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GROUP DECISION-MAKING WITH HESITANT FUZZY LINGUISTIC
PREFERENCE RELATIONS IN VIEW OF WORST AND AVERAGE INDEXES
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Abstract. To address the multi-criteria group decision-making (MCGDM) problems with hesitant
fuzzy linguistic preference relations (HFLPRs), this study introduces a group decision-making (GDM)
method in view of worst additive consistency index (WACI) and average additive consistency index
(AACI) simultaneously. First, several optimization models are constructed for deriving the WACI and
AACI. The main characteristic of the constructed models is that it takes into accounted the personalized
individual semantics (PISs). Based on this, the concept of acceptable additive consistent HFLPRs is
developed. Second, to improve the consistency of HFLPRs, several optimization models are constructed.
Two predefined thresholds for the WACI and AACI are considered in the proposed models. It requires
the consistency levels of all the linguistic preference relations (LPRs) associated with an HFLPR meets
the threshold of WACI, and the average consistency level of all LPRs reaches the threshold of AACI.
Third, an algorithm is designed for deriving priority weights from acceptable consistent HFLPRs.
Finally, the presented models are validated for 3D visualization management system selection problem
and extensive comparative analyses.
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1. INTRODUCTION

Nowadays, group decision-making (GDM) problems are becoming increasingly common in daily life. In GDM
process, a collective solution can be derived by considering more than one DMs’ opinions [1]. Due to the ambi-
guity of human being’s perception and the uncertainty of decision-making environments, it is natural that DMs
use linguistic expressions when they provide their evaluation opinions [2]. For that, linguistic GDM (LGDM)
has aroused the interest of scholars and many GDM methods have been developed [3]. Among these LGDM
methods [4], linguistic preference relations (LPRs) are usually used to express DMs’ opinions when evaluate
alternatives through pairwise comparisons. LGDM involves a more complicated and uncertain decision-making
circumstance, and has become an important component of multi-criteria GDM (MCGDM) [5,6]. With the rapid
development of society, MCGDM issues are becoming challenging and increasingly complex, particularly when
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they relate to more than one criterion. In these circumstances, DMs may feel hesitant among several linguistic
terms when expressing their evaluation information. For instance, in electric vehicles selection problems, several
DMs are invited to take part in the selection process and expressed their evaluation opinions. Due to the lack
of historical data of the products, DMs are likely to use “between good and very good” as the degree to which
one alternative is preferred to another. Under this scenario, hesitant fuzzy linguistic term sets (HFLTSs), which
are developed by Rodriguez et al. [7] can be a valid tool for DMs to express such opinions more flexibly.

In recent years, research focusing on MCGDM with HFLTSs has become a hot topic [8-10]. Among these
studies, hesitant fuzzy linguistic preference relations (HFLPRs) were defined and utilized for dealing with prac-
tical GDM problems. Generally speaking, based on the priority weights derivation process whether considers the
consistency and consensus, these researches can be roughly divided into four categories: (1) the priority weights
derivation process without considers consistency and consensus. Ren et al. [11] introduced a priority weights
deriving method by introducing DM’s satisfaction degree to measure the differences between the incompletely
HFLPRs (IHFLPRs) and its corresponding weight vector. (2) The priority weights derivation process considers
consistency only. Li et al. [12] proposed the interval consistency index to estimate the consistency range of
an HFLPR, the consistency checking process by measuring the best consistency index (BCI) and the worst
consistency index (WCI). (3) The priority weights derivation process considers consensus only. Zhang et al.
[13] focused on clustering and consensus reaching process in large-scale GDM environments. (4) The priority
weights derivation process considers consistency and consensus simultaneously. Ren et al. [14] proposed an GDM
method that considering the individual acceptable consistency and group consensus.

Consistency is one of the challenging and key issues that needs to be resolved in MCGDM processes. Incon-
sistent preferences may derive unreasonable decision results [15, 16]. Thus, plenty of approaches have been
developed to deal with the consistencies of various preference relations [17-20]. The consistency of HFLPRs
can help DMs to derive reasonable priority weights, has also received great attention recently with regard to
the following two aspects: (1) the consistency measurement process. Several approaches worth mentioning when
checking the consistency level of HFLPRs, such as optimistic consistency [21], normalized consistency [22], aver-
age consistency [23] and partial average consistency [24], etc. The difference between these approaches is the
number of LPRs are used, which associated with an HFLPR. And whether other values have been added into the
original HFLPRs. (2) Consistency improvement process. The improving process guarantees the revised HFLPR
remains the original evaluation information as much as possible, and meets the consistency level. As the con-
sistency improvement process of others’ preference relations, optimization model-based [23], interactive-based
[25], and the combination above two algorithms [26] are three general approaches.

To estimate the consistency level of an HFLPR, Li et al. [12] first introduced the BCI and WCI. The BCI is
determined by its LPR with the best consistency degree, and the WCI is determined by its LPR with the worst
consistency degree. Thus, the larger the value of BCI and WCI, the more consistent HFLPR is. Afterwards,
the BCI and WCI have aroused the interest of some scholars. Li et al. [23] proposed the BCI and the average
consistency index (ACI) and utilized them to measure the additive consistency level of an IHFLPR. Chen et al.
[27] proposed controlled the WCI of HFLPRs in consensus optimization models. Liu et al. [26] presented a
method to calculate the scopes of HFLPRs based on BCI and WCI. Liu et al. [28] developed a method to
calculate missing elements of an IHFLPR in view of BCI and WCI.

Although significant progress has been made on HFLPRs consistency measurement and improvement, there
are some gaps still exist. (1) The consistency measurement and improvement methods in view of the BCI,
WCI and ACI. These methods developed the consistency measurement and improvement processes based on
the LPRs associated with HFLPRs. It is natural that the WCI and ACI of the LPRs associated with HFLPR
play an important role in analyzing the consistency of an HFLPR. However, current researches have not yet
studied the measurement the combination of these two consistency indexes. (2) The priority weights deriving
methods based on satisfaction degree functions. These methods developed the priority weights deriving process
without consistency measurement and improvement. These methods directly handled the original HFLPRs and
obtained the priority weights under the consistent conditions, which reduced the complexities of decision-making
processes. However, the BCI, WCI and ACI of HFLPRs were disregarded. (3) Since different DMs may have
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different understandings of the linguistic terms. In other words, words mean different things for different people
[29]. Unfortunately, the existing consistency measurement and improvement methods have seldom concerned
this aspect.

The above analysis highlights some research achievements related to the consistency measurement and
improvement of HFLPRs. However, there are still some shortcomings that remain to be addressed. The research
motivations of this study are summarized as follows:

(1) Tt is natural that the WCI and ACT of the LPRs associated with an HFLPR play an important role in
analyzing the consistency of HFLPRs. However, the existing consistency measurement process seldom taken
into accounted both of them. Therefore, it is necessary to develop a reasonable consistency measurement
method for HFLPRs.

(2) Tt is reasonable that the priority weights are showed the hesitant values since they are obtained from the
hesitant fuzzy linguistic information. Unfortunately, most of the existing methods for determining priority
weights only shows the accurate values. For that, it is necessary to introduce a reasonable priority weights
determination method for HFLPRs.

(3) Since different DMs may have different understandings of the linguistic terms. Unfortunately, the existing
methods seldom concerned this aspect. Hence, the consistency improvement process integrating personalized
individual semantics (PISs) seems necessary.

To achieve these goals, this paper further studies MCGDM with HFLPRs, focusing on the processes of
consistency measurement and improvement. And then, an algorithm is designed for deriving priority weights
from acceptable consistent HFLPRs. Finally, a new GDM procedure is developed. The primary contributions
of this study are summarized as follows.

(1) Several optimization models are proposed for deriving the worst additive consistency index (WACI) and
average additive consistency index (AACI) of HFLPRs. The main characteristic of the constructed models
is they taken into accounted the PISs model.

(2) The concept of acceptable additive consistent HFLPRs is developed, which considers two predefined thresh-
olds for the WACT and AACI respectively.

(3) Several optimization models are constructed for improving the consistency of HFLPRs. The main charac-
teristic of the constructed models is that they require the consistency level of all the LPRs associated with
an HFLPR to meet the threshold of WACI, and the average consistency level of all LPRs to reach the
threshold of AACI.

The remainder of the study is organized as follows. In Section 2, the numerical scale model, the PISs model,
and the related concepts of HFLTSs and HFLPRs are reviewed. In Section 3, the concepts of BCI, WCI and ACI
of HFLPRs are reviewed. Several optimization models for deriving the BACI, WACI and AACI of HFLPRs are
proposed. The concept of acceptable additive consistent HFLPRs is developed. Moreover, several optimization
models are constructed for improving the consistency of HFLPRs. In Section 4, an algorithm is designed for
deriving priority weights from acceptable consistent HFLPRs. In Section 5, the proposed method is illustrated
by an example, and a comparative analysis is provided. Finally, conclusions are presented in Section 6.

2. PRELIMINARIES

In this section, several relevant preliminaries are reviewed. To be specific, Section 2.1 introduces the numerical
scale model, Section 2.2 reviews the PISs model, and the concepts of HFLTSs and HFLPRs are presented in
Section 2.3.

2.1. Numerical scale model

As an extension of the 2-tuples linguistic representation, Dong et al. [30] developed the concept of numerical
scale.
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Definition 1 ([30]). Let S = {s¢,s1,--- , s} and R respectively be the set of linguistic terms and real numbers.
A function NS : S— > R is called a numerical scale of S, and NS(s;) is the numerical index of s;.

For a linguistic representation model with 2-tuple linguistic model (s;,«), Dong et al. [30] developed the
concept of numerical scale NS as follows.

Definition 2 ([30]). The numerical scale NS for (s;, ) is defined as follows:
NS(s;) +a x (NS(s;4+1) — NS(s;)), a>0
N iy = 1
S(s:,0) {NS(si) +a x (NS(s;) — NS(s;_1)), a <0. )

Obviously, the numerical scale defines a one-to-one mapping between an LTS and a numerical scale. After-
wards, Dong et al. [31] proposed the inverse operator of numerical scale NS, which defines a one-to-one mapping
between a numerical scale and an LTS.

Definition 3 ([31]). The inverse operator of numerical scale NS is defined as follows:

NS(s; NS(s:)+NS(si+1)
NS~!(7) (50 rorm b ) NS(s) < 7y < FoledtSlen) 2)
’y =
v—NS(s;) NS(s;—1)+NS(s;)
(87,7 NS(s;)—NS(s;— 1))7 12 < Yy < NS(SZ)

To demonstrate the validity of proposed numerical scale model, Dong et al. [32] provided a unified frame-
work of numerical scale connected to the 2-tuple linguistic model, the unbalanced linguistic model, and the
proportional 2-tuple linguistic model.

2.2. Personalized individual semantics model

Since different DMs might have different understandings of the linguistic terms. In other words, words mean
different things for different people. To characterize such situations, Li et al. [29] developed the concept of PISs
model. Afterwards, Li et al. [33] proposed a data-driven learning model to analyze the PISs of DMs to support
an MCGDM model. Different from the previous studies, Li et al. [33]’s study investigated PISs in the context of
MCGDM problems. Owing to its practicability and effectiveness, the use of PISs has been developed in various
linguistic forms. Such as, comparative linguistic expression [34], flexible linguistic expression [35], probabilistic
linguistic term sets [36], and distribution linguistic term sets [37].

The PISs of linguistic terms have different formats, such as exact values [29], and unit intervals [38]. In the
following section, the method of PISs model presented in LPRs is reviewed.

Let A ={a1,a2, - ,a,} and E = {e1,ea, -+ , e, } respectively be the set of alternatives and DMs. The DMs
{e1,€a, -+ ,em} provide the pairwise comparisons in the form of LPRs Lk = (lk Ynxn, Where lffj + l;?i =S4, lfi =
59/25 lfj €S8,i,7=1,2,--- ,n,k=1,2,--- ,m. To derive the PISs of linguistic terms, Li et al. [39] developed the
following model:

max CI(L*) =1 - Z INS(if;) + NS(1%,) = NS(if) — 0.5]

n(n— 1 7,<j<z
NS(SO)
NS(sy) =
s.t. NS(sg/2 = (3)
NS(s;) € [(4 1)/ (z—i—l)/g], i=1,2,---,9—1,i#g/2

NS(si+1) — NS(s;) > i=0,1,---,9—1.

In equation (3), the objective function indicates the larger the consistency level CI(L¥), the more consistent
LPRs L* is. The first to fourth constraints determine the range of numerical scales, and the order of numerical
scales is presented in the fifth constraint. The constraint value A € (0, 1) is a small positive number, it can be
set priori, such as A = 0.01.
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2.3. HFLTSs and HFLPRs

Due to the complicated and uncertain decision environment, DMs may feel hesitant among several linguistic
terms when expressing their evaluation opinions. To characterize the situations, Rodriguez et al. [7] developed
the concept of HFLTSs.

Definition 4 ([7]). Let S = {so, 51, , 54} be an LTS. An HFLTS H on an LTS S is an ordered finite subset
of consecutive linguistic terms in S.

In what follows, the concept of HFLPRs is presented.

Definition 5 ([40]). Let X = {x1,x2,--- ,z,} be the set of alternatives. A matrix H = (h;;)nxn can be denoted
as an HFLPR defined on X, where h;; = {hj;, h;, - ,hﬁh”} is an HFLTS and #h,; is the cardinal of h;;. For
Vi,j € {1,2,--- ,n}, h;; satisfies the following conditions:

hji = Neg(hiy) = {a(g = a1 (")), Alg = a1 (1)) }
#hji = #hij

hiz = 8472
A1 (hllj) < Ail(h?j) << A1 (hf;h”>

(4)

where A is a function A : [0,¢9] — X X [0.5,0.5) to transform numerical value 8 € [0, g] into 2-tuple (si, @).
On the contrary, A~! is a transformation function A=!(sg,a) = k + a = 3 to transform 2-tuple (s, ) into
numerical value 3 € [0, g].

3. ACCEPTABLE ADDITIVE CONSISTENT HFLPRS

In this section, the concepts of BCI, WCI and ACI of HFLPRs proposed by Li et al. [12] are reviewed. And
then, several models integrating PISs model are developed respectively to derive the BACI, WACT and AACI.
Based on with, the concepts of completely and acceptable additive consistent HFLPRs are developed. Finally,
several optimization models are constructed for improving the consistency of HFLPRs.

3.1. Additive consistency indexes of HFLPRs
Let H = (hij)nxn be an HFLPR of X = {x1,22,--- , 2}, where

={h§j|s=1,2,-- #hi;}, i,7 € N.

And Qp = {L = (lij)nxn | lij € hij,lji = Neg(lij),i < j,i,j7 € N} be a set of LPRs associate with H. By
calculating the consistency level of HFLPR, Li et al. [12] developed the concepts of BCI, WCI and ACI.

Definition 6 ([12]). Let H = (hi;),,,, and Qg be as defined. Then, the BCI of H is developed as follows:

BCI(H):gré%il—gn(n_f — g i Z ‘A (1) + A7 () - A7) - 2| (5)

+1k=j5+1

Definition 7 ([12]). Let H = (hy;),, ., and Qg be as defined. Then, the WCI of H is developed as follows:

WCI(H):Lrggzl—gn(n_l — z_: Z Z ‘A (1) + A7 0e) - A7 ) - 2. ()

+1k=j+1
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Definition 8 ([12]). Let H = (hyj),,,,, and Qg be as defined. Then, the ACT of H is defined as follows:

n—2 n—1
4

gn(n—1)(n — 2)#Qn > > > Z ‘A lij) + A7 k) — A7 (lik)—g, (7)

LeQy i=1 j=i+1k=j+1

ACI(H) =

where #Q; = Hn 1 H] i1 #h;; associated the number of LPRs including in Q.
To derive the BCI, Li et al. [12] constructed the following programming model:

n—2 n—1 n #hu

max BCI(H) =1 “ (n—l D) DTN DD At

i=1 j=i+1 k=j+1| s=1

H#hjk #hik g
Y A ) - 3 e g - ?
s=1 s=1
ot Z#hu s :1, i7j:1727...7n’i<j
o ’Lj_o\/l i7j:1727"'7na7"<j"s:1’2’“"#hij'

In a similar manner, the WCI is developed as follows [12]:

n |#hij

. 4 n—2 n—1 . .
min WCI(H) =1 — gn(n—1)(n—2) ; Z Z z ag; A

1 j=i+1k=j+1| s=1

#th #hzk g
D IVSIUARD WA USES ©)
s.t. Z?&hf as 5 7’7.] = 172a"' ,’I’L,i <.7
”_ov1 =12, mi < jos=1,2,- #h;.

Since different DMs may have different understandings of the linguistic terms. In other words, words mean
different things for different people. It is reasonable to consider the PISs of DMs in MCGDM process. Unfor-
tunately, the methods developed by Li et al. [12] to derive the BCI, WCI and ACI of HFLPRs fail to this.
Considering the advantages of PISs, in what follows, the models integrate PISs model are developed to obtain

the BACI, WACT and AACI.
For deriving the BACI, the programming model is constructed as follows:

max BACI(H) =6

1- nin— 1 (n— 2)2 Z] it1 > k= J+1’Z#h” ijS(hfj)

+ Y 08 NS () — SSHRE g NS (ki) >0

S ag =1, ij=1,2 ,ni<j

ocf7 =0Vvi, 6,5 =1,2,- i <js =1,2,-- , #hi;  (10)
s.t. (s )

NS(sg) =

NS(sg/Q) =05

NS(si) € [(i —1)/g, (i +1)/d], i=1,2,---,g—1,i#g/2

NS(sir1) — NS(s;) > A, i=0,1,--,g—1.
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In equation (10), the first constraint ensures to derive the maximal consistency level of LPR associated with
Qp, 6 is the parameter that determined in objective function. It can be easily found that the first constraint is
constructed based on minimax theorem [41]. The second to third constraints are the same as those presented
in equation (8), and fourth to eighth constraints are the same as those showed in equation (3).

In a similar manner, the WACI is developed as follows:

min WACI(H) =0

e I (= DI Dy Zk—3+l‘z#h” a;;NS(hi;)

+ 7R 08 NS(hS)) — SRk g NS(hs) <0

S ag =1, i,j=1,2, ,mi<j

af] =0Vv1, 5 =1,2 i <js=1,2-  #hy (1)
s.t. (s )

NS(sg) =

Ns(sg/z) =05

NS(s;) € [(1—1)/g,(i+1)/g], i=1,2,--,9—1i%#g/2

NS(si+1) — NS(s;) > 1=0,1,--- ,g— 1L

s,t

In order to derive the AACI, the following indication variables are developed. Let o;F =

t _ s
{(1) Zt #Z =12 [ #Qy,s=1,2,--- ,#hi;,1 < j,1,j € N be a list of binary variables such that aij’.t =

1 denotes that NS(h;) is selected, while afj’-t = 0 denotes that NS(h;;) is not selected. The symbol #Qp be the
number of LPRs including in Q. Then NS(A$;) can be denoted as thfj a; tNS(hb )t =1,2,- [ H#Qpy,i <
j,4,7 € N. Then, the AACI is developed as follows:

#Qp
max AACI(H #QH tzl 0
e (= DD DD g+1’2#h” a;;'NS (ki)
+ X1 @3NS (k) — S @l NS(hiy) - 05| = 0,
S st =1, i =12, ni<jt=1,2- #u
alf =0v1, Ghji=1,2,--,n,i < (12)
s.t. 8221,2,~“ g#h@gtiil,Zf'-,#{)H
NS(s0) =0
NS(sq) =1
NS(sg/2) = 0.5
NS(si) € [(i = 1)/g, (i + 1)/g], i=12,,9-1i#g/2
NS(sit1) — NS(si) > A i=0,1,---,9— 1.

Solving equations (10)—(12) by using many available optimization software packages, such as LINGO, CPLEX
or MATLAB. After solving them, one can derive the upper bound, lower bound and average value of the additive
consistency levels of an HFLPR.

In what follows, an example derived from [12] is presented to show the difference between Li et al. [12]’s
method and the proposed method.

Example 1 ([12]). Consider the HFLPR as follows
{s4} {s2,53,84} {s5,56} {s4}
{56735754} {54} {51782a83} {56a37}
{s3,82} {s7, 56,55} {s4} {54,585}
{sa} {s2,51} {54, 53} {s4}

H =
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By equations (8) and (9), it is calculated that BCI(H) = 0.833 and WCI(H) = 0.667. If we utilize equations
(10) and (11), it is calculated that BACI(H) = 0.9550 and WACI(H) = 0.6075. Obviously, the results of BACI
and WACI of HFLPRs are different from different methods. Moreover, the corresponding LPRs of BCI and

S4 S4 S5 S4 S4 S2 S S4
. . S4 S4 83 S Sg S4 S1 S . .
WCI derived from Li et al. [12]’s method are L = 47242356 1 and Ly = 624 21 57 , while obtained
53 S5 54 84 52 87 S4 84
S4 52 S4 54 S4 51 S4 54
S4 S84 S5 S4 S4 S92 S S4
S4 S4 S3 S Sg S4 S1 S .
from the proposed method are Lp = 4°4°3°6 1 and Ly = 6°4°L°T | Tt can be easily found that
53 S5 54 S5 S2 87 54 5S4
S4 82 S3 S4 S4 51 S4 S4

corresponding LPRs of BCI derived from Li et al. [12]’s method and the proposed method are different, while
the corresponding LPRs of WCI are the same.

Based on the preceding analyses, three issues require attention: (1) when the PISs model is taken into
accounted in measuring the consistency indexes, the results may be different from 2-tuples linguistic represen-
tation model, it will obtain the bigger the BACI and smaller the WACI. (2) The corresponding LPRs of BACI
and WACI derived from proposed model may be different from 2-tuples linguistic representation model. (3)
Although the same corresponding LPRs of BACI and WACI have been obtained, the values of BACI and WACI
may be different from 2-tuples linguistic representation model.

3.2. Acceptable additive consistent HFLPRs

In most of existing studies, the concepts of completely additive consistent HFLPRs and acceptable additive
consistent HFLPRs are developed based on ACI [42]. Based on the preceding analyses, ACI demonstrates the
average consistency of all possible LPRs associated with Qp, it permits compensation of the BCI to the WCI,
and ignores the worst circumstance. In contrast, the WCI reflects the worst consistency state of HFLPRs, and
it provides the lower bound of the additive consistency index. As discussed in the introduction, it is necessary
to take into accounted the WCI and ACI to develop consistency level in some decision-making environments.
Keeping the above ideas in mind, the concepts of completely and acceptable additive consistent HFLPRs are
developed based on the proposed WACI and AACI.

Definition 9. Let H = (h;j;), ., be an HFLPR. Then, H is called completely additive consistent HFLPR if
and only if the following equation establish WACI(H) = 1.

Remark 1. Actually, when WACI(H) = 1, it can be found that AACI(H) = 1. One can check that the
Definition 9 is in fact the same as most studies that the completely additive consistent HFLPRs are developed
in ACI.

Definition 9 indicates that it is nearly impossible for an HFLPR is completely additive consistency, only in
the case that an HFLPR is reduced to an LPR. For that, the acceptable consistency index is suitable for some
decision environments. Keeping the above ideas in mind, if two thresholds are defined for the WACI and AACI
respectively, one can develop the concept of acceptable additive consistent HFLPRs.

Definition 10. Let H = (h;;),, .., be an HFLPR, WCI and ACI be two predefined thresholds for the WACI and
AACT respectively. Then, H is called acceptable additive consistent HFLPR if the relationships AACI(H) > ACI
and WACI(H) > WCI both set up simultaneously.

Remark 2. How to determine the thresholds and ACI and WCI for WACI and AACI is a meaningful topic, it
will conduct in our further study. In this study, the values of them are determined based on different decision-
making environments.

Example 2 ([12]). Now we reconsider Example 1. By equation (11), it is calculated that AACI(H) = 0.89. If
we set ACI = 0.9 and WCI = 0.8. Since AACI(H) < ACI and WACI(H) < WCI, it can be observed that the
consistency of H is unacceptable, and its consistency needs to be further improved.
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3.3. Optimization models to improve the consistency of HFLPRs

Inconsistent HFLPRs often lead to misleading solutions. Therefore, developing an efficient method to obtain
the expected consistency level becomes necessary. In what follows, several optimization models are constructed
to improve the consistency level of HFLPRs.

Let H = (hij)nxn, where h;; = {hi; | s = 1,2,--- ,4h;;} be a given HFLPR. According to Definition 10, if
H has been certified an unacceptable additive consistent HFLPR, then there is at least one of the conditions
AACI(H) > ACI and WACI(H) > WCI does not hold. Let H = (hi;)nxn, where h;j = {h |s=1,2,---,#h;}
be the revised HFLPR with acceptable consistency. The DMs usually want to preserve thelr initial oplnions as
much as possible when adjusting the evaluation values. Therefore, the objective function is developed to mini-
mize the distance of adjusted value and original value as follows: min m > Zj - Z#hu INS(Rhj;)—

NS(hfj)|. Meanwhile, the cons1stency of revised HFLPR H meets two thresholds ACI and WCI for WACI

~ hij s #h; s 7
and AACL Let CI(L) = 1 — oA 5250l S o [ ST agNS(Ry) + Y70 a3, NS(h3,) —
Zj&h{’“ as.NS(h2,) — 0.5], then the optimization model is constructed as follows:

n—1 n  #hij
min 2= ——~ n—l#h >3 So|Ns(n) - nNs(hy)|
”i 1 j=i+1 s=1 (13)
‘. #Q ZLEQ CI( L) > ACI
ming o CI (L) > WCI ’

where Q= {L = (lij)nxn | lij € hij, lji = Neg(lij),lis = £,i < j,i,j € N} and l;j,4 < j,i,j € N are =1

decision variables. In equation (13), the first constraint controls the AACI of H and the second constraint
controls the WACI.
In order to make the first constraint to be true, the following indicator variables are developed. Let

1 ht = hS,

st — St =1,2,--- L H# g, =1,2,--- ,#hi;, © < j,1,7 € N, bealist of binary variables such that

Yij = {0 ht s

§’-t =1 denotes that NS(ij) is selected, while afj’-t = 0 denotes that NS(izfj) is not selected. Then NS(ij) are
denoted as Z#h” S”ENS(iLS )t =1,2,-- [ #Q5,i<j,i,j€ N The first constraint #% ZLeQ CI(L) > ACI
in equation (13) can be further converted into 1 — aoz R ZJ i1 Zk_]+1|z#h” fthS(foj) +
Zihl”‘ a;;:NS(hik) — S Fhin aSi!NS(hg,) — 0.5| > ACI, where ap = W' On the other hand,
the second constraint holds when the consistency levels for any LPRL&SSOCiated with Qg is greater
than or equal to threshold WCI. The constraint minieﬂﬁ CI(L) > WCI can be converted into 1 —

#h” s, 7s #hjir s, 7 ¢ hik _s, 7s
n(’ﬂ 1 'n, 2 Z ZJ i+1 Zk Jj+1 |Z z]tNS(h'L]) + Zs:lk a]ktNS(h;k) Z# § zktNS(h'Lk) - 05| 2
WCILt =1,2,--- ,#Q5. The equivalent model to equation (13) can be constructed as follows:




5390

J.LI ET AL.

n  #hij

min z= ———— nfl#h Z Z Z NS(h

1=1 j=1i+1 s=1

- Ns(hy)

#Q #hij s, s
1- n(n— 1)(n D#E, pIHE 1HZ Z] i+l PO ]+1’Zé as tNS(h )
+ 2 ;;NS( ¢) - z#’“koﬁ NS (hii) - 05| > ACH
#hij s, s
1= oo it i Zk—JH’ Yot a; tNS(h )
Ly Z’fNS( jk) Z#hlkasth( )70.5|2WCI F= 1,2, #0,
Ns(ﬁ}j) gNs(i}?j) <. gNs(hjjh”), i =12, ni<j
ogNs(ﬁfj)gl i i=1,2, m,i <,
S = 1,2,"- ,#hij (14)
s.t. Ef::h{] Oéfj’-tzl, Z,j: 172,“' ,n,i<j,

tzlvza"' 7#QH

af}‘t:()\/l, t,j =12, ,n,i <y,
521727"' 7#hij7
t:1727"' 7#(2[_{

NS(s0) =0

NS(sg) =1

NS(sg/2) = 0.5

NS(si) € [(1 = 1)/g, (Z+1)/g] i=1,2,---,9g-1,i#g/2

NS(SH_l)—NS( ) ’L:O,l7 . ,g—l.

In equation (14), the first constraint guarantees that revised H satisfies #ITHZ fea, CI(L) > ACL The

second constraint guarantees that revised H satisfies minieﬂﬁ CI(L) > WCL It essentially needs to be
satisfied for any LPRs associated with €. Thus it follows that ¢ takes values from 1 to #Qj, where
#Qgq = Hn_l H;L i+1 #h;; be the number of LPRs associated with €25. The fourth to fifth constraints guar-
antee that revised H is an HFLPR. Furthermore, h”, i, = 1,2,--- ,#h;; are

[T H i—it1 #hi; non-negative decision variables.

an7i < ] and s = 1’27...

Example 3. Consider the HFLPR as follows

{s3}  {sa} {54} {s3}
oo | {52 tss) {s3} {s1}

{s2}  {ss} {s3} {54,585, 56}

{sa} {ss} {s2,51,50} {s3}

By equations (11) and (12), it is calculated that WACI(H) = 0.76 and AACI(H) = 0.93. Let ACI = 0.90 and
WCI = 0.80. Since WACI(H) < WCI, we have H is an unacceptable additive consistent HFLPR. According to
{0.50} {0.51} {0.51} {0.00}
{0.49} {0.50} {0.50} {0.20}
{0.49} {0.50} {0.50} {0.00}
{1.00} {0.80} {1.00} {0.50}

equation (14), we have NS(H) = , which the revised HFLPR H is an acceptable
additive consistent HFLPR.

After solving equation (14), one can derive the values of each personalized numerical scales NS(h”), i,j =
1,2,---,n,i < jand s = 1,2,---,#h;;. However, sometimes the solution of the equation (14) is not unique,
and it becomes necessary to further derive the optimal solutions. From the viewpoint of an DM, it is hoped that
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the number of the adjusted elements of an HFLPR should be as small as possible. Based on this consideration,
another optimization model is developed.
Let z* be the objective function value derive from the equation (14), and &7 =

1, if h?
7lh #h 7iaj:1a27"'
0, if hfj = hjj
6;?]- = 1 denotes that hf; is adjusted, while 5fj = 0 denotes that hj; is not adjusted. Motivated by Zhang et al.
[42]’s work, an optimization model is constructed as follows:

,n,t < j and s = 1,2,---,#h;; be a list of binary variables such that

n  #hij

man*Z Z 25

1=1 j=i4+1 s=1
e S B (i)
17W2f IHZ Z] 1 2k =j+1 thfJ aStNS(hS)
T Sk jktNS( ) Z#’“k a”Ns( )—05 > ACI
R (e =D DD DD DI B DUl o\ Nl ()

+ 3 NS (i jk) S NS (B ) — 0.5 > WO E= 1,20, #Qy
71 72 #hij .. . .
Ns(hij) SNS(hij) <. SNS(hij ) =12, i< j
ogNS(Efj) <1, i i=1,2 i < j,
8:1727 7#h’bﬂ (15)
(Ns(hfj) —NS(ij))(l —53) =0, i =1,2,---,n,i <],
s.t.
821727"'7#hij
S At =1, i, =1,2,- ,n,i< ]
t:15277#9ﬁ
Oé;-s]’-t:()\/l, 17]21727 7n7i<.j7

821727"' 7#hija
t:1,2,"' 7#Qﬁ

NS(s9) =0

NS(sq) =1

NS (54/2) = 0.5

NS(s:) € [(i — 1)/g, (i + 1)/g), i= 1,2 g Lit g/
NS(si41) — NS(s1) > A, i=0,1,---,9—1.

One can easily found that the main difference between equations (14) and (15) is that two equality constraints
AT it i ot INS(hg) —NS(hg;)| = 2* and (NS(hg;) —NS(hs;))(1—85;) = 0 are considered in
equation (15). The first equality constraint means that equation (15) is developed based on the optimal solution
of equation (14). The second equality constraint means that at least one of two relationships NS(A$;) = NS(h;;)
and 6;?]- = 1 is hold. After solving equation (15), one can derive the values of each personalized numerical scales

NS(h;),6,5 = 1,2, ,n,i < jand s =1,2,--+  #h;;.

Remark 3. From equations (14) and (15), we only obtain the personalized numerical scales NS(h;js), it needs
to be further conducted the inverse function of personalized numerical scales to derive the linguistic variables.

4. A FRAMEWORK OF MCGDM PROCEDURE WITH HFLPRS

In this section, a framework of MCGDM procedure with HFLPRs is introduced. There are three subsections
concerned, including the MCGDM problems is described in Section 4.1. In Section 4.2, an algorithm is designed
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for deriving priority weights from acceptable additive consistent HFLPRs. And the framework of MCGDM
procedure with HFLPRs is introduced in Section 4.3.

4.1. The MCGDM problems with HFLPRs

Hesitant linguistic MCGDM problems involve n alternatives denoted as A = {a1, a9, - - , a, }. Each alternative
is assessed in view of several feature criteria. Let E = {ej,ea, -+ ,en,} be aset of DMs and A = (A1, Ag, -+, Ap)
be their corresponding weight vector. Assuming that the weights of the DMs are determined advance, which is
completely known. The evaluation of the alternatives according to the feature criterion is provided by DM e,
with HFLPRs, and denoted as H? = (hf;)nxn, where hi; = {hj;’ | s = 1,2,--- ,#hP}. This study aims to derive
priority weights from HP,p = 1,2,--- ,m considering the individual consistency of HFLPRs, and applying a
selection process to obtain a best alternative from A.

4.2. An algorithm for deriving priority weights from acceptable additive consistent
HFLPRs

After obtaining acceptable additive consistent HFLPRs, an essential process is to derive priority weights.
In this section, an algorithm for deriving the priority weights from acceptable additive consistent HFLPRs is
developed. The flowchart of the algorithm is depicted in Figure 1.

Algorithm 1.

Input: An HFLPR H.

Output: Priority weights w;,7 =1,2, - ,n.

Step 1: Compute the WACT and AACI.
The WACIT and AACT respectively derive from equations (11) and (12). And the corresponding LPRs with
personalized numerical scales are denoted as NS(A) and NS(B).

Step 2: Derive the acceptable additive consistent HFLPR.
If H meets consistency levels, then go to next step, otherwise, the acceptable additive consistent HFLPR
derived from equation (14). If the solution is not unique, then conducts equation (15).
When the acceptable additive consistent HFLPR has been derived, then return to step 1.

Step 3: Obtain the priority weights.
First, the elements in NS(A) and NS(B) are respectively put into the following formula to derive the worst
and average priority weights:

YR NS(h)
Z?:l ZZ:1 NS(hik)
Obviously, equation (16) is called normalizing rank aggregation method presented in [43]. The worst and

average priority weights are respectively obtained and denoted as wy; and wy;.
Then, the priority weights are obtained according to the following formula:

i=1,2,- ,n. (16)

w; = [min{wa;, ww, }, max{wa;, ww, }, 1=1,2,--- ,n. (17)

Step 4: Output w;,¢=1,2,--- ,n.
Step 5: End.

Remark 4. In step 1, there are may be more than one corresponding LPRs are derived. In this case, the worst
and average priority weights are developed as average of multiple priority weight vectors:

I 1, 1,
w:(wlana"'vwn): Ezwlvgzw%”"%zwn ) (18)
-1 k=1

k=1 k
k

where w;, k =1,2,---,lp, and it indicates that the number of corresponding LPRs including in A or B is ly.
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Input an HFLPR

¥
Compute the worst and average
consistency indexes and determine
the corresponding LPRs

IY

Both the consistency indexes
reach the threshold values?

Derive the acceptable additive
consistent HFLPR

~——="__ The corresponding LPRs is >
T~ unique? —
No ~ q o

_ ey _

Determine interval-valued weight
vectors base on Eq. (17)

Yes
The solution of Eq. (14) is unique?

Conducts the optimization
model Eq. (15)

Determine interval-valued weight

|
|
|
vectors base on Eq. (18)

_— — — —

FIicURE 1. A framework for deriving priority weights from HFLPRs.

4.3. A framework of MCGDM procedure with HFLPRs
The proposed decision-making procedure is summarized in the following steps.

Step 1: Form individual HFLPRs.
According to the determine criteria, the DMs respectively provide their preference values of alternative a;
compare to alternative a;, and denotes as H? = (hfj) =12 - m.
Step 2: Derive priority weights of individual HFLPRs.
The priority weights of individual HFLPRs are determined with respective to Algorithm 1.
Step 3: Obtain the collective priority weights.
The collective priority weights are derived based on the following formula:

Wi = [Zprf_vapwf+]v =12, ,n (19)
p=1 p=1

where ), is the weight vector of DM e, w?™ and w? * are derived from step 2.

Step 4: Calculate the dominance relation.
The dominance relation of interval-valued weight vector is determined according to the following formula

[44]: N )
P(w; > w,) :min{max{ - YT ,O},l}. (20)

- +
w; —w; +w; —w;

mXxXm
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Form individual HFLPRs
algorithm 1
Derive priority weights of
individual HFLPRs
» ~~ With respective
Obtain the collective priority
weights

T Based on Eq.
v (20)

Calculate the dominance relation

[ n view of Eq.
- 21

Rank the alternatives

End
FIGURE 2. A framework of MCGDM process with HFLPRs.

Step 5: Rank the alternatives.
The ranking order of all alternatives is obtained based on the sum of the dominance relation:

ﬁi:ZP(wizwj), 1=1,2,--- ,n. (21)
j=1

The proposed decision-making procedure is depicted in Figure 2.

5. AN ILLUSTRATIVE EXAMPLE

This section begins with a numerical example (revised from [23]) for 3D visualization management system
selection of an automobile manufacturing enterprise to illustrate the implementation of the proposed method,
and then provides detailed comparative analysis to justify the algorithm.

5.1. The descriptions of illustrative example

With the proposal of “Made in China 2025” and Industry 4.0 plan, manufacturing industry has gained in
new development opportunities. Regarding to promote advanced manufacturing, the guideline urges the building
of industrial bases focused on sectors including intelligent manufacturing, new materials, new energy vehicles
and electronic information. So as to make the automobile production process transparent and the management
more refined and efficient, the manufacturing industry has entered the era of intelligent manufacturing. Since
the use of information technology in the intelligent manufacturing industry can improve the production and
management capabilities of enterprises. In the whole process of manufacturing, more and more manufacturing
enterprises are widely applying information technology.

To realize the visualization of the automobile production line and promote enterprise to enter the era of intel-
ligent manufacturing. An automobile manufacturing enterprise wants to introduce a 3D visualization technology
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in the production process. After preliminary investigation and market research, four possible 3D visualization
management systems developed from four information technology enterprises are determined, which are denoted
as A = {a1, a9, a3, as}. To select the best one, a decision-making team comes from the core departments of the
automobile manufacturing enterprise is set up, which is composed of four DMs E = {ej, e, e3,e4}. Without
loss of generality, the four DMs are assumed to be of equal importance, that is, their weight vector is set as
A =(0.25,0.25,0.25,0.25).

By considering several characteristic factors such as automation level, cost and practicality, the four DMs
provide their evaluation information for the four 3D visualization management systems through pairwise com-
parisons after further discussion and investigation, and the evaluation information is expressed with HFLPRs,
which indicates the preference degree of alternative a; compared with alternative a;. To be specific, the LTS
S = {s¢ : very poor, s1: poor, so: slightly poor, s3: fair, s4: slightly good, s5: good, sg: very good} is used and
the initial HFLPRs provided by the four DMs are respectively demonstrated in H', H?, H> and H*.

[ {s3} {s1}  {ssysa}  {ss} ]
i | st {s3} {se}  {s5, 56}
{s3,82}  {ss} {s3} {s2}

L {ss}  {s1,s0}  {s4} {ss} |
[{s3} {sa} {sa} {ss} ]

2 {s2} {ss} {s3} {s2}
{s2}  {ss} {s3} {s2,83,84} |’
[{s3} {sa} {s4,s3,82} {ss}
[ {ss}  {sa} {se} {s4,s5}
3 {s2}  {ss} {ss}  {ss}
{so}  {si} {ss}  {s1}
[{s2,s1}  {ss} {ss}  {ss}

and

{ss}  {sa}  {ss}  {s4,s5}
gio | ts2b Assb {s2} {54}
{sa}  {sa}  {ss}  {sa,ss} |’
{s2,s1}  {s2} {s2,s1}  {ss}

5.2. Illustration of the proposed method
The procedure for selecting a potential supplier using the proposed method is presented as follows.

Step 1: Form individual HFLPRs.
All individual HFLPR matrices have been provided, as demonstrated in matrices H', H2, H® and H*.
Step 2: Derive priority weights of individual HFLPRs.
First, compute the WACI and AACIL.
Since the individual evaluation information is completely HFLPRs. According to equation (11), the values of
WACI for H!, H?, H? and H* are calculated as follows: WACI(H') = 0.86, WACI(H?) = 0.89, WACI(H?3) =
0.87 and WACI(H?) = 0.81.
In a similar way, according to equation (12), the values of AACI for H', H?, H® and H* are calculated as
follows: AACI(H') = 0.99, AACI(H?) = 0.97, AACI(H?) = 0.99 and AACI(H*) = 0.99.
Second, derive the acceptable additive consistent HFLPR.
Let ACI = 0.90 and WCI = 0.80. For H',H?, H? and H*. Since WACI(Hl) > WI,WACI(H2) >
WCIL, WACI(H?) > WCI,WACI(H*) > WCI and AACI(H') > ACI,AACI(H?) > ACI,AACI(H?) >
EI,AACI(H 4) > ACI, we have H', H2, H? and H* are acceptable additive consistent HFLPRs, their
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corresponding personalized numerical scales for WACI and AACT are listed as follows:

r{0.50} {0.33} {0.50} {0.50}7

) {0.67} {050} {1.00} {1.00}
Ns(4') = {0.50}  {0.00} {0.50} {0.34} |’
| {0.50} {0.00} {0.66} {0.50} ]

r{0.50} {051} {051} {0.50}7

) {0.49} {050} {0.50} {0.17}
NS(4%) = {0.49} {0.50} {0.50} {0.51} |’
| {0.50} {0.83} {0.49} {0.50} ]

r{0.50} {051} {1.00} {0.67}]

{0.49} {050} {0.67} {0.50}
NS(4%) = {0.00} {0.33} {0.50} {0.01} |’
1 {033} {050} {0.99} {0.50} ]

r{0.50} {051} {0.50} {0.99}7

{0.49} {050} {0.17} {0.99}
NS(4f) = {0.50} {0.83} {0.50} {0.51} |’
L {0.01} {0.01} {0.49} {0.50} ]

r{0.50} {0.07} {0.56} {0.50}7

{0.93} {050} {1.00} {0.94}
NS(B) = {0.44}  {0.00} {0.50} {0.43} |’
L {0.50} {0.06} {0.57} {0.50} ]

r{0.50} {051} {051} {0.50}7

{0.49} {050} {0.50} {0.49}
NS(B) = | 0401 {0500 {050} {050} |
L {0.50} {051} {0.50} {0.50} ]

r{0.50} {0.63} {1.00} {0.63}7

f {0.37} {050} {0.87} {0.50}
NS(B’) =1 10001 {013} {050} {043} |
L {0.37} {050} {0.87} {0.50} ]

and {0.50} {057} {0.50} {0.61}
NS (BY) = {0.43} {050} {0.44} {0.59}

{0.50} {056} {0.50} {0.61}
{0.39} {041} {0.39} {0.50}

Third, obtain the priority weights.

The worst and average priority weights are obtained from equation (16) as follows:

why = 023, whe = 0.40,wly; = 017w, = 025wy, = 025w, = 0.2, w3, = 0.25wd,, =
0.29;w3W1 = 0.34,11}‘?{,‘,2 = 0.27, w3W3 = 0.11,w%v4 = 0.29 and wﬁ,l = O.?;l,wév2 = 0.27,wév3 = 0.29,w€V4 =
0.13. Besides, wl;, = 0.21,w}, = 0.40,w}, = 0.18, wl, = 0.21;w%; = 0.25,w?, = 0.25,w%, = 0.25,w%, =
0.25; w3, = 0.36, w3, = 0.28, w3, = 0.07, w3, = 0.28 and w¥, = 0.26, w, = 0.26, w?}; = 0.26, w%, = 0.22.
Based on equation (17)7 the priority Weights are obtained as follows:

wi = [0.21,0.23],w3 = |[0. 40 0.40],w3 = [O 17,0.18],w} = [0.21,0.21];w? = [0.25,0.25], w3
[0.21,0.25], w3 = [0 25 0.25], w3 = [O 25, 029] wi = [0.34, 036] wi = [0.27,0.28], w3 = [0.07,0.11], w3
[0.28,0.29] and w} = [0.26,0.31], w5 = [0.26,0.27], w3 = [0.26,0.29], wj = [0.13,0.22].
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TABLE 1. The ranking results of the different methods.

Ranking values
Y1 Vo I3 V4

Li et al. [23]’s method 3.39 211 050 1.99 a1 > a2 > as > as
The proposed method 2.50 3.50 0.50 1.50 a2 > a1 > a4 > as

Methods Ranking results

Step 3: Obtain the collective priority weights.
Since the weight vector of DMs is A = (0.25, 0.25,0.25, 0.25), the collective priority weights are derived with
respective to equation (19) as: @y = [0.27,0.29], Wy = [0.29,0.30], w3 = [0.19,0.21] and w4 = [0.22,0.25].
Step 4: Calculate the dominance relation.
According to equation (20), the dominance relation of interval-valued weight vector is determined as:

0.50 0.00 1.00 1.00
1.00 0.50 1.00 1.00
0.00 0.00 0.50 0.00
0.00 0.00 1.00 0.50

Step 5: Rank the alternatives.
Calculate the sum of the dominance relation by equation (21) as ¢ = 2.50,9 = 3.50,93 = 0.50 and
¥4 = 1.50. Since ¥J9 > 91 > ¥4 > V3, then the ranking order is a2 > a1 > a4 > az. Thus, the information
technology enterprises from as is the best choice.

5.3. Comparative analysis and discussion

To validate the feasibility of the proposed method, a comparative study with other method based on the
same illustrative example is conducted.

Li et al. [23] developed a new method for MCGDM problems with HFLPRs considering the BCI and ACI
simultaneously. First, an optimization model to impute missing elements of an IHFLPRs is developed. And then,
some local adjustment strategy-based feedback adjustment rules are proposed in consensus reaching process.
Moreover, an iterative consensus reaching algorithm for MCGDM with THFLPRs is also proposed. Finally,
the ranking index is developed based on the uncertain 2-tuple linguistic averaging operator. To have a better
comparison, the results obtained by Li et al. [23]’s method and the proposed method are summarized in Table 1.

As shown in Table 1, it can be seen that different ranking results are obtained from these two methods in the
same illustrative example. The best choice derived from Li et al. [23]’s method is a;, while obtained from the
proposed method is as. These two methods both develop the processes to check the consistency of HFLPRs. For
the unacceptable consistency one, the algorithms are designed to improve the consistency level. To check the
consistency of the individual HFLPRs, Li et al. [23]’s method by constructing the completely additive consistent
HFLPRs, and then obtained the consistency index by considering the BCI and the ACI. While the proposed
method takes into accounted the WACI and AACI. Compared with the best case, the worst case is considered
in most of the MCGDM environment. Based on this fact, the proposed method utilizes the WACI and AACI to
check the consistency, which have a wider application background. What is more, in the process of calculating
consistency indexes, the proposed method takes into accounted the PISs model. Since different DMs may have
different understandings of the linguistic terms. In other words, words mean different things for different people.
For that, the results derived from the proposed method seems more reasonable.

To verify the advantages of the proposed method, it will compare with several representative methods under
the MCGDM environments with HFLPRs. Table 2 presents the performances of these methods regarding several
indexes.
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TABLE 2. Comparisons of different MCGDM methods with HFLPRs.

Methods Whether consider ~ Whether adding ~ Whether consider the
the consistency extra values WCI and ACI
measurement and simultaneous
improvement
processes

The BCI, WCI and ACI-based methods Yes No No

Normalization-based methods Yes Yes No

Satisfaction degree-based methods Yes No No

The proposed method Yes No Yes

(1) BCI, WCT and ACI-based methods: These methods were developed to check and improve the consistency
of the LPRs associated with HFLPRs. For instance, Li et al. [12] proposed the interval consistency index
to estimate the consistency range of an HFLPR, and the interval consistency index consists of measuring
the BCI and WCI of an HFLPR. Li et al. [23] developed an optimization model to impute missing elements
for an IHFLPR, in which the BCI and ACI are utilized to measure the consistency level of an IHFLPR.
Chen et al. [27] asserted the consistency checking by using the WCI. These methods do not need to add
extra values into original HFLPRs, and can maintain the integrity of the original evaluation information.
It is natural that the WCI and ACI of the LPRs associated with the HFLPR play an important role in
analyzing the consistency of an HFLPR. However, current researches have not yet studied the measurement
of these two indexes related to HFLPRs.

(2) Normalization-based methods: These methods developed consistency measurement and improvement pro-
cesses based on the normalized HFLPRs (NHFLPRs). Zhang et al. [22] introduced the concept of multi-
plicative consistent HFLPRs based on NHFLPRs. In view of NHFLPRs, Wu et al. [45] developed a local
feedback mechanism to improve the consistency of HFLPRs. Zhu et al. [21] showed several methods of con-
sistency measures by « and § normalized methods. The normalized index needs to add other values into
the original HFLPRs, and the consistency index may be different if we derive different NHFLPRs. As Li
et al. [12] asserted, the normalization method measured several LPRs associated with an HFLPR. Owing to
this partial measurement, the internal mechanism of the normalization method is not clear. Compared with
normalization-based methods, the proposed method does not consider the normalized process. In view of
these, the proposed method has an advantage in avoiding the distortion of information and the calculation
process seems more reasonable.

(3) Satisfaction degree-based methods. These methods developed the priority weights deriving process without
consistency measurement and improvement processes. Ren et al. [11] introduced a priority weights deriving
method by introducing DMs’ satisfaction degree to measure the differences between the IHFLPRs and its
corresponding weight vector. These methods directly handle the original HFLPRs and obtain the weight
vector under the consistent conditions, which reduces the complexities of the decision-making processes.
However, the BCI, WCI and ACI of HFLPRs were disregarded. In view of these, the proposed method has
advantage in analyzing the consistency of an HFLPR and avoiding the loss of information.

According to the comparative analysis, the method proposed in this study has the following advantages over
other existing methods.

(1) The WACIT and AACI are considered in the consistency measurement and improvement processes simulta-
neously. It not only overcomes the shortcoming of being difficult to achieve due to being too restricted, but
also the loss of information due to being too loose.
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(2) In the consistency improvement processes, two predefined thresholds for the WACI and AACT are taken
into accounted. It is required all the LPRs associated with HFLPRs meet the threshold of WACI. This
process considers all the evaluation information and avoids the loss of information.

(3) Since different DMs may have different understandings of the linguistic terms. In other words, words mean
different things for different people. The proposed method taken into accounted the PISs in consistency
measurement and improvement processes seems more reasonable.

6. CONCLUSION

To address the MCGDM problems with HFLPRs, this study develops an GDM method in view of WACI and
AACIT simultaneously. First, several optimization models are constructed for deriving the WACI and AACT of
HFLPRs. And then, by considering the characteristic of WACI and AACI, the concept of acceptable additive
consistent HFLPRs is developed. Second, several optimization models are constructed for improving the con-
sistency of HFLPRs. Third, an algorithm is designed for deriving priority weights from acceptable consistent
HFLPRs. Finally, the presented models are validated using a numerical example and extensive comparative
analyses.

The present study provides several significant contributions for MCGDM problems with HFLPRs. They are
summarized as follows: (1) it is natural that the worst and average consistency levels of the LPRs associated
with an HFLPR play an important role in analyzing the consistency of HFLPRs. For that, the concepts of
WACI and AACI are introduced. Meanwhile, several optimization models for deriving the WACI and AACI are
proposed. (2) The concept of acceptable additive consistent HFLPRs is developed, which takes into accounted
two predefined thresholds for the WACT and AACI. (3) Several programming models are constructed to improve
the consistency of HFLPRs. This provides the direction for the DMs to revise their evaluation values, and the
consistency improving process is time-saving and easy to been extended to incompletely evaluation information.
In our future research, the proposed method is extended to other hesitant environments and applied to other
practical MCGDM problems.
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