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SHARP BOUNDS ON THE GENERALIZED DISTANCE SPECTRAL RADIUS
AND GENERALIZED DISTANCE ENERGY OF STRONGLY CONNECTED
DIGRAPHS

ZENGZHAO XU AND WEIGE XTI*

Abstract. Let D(G) be the distance matrix of a strongly connected digraph G, Tr(G) be the diagonal
matrix with vertex transmissions of G as diagonal entries. The generalized distance matrix Dg(G) of the
strongly connected digraph G is defined as Dg(G) = BTr(G)+ (1—-B)D(G), for any real 0 < 8 < 1. The
generalized distance spectral radius of G is the spectral radius of Dg(QG). Let u? (GQ), 1 (G), ..., uS(G)

be the eigenvalues of Dg(G), the generalized distance energy of the digraph G is Ep,(G) = |uf (G)—
i=1

%(G)L where W (@) is the sum of distances between all ordered pairs of vertices of G. In this paper,
we obtain some sharp upper and lower bounds for the generalized distance spectral radius of G and
characterize the extremal digraphs. Moreover, we also give some lower bounds on the generalized
distance energy of digraphs.
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1. INTRODUCTION

Let G be a digraph with vertex set V(G) and arc set E(G). The number of vertices (arcs) in digraph G is
called the order (size) of G. For an arc (v;,v;) of G, we call v; out-adjacent to v;, and v, in-adjacent to v;; we
also say v;,v; are the end vertices of this arc. A digraph G is called strongly connected if for any pair v;,v; of
distinct vertices in G, there exists a directed path from v; to v; and a directed path from v; to v;. An empty
digraph is one with no arcs. A simple digraph in which any pair v;,v; of distinct vertices of G is joined by
symmetrical arcs (v;,v;) and (v;,v;) is called a complete digraph. Let G be a digraph with vertex set V/(G), T
be a nonempty subset of V(G), we use G[T] denote the subdigraph of G induced by T.

For a vertex v; of the digraph G, N, (G) = {v; : (vi,v;) € E(G)} is called the out-neighbourhood of v;.
The vertices in Nj; (G) are called the out-neighbours of v;. The outdegree of vertex v; is the number of out-
neighbours of this vertex, denoted by dg(vi), or simply write by d;". The maximum outdegree and second
maximum outdegree of G is denoted by A and AJ, respectively. An outdegree regular digraph is digraph in
which the outdegree of all vertices are equal.
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Let G be a strongly connected digraph, v; and v; be two vertices in G, the distance from vertex v; to v; in
G, denoted by dy,,; (G) or simply by d;j, is the length of the shortest directed path from v; to v;. The diameter
of G is the maximum distance d;; over all ordered pairs of vertices v;,v;. We use Trg(v;) or T'r; denote the

n

transmission of a vertex v;, which is defined as Trg(v;) =Tr; = Y d;; (1 =1,2,...,n). A transmission regular
i=1

digraph is digraph in which the transmission of all vertices are equal.

For a strongly connected digraph G, the distance matrix D(G) is a real matrix whose (i, j)-entry equal
to d;;. The distance signless Laplacian matrix of G is defined as D?(G) = D(G) + Tr(G), where Tr(G) =
diag(Tr1,Tro, ..., Try,) is the diagonal matrix with vertex transmissions of G as diagonal entries.

Recently, Xi et al. [16] studied the generalized distance matrix Dg(G) of G, which is defined as Dg(G) =
BTr(G) + (1 — B)D(G), where 0 < 3 < 1. It is clear that for 3 = 0, D(G) = Dy(G), and for 8 = %,
DR(G) = 2Dy (G). From this, it follows that the matrix Dg(G) is a generalization of the matrices D(G)
and D?(G). Therefore, it will be interesting to see the results which already done for the spectral radius of
the matrices D(G) and D?(G) can be extended to the spectral radius of the matrix Ds(G). The eigenvalues
of D(G) are called the generalized distance eigenvalues or Dg-eigenvalues of G, and they are denoted by
1 (@), 13 (@), ..., 1P (G). We use ps(G) denote the generalized distance spectral radius or Dg-spectral radius
of G, which is the spectral radius of Dg(G). Since Dg(G) is a nonnegative irreducible matrix, we have pg(G) is
an eigenvalue of Dg(G) (0 < B < 1), and there exists a positive unit eigenvector corresponding to pg(G), which
is called the Perron vector of Dg(G).

The investigation on the distance spectral radius, the distance signless Laplacian spectral radius and the
generalized distance spectral radius of connected undirected graphs have received a lot of attention of researchers.
For some recent results, one may see [1-4,6,9,19] and the references therein. In recent years, researchers have
begun to focus on the distance spectral radius and distance signless Laplacian spectral radius of digraphs. In
2013, Lin and Shu [8] determined the extremal digraphs with the minimum distance spectral radius among all
strongly connected digraphs with given arc connectivity and dichromatic number, respectively. In 2021, Xi et al.
[17] completely determine the digraphs has the minimum distance spectral radius among all strongly connected
digraphs with given diameter. In 2017, Li et al. [7] gave a lower bound on the distance signless Laplacian spectral
radius for digraphs with given vertex connectivity, and they also characterized the extremal digraphs. In 2019,
Xi et al. [15] obtained a sharp lower bound on the distance signless Laplacian spectral radius for digraphs with
given arc connectivity, and they also determined the extremal digraphs.

Recently, the research of the matrix D(G) of strongly connected digraph G has not attracted much attention
from the researchers, and there are only a few papers on the spectral radius of Dg(G). For example, in [16],
the authors determined the digraphs which minimizes the Dg-spectral radius with given dichromatic number,
vertex connectivity and arc connectivity, respectively. In [13], the author provided some upper and lower bounds
for the Dg-spectral radius of strongly connected digraphs. In this paper, we will first further investigate the
generalized distance spectral radius of digraphs.

The energy of a digraph was introduced in 2008 by Pefia and Rada [11]. Since then, the study of energy of
digraphs has been extended to other matrices assigned to the digraphs. In 2017, Xi and Wang [14] gave the
definition of the signless Laplacian energy of a digraph. For recent works on the energy, the Laplacian energy
and the signless Laplacian energy of digraphs, we refer to [10, 12, 18]. Motivated by the above works, we will
introduce an energy based on the generalized distance matrix Dg(G).

The rest of this paper is organized as follow. In Section 2, we give some sharp upper and lower bounds on the
generalized distance spectral radius of digraphs and we also characterize the extremal digraphs. In Section 3,

n
we define the generalized distance energy of a strongly connected digraph G as Ep,(G) = }_ | pf (G) - 'HWT(G)L
i=1
n
where W(G) = > Tr;. We also obtain some lower bounds on the generalized distance energy of strongly

i=1
connected digraphs.



SHARP BOUNDS ON THE GENERALIZED DISTANCE SPECTRAL RADIUS 4577

2. SHARP BOUNDS ON THE GENERALIZED DISTANCE SPECTRAL RADIUS OF STRONGLY
CONNECTED DIGRAPHS

Firstly, we give a useful lemma.

Lemma 2.1. ([5]) Let B = (b;;) be an irreducible nonnegative square matriz of order n, p(B) be its spectral
radius, and ;(B) be the i-th row sum of B. Then

min{y;(B) : 1 <i<n} < p(B) <max{y;(B):1<i<n},
any equality holds if and only if 11 (B) = ¥o(B) = - - - = ¢, (B).

Now, we obtain a sharp upper bound on the generalized distance spectral radius of strongly connected
digraphs.

Theorem 2.2. Let G = (V(G), E(Q)) be a strongly connected digraph with n > 2 vertices, {Tr1,Tra, ..., Try}
be its vertex transmission sequence with Try > Tre > --- > Tr,. Then, for 1 <i<mn,

(@) < Tri+BTri — (1-8)+/(1-8)+Tr ;BTn)Q —41-B)(n—i+1)(Tr. — Tn). @2.1)

If Try =Tr; ori =1, the equality holds if and only if G is a transmission regular digraph. If Tr1 > Tr; and 2 < i <n,
the equality holds if and only if G satisfies Tr1 = Trg = -+ = Tri-1 > Tr; = Triyn = -+ = Try, and dij = 1 for
1<I<nandi<j#Il<n.

Proof. If Try = Tr; or i = 1, then TT1+6T”7(176”\/((1%]””1;BT”)Q74(175)(717”1)(%17T”) = T'r1. Hence,

base on Lemma 2.1, we get

_Tri+BTri —(1-0) + V(@ =B)+Tr1 —BTr)2 —4(1 —B)(n—i+ 1)(Tr1 — Try)
2

pp(G) < Tr

)

and the equality holds if and only if G is a transmission regular digraph.
Now we suppose Try > Tr; and 2 < i < n. Let V; = {v1,v9,...,v,-1} and Vo = V(G) \ V5. Then the matrix
Dg(G) of the digraph G may be partitioned as

_ ( My My
Ds(G) = <M21 Mzz) ’

where M7 is a square matrix of order ¢ — 1. Let

1
=11 0
p—(al
( 0 In—i+1)’

for 0 < a <1 (to be determined later) and D} = P7'Dg(G)P, where I is the ¢ x t identity matrix. Then

D* — M1 abMis
B\ IMy My )7

is a nonnegative irreducible matrix, and its spectrum is the same as the spectrum of Dg(G). In the following
we will compute the row sums of Dj.
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When 1 <1 <¢—1,

n

wl< ) BTr; —|— 1 — Zdl] 1 — Zadlj

Jj=i

(= 1)le

M:

=BTr +(1 -0 Zdlj

j=z
=0Tri+ (1 -=08)Tr+(1-08)(a—-1) Zdl]

<Tri+(1=pB)a-1)(n—i+1)
<Tri+(1-pB)a—1)(n—i+1),

and the equality holds if and only if Try =T7r; and dj; =1 for 1 <1 <i—1withi <j <n.
When i <1 <n,

Yi(Dg) = BT + Zdzj - 0) Zdlj
= BTr + ; Zdlj (1 - ) Zdlj

< ﬁTrl+§<1—ﬁ>Trz +(1-5) (1— L)
< 0Tn+ L1- T+ (1= 9) (1 1) ()

and the equality holds if and only if Tr; =T7r; and djj =1fori <1l <n,i<j<nand j#I
Now let

Tri+ (1= B)a—1)(n—i+1)=BTr+ éu —B)Tr +(1-B) <1 - ;) (n— 1),
that is
(1-F)n—i+1)a®—((1-=8)2n—2i+1) —Tri +pTr)a+ (1 —B)(n—1i)—(1—-3)Tr; =0.
Since Try >Tr; >n—1>n—1,

—B3)(2n—2i+1) = Try + Tr)?> +4(1 — B)(n —i+1)(1 — B)Tr; — (1 — B)(n —1))

—B)+Try — BTr)? —4(1 — B)(n — i+ 1)(Try —Tr;)

—B)+Tr — BTr) —4(1 - B)(n—i+1)Try +4(1 — B)(n—i+ 1)Tr;

—B)+Try — BTr)* —4(1 = B)(n—i+ 1)Try +4(1 - B)(B+1 - B)(n — i+ 1)Tr

—B)+Tri — BTr)* —4(1 - B)(n—i+1)Tr,

—|—4( —B)B(n —i+1)Tr; +4(1 — B)*(n —i + 1)Tr;
)? —
)

—~

> ((1=pB)+Try — BTr)* —4(1 = B)(n — i+ 1)Try
+4(1 = B3)B(n —i+1DTr; +4(1 — B)*(n —i+1)(n — i)
=((1=B+Tr —pBTr;) —2(1-p)(n—i+1))*>>0.
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Therefore, we have

1-8)2n—2i+1)—Tr1+ B8Tr; + \/((1 —B)+Tr1 —BTr)?2 —4(1 - B)(n—i+ 1)(Tr1 —Tr;) )
21 -B)(n—i+1)

Moreover,

. (1—-83)2n—2i4+1) =Try 4+ BTr; + (1 —B) +Try — Tr; —2(1 — B)(n —i + 1) o
2(1 —B)(n—i+1) -

o< 1-p)2n—-2i+1)—Tri+06Tr;+ (1 —=0)+Tr, —BTr; 4
2(1 —B)(n—i+1) -

Hence 0 < a < 1. Therefore

Tri+(1-0)(a-1)(n—i+1)

_ T+ BTri —(1-5) + V(@ =B)+Tr1 = BTr)2 —4(1 = B)(n—i+ 1)(Try — Tr;)
2

Thus

max{y1(Dj),Y2(Dj), ., n(Dj)}

Tri+ BTri— (1= B)+ (1= B) + Try — BTri)> — 41 = B)(n — i + )(Tr1 — Tri)
= 2

Thus, base on Lemma 2.1, we have
ps(G) < max {¢1(Dj)}

< Tri+pTr; — (1—p5) + \/((1 —B)+Tri—BTr:)?—41-8)(n—i+ 1)(Tr1 — Tm)'
- 2

Suppose that the equality holds, that is

 Tri+pTri—(1-06)+ V(@ =8)+Tr1 —BTr)2 —4(1 = B)(n—i+ 1)(Try — Tri)

therefore all the above inequalities must be equalities. Hence,

Br(DF) =+ = @u(Di) = Tra+ (1= )= =i+ 1) = BT+ L= )T+ (1= ) (1= 1) (a1
Thus Tr1 =Trg = -+ =Tric1 > Tr; =Trig1 = - =Trp,diy =1for 1 <1 <i—1withi <j<n,and d; =1
fori <l<mn,i<j#1<n,that is G satisfies Try =Tro =--- =Tri-1 >Tr; =Trip1 = --- = Try, and d;; = 1 for
1<lI<nandi<j#l<n.

For converse, if G satisfies Tr1 = Try = -+ =Tri—1 > Tr; =Triq1 = - =Trp,and djy = 1 for 1 <1 < n and
i < j #1 < mn, then base on the above proof , we get
Y1(Dp) = 2(Dj = -+ = ¥n(Djp)
_ Tri+pTri— (1-06)+ V(A =B)+Try — BTr)2 —4(1 = B)(n—i+ 1)(Tr1 — Try)
= 5 ,
and thus the equality in (2.1) holds. d

In the following, we give an example to illustrate that the digraphs in Theorem 2.2 exist. Let G1 be a digraph
of order n with V(G1) = V1 U Vs, where Vi = {v1,v2,...,v,-1} (3 < i < n)and Vo = V(G1) \ V1, such that
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" G,[V]is an empty digraph.

v, G,[V,]is a complete digraph.

FiGURE 1. The digraph G;.

G1[V1] is an empty digraph, that is any two distinct vertices in V; are not adjacent, G1[V5] is a complete digraph,
and all possible arcs between V; and V5 exist, as shown in Figure 1.

Then Try = Tro = - =Tr;izy =2t —2)4n—i+1=n+i-3,Tr; = -~ =Tr, = n—1. Let
¥y = (y1,92,--.,Yn)’ be the Perron vector of Dg(G1) with respect to pg(G1), where y; corresponding to the
vertex v;. Obviously, the entries of y corresponding to vertices in V; have the same value, say y, the entries of
y corresponding to vertices in V5 have the same value, say y2. From Dg(G1)y = pug(G1)y, we have

pe(G)yr = B(n+1i—3)yr + (1 — B)2(i — 2)yr + (1 — B)(n —i + 1)yo,

1s(G1)yz = B(n—1)y2 + (1 = B)(i — Dy1 + (1 — B)(n — i)y2.
Hence

MB(Gl):n+i—4+,@n+\/(1—B)Qn—Q(l—,@)(z’—2)n+(5—4,8)i2+(126—16)i—8,@+12
2

_Tri+pTri —(1-p)+ V(A=) +Tr1 = BTr)2 =401 = B)(n — i+ 1)(Tr1 — Tri)
2

Next we give a sharp lower bound on the generalized distance spectral radius of strongly connected digraphs.
The proof of the follow theorem is similar to the the proof of Theorem 2.2, but for completeness, we also give
its proof.

Theorem 2.3. Let G = (V(G), E(Q)) be a strongly connected digraph with n > 2 vertices, {Tr1,Tra,...,Try}
be its vertex transmission sequence with Try > Tre > --- > Tr,. Then, for 1 <1 <n,

S Trp+BTr — (1= 8) + /(1 = B8) +Trn, — BTr)2 +4(1 — B)(Tr, — Trn).

5 (2.2)

1p(G)
If Try =Tr, orl = n, the equality holds if and only if G is a transmission regular digraph. If Tr; > Tr, and
1 <1l <n-—1, the equality holds if and only if G satisfies Try =Tro = -+ =Tr; > Tripy = --- =1Try,, and
dij=1for1<i<nandl <j#i<l.

Proof. It Tr; =Tr, or [ = n, then
Lemma 2.1, we get

—(1— — — 2 — —
TrntBTri—(1-0)+/(@ 5)+T2T" AT +4(A-AUTri=Trn) _ T'ry,. Hence, base on

1s(G) > T = Try + BTr — (1= B8) + /(1 = B) + Try, — BTr)% +4(1 — B)(Tr, — Try)
- n — 2 b)

and the equality holds if and only if G is a transmission regular digraph.
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Now we suppose Tr; > Tr, and 1 <[ <n —1. Let

_ (7 O
7= (al)
where 7 > 1 (to be determined later) and I; is the ¢ x ¢ identity matrix.
Let B = U 'Dg(G)U. Then B is a nonnegative irreducible matrix, and its spectrum is the same as the

spectrum of Dg(G). In the following, we will compute the row sums of B.

For 1 <i<I,
d)Z(B) = ﬂTT’i Z dlﬁ + Z d”
j=1 75
1 n

= BTr; + (1 )Zd”—&— B)= > di
v j=1 v j=1
N

= BTr; + (1 ) D dij+ (1= B)=Tr;
V) =
1

> [T -l— ]. — (1 ) (l — 1 ﬁ) Try,
Y

and the equality holds if and only if Tr; = Tr; and d;j; =1 for 1 <¢ <[l with1 <j#¢ <1

Forl+1<i<n,
!
$i(B) = BTri+ (1= B)y Y dij+(1—B) > di
j=1 j

l n
=BT+ =B - DY dy+ (1= 5) Y dy

> BT+ (1— B)Tr + (1— A)(y — 1)
>Trp+ (1= 6)(y— 1)1,

and the equality holds if and only if Tr; =T, and dj; =1 for [ +1<i<n, 1 <5< 1
Now let

BTr + (1 - B) (1 _ i) (=1 +(1 _ﬁ)%m — Tr 4 (1= B)(y = 1)1,

that is
(1=B) = (A1=8)2—1) = Try+ BTr)y+ (1= pB)(1—1) — (1 - B)Tr; =0

Therefore, we have

(=82 =1) = Try + BTri + /(1 = B) + Tro = BTr0)? + 41 = B)I(Tri = Trp)
T 21— )l

Obviously, v > 1. Therefore

Try, + (1 - 6)(y - 1)1
_ Trn+ BT — )+ /(1= B)+Tr, — BTr)2 +4(1 = B)(Tr, — Try)
— 5 :
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s G,[S]isacomplete digraph.

T

G,[T]is a complete digraph.

FiGURE 2. The digraph Gs.

Thus

min{¢ (B),¥2(B), ..., ¥n(B)}
o Tro+ BT — (1= B) + (1= B) + Try — fTr1)* + 40 = DI(Try — Tr)

2
Thus, base on Lemma 2.1, we get
pa(G) > min {6:(B))
_ Tra+0Tr — (1= 8) + /(0L B) + Try — BT + 40— BUTr —Try)

- 2
Suppose that the equality holds, that is
 Trp+BTr — (1= 8) + /(1= B) + Try — BTr)? + 4(1 — B)U(Try — Try)

1s(G) 5 :
then all the above inequalities must be equalities. Hence,
1 1
Ba(B) = = 0u(B) = BTr+ (1= ) (1= 2 ) (= )+ (L= )3T =Ty 4 (1= B)y = L

Thus IT'ry =Tro = =Try >Tripg = =Trp, diy =1for 1 <i <lwithl<j#i<I[ andd;; =1 for
Il+1<i<n, 1< 5 <, that is G satisfies Try =Try = - =Trp > Try4q = -+ =Ty, and d;; = 1 for
1<i<mand1<j#i<l.

For converse, if G satisfies Try = Trg = --- =Tr; > Triyy = --- = Try,and di; = 1 for 1 <7 < n and
1 < j#1i <1, then from the proof above, all the inequalities become equalities. Hence, we have the equality in
(2.2) holds. O

In the following, we give an example to illustrate that the digraphs in Theorem 2.3 exist. Let G5 be a digraph
of order n with V(Gz) = SUT, where S = {v1,va,...,v} (1 <1 <n—-2)and T = V(G2) \ 5, such that G5[S]
is a complete digraph, G3[T] is a complete digraph, and the vertices in S are all out-adjacent to one vertex in
T, say v;4+1, and for any vertex in 7', which is out-adjacent to all vertices in S, as shown in Figure 2.

ThenTry = Tro = -+ =Tr; = 14+2(n—1—1) =2n—1-2,Tr;;1 = --- = Tr, =n—1.Let z = (21, 29, ..., 2n)
be the Perron vector of Dg(G2) with respect to pg(G2), where z; corresponding to the vertex v;. It is easy to see
that the entries of z corresponding to vertices in S have the same value, say z;, the entries of z corresponding
to vertices in T" have the same value, say z3. From Dg(G2)z = ug(G2)z, we have

pa(Go)zr =2n—1-2)21+ (1= B) 1l —1Dz1 + (1= B)z2 +2(1 — B)(n — 1 — 1)2q,
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1a(Ga)za =PBn— 1)z + (1= P)lzs + (1 = B)(n — 1 — 1)z0.

Hence

_n—pB—-2-81+28n+ /(1 -28)?n2 2028 - 1)(B+ Bl)n+ 41 — B)(n — 1 — 1) + (B + Bl)?
pe(Gz) = 5

_ Trn+6Tr = (1= B) + (A= B) +Trn — BTr1)? + 41 = B)U(Tri — Trn) |
2

Theorem 2.4. Let G be a strongly connected digraph with n > 2 vertices, Af and A; denote the mazimum
outdegree and the second mazimum outdegree of G, respectively. Then

Blan —4— AF = AF) +/82(4n — 4 — AF — AJ)? +401 - 28)(2n — 2 - A )(2n — 2~ Af)

: SN

ne(G) >

with equality if and only if either G is a complete digraph K,, or G is an outdegree reqular digraph with diameter
2.

Proof. Let © = (x1,22,...,2,)7 be the Perron vector of Dg(G) with respect to 15(G), where x; corresponding
to the vertex v;. Assume that vy, v, are two vertices in G such that zj = 112113 z; and rs = min ;. Since
<i<n

1<i<n, ik
Ds(G)x = pg(G)x, we obtain

ps(G)ag = BTy + (1 B) Y | dijx;
j=1

> B(df +2(n—1—df))z, + (1 - B)(d} +2(n—1—d}}))xs,

1p(G)rs = BTras + (1= B) Y dyja;
j=1

> B(df +2(n—1—d))zs + (1 - P)(d +2(n—1—d]))a.
Furthermore,
(15(G) = B2n — 2 — di)) (us(G) — B(2n —2— dF)) = (1 = B)2(2n— 2 — d})(2n — 2 — dF).

Hence

Bdn —4—dff —df)+/B2(4n— 4~ df —d$)? +4(1-26)(2n — 2 - df )20 — 2 — dT)
2

_ A —a- A - A7)+ VB2 n — 4 - AF — AF)? 140 - 28)2n -2 - AF)(2n -2 - ah
- 2

pe(G) >

The equality holds if and only if all entries of x are equal and the diameter d of G is at most two. For d = 1, we
get that G is a complete digraph K. For d = 2, we get u3(G)zy = B(2n—2—d )op+ (1 - B)(2n—2—d] )z), =
(2n — 2 — d}} )zy, and then pg(G) = 2n — 2 — d;, which means G is an outdegree regular digraph.

For converse, if G is a complete digraph K, then

pg(G) =n—1
Blan —4— AF — AF) +/82(n —4— AF — AJ)? 1401 - 28)(2n — 2 - A)(2n — 2 - Af)

2
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If G is a AT-regular digraph has diameter 2, thus Try = Trg = -+ =Tr, = AT4+2(n— AT —1) =2n—2- AT,
Therefore

pe(G)=2n—-2—- A"

Bldn —4— AF — AF) +1/B2(4n — 4~ AT — AF)? +4(1 - 28)(2n — 2~ AT)(2n — 2 - A])
. .

Therefore, we have the desired result. O

3. BOUNDS ON THE GENERALIZED DISTANCE ENERGY OF STRONGLY CONNECTED
DIGRAPHS

In the following, we give the definition of the generalized distance energy of strongly connected digraphs.

>~ dij. Then the

15=1

M:

Definition 3.1. Let G be a strongly connected digraph with n vertices and W(G) =

3
generalized distance energy of strongly connected digraph G is defined as

Ep,(G) =S i (6) - PG

, ! n
i=1
where 1} (@), 13 (Q), ..., uP (G) are the eigenvalues of the generalized distance matrix Dg(G) of G.

Let ¢; = ,uf (G) - %(G) We have the following observations.

Lemma 3.2. Let G = (V(QG), E(G)) be a strongly connected digraph on n vertices with transmission sequence
{Try,Tra,...,Try}, and W(G) = > > dij. Then
i=1j=1

(1). _:Zluf( )= zm BW(G),

=1

(2 ElCF = 5T+ (1= 57 5 5 ddy.
(3). :Zlafz(l_g) ézi: +§(5Tr _%@)2.

Proof(1). We have 3" 4%(G) = trac(Ds(Q)) = 3> BTr; = SW(G).
i=1 i=1

(2). Since D3(G) = *Tr2(G) + (1 - B)Tr(G)D(G)) + B - H)D(G)Tr(G) + (1 - B2D(G),

n

> (17 (@))* = trac(DF(G))

i=1

=32 zn:Trf + (1 = B)*trac(D*(@))

= ZTT? +(1- 5)2 szwdj
i=1j=1

i=1
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n

(3). Since zn: € = Z(Mf(G) — %(G)) =0,

i=1 =1

ZE _Z )_ﬁV[;(G))Q
i=1

=Sy (D)) iu?w)
:ﬁQiTrf—&-(l— Qizﬂ:d dﬂ+zn:( ) 2ﬁV[;(G) n

=1 =1 j=1 i=1 =
) n n n (G
2N dijdyi+ Y (BT — )?.
i=1 j=1 i=1
O
Let H(G) = (1—8)2 3 z dijdys, M(G) = (1— 8) 32 32 dyydys + Z (ﬁTn 5W(G>) Since Y1) s the
1=17= i=175=1

average transmission, we have M(G) = H(G) > 0 if and only if G is a transmission regular digraph, and
M(G) > H(G) > 0 otherwise.

Theorem 3.3. Let G = (V(G),E(G)) be a strongly connected digraph on n vertices, and
12(G), 15(@), ..., 1P (G) be the eigenvalues of the generalized distance matriz Ds(G) of G. Then

WG\ 2
Ep,(G)< |n sz +Z<6T w( ))
i=1 j=1
Proof. By Lemma 3.2, 3 12(G) = 3. BTr;. Hence Re(Y. ?(G)) = 3. BTr;, where Re(z) is the real part of
i=1 i=1 i=1 i=1

the complex number z.
By Schur’s unitary triangularization theorem [5], there is a unitary matrix P such that
P*Dg(G)P = M = (M;j)nxn, Where M = (m;j)nxn is an upper triangular matrix with diagonal entries
= uf(G), i=1,2,...,n. Therefore

M*M = P*Dj5(G)PP*Dy(G)P = P*Dj5(G)Dy(G)P.
Therefore, we have tr(M*M) = tr(Dj(G)Ds(G)), and
Y @F =D Imal® < Y miy* = tr(M*M) = tr(D3(G)Ds(@))
i=1 i=1 ij=1

=@ Tri+(1-p)2Y Y d.

i=1 i=1 j=1

Applying the Cauchy-Schwarz inequality to the vector (|e1|, |e2],...,|en|) and (1,1,...,1), we obtain

Ep, (@)=Y 1) - P = Y e <\ [0 3 il
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However,
Sl = Y6y - 2D - yria) - V9 G - VL))
o : @) - 221G Z_ Re(uf (@) + Z (2@
< iwg (- B izn;jznjld%j - 25%@ iﬂm " 2 (W:EG))Q
ZZd +Z BTr; G)) ,
Thus

Ep, (G) < n(u—ﬁﬁiid +Z grr, - PG, )

Theorem 3.4. Let G be a strongly connected digraph on n vertices. Then

Ep,(G)> |2 ( ZZd”dﬂ + Z (ﬁT (G))2> :

i=1 j=1

Proof. By the definition of the generalized distance energy of strongly connected digraph G, we obtain

(Epy (G Z|Ez Z|€z|2+2 Y leillel
1<i<j<n
Furthermore, by Lemma 3.2,

Zn:sf—(l szwdaﬂrZ(ﬂT (G)>2.

i=1 j=1

Hence

Qiidwdﬂ*Z(ﬂT ) |Z 2|<Z|5i|2'

=1 j=1

Moreover, > &; = 0. Then

i=1
n
SIS SRR D
i=1 1<i<j<n
that is

2 Z 6i€ji5?((15)2iidm‘dﬁ+i<ﬂTﬁW;(G)>).

1<i<j<n i=1 j=1 i=1
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Therefore,

n n n ﬁW G 2

(1—5)QZZdz‘jdﬁ+Z(ﬁT”—7n( )) =12 Y esl<2 D lellel

i=1 j=1 i=1 1<i<j<n 1<i<j<n
Thus 5

(Ep,(G))* > 2 ((1 =B dijdii+ (Mn - ﬁT()) ) .

i=1 j=1 i=1

So we have the desired result. |
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