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COMPONENT FACTORS AND DEGREE SUM CONDITIONS IN GRAPHS

Hur QIN', GuowEl DAI?, YUAN CHEN?>*, TING JIN* AND YUAN YUAN®

Abstract. For a set & of connected graphs, an /-factor is a spanning subgraph of a graph, whose
connected components are isomorphic to graphs from the set /. An &/-factor is also referred as a
component factor. A graph G is called an (&, m)-factor deleted graph if for every E’ C E(G) with
|E'| = m,G — E’' admits an o/-factor. A graph G is called an (&, 1)-factor critical graph if for every
V' C V(G) with |[V'| =1,G — V' admits an «/-factor. Let m,l and k be three positive integers with
k > 2, and write F = {P5,Cs, P5, 7(3)} and # = {K11,K1,2,..., K1k, 7(2k+1)}, where 7(3) and
T (2k 4+ 1) are two special families of trees. Inspired by finding a sufficient condition to check for the
existence of path-factors with some special restraints, we focus on the sufficient conditions based on a
graphic parameter called degree sum:

ox(G) = Xrgn\}r(lc;) { Q:GZX da(x) : X is an independent set of k Vertices}.

In this article, we verify that: (i) an (I + 2)-connected graph G of order n is an (%,1)-factor critical
graph if o3(G) > 2249 (i) a (2m + 1)-connected graph G of order n is an (%, m)-factor deleted
graph if op12(G) > Sn; (iii) an (I 4 2)-connected graph G of order n is an (,[)-factor critical graph

if oop41(G) > %f:;i’))l; (iv) a (2m + 1)-connected graph G of order n is an (5, m)-factor deleted

graph if om42(G) > 21313'
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1. INTRODUCTION

Graph theory has shown impressive advances in recent years, due to its essential roles providing structural
models and indispensable tools in computer science, communication networks and combinatorial optimization
problems. Matching theory, or more general factor theory, is one of the fundamental areas in graph theory. It
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studies the structures and properties of matchings and factors, the simplest nontrivial substructures of graphs.
Graph factors are the generalizations of matchings, which is also one of the earliest topics to be studied in graph
theory. One type of graph factor problems, generally referred as “component factor” problem, which consider a
spanning subgraph with components isomorphic to the members of a given list. In this article, We investigate
the existence of two types of component factors with given properties in graphs.

Throughout this paper, we discuss only simple connected graphs. We refer to Bondy and Murty [4] for the
notation and terminologies not defined here. Let G = (V(G), E(G)) be a graph. We denote by V(G) and E(G)
the vertex set and the edge set of G, respectively. For v € V(G), we use dg(v) and Ng(v) to denote the degree
of v and the set of vertices adjacent to v in G, respectively. If de(v) = 0 for some vertex v € V(G), then v is said
to be an isolated vertex in G. The number of isolated vertices of a graph G is denoted by i(G). For any subset
S C V(Q), let G[S] denote the subgraph of G induced by S, and G — S := G[V(G) \ 5] is the resulting graph
after deleting the vertices of S from G. For any M C E(G), we use G — M to denote the subgraph obtained
from G by deleting M. Especially, we write G —z = G —{z} for S = {2} and G —e = G — {e} for M = {e}. We
denote by x(G) and A(G) the connectivity and the edge connectivity of G, respectively. We denote by T a tree,
and by Leaf(T) the set of leaves in T. An edge of T incident with a leaf is called a pendant edge. Especially,
the number of leaves in T is equal to that of pendant edges in T under the case that the order of T is at least 3.

A subgraph H of G = (V(G), E(G)) is called a spanning subgraph of G if V(H) = V(G) and E(H) C E(G).
For a family of connected graphs ., a spanning subgraph H of a graph G is called an «7-factor of G if each
component of H is isomorphic to some graph in &7. A graph G is called an (&, [)-factor critical graph if G — V'
contains an &/-factor for any V' C V(G) with |V’| = I. A graph G is called an (&, m)-factor deleted graph
if G — E' has an &/-factor for any E' C E(G) with |E’| = m. Obviously, an (&,0)-factor deleted graph is
equivalent to a graph having an .o/-factor.

The first attempt on the study of factors was made by Petersen in 1891, who proved that every graph of even
degrees can be decomposed into the union of edge-disjoint 2-factors. This was motivated from the study of an
algebraic factorization problem. He also showed that every 2-connected cubic graph has a 1-factor. These two
results can be viewed as a forerunner of modern graph factor theory. Since Tutte [22] gave a characterization
(i.e., so-called Tutte’s 1-factor Theorem) for the existence of perfect matchings in arbitrary graphs in 1947, it
has become a cornerstone of factor theory. Till now, this elegant theorem is still one of the most fundamental
results in factor theory. Subsequently, Tutte [22] extended the techniques in the proof of 1-factor Theorem to
obtain a necessary and sufficient condition for a graph to have an f-factor. For the more comprehensive account
of study on matching theory and graph factors, readers can refer to [1,24] for more information and related
references.

As early as 1953, Tutte [23] obtained a necessary and sufficient condition for a graph to have a {P,,C), : n >
3}-factor. Egawa, Kano and Yan [11] gave a shorter proof. Klopp and Steffen [19] posed some properties for the
existence of {K7 1, K1 2, Cy, : m > 3}-factors in graphs. Kano, Lee and Suzuki [16] showed two results for graphs
to admit path and cycle factors. Kano, Lu and Yu [17] derived a result for a graph having a {Kj 2, K; 3, K5}-
factor. Amahashi and Kano [3] obtained a criterion for a graph with a {K;; : 1 < j < k}-factor. Kano and
Saito [14] used isolated k-toughness to ensure the existence of {K; ; : k < j < 2k}-factor. Akiyama, Avis and
Era [2] provided a good characterization for a graph admitting a P>g-factor in graphs. The following results on
component factors of graphs are known.

Theorem 1.1. (Tutte [23]) A graph G admits a { Py, C,, : n > 3}-factor if and only if i(G — S) < |S| for every
S C V(G), where i(G — S) denotes the number of isolated vertices in G — S.

Theor(err)l 1.2. (Kano, Lu, Yu [18]) A graph G admits a {K 2, K1 3, Ks5}-factor if i(G — S) < % for every
S CcV(G).

Theorem 1.3. (Amahashi, Kano [3]) A graph G admits a {K,; : 1 < j < k}-factor if i(G — S) < k|S| for
every S C V(G).
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Theorem 1.4. (Akiyama, Avis, Era. [2]) A graph G has a P>o-factor if and only if i(G — S) < 2|S| for all
S CV(G).

The concept of sun was introduced by Kaneko [13]. A graph H is called factor-critical if H — v has a 1-factor
for each v € V(H). Let H be a factor-critical graph and V(H) = {v1,v2,...,v,}. By adding new vertices
{uy,uz,...,u,} together with new edges {v;u; : 1 <i < n} to H, the resulting graph is called a sun. We also
regard K; and K5 as suns. A component of G is called a sun component if it is isomorphic to a sun. Using the
concept of sun components, Kaneko [13] presented a good characterization for a graph admitting Psg-factors.
Kano, Katona and Kirély [15] gave a simpler proof of Kaneko’s result. Kano, Lu and Yu [17] demonstrated that
a graph G has a Pss-factor if i(G — S) < 2|9] for all S C V(G). For more sufficient conditions for the graphs
admitting P>s-factors, we refer to [7-10,12,20, 25-28].

Theorem 1.5. (Kano, Lu, Yu [17]) A graph G has a P>3-factor if and only if i(G—S5) < §|S| forall S CV(G).

Intuitively, if a graph is dense enough, then it will have a P>3-factor. Recall the classic result due to Ore
[21]: Let G be a graph of order n > 3, then G is Hamiltonian if dg(u) + dg(v) > n for each pair of nonadjacent
vertices of G. Our goal is to replace “dg(u) +dg(v) > n for every pair of nonadjacent vertices of G” by a weaker
condition of the same flavor. Here, if G is a graph containing at least k independent vertices, then we use the
graphic parameter degree sum defined as

ox(G) = min { Z dg(x) : the set X is independent and contains k Vertices} .
XCV(G)

Note that when & = 2, this corresponds to taking the minimum of dg(u) 4+ dg(v) over every pair of nonadjacent
vertices of G, part of the crux of the statement of Ore’s Theorem [21]. From algorithmic complexity point of
view, if k is fixed, the time O(n*) taken in computing the degree sum parameter oy (G) is strongly polynomial
by simply checking all subsets of size k. On the study of the existence of component factors using the simple
Ore-type sufficient condition refer to [5,6].

In this paper, in terms of degree sum conditions, we investigate the existence of component factors with given
properties in graphs, which are shown in Sections 2 and 3.

2. GRAPH WITH A {P,,C3, Ps, 7 (3)}-FACTOR

Recently, using fractional factors as a tool, Kano, Lu and Yu [18] constructed a new component factor
called {Ps, C3, Ps, 7 (3)}-factor, where 7 (3) is defined as follows: for any {1,3}-tree R (i.e., a tree such that
dr(z) € {1,3},Vz € V(R)), a new tree Tr is obtained from R by inserting a new vertex of degree 2 into every
edge of R, and by adding a new pendant edge to each leaf of R. Then the tree Ty is a {1, 2, 3}-tree admitting
|E(R)| + |Leaf(R)| vertices of degree 2 and possesses the same number of leaves as R (e.g., see Fig. 1). The
collection of such {1, 2,3}-trees T generated from all {1,3}-trees R is denoted by .7 (3).

In this section, we always assume that .# = {P»,C3, P5,.7(3)}. Kano, Lu and Yu [18] derived a characteri-
zation for a graph with .#-factors.

Theorem 2.1. (Kano, Lu, Yu [18]) A graph G admits an .F -factor if and only if

i(G - 5) <55

oW

for every S C V(G).

Using Theorem 2.1, we shall verify the following two results on the graph admitting .#-factors.
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FIGURE 1. A {1,3}-tree R and the resulting {1, 2, 3}-tree Tg obtained from R.

Theorem 2.2. Let G be an (I + 2)-connected graph of order n, where | is a positive integer. Then G is an
(Z,1)-factor critical graph if G satisfies

2n + 3l

max {dg(xl),dg(xg),dg(mg)} > 3

for any independent set {x1, 2,3} of G.

Proof. Let G' = G — V' for any V' C V(@) with |V'| = [. Tt suffices to verify that G’ has an .%-factor. On the
contrary, we assume that there is no #-factor in G'. By Theorem 2.1, there exists S C V(G’) such that

(G~ 5) > 2sl. (1)
Claim 2.1. |S] > 2.
Proof. Assume that |S| < 1. Then the connectivity
k(G —8)=kr(G-V'=8)>k(G)—|V'US|>1+2)—(+1)=1. (2)

It follows from (2) that G’ — S is connected. So, i(G" — S) = 0, which contradicts (1). O
In terms of (1) and Claim 2.1, we obtain that

(G —8) =i(G—V'—8) > g|5| >3, ()

Let wuy, ug, us be three distinct isolated vertices in G’ — S by (3). It is clear that {uj,us,us} is independent in
G, and dg'—g(u;) = 0 for i = 1,2, 3. Hence, we have

da(ui) < der(ui) + V' < dgr—s(u;) + [S|+ [V < [S] +1 (4)
for i = 1,2,3. Then in terms of (4) and the degree condition of Theorem 2.2, we obtain

2n + 3l
5 )

|S|+1> max{dg(ul),dg(UQ),dg(u;:,)} >

which implies
2
812 £(n—1). %)

Combining (5) with (1), it implies that
3 5
n> V' +1|S|+i(G' - S) >l+|S|+§|S\ =l+§|5| >n,

a contradiction. O
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Corollary 1. Let G be an (I 4+ 2)-connected graph of order n, where l is a positive integer. Then G is an
(Z,1)-factor critical graph if o3(G) > G"TH”.

Theorem 2.3. Let G be a (2m + 1)-connected graph of order n, where m is a positive integer. Then G is an
(F,m)-factor deleted graph if G satisfies

[S20 )

max {dg(z1),da(x2), ..., da(Tmy2)} > =n

for any independent set {x1,xa,...,Tmi2} of G.

Proof. Let H = G — E' for any edge set E' C E(G) with |E’| = m. Then V(H) =V (G) and E(H) = E(G)\ E'.
To prove Theorem 2.3, it suffices to verify that H has a .#-factor. On the contrary, we assume that H admits
no %-factor. By Theorem 2.1, there exists S C V(H) such that

i(H ~5) > 2|S|. (6)
Claim 2.2. |S|>m + 1.
Proof. On the contrary, we fist assume that S = (). By (6), we obtain
i(H)=14(H-1S) > 0. (7)

On the other hand, since G is (2m + 1)-connected, H := G — E’ is a connected graph. So we obtain i(H) = 0,
which contradicts (7). Hence, S # () and |S| > 1. This together with (6) implies that i(H — 5) > 3|S| > 2. Due
to the integrality of i(H — S), we obtain that

i(G—E —8)=i(H—S)>2. (8)
If |S| < m, then
kK(H-S8)=k(G—-—E -8)>2m+1)—|E'|—|S|>1,

which implies that H — S is connected. So, i(H —.S) = 0, a contradiction to (8). Then we claim that |S| > m+1.
O

In what follows, we shall consider two cases.
Case 1. S is not a vertex cut set of G.
In this case, we derive w(G — §) = w(G) = 1. By Claim 2.2, we get

ﬂH—&zﬂG—E—&Sw@—EﬂdﬂgMG—$+m=m+1§;ﬂ

which contradicts (6).
Case 2. S is a vertex cut set of G.
In this case, we possess w(G — §) > w(G) + 1 = 2. Combining this with x(G) > 2m + 1, we derive

S| > 2m + 1. (9)

In light of (9), we first argue that
i(G—8)>m+2. (10)
Otherwise,
i(H=8)=i(G-—E -8)<i(G-9)+2m<(m+1)+2m <|S|+m < g\SL
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(1) (2) (3

FIGURE 2. (1) A tree R that satisfies (i7) with k = 4; (2) The tree R — Leaf(R); (3) The tree
TR obtained from R.

which contradicts (6). Let {uy,ua,..., Umi1,Umi2} € I(G — S) by (10), where I(G — S) denotes the set of
isolated vertices in G — S. Then we obtain an independent subset {u1,us, ..., Um+1, Ums2} in G. Hence, we
have dg(u;) < |S] for any 1 < i < m+ 2. Combining with the degree condition of Theorem 2.3, it implies that

2
gngmax{dg(ui):lgigm—&—Z}§|S|. (11)
In light of (6) and (11), we deduce
‘ 3 5
n>|S|+i(G—-95)>|S|+ §|S| = §|S| >n,

a contradiction. O

Corollary 2. Let G be a (2m + 1)-connected graph of order m, where m is a positive integer. Then G is an
(F,m)-factor deleted graph if oymi2(G) > Sn.

3. GRAPH WITH A {Ky 1, Ki,..., K1, 7 (2k + 1)}-FACTOR

In this section, we investigate the graph which admits {K1 1, K1 9, ..., K1k, 7 (2k+1)}-factor, where k > 2 is
an integer and .7 (2k + 1) is a more general class of trees. Let R be a tree that satisfies the following conditions:
for each z € V(R — Leaf(R)),

(Z) deLeaf(R) (I) € {1, 3,...,2k+ 1},

(ii) 2-(the number of leaves adjacent to x in R)+dr_rear(r)(7) < 2k + 1.

For such a tree R, we derive a new tree T as follows:

(7i7) insert a new vertex of degree 2 into each edge of R — Leaf(R);

(iv) for each vertex x of R — Leaf(R) with dr_reapr)(z) = 2r +1 < 2k + 1, add k — r—(the number of
leaves adjacent to z in R) pendant edges to .

Then the set of such trees Tx for all trees R satisfying conditions (¢) and (i) is denoted by 7 (2k + 1).

In this section, we always assume that 5 = {K11,K12,..., K1k, 7 (2k + 1)}. Recently, Kano, Lu and Yu
[18] derived a characterization for graphs with .#-factors.

Theorem 3.1. Let G be a connected graph, k > 2 be an integer. Then G admits an J€-factors if and only if
. 1
i(G-8) < <k:+ 2) |S|

for every S C V(G).
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Using Theorem 3.1, we shall verify the following results on the graph admitting .7#-factors.

Theorem 3.2. Let G be an (I + 2)-connected graph of order n, where | is a positive integer. Then G is an
(A2,1)-factor critical graph if G satisfies

2n + (2k + 1)1

max {dg (21), da(22), . ... da(z2n41) } > 2k + 3

for any independent set {x1,xa, ..., Topr1} of G.

Proof. Let G' = G — V' for any V' C V(G) with |V'| = [. It suffices to verify that G’ has an .#-factor. On the
contrary, we assume that there is no J#-factor in G'. By Theorem 3.1, there exists S C V(G’) such that

i(G' - S) > <k+;> 1S]. (12)

Claim 3.1. |S] > 2.

Proof. Assume that |S| < 1. Then the connectivity

k(G =8)=r(G-V'=8)>k(G)— VUS| >(1+2)—(+1)=1. (13)
It follows from (13) that G’ — S is connected. So, i(G' — S) = 0, which contradicts (12). O
In terms of (12) and Claim 3.1, we obtain that
1
i(G’—S):i(G—V’—S)><k'+2> |S| > 2k + 1. (14)
Let {u,usa,... ok, uok+1}y C I(G — S) by (14), where I(G — S) denotes the set of isolated vertices in G — S.
It is clear that {uy,us, ..., usk, usg+1} is an independent subset in G. Hence, we have
dg(ui) < dor (i) + [V < dgrs(ui) + S|+ V| < [S]+1 (15)

fori=1,2,...,2k + 1. Then in terms of (15) and the degree condition of Theorem 3.2, we obtain

18] + 1 > max {da(w), de(us), ..., de(uzsr)} > 2n+ 2k + 1)1

2k+3 7
which implies
2
> —1). 1

812 5o (n—1) (16)

Combining (16) with (12), it implies that
1 2k +3
n> |V +|S|+i(G' = S)>1+|S|+ <k+2> S| =1+ 2+ |S| > n,

a contradiction. a

Corollary 3. Let G be an (I 4+ 2)-connected graph of order n, where l is a positive integer. Then G is an
(A, 1)-factor critical graph if oop+1(G) > %f:;?’)l.
Theorem 3.3. Let G be a (2m + 1)-connected graph of order n, where m is a positive integer. Then G is an
(S, m)-factor deleted graph if G satisfies

2n
2k+3

max {dg (1), dg(x2), ..., de(Tmi2)} >

for any independent set {x1,x2,...,Tmia} of G.
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Proof. Let G' = G—E' for any edge set E' C E(G) with |E’| = m. Then V(G') = V(G) and E(G') = E(G)\ E'.
To prove Theorem 3.3, it suffices to verify that G’ has an #-factor. On the contrary, we assume that G’ admits
no #-factor. By Theorem 3.1, there exists S C V(G’) such that

i(G' - S) > <k+;> 1S]. (17)

Claim 3.2. |S|>m + 1.
Proof. On the contrary, we assume that |S| < m, then
k(G —S)=kr(G-—E —-S)>2m+1)—|E'|—|S] > 1. (18)

On the other hand, by (17), we obtain i(G’ — S) > (k+ 3)|S| > 0. Due to the integrality of i(G’ — S), we obtain
that
i(G—FE —-9)=1iG -95)>1,

which contradicts (18). So, we claim that |S| > m + 1. O
In what follows, we shall consider two cases.
Case 1. S is not a vertex cut set of G.
In this case, we derive w(G — S) = w(G) = 1. By Claim 3.2, we get

i(G'S)i(GE’S)gw(GE/S)Sw(GS)erm+1§<k+;) 1S],

which contradicts (17).
Case 2. S is a vertex cut set of G.
In this case, we possess w(G — S) > w(G) + 1 = 2. Combining this with x(G) > 2m + 1, we derive

15| > 2m + 1. (19)

In light of (19), we first argue that
i(G—8)>m+2. (20)

Otherwise,
i(G'—=8)=i(G-E -95)<i(G-S)+2m < (m+1)+2m < |S|+m < <k+;> 1S],

which contradicts (17). Let {u1,ua, ..., Umt1,Umt2} € I(G — S) by (20), where I(G — S) denotes the set of
isolated vertices in G — S. Then we obtain an independent subset {ui,us,..., Umi1,Umt2} in G. Hence, we
have dg(u;) < |S] for any 1 < i < m + 2. Combining with the degree condition of Theorem 3.3, it implies that

2n
— <
2k+3 —

In light of (17) and (21), we deduce

max {dg(u;) : 1 <i<m+2} <|9]. (21)

2k +3
2

nZ|S|+i(G—S)>|S|+<k+;>S|— S| > n,

a contradiction. O

Corollary 4. Let G be a (2m + 1)-connected graph of order m, where m is a positive integer. Then G is an

(S, m)-factor deleted graph if omm12(G) > 2213.
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4. CONCLUSIONS

In this paper, we establish the relationships between sum degree conditions and component factors of graphs,
and derive some sum degree conditions for graphs to be { Py, C3, P5, 7 (3)}-factor critical/deleted graphs, and
{Ki11,K12,..., K1, 7(2k + 1)}-factor critical/deleted graphs, where k > 2.
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