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(G, V)-INVEXITY NONDIFFERENTIABLE GENERALIZED MINIMAX
FRACTIONAL PROGRAMMING

JING YUAN* AND XIANGYOU LI

Abstract. In this paper, we study the nondifferentiable generalized minimax fractional programming
problem under (G, V)-invexity. G-sufficient optimality conditions for the considered nondifferentiable
generalized minimax fractional programming problem are established under the concept of (G,V)-
invexity. Further, two types of dual models are formulated and G-duality theorems relating to the
primal minimax fractional programming problem and dual problems are established. These results
extend several known results to a wider class of programs.

Mathematics Subject Classification. 26A51, 90C32, 49N15.

Received August 9, 2023. Accepted August 11, 2024.

1. INTRODUCTION

Convexity plays a central role in minimax programming. However, due to the limitations of convexity, in
order to solve more practical problems, Heason [1] introduced the concept of differentiable invexity function.
Craven [2] named it as an invexity function. Mond et al. [3] introduced the concept of preconvex function, which
is a special case of convexity.

In recent years, the derivation of optimality and duality theorems in minimax programming has also been a
research hotspot. Liu [4] discussed the sufficient optimality conditions for minimax fractional programming under
the assumption of (F, p)-invexity, and [5] discussed its duality. On the basis of [4], Yang et al. [6] gave the concept
of generalized (F, p)-convexity and established sufficient optimality conditions and duality for weakly convex
generalized minimax fractional programming problems under its assumptions. Other scholars have studied
optimality conditions and dual results for minimax fractional programming problems using the generalized
convexity assumption, see for example [7-20] and the references cited therein. Recently, Antczak [21] extended
the invexity of scalar differentiable functions to G-invexity. In [22], the concept of vector-valued G-differentiable
function is given, and the optimality conditions of differentiable multiobjective programming with equality
and inequality constraints are established. According to the concept of vector G-invexity function, the G-
duality result of nonlinear differentiable multiobjective programming problem is further proved [23]. Antczak [24]
introduced non-smooth (G, V)-invexity functions and proved the sufficient optimality theorem for nonsmooth
multi-objective programming problems by using the concept of nondifferentiable generalized invexity. Yuan et al.
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[25] proved the sufficient optimality conditions and G-duality of nondifferentiable (G, §)-invexity functions in
generalized minimax programming, and further discussed similarly in minimax fractional programming [26].
Inspired by the work of [24-26], this paper considers a class of nondifferentiable generalized minimax fractional
programming problems (FP) with (G, V)-invexity functions. According to the necessary optimality conditions
of the given nondifferentiable optimization problem, an auxiliary minimax fractional programming problem
(G — Py) is constructed. On this basis, the G-necessary optimality conditions are established. Furthermore, we
construct two duality problems (DI) and (DII) related to the nondifferentiable generalized minimax fractional
programming problem (FP). Under the assumption of (G, V)-invexity, the G-duality results are obtained.

2. NOTATIONS AND PRELIMINARIES

This section gives the relevant definitions and theorems of the paper. The following convention for equalities
and inequalities will be used throughout the paper. For any = (z1,22,...,2,)7,y = (y1,v2,---,Yn)’, we
define:

(i) x =y if and only if x; = y; for all i =1,2,... n;
(ii) >y if and only if x; > y; for all i =1,2,...,n;
(iii) © 2 y if and only if 2; 2 y; for all i = 1,2,...,n;
(iv) = > y if and only if z; > y; and = # y.

Let R"™ be the n-dimensional Euclidean space and R} be its nonnegative orthant, X be a non-empty open
subset of R", and u € z. Let Rt = {x € R"|x > 0}. Further, let f = (f1,...,fs) : X — R* where each f; is a
locally Lipschitz function on X and Iy, (z),i € I = {1,..., s}, be the range of f;, that is, the image of X under
fi- I(X,Y) is the range of f;,g;,i =1,...,s, that is, the image of X under f;, g;.

Definition 2.1 ([27]). Let d € R", X be a non-empty set of R™ and f: X — R. If

Y—=Zulo

fOz,d) == lim supi(f(y+ud)*f(y)),

exists and then f°(x;d) is called the Clarke derivative of at x in the direction d. If this limit super exists for all
d € R", then f is called the Clarke differentiable at . The set

is called the Clarke subdifferential of f at x.
Note that if a given function f is locally Lipschitz, then the Clarke subdifferential 0f(x) exists.

Lemma 2.2 ([24]). Let U be a real-valued Lipschitz continuous function defined on X and denote the image of
X under U by I'y(z); let o : Iy(x) — R be a differentiable function such that @' (v) is continuous on I'y(z) and
© () <0 for each y € U(x). Then the chain rule

(poW)’(@,d) = ¢ (¥(2))V°(x,d),

holds for each d € R™. Therefore

ANpoW)(x) = ¢ (¥(x))o(¥)().
Definition 2.3 ([23]). If there exist Gy = (Gy,,...,Gy,) : R — R™ such that any its component Gy, : Iy, (z) —
R,i=1,...,s, is a strictly increasing differentiable real-valued function on its domain Iy, (z), a vector-valued
function ay = (ayf,,...,ap) : X x X — R", where ay, : X x X — R\{0},i =1,...,s, and a vector-valued
function 1 : X x X — R"™ such that the inequalities

Gy, (fi(x)) = Gy, (fi(w) 2 ay, (@, u)G, (fi(w) (&, n(w,w), i€l
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hold for all z € X and each & € 9f;(u),i = 1,...,s, then f is said to be a nondifferentiable (G, V)-invex
function at on X with respect to 17,G¢ and ay. If the direction of the above inequality is changed to the
opposite direction, then we call f is a nondifferentiable (G, V')-incave function at on X with respect to n, Gy
and aj.

3. OPTIMALITY CONDITIONS

In this section, we consider the following nondifferentiable generalized minimax fractional programming prob-
lem (FP):

. _ _ f@y) + (@, An)'?
mm{F(x) = 21615{425(%9) = o(zoy) — <%73@1/2 }}

st. hj(z) <0, j=1,...,p,

—~

where Y is a compact subset of R™, f(-,-),g(-,-) : R" x R™ — Rand h;(-) : R* - R(j € J ={1,...,p}) are
C'-mappings. Let A and B be n * n positive semidefinite matrices. The problem (FP) is a nondifferentiable
optimization problem if either A or B is nonzero. If A and B are null matrices, problem (FP) is a differentiable
generalized minimax fractional programming problem.

Let D :={x € R™ | hj(z) < 0,5 € J} be the set of all feasible solutions of the problem (FP) and (z,y) €
X XY, f(x,y) + (x, Az)*/? > 0 and g(z,y) — (v, Bz)*/? > 0. For each = € D, we define the following sets:
J(x):={j € J|h(z)=0},

T, z,Az)t/? T,z x,Az)t/?
Y(ZIZ‘) = {y ey | Z:((x,g))irgm,Bzil/z = SUDP,ey ‘ch((z,z;tga:,Bzil/z }7

K(l‘) = {(S,t,g) e N X Rj_ x R™ .1 <s< n—|—1,t = (t1,t2,...,ts) with Z;g:lti =1 and g = (:Ijhgg,...,gm)
with §; € Y(x),i=1,2,...,s}.

Since f and g are continuously differentiable and Y is a compact subset of R™, it follows that, for each
z* € D, Y(z*) # @, y; € Y(a*), there is a positive constant kg, ko = ¢(z*,y;). The following generalized
Schwartz inequality will be needed in our considerations:

(x, Av) < (x,Ax>1/2<v,Av>1/2, Vz,v € R". (3.1)
The equality holds if Ax = AAwv, for some A > 0. Hence, if (v, Av>1/2 < 1, we have
(x, Av) < (z, Az)'/?. (3.2)

Now, we will also use the following auxiliary programming problem (G — Py):

g (e ) -G (a0 25

yey
S.t. G}Ljhj(l‘) < Ghj(O), j = 1,...,p.

We denote by Dg_p := {x € R" | G hj(x) < Gy, (0),5 =1,...,p}, J'(%) = {j € J | Gnh;(Z) = Gp,;(0)}.

Assume the function Gy, is strictly increasing on I, (x) for each j € J, then D = Dg_p and J(Z) = J'(Z).

Lemma 3.1 ([25]). Let z* be an optimal solution for (FP) and ko := F(x*). If the functions G increases strictly
in R, then

(i) x* is an optimal solution to the problem (G — Py,) and ¢(x*, ko) = 0;
(i) Go (f(a*,5) + (&, Au)'/?) — G o (ko(g(z*,5;) + (x*, Bv)!/?)) = 0, whenever § € Y (z*).
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Theorem 3.2 (Necessary optimality conditions [26]). Let T be an optimal; solution for (FP) satisfying
(z,Az) > 0, (z, BT) > 0 and 0h;(Z),j € J(Z) are linearly independent. Then, there exist (s,t*,y) € K(Z), ko €
Rt quR” and p* € RY., such that

th{af(fa i) + Au — ko(99(Z,9:) — Bv)} + Z 1;Oh(z (3.3)
F(@ ) + (@ AZ)Y? — (g(f,y}-) - (;E,Ba?)l/Q) =0, i=1,...,s, (3.4)
tr>0, i=1,...,swithy t/ =1, (3.6)
(u, Au) < 1, (v, Bv) <1, . (3.7)
(z, Au) = (z, Az)"/? (z, Bv) = (z, Bz)"/?. (3.8)

According to Theorem 3.2, the G-necessary optimality conditions of the problem (FP) can be derived as
follows, see Theorem 3.3.

Theorem 3.3 (G-necessary optimality conditions). Let problem (FP) is satisfying < z, Az > 0, (z, Bx) > 0.
Let T be an optimal solution of (FP). Assume that G is both continuously differentiable and strictly increasing
on I(X,Y). If Gy, is both continuously differentiable and strictly increasing on Iy, (X) with G;Ij (h;j(z)) > 0 for
each j € J, then there exists (s,t*,y) € K(Z),ko € R",u,v € R" and p* € RY, such that .

0€ Y66 (F@5) + (7, Aw)(@.f (3.7 + Au)

s » (3.9)

- Zt;kOG,(kO(g((fagi) — (2, Bv))))(9:9(Z, %) — Bv) +ZM§ h(%))0:h;(Z).
Go (f(i,gi)+<i,Au>1/2) —Go <k0<g<(§7,yz (z, Bv) 1/2>>> =0, i=1,...,s, (3.10)
15(G o hy(F) — Gohy(0) = 0,18 >0, € J, (3.11)
£ >0, izl,...,s,withzs:t;f‘:l, (3.12)
(u, Au) <1, (v, Bv) <1, (3.13)
(z, Au) = (z, Az)"/? (z, Bv) = (z, Bz)"/*. (3.14)

Proof. Since T is an optimal solution to problem (FP), by Lemma 3.1, & is an optimal solution to problem
(G — Pky) and E,. We can deduce from (3.3) to (3.6) and constraints [25] are satisfied for problem (G — Pky),
then there exist positive integers and vectors y; € Y'(z*) together with scalars ¢7,7 = 1,...,s, and p;(j € J)
such that (3.11), (3.12) and

0€ Zt;‘{@r(G o (f(2,4:) +(z, Au))) — 9x(G o (ko(g(Z, 5i) — (T, Bv))))}
' (3.15)
+ ZU Gh; o h;(z ))

hold, by Lemma 2.2 and the continuity of G and Gy, we have
0x(G o (f(Z,5:) + (T, Au))) — 0:(G o (ko(9(Z, %i) — (%, Bv))))
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=G (f(%,5:) + (%, Au) (0o f (7, i) + Au) — koG (ko(9((Z, ;) — (%, Bv))))
(0:9(Z,y;) — Bv), i=1,...,s,

0s(Gi, © ;) (%) = G (h(2))Dsh;(7)., 5 € J.
According to the above equation and (3.15), we get (3.9), the proof is complete. O

Theorem 3.4 (G-sufficient optimality conditions). Suppose that there x* € D is a feasible solution for (FP)
and exist kg € RY,(s,t*,7) € K(z*),u,v € R" and p € RY satisfies (3.9)~(3.14). Let G is both continuously
differentiable and strictly increasing on I(X,Y), G, is both continuously differentiable and strictly increasing
on In,(X) for each j € J. Let f(-,4;) + (-, Au) and k(g(-,3:) — (-, Bv)) is (G,V)-invexity and (G,V')-incave
function at T € D, respectively; and hj(-),7 =1,...,p is (G, V)-invexity at T on D, then T is an optimal solution
to (FP).

Proof. Suppose that Z is not an optimal solution to (FP). Hence, there exists * € D such that

qup @) @t A (@) + (@A)
veY gla*,y) — (@t Brt)'? e g(z.y) — (z, Bx)'?

We observe that
wup LEW + EADY @)+ (@ AR
= = ()7
vey g(z,y) — (z, Bz)'/? ) — (z, Bz

forg; e Y(z*),i=1,...,s and

Thus, we have

hold,

According to the monotonicity of G, we have.
Go (f(x*,gi)Jr(z*,Ax*)l/Q) —Go (ko(g(:r*,y_i)7<:c*,B:L'*>1/2)) <0, i=1,...,s, (3.16)

According to (3.1), (3.4), (3.6)—(3.8) and (3.16), we have

<Go (f(a:*, 7;) + <x*,Am*>1/2) —Go (ko (g(x*,y}-) — (m*,Bm*)l/z)) <0
(3.17)
=Go (f(;i,y}-) + (:f,AaE)l/2> ~Go (f(;?,gji) + @B@W)
=Go (f(z,m:)+ (%, Au)) = Go (f(Z,%:) + (2, Bv)).
So, because a(z*,%) >0

{G o (f(x*7gl) + <$*>Au>) —Go (f(j7gz) + <j’Au>) }

a(z*, T)

T {—(G © (ko(g(e" ) — (2", Bu))) — G o (ko(g(2.52) — @va)} <0,

a(z*,T)
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by (3.11) and « € D, it follows that
{Go (f(z", gi) + (2%, Aw)) = G o (f(Z,4:) + <:c7Au>)}

N { —(G o (ko(g(z",5i) — (=7, Bv>)1 — Go(h(g(@,5:) — (7, Bv))) }
az*,T)
G ohy(a*) — G o hy ()
Bla*, z)
By the generalized invexity assumptions of f(-,y;) + (-, Au), k(g9(-,y;) — (-, Bv)) and h;(-), we have

Go(f(z",3:) + (27, Au)) — G o (f(Z,5:) + (T, Au)) 2 o(z”, T)

< 0.

G (f(2.5) + (@, Au) (& n(a", 7)), vel € 0uf (@ i) + Auyi=1,....5, (3.18)
G o (ko(g(2", 5:)) — (27, Bv)) = G o (ko(9(Z,9:) — (7, Bv)))
< koa(x™, )
G (ko(g(®, :) — (2, Bo)) (& n(a”, 7)), V&) € Oug(@,95) — Buyi=1,...,s, (3.19)
Gohy(x") = Gohy(z) 2 Bla",2)G (h(@))(&, (", ), VEj € Ozhy(2),7 =1,...,p, (3.20)
Since tf > 0,i=1,...,sand y_.;_, t7 =1, then
~ . [Go(f(a*,5:) + (&, Au)) — G o (f(Z,5i) + (T, Au))
Zt{ ) }
n Zt*{ (G o (ko(g(=", 9i) — (x*,B;giz x)G o (ko(g(, 9:) — <i’73’0>)))} (3.21)

+zp: <Goh (l*’f)ohj(x)> o,

By (3.17)—(3.21), we deduce that

Zt {6 (@) + (@ Au) (€] (e, 2) ) = koG (holo @, ) — {2, Bo))El n(a”, ) |
+ Zu] ) (&jsm(a*,2)) <0,
Zt {6 (£@,5) + (@ AWl — koG (kolg(a. 5:) — (7 ))&l | + idwfc»@« <0,
This implies that "~
0¢ Zt G'( + (T, Au)) (0. f (2, 5) + Au)
- Zt koG (kog((Z, 3i) — (T, Bv)))(0x9(F, 5:) — Bv) +Zuj h; ().

This contradicts equation (3.9), so the assumption is wrong and the conclusion holds. the proof is
complete. 0
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4. DUALITY MODEL I

In this section, we consider the maximal minimum programming problem (FP) and establish the connection
between the original problem (FP) and the duality problem (DI). The duality problem that we consider is as
follows:

max sup k
(s 6.9) €K (2) (2,p1,k,u,0) € Hr (5,t,9)

where Hy(s,t,7) denotes the set of all triplets (z, i, k,u,v) € R" x R} x Ry x R" x R" satisfying

OEZtG (2,5) + (2, Au)) (8. f (2, 5s) + Au)

) (4.1)
- ZtikOG,(kOQ((zvgi) — (2, Bv)))(0:9(2,9:) — Bv) + Zﬂle (h(2))0:h;(2)

f(z,9:) + <Z Au) = kog((2,9:) — (2, Bv)) > 0, (4.2)

{p; h(2)) = 0, (4.3)

(s,t y) € K( ), (4.4)

(u, Au) < 1, (v, Bu) <1, (4.5)

If Hi(s,t,y) is empty for some triplet (s,t,y) € K(2), then sup, , x u.v)em, (s,,5) K = —00-

Theorem 4.1 (G-weak duality). Letx and (z, p, u,v,s,t,7) be (FP)-feasible solution and (DI)-feasible solution,
respectively; let G be both continuously differentiable and strictly increasing on 1(X,Y), Gy, is both continuously
differentiable and strictly increasing on I, (X) for each j € J. Let f(-,4;) + (-, Au) and k(g(-,9:;) — (-, Bv))
is (G,V)-invezity and (G,V)-incave function at z € D, respectively; and h;(-),j = 1,...,p is (G, V)-invezity
function at z € D, then

Proof. Suppose to the contrary that

We have
F@,5) + (@, A2)'? = k(g(w,5) = (2. Bn)'*) <0e Y. i=1i.s,

according to the monotonicity of G
_ 1/2 _ 1/2 _ .
Go(f(x,yl)Jr(z,A@ )7Go(k(g(z7yl)7<vaI> >)<07y1€Y5 7’717""5'
Since ; > 0,i =1,...,sand > > ;¢ = 1, then

ti{G o (f(x, ¥i) + (x,Am>1/2> —Go (k(g(x, g;) — (z, Bx>1/2)>} <0. (4.6)

Then there is at least one strict inequality because t = t1,...,ts # 0.
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From (3.1), (4.1), (4.4) and (4.6), we have
Zt {f(z,5:) + (x, Au) — k(g(2, 4:) — (2, Bv))}
< Z { x,¥;) + (x Ax>1/2 k(g(x,gi) - (:IJ,B:E>1/2}

<0< Zti{f(z,@i) + (2, Au) — k(g(z,%:i) — (2, Bv))}.

Hence

Zt {f T yz x Au) f(zagz) + <ZvAu>}

+ Ztik{—g(w@) — (z, Bv) + (9(2,:) — (2, Bv))} <0.

Because z is a feasible solution to (FP) and (4.3), we have

S { G bland) ) = Go (f) + o)

— a(z, z)

oz, 2)
+§”: (Goh ﬂ)(x’gohj(z)> —0

similar to the proof of Theorem 3.4, based on the convexity assumptions of f(-,7;) + (-, Au), k(g(-, ;) — (-, Bv))
and h;, we get

n Zt { (G o (ko(g(z,9i) — (x, Bv))) — G o (ko(g(2,¥i) — <ZaBU>)))}

0¢ Zt G (f(z,5:) + (2, Au)) (0. f (2, 5i) + Au)

- Zt koG (kog((z. 7i) — (2, Bv)))(0=9(2,5:) — Bv) + Y _ 3G’ (h(2))d:h;(2).

j=1
This contradicts equation (4.1), so sup,cy ¢(z,y) > k. the proof is complete. |

Theorem 4.2 (G-strong duality). Let problem (FP) satisfy constrains [25], and x be an optimal solution of
problem (FP). Let G be both continuously differentiable and strictly increasing on I(X,Y), Gy, is both con-
tinuously differentiable and strictly increasing on I, (X) with G/( h;i(z)) > 0 for each j € J. If the hypoth-
esis of Theorem 4.1 holds for all (DI) feasible pomts (Z,11,0,4,\, §*), then there exist (5,t,y*) € K(z) and

(z, i, k,u,v) € Hy(3,t,9*) such that (Z, i, k, 4, ,35,t,9*) is a (DI) optimal solution, and the two problems (FP)
and (DI) have the same optimal values.

Proof. Since z is an optimal solution in the nondifferentiable minimax fractional programming problem (FP),
there exists s
f(@,y7) + (2, Az)"/

k= ;
g9(z,y;) — (z,Bz)"/*

1=1,...,s,
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satisfying the requirements specified in the theorem, by weak duality (Thm. 4.1), for any feasible point
(z, i, k,u,v,5t,7*) of (DI). we have
>1/2

’

sup f(@,9;) +

(z > k.
yey g(.f‘ g: < > >
).

This implies that (z, i, k, @, 7, 3, , §*) is optimal in (DI O

Theorem 4.3 (G-strict converse duality). Let & and (2, i, k, 4,0, 5,t,5*) be (FP)-feasible solution and (DI)-
feasible solution, respectively; let G be both continuously differentiable and strictly increasing on I1(X,Y), Gp,
is both continuously differentiable and strictly increasing on Ip,(X) for each j € J. If f(-,y*) + (-, Au) and
k(g(-,g*) — (-, B0)),i =1,...,s is strictly (G, V)-invezity and strictly (G,V)-incave function at z € D, respec-
tively; and h;i(-),j € J is (G, V)-invezity function at z € D, then T = z; that is, z is a (FP)-optimal solution
and

Fle ) + (2,427
sup = 7z = k.
veY g(z,7%) — (2, Bz)

Proof. (Counter-evidence) suppose x # z. Similar to the proof of Theorem 4.1, the exist @f € 0,f(z,7F) +
(z,Au),& € 0. f(2,y) + (2, Bv),i=1,...,s and §; € 9,h;(z),j € J such that

0= Zt G (f(2.57) + (2, Au)E] — kG (kg((2.77) — (%, BO))&l + > 1, G (h(2))§;

Jj=1

- iti{Go (f(@,5;) + (7, A7) — Go (f(z,5;) + <Z,Aa>)}

— a(Z, z)
i _ - (4.8)
3 { ~(Go (Ko(@.57) - @, B%_; (klg(=.57) — (= BD))) }
"\ Gohy(®) = Gohy(z)
D3 e
By the feasibility of  and (4.2), we have
Z”:ﬂjeohj(z)__eohj(z) <o (4.9)

From (4.8) and (4.9) we get

Zt{ Go (f(z,47) + (7, AW)) — Go (f(z, ) + (z,Au))}

=1

Since (3.2) and (4.1), the above inequality implies that

S {6 (#@a0) + @ 45)7) -G (gla.50) - (7.59)7) )

i=1

> Zs:ti{Go (f(Z,ﬂf) - <z,Az>1/2) —kGo (g(z,g;‘) - <Z7BZ>1/2>} =0
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From the above inequality, we conclude that there exists a certain ¢g = 1, ..., s such that
Go (f(;i,gg‘o) + <55,A5:)1/2) — kG o (g(g@gjg‘o) ~ (@,B@l”) >0,
according to the monotonicity of G, we have
£(7,35) + (7, AD)'/? - E(g(a‘:,gg‘o) - <§:,B:E>1/2) > 0.

It follows that

o, o - S 1/2
f@g) + @A) S a) + e An' 10
Sup . _ _1/2_ . _ _1/2 ) ( * )
yeyYy g(z,y )*<£177BIZZ> g(xay10)7<z7 IE>
according to Theorem 4.1, we have
qup L@+ @ AD)
veY g(z,y) — (z, Bz)"/?
Contradicts equation (4.10), therefore, Z = z, the proof is complete. |

5. DUALITY MODEL 11

In this section, the second type duality model (DII) is given by adjusting theorem 4.1.

Theorem 5.1 (Necessary conditions [28]). Let & be an optimal solution for (FP) and let Oh;(z),j € J() be
linearly independent. Then, there exist (5,t,y) € K(&) and p* € RY., such that

v (Z:—1 Ez(f(fv 71) + ﬁleu>) :*‘ 22:1 M;M@) _o, (5.1)
21:1 ti(g(x7 yi) - <‘T7 BU))

> wih(z) =0, (5.2)
j=1

/1,*GRi,t_ZZO,ES:t_Z:].,ﬂZGY(if), t1=1,...,5, (53)

i=1
(u, Au) < 1, (z, Az)"/? = (z, Au),
(v, Bv) < 1,(z, Bz)"/* = (z, Bv). (5.4)

Theorem 5.2 (G-Necessary conditions). Let problem (FP) satisfy satisfying (T, Az) >0, (z,Bzx) > 0. Let T
be an optimal solution of (FP). Assume that G is both continuously differentiable and strictly increasing on
I(X,Y). If G, is both continuously differentiable and strictly increasing on Ip(X) with G/hj(hj (@) > 0 for
each j € J, then there exists (5,t,5) € K(Z) and p* € R, such that

v(Zf_l t_i(G(fgsf@) + @_, A_U>)) +_Z§:1 u}fG(h(w))> o (5.5)
> iz ti(G(9(Z,9:) — (T, Bv)))

ZujG(h(:E)) =0,u; >0, je€J (5.6)

t; >0, izl,...,g,withizl,yiEY(E), (5.7)

i=1



(G, V)-INVEXITY NONDIFFERENTIABLE GENERALIZED MINIMAX FRACTIONAL PROGRAMMING 4231
1, (z, Az)'? = (z, Au),

1,(z, Bz)"/* = (z, Bv), (5.8)
The duality problem that we consider is as follows (DII):

Sy G(f (@, 5:) + (2, Aw)) + 320y i h(2)
max sup < —
(5:6:9) €K (2) (2,,u,0)€ Ha(s,1.5) >io1 ti(9(2,9:) — (z, Bv))

where Hy(5,1,%) denotes the set of (z,p,u,v) € R™ x RY x R™ x R™ to satisfy

v(z:'_lmc:(f_z,ym<z,Au>>> ¥ b <<z>>>:0
S (G 3) — (2 BY)) |

we denote

and assume that

and
S

S tig(z.5:) — (2. Bv)) > 0

i=1

for all (s,t,9) € K(2), (z, 4, u,v) € Ha(s,t,7).

Theorem 5.3 (G-weak duality). Let x and (z,p, u,v,s,t,g) be (FP)-feasible solution and (DII)-feasible solu-
tion, respectively; let G be both continuously differentiable and strictly increasing on I(X,Y'), Gy, is both contin-
uously differentiable and strictly increasing on Ip,; (X) for each j € J, Let f(-,7;)+(-, Au) and k(g(-,9:) — (-, Bv))
is (G,V)-invezity and (G,V)-incave function at z € D, respectively; and h;(-),j = 1,...,p is (G, V)-invezity
function at z € D, then

wup L)+ (w, Aa)'? B (2 5) + (2 Au) + 0 wih(z).
veY g(z,y) — (z, Bac)l/2 N Y1 tilg(z,4i) — (2, Bv))

Proof. Suppose to the contrary that

su f(x,y)+<x,Am>1/2 Zf:ﬁﬂf(%?i)—i—(z,Au) ‘*‘Z; L 1Eh(2)
vev g(x,y) — (z, Bx)"/? < S (g0 00 — (o Bo)) (5.12)
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we get

(f(x,y) (z, Az) 1/2> <Zt (2,9:) — (= Bv)))
- <9(9€,y) (x, Bx) 1/2) (Zt (2,9:) + (z, Au)) + Zujh(z)) <0

Since t; > 0,i =1,...,s and > ;_, t; = 1, then

Zti{(f(l', (x, Az) 1/2) (Zt (z,9:) — (= Bv)))}
- ) (5.14)
— Zti{ (g(x, (x, Bx) 1/2> (Zt (2,7:) + (2, Au)) + ZM?MZ)) } < 0.
d

(5.11), we have

(5.13)

Then there is at least one strict inequality because t = tq,. .., ts # 0. From (3.1), (3.3) an
p

Zt 2,5:) + (2, Au)) +Zu; (Zt (96205 (= Bv>”2)>

P
(Zt ( 2, 7:) — (x, Bv) 1/2)> Zt (2,50) + (2, Auw) + > pih(2)

j=1

1/2
j:

Hence,

Ei(g(z,gi)_<Z7BU>)Zti(<f(x i) + (z, Au)) — (f(2,8:) + (2, Au)))

+ (Zu;h(x) —Z ) {Zt ( 2,5 + (z, Au) +Zu;h(z))}
Zﬂ-(f(g(x,yi) — (2, Bv)) + (9(2,5:) — (2, Bv))) <0.

Because z is a feasible solution to (FP), and according to the monotonicity of G, we have

Zt{ (2, i) <Z,Bv>]{GO(f(x,yi)+<w7Au>)—GO(f(z,yi)+<z7AU>)}}

a(z, 2)

oz, 2)

N Z - { LG (25 + (2 Au) + P k() }

(5.15)

+Zt{ {G o (9(z,4:1) — (x, Bv)) = G o (9(z,0:) = (2, BU>)}}

p
Gohj(x)—Goh;
+ E M; ° .7 ° J(Z)
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similar to the proof of Theorem 3.4, based on the convexity assumptions of f(-, ;) + (-, Au), g(-, ;) — (-, Bv)
and h;, we get

0¢ V(Zz V(G (o) + (2 Aw)) + 35 M}fG(h(Z)))
> i1 ti(G(9(2,9:) — (2, Bv)))
This contradicts equation (5.9), so the proof is complete. (]

Theorem 5.4 (G-strong duality). Let problem (FP) satisfy constrains [25], and x be an optimal solution of
problem (FP). Let G be both continuously differentiable and strictly increasing on I(X,Y). If the hypothesis of
Theorem 5.3 holds for all (DII) feasible points (Z, ji, v, 5,1, §*), then there exist (5,1,4*) € K(2) and (z, 5, u,v) €
Hy(5,1,9%) such that (%, i, k,u,v,5,t,9%) is a (DI) optimal solution, and the two problems (FP) and (DII) have
the same optimal values.

Theorem 5.5 (G-strict converse duality). Let z and (z, [, 4,v,§,t,5*) be (FP)-feasible solution and (DII)-
feasible solution, respectively; let G be both continuously differentiable and strictly increasing on I(X,Y), Gy, is
both continuously differentiable and strictly increasing on I, (X) for each j € J. If f(-,yf) + (-, Aw) and
k(g(-,yf) — (-, BY)),i =1,...,s is strictly (G, V)-invezxity and strictly (G, V)-incave function at z € D, respec-
tively; and h;(-),j € J is (G, V)-invexity function at z € D, then T = z; that is, z is a (FP)-optimal solution

and _
)+ (A2 T (G (250 + (2 Aw) + 37, 15 G(h(2))
t

sup Gy —
veY g(z,5*) — (2, Bz)'/? S0 Ei(Gg(2,5i) — (2, Bv)))

6. CONCLUSIONS

This paper discusses the application of nondifferentiable (G, V')-invexity functions in nondifferentiable gener-
alized minimax fractional programming (FP). Firstly, we construct an important auxiliary minimax fractional
programming problem, which is necessary to discuss the nondifferentiable generalized minimax fractional pro-
gramming problem (FP). Based on this, we establish G-necessary optimality conditions. Further, we construct
two duality models (DI and DII) of the nondifferentiable generalized minimax fractional programming problem
(FP), and obtain the G-weak duality, G-strong duality and G-strict inverse duality theorems between the primal
problem (FP) and the duality problems (DI and DII) under the assumption of (G, V')-invexity.
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