑛−6. So ℎ(𝑥) is strictly increasing
for 𝑥 ∈ [2𝑛− 6, +∞). Thus

ℎ(𝑥) ≥ ℎ(2𝑛− 6)
= −2𝑘2𝑠2 − (4𝑘𝑛− 4𝑘2 − 10𝑘)𝑠 + 4𝑘𝑛2 − (28𝑘 + 4)𝑛 + 48𝑘 + 12

≥ −2𝑘2

(︂
𝑛 + 2𝑘 − 2

𝑘 + 1

)︂2

− (4𝑘𝑛− 4𝑘2 − 10𝑘)
𝑛 + 2𝑘 − 2

𝑘 + 1
+ 4𝑘𝑛2 − (28𝑘 + 4)𝑛 + 48𝑘 + 12

=
1

(𝑘 + 1)2
(︀
(4𝑘3 + 2𝑘2)𝑛2 − (40𝑘3 + 38𝑘2 + 18𝑘 + 4)𝑛 + 84𝑘3 + 92𝑘2 + 52𝑘 + 12

)︀
≥ 1

(𝑘 + 1)2
((4𝑘3 + 2𝑘2)(2𝑘 + 6)2 − (40𝑘3 + 38𝑘2 + 18𝑘 + 4)(2𝑘 + 6)

+ 84𝑘3 + 92𝑘2 + 52𝑘 + 12)

=
16𝑘5 + 24𝑘4 − 40𝑘3 − 100𝑘2 − 64𝑘 − 12

(𝑘 + 1)2

= 4(4𝑘3 − 2𝑘2 − 10𝑘 − 3)
> 0.

Thus 𝑓𝑠(𝑥) > 𝑓2(𝑥) for 𝑥 ∈ [2𝑛 − 6, +∞). By Lemma 2.1, we have 𝑞(𝐻*
2 ) > 𝑞(𝐾𝑛−2) = 2𝑛 − 6, so 𝑓𝑠(𝑥) >

𝑓2(𝑥) ≥ 0 for 𝑥 ∈ [𝑞(𝐻*
2 ), +∞), implying that 𝑞(𝐻*

𝑠 ) ≤ 𝑞(𝐻*
2 ). �

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Suppose by contradiction that 𝐺 does not have an 𝑆(𝑘)-factor containing any given edge.
By Lemma 4.1, there exists a vertex subset 𝑆 ⊂ 𝑉 (𝐺) with |𝑆| = 𝑠 such that

𝑖(𝐺− 𝑆) ≥

{︃
𝑘𝑠 + 1 if 𝐺[𝑆] is empty,
𝑘𝑠− 2𝑘 + 2 otherwise.
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As 𝐺 has no isolated vertices, 𝑠 ≥ 1. By Lemma 2.1, 𝑞(𝐺) ≤ 𝑞(𝐺𝑠) with equality if and only if 𝐺 ∼= 𝐺𝑠, where

𝐺𝑠 :=

{︃
𝑠𝐾1 ∨ ((𝑘𝑠 + 1)𝐾1 ∪𝐾𝑛−(𝑘+1)𝑠−1) if 𝐺[𝑆] is empty,
𝐾𝑠 ∨ ((𝑘𝑠− 2𝑘 + 2)𝐾1 ∪𝐾𝑛−(𝑘+1)𝑠+2𝑘−2) otherwise.

Suppose first that 𝐺[𝑆] is empty. It is evident that 𝑠 ≥ 1. From 𝑛 ≥ 𝑠 + 𝑖(𝐺− 𝑆), we have 𝑛 ≥ (𝑘 + 1)𝑠 + 1.
So 2 ≤ 𝑠 ≤ 𝑛−1

𝑘+1 . By Lemmas 4.4 and 2.1, 𝑞(𝐺) ≤ 𝑞(𝐺𝑠) ≤ 𝑞(𝐺1) < 𝑞(𝐺2), contracting the assumption.
Suppose next 𝐺[𝑆] is not empty. Then 𝑠 ≥ 2. From 𝑛 ≥ 𝑠 + 𝑖(𝐺− 𝑆), we have 𝑛 ≥ (𝑘 + 1)𝑠− 2𝑘 + 2. Thus

2 ≤ 𝑠 ≤ 𝑛+2𝑘−2
𝑘+1 . By Lemma 4.5, 𝑞(𝐺) ≤ 𝑞(𝐺𝑠) ≤ 𝑞(𝐺2), By the assumption, 𝑞(𝐺) ≥ 𝑞(𝐺2). Thus 𝑞(𝐺) = 𝑞(𝐺2),

implying that 𝐺 ∼= 𝐺2, a contradiction. �
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