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THE INVESTMENT AND REINSURANCE GAME ON ASSET-LIABILITY
MANAGEMENT WITH COMMON SHOCK DEPENDENCE UNDER CEV

MODEL

Lu Li1,* and Zhijian Qiu2

Abstract. This paper investigates the non-zero-sum stochastic differential game problem of opti-
mal asset-liability management (ALM) between insurers and reinsurers. Combining the investment-
reinsurance problem with the ALM, this paper innovatively studies the investment-reinsurance ALM
non-zero-sum game within the framework of the constant elasticity of variance (CEV) model under
common shock dependence. We allow the insurance companies to purchase proportional reinsurance
from reinsurance companies, and both companies can invest in a financial market composed of one
risk-free asset and one risk asset whose price process follows the CEV model. By innovatively intro-
ducing a class of stochastic liability processes associated with the volatility of risky assets, we obtain
the dynamic evolution of net wealth. Using stochastic control theory, we obtain an explicit expression
of Nash equilibrium strategy for the problem and a closed-form expression for the corresponding equi-
librium value function by maximizing the expected utility from the terminal net wealth. Finally, we
illustrate the effect of relevant parameters on the optimal investment-reinsurance strategy by means of
numerical examples.
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1. Introduction

In the field of actuarial science, reinsurance and investment strategies are currently very active areas of
research. On one hand, reinsurance is a critical component of the insurance industry, providing a mechanism
for insurance companies to transfer a portion of the risks. On the other hand, insurance companies can invest
surpluses into financial markets to make profits and enhance their market competitiveness. This has generated
significant interest in the research of optimal reinsurance and investment strategies. Liang and Yuen [18], Yuen
[36], Zhang and Siu [39] and Li [17] discussed the problem for maximizing the expected utility. Promislow
and Young [26], Schmidli [28], Cao and Zeng [37], Han et al. [14] studied studied the optimal investment and
reinsurance strategies of an insurance company for minimizing the ruin probability of the risk process. Gulnaz
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and Uğurlu [29] studied different portfolios by calculating their LPMs and concluded which portfolios are less
risky than the others. Uğurlu [31] considered a continuous-time principal-agent model on a finite time horizon.

Asset-liability management is a crucial risk management tool for financial institutions like banks, insur-
ers, and funds. It involves matching assets and liabilities while considering safety, liquidity, profitability, and
diversification. Liabilities have far-reaching impacts, and prudent asset management can help institutions turn
losses into profits. Therefore, the issue of asset-liability management has gradually attracted great attention in
the field of financial engineering. Sharpe and Tint [30] are the first studies on the asset-liability management
problem using portfolio theory under the mean–variance criterion. Since then, there has been a proliferation
of research on asset-liability management in continuous-time scenarios. Chiu and Li [6] investigated the asset-
liability management problem in which the risky asset price process and the liability evolution process are
depicted by geometric Brownian motion, and obtained the analytic equations for the optimal investment strat-
egy and the efficient frontier. Chen et al. [3] extended the above liability problem to the Markov switching
mechanism. Xie et al. [34] studied the asset-liability management problem in the continuous-time case, where
investor liabilities are portrayed by Brownian motion with drift and investor risky asset prices are described by
geometric Brownian motion, and then Xie [20] continued to extend this problem to the Markov mechanism. Zeng
and Li [38] investigated the asset-liability management problem under the jump-diffusion model and obtained
closed-form solutions of the boundary and optimal investment strategy. Chiu and Wong [5] applied Lagrange
duality theory and optimal feedback control theory to study the asset-liability management problem in terms
of risky asset returns and insurance claims, and obtained the closed-form solution of the optimal investment
strategy and the efficient frontier. Chang [2] applied a similar approach to consider a portfolio with endoge-
nous liabilities, and obtained the efficient strategy and efficient frontier. Pan and Xiao [23] studied the optimal
mean–variance asset-liability management problem with the stochastic interest rate and inflation risk. Wei and
Wang [33] considered asset-liability management with stochastic coefficients and obtained the time-consistent
optimal strategy. Zhang et al. [40] studied state-dependent risk-averse asset-liability management. Zhang et al.
[41] considered asset-liability management portfolio selection problem with debt ratio, and obtained open-loop
equilibrium strategy. Further, Peng and Chen [25] investigated the asset-liability management portfolios with
inside information under the mean–variance criterion.

In addition, utility maximization is also a very important decision objective in the study of asset-liability
management. Pan and Xiao [22] considered optimal asset-liability management with liquidity constraints and
stochastic interest rates in an expected utility maximization framework, and obtained explicit expressions for
the optimal solution under CRRA and CARA utility. Josa-Fombellida and Rincon-Zapatero [16] studied the
management of DB pensions with liabilities with the objective of utility maximization. Hu and Wang [15]
investigated optimal investment consumption strategies with liabilities under the value-at-risk constraint and
mechanism switching models. Pan et al. [24] investigated optimal asset-liability management for investors with
CARA preferences under the Heston stochastic volatility model. Chen et al. [4] considered the robust asset-
liability portfolio problem with mechanism switching under the CRRA utility. Yuan and Mi [35] investigated
robust optimal asset-liability management with ambiguity penalty. Uğurlu [32] studied the portfolio optimization
problem of an investor seeking to maximize his terminal wealth.

Although many scholars have investigated the ALM problem under utility maximization, there are still three
aspects worth discussing. Firstly, in the existing studies of asset-liability management, the subject of optimal
decision-making is a single agent. However, in the real economy, the behavioral decisions of competitors are
often taken into account when making decisions. Besides, the reinsurance strategy involves the interests of both
the insurer and the reinsurer. When an insurer seeks reinsurance, it must assess the reinsurer’s capacity to
provide adequate coverage. Likewise, the reinsurer must evaluate the insurer’s reinsurance needs. The strategic
decisions of insurers and reinsurers constitute a typical strategic interaction. Therefore, similar to Espinosa and
Touzi [11], Zhu et al. [43], and Dong et al. [10], we incorporate the game under relative performance into the
investment-reinsurance asset-liability management problem. Different from them, our goal is to maximize the
expected utility from the terminal net wealth, that is, wealth minus liabilities. Secondly, most papers assume
that different insurance businesses are mutually independent. But in real life, insurance businesses often have
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a certain degree of dependence. A prime example is the COVID-19 pandemic (or other natural disasters like
hurricanes or earthquakes), which can give rise to various types of insurance claims. Some research have proposed
that these cumulative claims may be interrelated through a common shock, which can capture the impact of
diverse insurance claims stemming from such natural catastrophes. Yuan et al. [36] studied the investment-
reinsurance problem in the case that the claim quantity processes were associated with a common shock. Zhang
et al. [42] considered optimal excess-of-loss reinsurance and investment problem with thinning dependent risks.
Third, compared to Pan and Xiao [22], Pan et al. [24] and Chen et al. [4], they consider stochastic liability
processes depicted by Brownian or geometric Brownian motion with drift, but in reality, liabilities generally
fluctuate with asset prices. Based on this, we consider a class of liability processes associated with asset price
fluctuations.

Inspired by the above works, this paper studies the non-zero-sum game between an insurer and a reinsurer
under the asset-liability management problem. We assume that the insurance company can purchase reinsurance
and invest its surplus in the financial market composed of risk-free assets and risky assets, where the risky assets
are characterized by the CEV model. Besides, we set a conditional dependence risk model, in which common
shocks depict the dependency between risks, that is, the insurance market is described by two-dimensional
dependent claims. Reinsurers can also invest in this financial market. Under the above background setting, we
consider the optimal investment and reinsurance ALM game problem with a common shock under the CEV
model. Applying the stochastic control theory in the game-theoretic framework, we obtain the corresponding
extended Hamilton–Jacobi–Bellman (HJB) equation. Furthermore, we derive both the explicit expression of
optimal investment-reinsurance strategy and the corresponding equilibrium value function. Finally, through
numerical simulations, we analyze the impact of model parameters on investment-reinsurance strategy, providing
theoretical guidance for asset-liability management.

The main contributions of this paper are as follows: (1) A class of stochastic processes of liabilities associated
with asset price fluctuations is considered. (2) Based on the risk sharing attribute established by the reinsurance
contract between the insurance company and the reinsurance company, we construct a non-zero-sum game
between the insurance company and the reinsurance company, which is different from the non-zero-sum game
between insurance companies in the existing literature. (3) Compared with Pun [27], we study two insurance
businesses with common shocks and analyze two reinsurance strategies influenced by some common factors,
thus making the discussion more realistic and complicated. (4) Combining the investment reinsurance problem
with the ALM, this paper innovatively studies the investment-reinsurance ALM non-zero-sum game within the
framework of the CEV model under common shock dependence. (5) We study the asset-liability management
game problem under relative performance, where the relative performance is based on net wealth after liabilities
are removed. (6) We give a verification theorem for the asset-liability management game problem under the
relative performance of net wealth.

The remainder of this paper is organized as follows: Section 2 constructs a mathematical model to illustrate
the non-zero stochastic differential game problem for insurers and reinsurers with exogenous stochastic liability.
In Section 3, by using stochastic control theory and solving the HJB equation, we obtain the Nash equilibrium
solution of the problem and the corresponding equilibrium value function. In Section 4, we analyze the effect
of the parameter depicting liability as well as the parameter characterizes relative performance on the Nash
equilibrium strategy by providing a numerical example. Section 5 concludes this paper.

2. Model formulation

In this paper, we consider a filtered complete probability space (Ω,ℱ , P) equipped with a right continuous
and P-complete filtration {ℱ𝑡}𝑡∈[0,𝑇 ], where {ℱ𝑡}𝑡∈[0,𝑇 ] represents the information of the market available up to
time 𝑡. [0, 𝑇 ] is a fixed and finite time horizon. P is the reference measure. All stochastic processes introduced
below are defined on the filtered probability space (Ω,ℱ , {ℱ𝑡}, P). In addition, we suppose that there are no
transaction costs or taxes in the financial and insurance markets, and trading can continuously occur.
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2.1. Surplus process

Suppose an insurer has an insurance portfolio that consists of two distinct insurance businesses, such as
medical insurance and life insurance. The claims arrival in these businesses can be modeled as dependent
Poisson processes with common shocks. Suppose that the random variables {𝐿𝑖, 𝑖 = 1, 2, . . . , } represent the
claim size from the first-class claim and assume sequence {𝐿𝑖, 𝑖 ≥ 1} is independent with common distribution
𝐹𝐿(), 𝜇𝐿 = 𝐸(𝐿𝑖), and 𝜇′𝐿 = 𝐸(𝐿2

𝑖 ). {𝑌𝑖, 𝑖 = 1, 2, . . . , } represent the claim size from the second-class claim
and assume sequence {𝑌𝑖, 𝑖 ≥ 1} is mutually independent with common distribution 𝐹𝑌 (), 𝜇𝑌 = 𝐸(𝑌𝑖), and
𝜇′𝑌 = 𝐸(𝑌 2

𝑖 ). The claim settlement process shared between the two insurance businesses is as follows:

𝑆1(𝑡) :=
𝑁1(𝑡)+𝑁(𝑡)∑︁

𝑖=1

𝐿𝑖, 𝑆2(𝑡) :=
𝑁2(𝑡)+𝑁(𝑡)∑︁

𝑖=1

𝑌𝑖,

where {𝑁1(𝑡) + 𝑁(𝑡)}𝑡>0 and {𝑁2(𝑡) + 𝑁(𝑡)}𝑡>0 represent the number of claims for the first and second cate-
gories of insurance business up to time 𝑡, respectively. In addition, {𝑁1(𝑡)}𝑡≥0, {𝑁2(𝑡)}𝑡≥0 and {𝑁(𝑡)}𝑡≥0 are
independent Poisson processes with intensity 𝜆1 > 0, 𝜆2 > 0 and 𝜆 > 0, respectively. Obviously, the dependence
of the two types of business is controlled by the common impact caused by {𝑁(𝑡)}𝑡≥0. The larger 𝜆 means the
higher degree of dependence of the two insurance businesses.

Similar to Liang [18] and Browne [1], for the convenience of calculation, we assume that the composite Poisson
process 𝑆1(𝑡) and 𝑆2(𝑡) can be approximated by the following geometric Brownian motion:

d𝑆1(𝑡) = 𝑎1 d𝑡− 𝜎1 d𝐵1(𝑡),

with 𝑎1 = (𝜆1 + 𝜆)𝐸(𝐿𝑖), and 𝜎2
1 = (𝜆1 + 𝜆)𝐸(𝐿2

𝑖 ). In the same way,

d𝑆2(𝑡) = 𝑎2 d𝑡− 𝜎2 d𝐵2(𝑡),

with 𝑎2 = (𝜆2 + 𝜆)𝐸(𝑌𝑖), and 𝜎2
2 = (𝜆2 + 𝜆)𝐸(𝑌 2

𝑖 ). Here 𝐵1(𝑡) and 𝐵2(𝑡) are standard Brownian motions, and
the correlation coefficient of 𝐵1(𝑡) and 𝐵2(𝑡) is denoted as:

𝜌 =
𝜆𝐸(𝐿𝑖)𝐸(𝑌𝑖)√︀

(𝜆1 + 𝜆)𝐸(𝐿2
𝑖 )(𝜆2 + 𝜆)𝐸(𝑌 2

𝑖 )
=

𝜆𝜇𝐿𝜇𝑌

𝜎1𝜎2

where 𝐸(𝐵1(𝑡)𝐵2(𝑡)) = 𝜌𝑡.
Therefore, the surplus process of the insurer up to time 𝑡 is given by

𝑅1(𝑡) = 𝑅0 + 𝑐𝑡− (𝑎1 + 𝑎2)𝑡 + 𝜎1𝐵1(𝑡) + 𝜎2𝐵2(𝑡),

where 𝑅0 is a deterministic initial reserve, and 𝑐 represents the premium rate.
In addition, we assume that the premium rate of the insurance company is calculated based on the expected

value principle:
𝑐′ = (1 + 𝜃1)(𝜆1 + 𝜆)𝜇𝐿 + (1 + 𝜃2)(𝜆2 + 𝜆)𝜇𝑌 ,

where 𝜃1 and 𝜃2 are the insurer’s positive safety loads for the first and second class of claims. Besides, to be
protected from potential large claims, we suppose insurers can govern their insurance risks by buying propor-
tional reinsurance, but they can not get new business. Let 𝑞1(𝑡)(∈ (0, 1]) and 𝑞2(𝑡)(∈ (0, 1]) be the reinsurance
retention levels for the first class claims and the second class claims at time 𝑡, respectively. When a claim occurs,
the insurer pays 𝑞1(𝑡)𝐿𝑖 (or 𝑞2(𝑡)𝑌𝑖) and the reinsurer pays (1 − 𝑞1(𝑡))𝐿𝑖 (or (1 − 𝑞2(𝑡))𝑌𝑖). The reinsurance
premium is given by

𝑐′′ = (1− 𝑞1(𝑡))(1 + 𝜂1)(𝜆1 + 𝜆)𝜇𝐿 + (1− 𝑞2(𝑡))(1 + 𝜂2)(𝜆2 + 𝜆)𝜇𝑌 ,



INVESTMENT AND REINSURANCE GAME ON ALM WITH COMMON SHOCK DEPENDENCE UNDER CEV MODEL 3917

where 𝜂1 and 𝜂2 are positive safety loads for the first and second types of claims. Note that for the insurer,
𝑞1(𝑡)(∈ (0, 1]) and 𝑞2(𝑡)(∈ (0, 1]) correspond to a reinsurance coverage and 𝑞1(𝑡) > 1 (or 𝑞2(𝑡) > 1) would mean
that the company can take an extra insurance business from other companies (i.e., act as a reinsurer for other
cedents). In general, suppose 𝜂𝑖 > 𝜃𝑖, 𝑖 = 1, 2 and 𝜂1 and 𝜂2 are positive safety loads for the reinsurer. After
reinsurance, the insurer’s premium becomes

𝑐 = 𝑐′ − 𝑐′′

= [(1 + 𝜂1)𝑞1(𝑡) + 𝜃1 − 𝜂1](𝜆1 + 𝜆)𝜇𝐿 + [(1 + 𝜂2)𝑞2(𝑡) + 𝜃2 − 𝜂2](𝜆2 + 𝜆)𝜇𝑌 .

We introduce a new standard Brownian motion d𝑊0(𝑡) such that we can express the combination of d𝐵1(𝑡)
and d𝐵2(𝑡) using d𝑊0(𝑡). First, recall that for two correlated Brownian motions 𝐵1(𝑡) and 𝐵2(𝑡) with correlation
𝜌, we can write d𝐵2(𝑡) = 𝜌 d𝐵1(𝑡) +

√︀
1− 𝜌2 d𝐵3(𝑡), where 𝐵3(𝑡) is another independent standard Brownian

motion. However, in our case, we aim to combine 𝜎1𝑞1(𝑡) d𝐵1(𝑡) + 𝜎2𝑞2(𝑡) d𝐵2(𝑡) into a single term involving
d𝑊0(𝑡). The variance of the combined noise term 𝜎1𝑞1(𝑡) d𝐵1(𝑡) + 𝜎2𝑞2(𝑡) d𝐵2(𝑡) is:

𝐸
[︁
(𝜎1𝑞1(𝑡) d𝐵1(𝑡) + 𝜎2𝑞2(𝑡) d𝐵2(𝑡))2

]︁
= 𝜎2

1𝑞1(𝑡)2 d𝑡 + 𝜎2
2𝑞2

2(𝑡) d𝑡 + 2𝜎1𝜎2𝑞1(𝑡)𝑞2(𝑡)𝜌 d𝑡.

We define d𝑊0(𝑡) such that:

𝜎1𝑞1(𝑡) d𝐵1(𝑡) + 𝜎2𝑞2(𝑡) d𝐵2(𝑡) =
√︁

𝜎2
1𝑞1(𝑡)2 + 𝜎2

2𝑞2
2(𝑡) + 2𝜎1𝜎2𝑞1(𝑡)𝑞2(𝑡)𝜌 d𝑊0(𝑡),

where d𝑊0(𝑡) is a standard Brownian motion. Substituting the combined noise term into the reserve process,
we get:

d𝑅1(𝑡) = 𝑐 d𝑡− 𝑞1(𝑡) d𝑆1(𝑡)− 𝑞2(𝑡) d𝑆2(𝑡)
= [(𝜃1 − 𝜂1)𝑎1 + (𝜃2 − 𝜂2)𝑎2 + 𝑎1𝜂1𝑞1(𝑡) + 𝑎2𝜂2𝑞2(𝑡)] d𝑡

+
√︁

𝜎2
1𝑞2

1(𝑡) + 𝜎2
2𝑞2

2(𝑡) + 2𝑞1(𝑡)𝑞2(𝑡)𝜌 d𝑊0(𝑡).

Using the given expression for 𝜌 = 𝜆𝜇𝐿𝜇𝑌

𝜎1𝜎2
, we can rewrite the square root term:√︀

𝜎2
1𝑞2

1(𝑡) + 𝜎2
2𝑞2

2(𝑡) + 2𝑞1(𝑡)𝑞2(𝑡)𝜌 =
√︀

𝜎2
1𝑞2

1(𝑡) + 𝜎2
2𝑞2

2(𝑡) + 2𝑞1(𝑡)𝑞2(𝑡)𝜆𝜇𝐿𝜇𝑌 .
Then, the reserve process {𝑅1(𝑡)}𝑡≥0 of the insurer evolves as

d𝑅1(𝑡) = [(𝜃1 − 𝜂1)𝑎1 + (𝜃2 − 𝜂2)𝑎2 + 𝑎1𝜂1𝑞1(𝑡) + 𝑎2𝜂2𝑞2(𝑡)] d𝑡

+
√︁

𝜎2
1𝑞2

1(𝑡) + 𝜎2
2𝑞2

2(𝑡) + 2𝑞1(𝑡)𝑞2(𝑡)𝜆𝜇𝐿𝜇𝑌 d𝑊0(𝑡),
(1)

where 𝑊0(𝑡) is a standard Brownian motion.
After selling the reinsurance contract, the surplus process of the reinsurer is

d𝑅2(𝑡) = 𝑐′′ d𝑡− (1− 𝑞1(𝑡)) d𝑆1(𝑡)− (1− 𝑞2(𝑡)) d𝑆2(𝑡)
= [(1− 𝑞1(𝑡))𝜂1𝑎1 + (1− 𝑞2(𝑡))𝜂2𝑎2] d𝑡

+
√︁

𝜎2
1(1− 𝑞1(𝑡))2 + 𝜎2

2(1− 𝑞2(𝑡))2 + 2(1− 𝑞1(𝑡))(1− 𝑞2(𝑡))𝜆𝜇𝐿𝜇𝑌 d𝑊0(𝑡),

(2)

2.2. Financial market

We consider a financial market that consists of one risk-free asset and one risk asset whose price process
follows the CEV model.

The price process of the risk-free asset is given by the following ordinary differential equation (ODE):{︃
d𝑆0(𝑡) = 𝑟𝑆0(𝑡) d𝑡, 𝑡 ∈ [0, 𝑇 ],
𝑆0(0) = 1,

(3)
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in which 𝑟(> 0) represents the risk-free interest rate.
Referring to Cox and Ross [8], Gu et al. [13] and Luo et al. [19], the price process of the risky asset follows a

constant elasticity of variance (CEV) model{︃
d𝑆(𝑡) = 𝑆(𝑡)

[︀
𝛼 d𝑡 + 𝜎𝑆𝛽(𝑡) d𝑊1(𝑡)

]︀
, 𝑡 ∈ [0, 𝑇 ],

𝑆(0) = 𝑠0,
(4)

where 𝛼(> 𝑟) is the appreciation rate, 𝜎 is the volatility coefficient and 𝛽 is the elasticity parameter. The term
𝜎𝑆𝛽(𝑡) denotes the instantaneous volatility. If 𝛽 = 0, the CEV model simplifies to a geometric Brownian motion
(GBM) model. If 𝛽 > 0, the instantaneous volatility 𝜎𝑆𝛽(𝑡) increases as the risky asset price increases. If 𝛽 < 0,
the instantaneous volatility 𝜎𝑆𝛽(𝑡) increases as the stock price decreases, potentially resulting in a distribution
with a fatter left tail. Therefore, in order to keep the risky asset price process positive, we let 𝛽 ≥ 0. 𝑊1(𝑡) is a
standard one-dimensional {ℱ𝑡}𝑡≥0-adapted Brownian motion which is independent of 𝑊0(𝑡). We suppose 𝑟, 𝛼
and 𝜎 are given constants.

2.3. Wealth process

In order to use capital efficiently, we assume that both insurers and reinsurers can invest assets in the financial
market. Suppose that there are no transaction costs or taxes for investment and reinsurance; financial assets
can be traded continuously; short-selling of the risky asset is not allowed, and the investment is not enough to
affect the prices of the risky asset.

Assume that 𝑋1(𝑡) and 𝑋2(𝑡) denote the wealth of the insurer and reinsurer at time 𝑡 ∈ [0, 𝑇 ], respectively;
𝜋1(𝑡) and 𝜋2(𝑡) represent the investment amount of insurer and reinsurer in the risky asset, respectively; then
𝑋1(𝑡)−𝜋1(𝑡) and 𝑋2(𝑡)−𝜋2(𝑡) represent their respective investments in the risk-free asset. Define the investment
and reinsurance strategy adopted by the insurer and the reinsurer as

𝑢1(𝑡) = (𝑞1(𝑡), 𝑞2(𝑡), 𝜋1(𝑡)), 𝑢2(𝑡) = (𝜋2(𝑡)).

After a simple calculation, under the strategies 𝑢1(𝑡) = (𝑞1(𝑡), 𝑞2(𝑡), 𝜋1(𝑡)) and 𝑢2(𝑡) = (𝜋2(𝑡)), the wealth
processes of the insurer and the reinsurer can be described by the following stochastic differential equations:

d𝑋𝑢1
1 (𝑡) =

𝑋𝑢1
1 (𝑡)− 𝜋1(𝑡)

𝑆0(𝑡)
d𝑆0(𝑡) +

𝜋1(𝑡)
𝑆(𝑡)

d𝑆(𝑡) + d𝑅1(𝑡)

= [𝑟𝑋𝑢1
1 (𝑡) + (𝛼− 𝑟)𝜋1(𝑡) + (𝜃1 − 𝜂1)𝑎1 + (𝜃2 − 𝜂2)𝑎2 + 𝑎1𝜂1𝑞1(𝑡) + 𝑎2𝜂2𝑞2(𝑡)] d𝑡

+ 𝜋1(𝑡)𝜎𝑆𝛽(𝑡) d𝑊1(𝑡) +
√︁

𝜎2
1𝑞2

1(𝑡) + 𝜎2
2𝑞2

2(𝑡) + 2𝑞1(𝑡)𝑞2(𝑡)𝜆𝜇𝐿𝜇𝑌 d𝑊0(𝑡)

d𝑋𝑢2
2 (𝑡) =

𝑋𝑢2
2 (𝑡)− 𝜋2(𝑡)

𝑆0(𝑡)
d𝑆0(𝑡) +

𝜋2(𝑡)
𝑆(𝑡)

d𝑆(𝑡) + d𝑅2(𝑡)

= [𝑟𝑋𝑢2
2 (𝑡) + (𝛼− 𝑟)𝜋2(𝑡) + (1− 𝑞1(𝑡))𝜂1𝑎1 + (1− 𝑞2(𝑡))𝜂2𝑎2] d𝑡

+ 𝜋2(𝑡)𝜎𝑆𝛽(𝑡) d𝑊1(𝑡) +
√︁

𝜎2
1(1− 𝑞1(𝑡))2 + 𝜎2

2(1− 𝑞2(𝑡))2 + 2(1− 𝑞1(𝑡))(1− 𝑞2(𝑡))𝜆𝜇𝐿𝜇𝑌 d𝑊0(𝑡).

To simplify the formula, we suppose

𝑝1(𝑡) =
√︁

𝜎2
1𝑞2

1(𝑡) + 𝜎2
2𝑞2

2(𝑡) + 2𝑞1(𝑡)𝑞2(𝑡)𝜆𝜇𝐿𝜇𝑌 ,

and

𝑝2(𝑡) =
√︁

𝜎2
1(1− 𝑞1(𝑡))2 + 𝜎2

2(1− 𝑞2(𝑡))2 + 2(1− 𝑞1(𝑡))(1− 𝑞2(𝑡))𝜆𝜇𝐿𝜇𝑌 .

Then the wealth processes of the insurer and the reinsurer can be expressed as

d𝑋𝑢1
1 (𝑡) = [𝑟𝑋𝑢1

1 (𝑡) + (𝛼− 𝑟)𝜋1(𝑡) + (𝜃1 − 𝜂1)𝑎1 + (𝜃2 − 𝜂2)𝑎2 + 𝑎1𝜂1𝑞1(𝑡) + 𝑎2𝜂2𝑞2(𝑡)] d𝑡
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+ 𝜋1(𝑡)𝜎𝑆𝛽(𝑡) d𝑊1(𝑡) + 𝑝1(𝑡) d𝑊0(𝑡) (5)
d𝑋𝑢2

2 (𝑡) = [𝑟𝑋𝑢2
2 (𝑡) + (𝛼− 𝑟)𝜋2(𝑡) + (1− 𝑞1(𝑡))𝜂1𝑎1 + (1− 𝑞2(𝑡))𝜂2𝑎2] d𝑡

+ 𝜋2(𝑡)𝜎𝑆𝛽(𝑡) d𝑊1(𝑡) + 𝑝2(𝑡) d𝑊0(𝑡). (6)

To make the problem more realistic, setting liability is also a common issue for both the insurer and the reinsurer.
In the financial market, debt is an important problem that investors will inevitably face. Different from other
literature, we assume that the insurer and the reinsurer face an uncontrollable exogenous liability related to
stochastic fluctuations. Let 𝐿1(𝑡) and 𝐿2(𝑡) be the liability of the insurer and the reinsurer at time 𝑡, and the
evolution dynamics of these liabilities (𝐿1(𝑡) and 𝐿2(𝑡)) are as follows respectively:

d𝐿1(𝑡) = 𝛼1 d𝑡 + 𝜎11𝑆
𝛽(𝑡) d𝑊1(𝑡) + 𝜎12 d𝑊2(𝑡), 𝐿1(0) = 𝑙10 > 0, (7)

and

d𝐿2(𝑡) = 𝛼2 d𝑡 + 𝜎21𝑆
𝛽(𝑡) d𝑊1(𝑡) + 𝜎22 d𝑊2(𝑡), 𝐿2(0) = 𝑙20 > 0, (8)

where 𝛼1 > 0 and 𝛼2 > 0 denote the debt ratio, 𝜎11 > 0 and 𝜎21 > 0 represent the volatilities of the
uncontrollable exogenous liabilities, and 𝜎12 > 0 and 𝜎22 > 0 represent the volatilities of the liabilities. 𝑊2(𝑡) is
a one-dimensional standard Brownian motion, which is independent of 𝑊1(𝑡) and 𝑊0(𝑡).

Considering the liability problem, investors focus on the difference between the asset value and the liability
value. For convenience, we denote the net wealth of the insurer and the reinsurer as follows:

𝑌1(𝑡) = 𝑋1(𝑡)− 𝐿1(𝑡), 𝑌2(𝑡) = 𝑋2(𝑡)− 𝐿2(𝑡).

Thus, the net wealth processes of the insurer and the reinsurer are governed by the following stochastic differ-
ential equations (SDEs), respectively:

d𝑌 𝑢1
1 (𝑡) = d𝑋𝑢1

1 (𝑡)− d𝐿1(𝑡)
= [𝑟(𝑌 𝑢1

1 (𝑡) + 𝐿1(𝑡)) + (𝛼− 𝑟)𝜋1(𝑡) + (𝜃1 − 𝜂1)𝑎1 + (𝜃2 − 𝜂2)𝑎2 + 𝑎1𝜂1𝑞1(𝑡) + 𝑎2𝜂2𝑞2(𝑡)− 𝛼1] d𝑡

+ (𝜎𝜋1(𝑡)− 𝜎11)𝑆𝛽(𝑡) d𝑊1(𝑡)− 𝜎12 d𝑊2(𝑡) + 𝑝1(𝑡) d𝑊0(𝑡), (9)
d𝑌 𝑢2

2 (𝑡) = d𝑋𝑢2
2 (𝑡)− d𝐿2(𝑡)

= [𝑟(𝑌 𝑢2
2 (𝑡) + 𝐿2(𝑡)) + (𝛼− 𝑟)𝜋2(𝑡) + (1− 𝑞1(𝑡))𝜂1𝑎1 + (1− 𝑞2(𝑡))𝜂2𝑎2 − 𝛼2] d𝑡

+ (𝜎𝜋2(𝑡)− 𝜎21)𝑆𝛽(𝑡) d𝑊1(𝑡)− 𝜎22 d𝑊2(𝑡) + 𝑝2(𝑡) d𝑊0(𝑡). (10)

Definition 1 (Admissible Control-measure Strategy). For any fixed 𝑡 ∈ [0, 𝑇 ], the investment-reinsurance strat-
egy 𝑢(𝑡) = 𝑢1(𝑡)× 𝑢2(𝑡) = (𝑞1(𝑡), 𝑞2(𝑡), 𝜋1(𝑡))× (𝜋2(𝑡)) is said to be admissible if it satisfies:

(i) {𝑢1(𝑡)}𝑡∈[0,𝑇 ] and {𝑢2(𝑡)}𝑡∈[0,𝑇 ] are {ℱ𝑡}𝑡∈[0,𝑇 ]-progressively measurable processes, such that 1 ≥ 𝑞1(𝑡) ≥
0, 1 ≥ 𝑞2(𝑡) ≥ 0 for any 𝑡 ∈ [0, 𝑇 ];

(ii) for all 𝑡 ∈ [0, 𝑇 ] and ∀𝑣 ∈ [𝑡, 𝑇 ], 𝜋1(𝑡) ≥ 0, 𝜋2(𝑡) ≥ 0 and

𝐸

[︃∫︁ 𝑇

𝑡

(︀
𝜋1(𝑣)𝑆𝛽(𝑣)

)︀2
d𝑣

]︃
< +∞, 𝐸

[︃∫︁ 𝑇

𝑡

(︀
𝜋2(𝑣)𝑆𝛽(𝑣)

)︀2
d𝑣

]︃
< +∞,

𝐸𝑡,𝑦1,𝑙1,𝑠

[︃∫︁ 𝑇

0

[︁
(𝑞1(𝑡))2 + (𝑞2(𝑡))2 + (𝜋1(𝑡))2

]︁
d𝑡

]︃
< +∞;

𝐸𝑡,𝑦2,𝑙2,𝑠

[︃∫︁ 𝑇

0

[︁
(𝜋2(𝑡))2

]︁
d𝑡

]︃
< +∞;
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(iii) for ∀(𝑡, 𝑦1, 𝑙1, 𝑠) ∈ [0, 𝑇 ]×R×R×R+, ∀𝑣 ∈ [𝑡, 𝑇 ], the state equation (9) associated with 𝑢1(𝑡) has a unique
strong solution 𝑌 𝑢1

1 (𝑣), which satisfies{︁
𝐸𝑡,𝑦1,𝑙1,𝑠

[︁
sup|𝑌 𝑢1

1 (𝑣)|2
]︁}︁ 1

2
< +∞,

where 𝐸𝑡,𝑦1,𝑙1,𝑠[·] is the conditional expectation given 𝑌 𝑢1
1 (𝑡) = 𝑦1, 𝐿1(𝑡) = 𝑙1 and 𝑆(𝑡) = 𝑠;

(iv) for ∀(𝑡, 𝑦2, 𝑙2, 𝑠) ∈ [0, 𝑇 ]×R×R×R+, ∀𝑣 ∈ [𝑡, 𝑇 ], the state equation (10) associated with 𝑢2(𝑡) has a unique
strong solution 𝑌 𝑢2

2 (𝑣), which satisfies{︁
𝐸𝑡,𝑦2,𝑙2,𝑠

[︁
sup|𝑌 𝑢2

2 (𝑣)|2
]︁}︁ 1

2
< +∞,

where 𝐸𝑡,𝑦2,𝑙2,𝑠[·] is the conditional expectation given 𝑌 𝑢2
2 (𝑡) = 𝑦2, 𝐿2(𝑡) = 𝑙2 and 𝑆(𝑡) = 𝑠.

Let 𝑈 = 𝑈1 × 𝑈2 be the sets of all admissible strategies, where 𝑈1 and 𝑈2 denote the set of all admissible
strategies of the insurer and the reinsurer, respectively.

2.4. Non-zero-sum game models setup

Game theory is an important discipline of operations research, which has been widely used in the field of
insurance in recent years. Through a literature review of the investment-reinsurance problem, it can be found
that in a competitive market, insurers and reinsurers will havea psychological tendency to compare with each
other, which can be depicted by relative performance. Therefore, due to the mind of rivalry, the insurer and
the reinsurer are concerned not only with their own terminal wealth but also with the differences between
them. Hence in this section, we will discuss the equilibrium investment-reinsurance strategy by constructing a
non-zero-sum stochastic differential game between insurer and reinsurer.

Following Espinosa and Touzi [11], we define the relative performance 𝑌 𝑢1
1 (𝑡) for the insurer and 𝑌 𝑢2

2 (𝑡) for
the reinsurer as follows:

̂︀𝑌 𝑢1
1 (𝑡) = (1− 𝜅1)𝑌 𝑢1

1 (𝑡) + 𝜅1(𝑌 𝑢1
1 (𝑡)− 𝑌 𝑢2

2 (𝑡)), (11)̂︀𝑌 𝑢2
2 (𝑡) = (1− 𝜅2)𝑌 𝑢2

2 (𝑡) + 𝜅2(𝑌 𝑢2
2 (𝑡)− 𝑌 𝑢1

1 (𝑡)), (12)

where 𝜅𝑖 ∈ [0, 1], 𝑖 = 1, 2 represents the intensity of the insurer’s and reinsurer’s relative concern between each
other, the larger 𝜅𝑖 is, the higher the degree of dependence between the two companies. Together with equations
(11) and (12), we derive

d̂︀𝑌 𝑢1
1 (𝑡) = d𝑌 𝑢1

1 (𝑡)− 𝜅1 d𝑌 𝑢2
2 (𝑡)

=
[︁
𝑟
(︁̂︀𝑌 𝑢1

1 (𝑡) + 𝐿1(𝑡)− 𝜅1𝐿2(𝑡)
)︁

+ (𝛼− 𝑟)𝜋1(𝑡) + (𝜃1 − 𝜂1)𝑎1

+ (𝜃2 − 𝜂2)𝑎2 + 𝑎1𝜂1𝑞1(𝑡) + 𝑎2𝜂2𝑞2(𝑡)− 𝛼1 + 𝜅1𝛼2

− (𝛼− 𝑟)𝜅1𝜋2(𝑡)− (1− 𝑞1(𝑡))𝜅1𝜂1𝑎1 − (1− 𝑞2(𝑡))𝜅1𝜂2𝑎2

]︁
d𝑡

− (𝜎12 − 𝜅1𝜎22) d𝑊2(𝑡) + (𝑝1(𝑡)− 𝜅1𝑝2(𝑡)) d𝑊0(𝑡)

+ (𝜎𝜋1(𝑡)− 𝜎11 − 𝜅1𝜎𝜋2(𝑡) + 𝜅1𝜎21)𝑆𝛽(𝑡) d𝑊1(𝑡), (13)

d̂︀𝑌 𝑢2
2 (𝑡) = d𝑌 𝑢2

2 (𝑡)− 𝜅2 d𝑌 𝑢1
1 (𝑡)

=
[︁
𝑟
(︁̂︀𝑌 𝑢2

2 (𝑡) + 𝐿2(𝑡)− 𝜅2𝐿1(𝑡)
)︁

+ (𝛼− 𝑟)𝜋2(𝑡) + (1− 𝑞1(𝑡))𝜂1𝑎1

+ (1− 𝑞2(𝑡))𝜂2𝑎2 − 𝛼2 − 𝜅2(𝛼− 𝑟)𝜋1(𝑡)− 𝜅2(𝜃1 − 𝜂1)𝑎1

− 𝜅2(𝜃2 − 𝜂2)𝑎2 − 𝜅2𝑎1𝜂1𝑞1(𝑡)− 𝜅2𝑎2𝜂2𝑞2(𝑡) + 𝜅2𝛼1

]︁
d𝑡



INVESTMENT AND REINSURANCE GAME ON ALM WITH COMMON SHOCK DEPENDENCE UNDER CEV MODEL 3921

− (𝜎22 − 𝜅2𝜎12) d𝑊2(𝑡) + (𝑝2(𝑡)− 𝜅2𝑝1(𝑡)) d𝑊0(𝑡)

+ (𝜎𝜋2(𝑡)− 𝜎21 − 𝜅2𝜎𝜋1(𝑡) + 𝜅2𝜎11)𝑆𝛽(𝑡) d𝑊1(𝑡). (14)

This study explores the non-zero-sum game problem with ALM based on the expected utility criterion.
Under the criterion of expected utility, investors assess the risks and returns of various strategies by using
utility functions. As a stable combination of strategies, the Nash equilibrium can balance risks and returns to
a certain degree, thus assisting investors in reducing their overall risks.

We assume that the preferences of the insurer and the reinsurer are described by the following exponential
utility functions:

𝒰1(𝑦1) = − 1
𝛾1

𝑒−𝛾1𝑦1 , 𝒰2(𝑦2) = − 1
𝛾2

𝑒−𝛾2𝑦2 ,

where 𝛾1 > 0 and 𝛾2 > 0 represent the constant absolute risk aversion coefficients of insurers and reinsurers
respectively.

Investors aim to maximize the expected utility of relative net wealth at the terminal moment. Referring to
Cyert and Degroot [9] and Colombo and Labrecciosa [7], we define the objective functions of the insurer and
the reinsurer as follows:

𝐽𝑢1,𝑢2
1 (𝑡, 𝑦1, 𝑦2, 𝑙1, 𝑠) := 𝐸{𝑡,𝑦1,𝑦2,𝑙1,𝑠}[𝒰1(𝑌 𝑢1

1 (𝑇 )− 𝜅1𝑌
𝑢2
2 (𝑇 ))], (15)

and

𝐽𝑢1,𝑢2
2 (𝑡, 𝑦1, 𝑦2, 𝑙2, 𝑠) := 𝐸{𝑡,𝑦1,𝑦2,𝑙2,𝑠}[𝒰2(𝑌 𝑢2

2 (𝑇 )− 𝜅2𝑌
𝑢1
1 (𝑇 ))], (16)

where 𝐸{𝑡,𝑦1,𝑦2,𝑙1,𝑠}[·] and 𝐸{𝑡,𝑦1,𝑦2,𝑙2,𝑠}[·] represent the conditional expectation given by

(𝑌 𝑢1
1 (𝑡), 𝑌 𝑢2

2 (𝑡), 𝐿1(𝑡), 𝑆(𝑡)) = (𝑦1, 𝑦2, 𝑙1, 𝑠),

and
(𝑌 𝑢1

1 (𝑡), 𝑌 𝑢2
2 (𝑡), 𝐿2(𝑡), 𝑆(𝑡)) = (𝑦1, 𝑦2, 𝑙2, 𝑠),

Definition 2 (Nash Equilibrium). For ∀(𝑢1, 𝑢2) ∈ (𝑈1, 𝑈2), the admissible investment-reinsurance ALM strat-
egy is said to be a Nash equilibrium if it satisfies:{︃

𝐽
𝑢1,𝑢*2
1 (𝑡, 𝑦1, 𝑦2, 𝑙1, 𝑠) ≤ 𝐽

𝑢*1 ,𝑢*2
1 (𝑡, 𝑦1, 𝑦2, 𝑙1, 𝑠),

𝐽
𝑢*1 ,𝑢2
2 (𝑡, 𝑦1, 𝑦2, 𝑙2, 𝑠) ≤ 𝐽

𝑢*1 ,𝑢*2
2 (𝑡, 𝑦1, 𝑦2, 𝑙2, 𝑠).

(17)

Problem 3. The objective of the non-zero-sum stochastic differential game between the insurer and the rein-
surer under the expected utility criterion is to find a Nash equilibrium strategy such that:⎧⎨⎩max

𝑢1∈𝑈1
𝐸{𝑡,𝑦1,𝑙1,𝑠}

[︁
𝒰1

(︁̂︀𝑌 𝑢1
1 (𝑇 )

)︁
|̂︀𝑌 𝑢1

1 (𝑡) = 𝑦1, 𝐿1(𝑡) = 𝑙1, 𝑆(𝑡) = 𝑠
]︁
,

max
𝑢2∈𝑈2

𝐸{𝑡,𝑦2,𝑙2,𝑠}

[︁
𝒰2

(︁̂︀𝑌 𝑢2
2 (𝑇 )

)︁
|̂︀𝑌 𝑢2

2 (𝑡) = 𝑦2, 𝐿2(𝑡) = 𝑙2, 𝑆(𝑡) = 𝑠
]︁
.

For any given that ̂︀𝑌 𝑢1
1 (𝑡) = 𝑦1, ̂︀𝑌 𝑢2

2 (𝑡) = 𝑦2, 𝐿1(𝑡) = 𝑙1, 𝐿2(𝑡) = 𝑙2 and 𝑆(𝑡) = 𝑠, by applying stochastic
control theory, the value functions of the insurer and the reinsurer which are given by (15) and (16) respectively,
can be rewritten as follows:

𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) = 𝐽
𝑢*1 ,𝑢*2
1 (𝑡, 𝑦1, 𝑙1, 𝑠)

= sup
𝑢1∈𝑈1

𝐸{𝑡,𝑦1,𝑙1,𝑠}

[︁
𝒰1

(︁̂︀𝑌 𝑢1
1 (𝑇 )

)︁
|̂︀𝑌 𝑢1

1 (𝑡) = 𝑦1, 𝐿1(𝑡) = 𝑙1, 𝑆(𝑡) = 𝑠
]︁
,

𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) = 𝐽
𝑢*1 ,𝑢*2
2 (𝑡, 𝑦2, 𝑙2, 𝑠)

= sup
𝑢2∈𝑈2

𝐸{𝑡,𝑦2,𝑙2,𝑠}

[︁
𝒰2

(︁̂︀𝑌 𝑢2
2 (𝑇 )

)︁
|̂︀𝑌 𝑢2

2 (𝑡) = 𝑦2, 𝐿2(𝑡) = 𝑙2, 𝑆(𝑡) = 𝑠
]︁
.
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We refer the admissible strategies 𝑢*1 and 𝑢*2 to as the competitively optimal reinsurance and investment
strategies.

3. Solution to the Non-zero-sum game

In this section, we derive the explicit solutions to the optimal investment-reinsurance strategy and the cor-
responding equilibrium value function.

3.1. Assumption

To present the extended HJB equations conveniently, we define two variational operators.
Denote that 𝐶1,2,2,2([0, 𝑇 ]× R× R× R) is the space of any function 𝜑(𝑡, 𝑦, 𝑙, 𝑠) such that 𝜑(𝑡, 𝑦, 𝑙, 𝑠) and its

derivatives 𝜑𝑡(𝑡, 𝑦, 𝑙, 𝑠), 𝜑𝑦(𝑡, 𝑦, 𝑙, 𝑠), 𝜑𝑙(𝑡, 𝑦, 𝑙, 𝑠), 𝜑𝑠(𝑡, 𝑦, 𝑙, 𝑠), 𝜑𝑦𝑦(𝑡, 𝑦, 𝑙, 𝑠), 𝜑𝑙𝑙(𝑡, 𝑦, 𝑙, 𝑠), 𝜑𝑠𝑠(𝑡, 𝑦, 𝑙, 𝑠), 𝜑𝑦𝑙(𝑡, 𝑦, 𝑙, 𝑠),
𝜑𝑦𝑠(𝑡, 𝑦, 𝑙, 𝑠), 𝜑𝑙𝑠(𝑡, 𝑦, 𝑙, 𝑠) are continuous on [0, 𝑇 ]× R× R× R.

For the value function 𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) ∈ 𝐶1,2,2,2, the variational operator is defined as follows:

ℒ𝑢1𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) =
𝜕𝐽1

𝜕𝑡
+
[︀
𝑟(𝑦1 + 𝑙1 − 𝜅1𝑙2) + (𝛼− 𝑟)(𝜋1(𝑡)− 𝜅1𝜋2(𝑡))− 𝛼1 + 𝜅1𝛼2

+ (𝜃1 − 𝜂1)𝑎1 + (𝜃2 − 𝜂2)𝑎2 + 𝑎1𝜂1𝑞1(𝑡) + 𝑎2𝜂2𝑞2(𝑡)− (1− 𝑞1(𝑡))𝜅1𝜂1𝑎1

− (1− 𝑞2(𝑡))𝜅1𝜂2𝑎2

]︀𝜕𝐽1

𝜕𝑦1
+ 𝛼𝑠

𝜕𝐽1

𝜕𝑠
+ 𝛼1

𝜕𝐽1

𝜕𝑙1
+

1
2
[︀
(𝜎12 − 𝜅1𝜎22)2 + 𝜉1(𝑡)

+ (𝜎𝜋1(𝑡)− 𝜎11 − 𝜅1𝜎𝜋2(𝑡) + 𝜅1𝜎21)2𝑠2𝛽
]︀𝜕2𝐽1

𝜕𝑦2
1

+
1
2
[︀
𝜎2

11𝑠
2𝛽 + 𝜎2

12

]︀𝜕2𝐽1

𝜕𝑙21

+
[︀
(𝜎𝜋1(𝑡)− 𝜎11 − 𝜅1𝜎𝜋2(𝑡) + 𝜅1𝜎21)𝜎𝑠2𝛽+1

]︀ 𝜕2𝐽1

𝜕𝑦1𝜕𝑠

+
[︀
(𝜎𝜋1(𝑡)− 𝜎11 − 𝜅1𝜎𝜋2(𝑡) + 𝜅1𝜎21)𝜎11𝑠

2𝛽 − (𝜎12 − 𝜅1𝜎22)𝜎12

]︀
𝜕2𝐽1

𝜕𝑦1𝜕𝑙1
+

1
2
𝜎2𝑠2𝛽+2 𝜕2𝐽1

𝜕𝑠2
+ 𝜎𝜎11𝑠

2𝛽+1 𝜕2𝐽1

𝜕𝑙1𝜕𝑠
(18)

where

𝜉1(𝑡) = (𝑝1(𝑡)− 𝜅1𝑝2(𝑡))2

=
2∑︁

𝑖=1

[(1 + 𝜅1)𝑞𝑖(𝑡)− 𝜅1]2𝜎2
𝑖 + 2𝜆𝜇𝐿𝜇𝑌

2∏︁
𝑖=1

[(1 + 𝜅1)𝑞𝑖(𝑡)− 𝜅1].

For the value function 𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) ∈ 𝐶1,2,2,2, the variational operator is defined as follows:

ℒ𝑢2𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) =
𝜕𝐽2

𝜕𝑡
+
[︁
𝑟(𝑦2 + 𝑙2 − 𝜅2𝑙1) + (𝛼− 𝑟)(𝜋2(𝑡)− 𝜅2𝜋1(𝑡))− 𝛼2 + 𝜅2𝛼1

− 𝜅2(𝜃1 − 𝜂1)𝑎1 − 𝜅2(𝜃2 − 𝜂2)𝑎2 − 𝜅2𝑎1𝜂1𝑞1(𝑡)− 𝜅2𝑎2𝜂2𝑞2(𝑡)

+ (1− 𝑞1(𝑡))𝜂1𝑎1 + (1− 𝑞2(𝑡))𝜂2𝑎2

]︁𝜕𝐽2

𝜕𝑦2
+ 𝛼𝑠

𝜕𝐽2

𝜕𝑠
+ 𝛼2

𝜕𝐽2

𝜕𝑙2

+
1
2

[︁
(𝜎𝜋2(𝑡)− 𝜎21 − 𝜅2𝜎𝜋1(𝑡) + 𝜅2𝜎11)2𝑠2𝛽 + (𝜎22 − 𝜅2𝜎12)2 + 𝜉2(𝑡)

]︁𝜕2𝐽2

𝜕𝑦2
2

+
1
2
𝜎2𝑠2𝛽+2 𝜕2𝐽2

𝜕𝑠2
+

1
2
[︀
𝜎2

21𝑠
2𝛽 + 𝜎2

22

]︀𝜕2𝐽2

𝜕𝑙22

+
[︀
(𝜎𝜋2(𝑡)− 𝜎21 − 𝜅2𝜎𝜋1(𝑡) + 𝜅2𝜎11)𝜎𝑠2𝛽+1

]︀ 𝜕2𝐽2

𝜕𝑦2𝜕𝑠
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+
[︁
(𝜎𝜋2(𝑡)− 𝜎21 − 𝜅2𝜎𝜋1(𝑡) + 𝜅2𝜎11)𝜎21𝑠

2𝛽

− (𝜎22 − 𝜅2𝜎12)𝜎22

]︁ 𝜕2𝐽2

𝜕𝑦2𝜕𝑙2
+ 𝜎𝜎21𝑠

2𝛽+1 𝜕2𝐽2

𝜕𝑙2𝜕𝑠
(19)

where

𝜉2(𝑡) = (𝑝2(𝑡)− 𝜅2𝑝1(𝑡))2

=
2∑︁

𝑖=1

[(−𝜅2 − 1)𝑞𝑖(𝑡) + 1]2𝜎2
𝑖 + 2𝜆𝜇𝐿𝜇𝑌

2∏︁
𝑖=1

[(−1− 𝜅2)𝑞𝑖(𝑡) + 1].

3.2. Verification theorem

According to Fleming and Soner [12], if the value function 𝐽𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠) ∈ 𝒞1,2,2,2([0, 𝑇 ] × R × R × R), then
𝐽𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠) satisfies the following extended Hamilton–Jacobi–Bellman (HJB) equation:

sup
𝑢𝑖∈𝑈𝑖

ℒ𝑢𝑖𝐽𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠) = 0, 𝐽𝑖(𝑇, 𝑦𝑖, 𝑙𝑖, 𝑠) = 𝒰𝑖(𝑦𝑖), 𝑖 ∈ {1, 2}. (20)

The following theorem provides verification for the extended HJB equation associated with the Problem 3.

Theorem 4 (Verification Theorem). Suppose that 𝑉𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠) ∈ 𝒞1,2,2,2([0, 𝑇 ] × R × R × R) is a classical
solution to equation (20), i.e., 𝑉𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠), 𝑖 ∈ {1, 2} satisfies the following HJB equation

sup
𝑢𝑖∈𝑈𝑖

{ℒ𝑢𝑖𝑉𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠)} = 0, 𝑉𝑖(𝑇, 𝑦𝑖, 𝑙𝑖, 𝑠) = 𝒰𝑖(𝑦𝑖), (21)

then we have 𝐽𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠) ≤ 𝑉𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠) for an arbitrary admissible strategy 𝑢𝑖 ∈ 𝑈𝑖. Furthermore assume that
there exists an optimal strategy 𝑢*𝑖 ∈ 𝑈𝑖 such that

𝑢*𝑖 ∈ arg sup{ℒ𝑢𝑖𝑉𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠)},

then 𝑉𝑖(𝑇, 𝑦𝑖, 𝑙𝑖, 𝑠) = 𝐽𝑖(𝑇, 𝑦𝑖, 𝑙𝑖, 𝑠) if 𝑢𝑖 = 𝑢*𝑖 . Hence 𝑢*1 and 𝑢*2 are indeed the optimal strategies for the insurer
and the reinsurer.

Proof. See Appendix B. �

3.3. Nash equilibrium and value functions

In the following, we derive the explicit solutions to the HJB equation (20), the expressions of the Nash
equilibrium strategies, and the corresponding equilibrium value functions for the problem have been obtained.
According to Theorem 4, the equation (20) can be rewritten as

sup
𝑢1∈𝑈1

{︂
𝜕𝐽1

𝜕𝑡
+
[︁
𝑟(𝑦1 + 𝑙1 − 𝜅1𝑙2) + (𝛼− 𝑟)(𝜋1(𝑡)− 𝜅1𝜋

*
2(𝑡))− 𝛼1 + 𝜅1𝛼2

+ (𝜃1 − 𝜂1)𝑎1 + (𝜃2 − 𝜂2)𝑎2 + 𝑎1𝜂1𝑞1(𝑡) + 𝑎2𝜂2𝑞2(𝑡)

− (1− 𝑞1(𝑡))𝜅1𝜂1𝑎1 − (1− 𝑞2(𝑡))𝜅1𝜂2𝑎2

]︁𝜕𝐽1

𝜕𝑦1
+ 𝛼𝑠

𝜕𝐽1

𝜕𝑠
+ 𝛼1

𝜕𝐽1

𝜕𝑙1

+
1
2

[︁
(𝜎𝜋1(𝑡)− 𝜎11 − 𝜅1𝜎𝜋*2(𝑡) + 𝜅1𝜎21)2𝑠2𝛽 + (𝜎12 − 𝜅1𝜎22)2 + 𝜉1(𝑡)

]︁𝜕2𝐽1

𝜕𝑦2
1

+
1
2
𝜎2𝑠2𝛽+2 𝜕2𝐽1

𝜕𝑠2
+

1
2
[︀
𝜎2

11𝑠
2𝛽 + 𝜎2

12

]︀𝜕2𝐽1

𝜕𝑙21
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+
[︀
(𝜎𝜋1(𝑡)− 𝜎11 − 𝜅1𝜎𝜋*2(𝑡) + 𝜅1𝜎21)𝜎𝑠2𝛽+1

]︀ 𝜕2𝐽1

𝜕𝑦1𝜕𝑠

+
[︁
(𝜎𝜋1(𝑡)− 𝜎11 − 𝜅1𝜎𝜋*2(𝑡) + 𝜅1𝜎21)𝜎11𝑠

2𝛽

− (𝜎12 − 𝜅1𝜎22)𝜎12

]︁ 𝜕2𝐽1

𝜕𝑦1𝜕𝑙1
+ 𝜎𝜎11𝑠

2𝛽+1 𝜕2𝐽1

𝜕𝑙1𝜕𝑠

}︂
= 0, (22)

and

sup
𝑢1∈𝑈1

{︂
𝜕𝐽2

𝜕𝑡
+
[︁
𝑟(𝑦2 + 𝑙2 − 𝜅2𝑙1) + (𝛼− 𝑟)(𝜋2(𝑡)− 𝜅2𝜋

*
1(𝑡))− 𝛼2 + 𝜅2𝛼1

− 𝜅2(𝜃1 − 𝜂1)𝑎1 − 𝜅2(𝜃2 − 𝜂2)𝑎2 − 𝜅2𝑎1𝜂1𝑞
*
1(𝑡)− 𝜅2𝑎2𝜂2𝑞

*
2(𝑡)

+ (1− 𝑞*1(𝑡))𝜂1𝑎1 + (1− 𝑞*2(𝑡))𝜂2𝑎2

]︁𝜕𝐽2

𝜕𝑦2
+ 𝛼𝑠

𝜕𝐽2

𝜕𝑠
+ 𝛼2

𝜕𝐽2

𝜕𝑙2

+
1
2

[︁
(𝜎𝜋2(𝑡)− 𝜎21 − 𝜅2𝜎𝜋*1(𝑡) + 𝜅2𝜎11)2𝑠2𝛽 + (𝜎22 − 𝜅2𝜎12)2

+ 𝜉*2(𝑡)
]︁𝜕2𝐽2

𝜕𝑦2
2

+
1
2
𝜎2𝑠2𝛽+2 𝜕2𝐽2

𝜕𝑠2
+

1
2
[︀
𝜎2

21𝑠
2𝛽 + 𝜎2

22

]︀𝜕2𝐽2

𝜕𝑙22

+
[︀
(𝜎𝜋2(𝑡)− 𝜎21 − 𝜅2𝜎𝜋*1(𝑡) + 𝜅2𝜎11)𝜎𝑠2𝛽+1

]︀ 𝜕2𝐽2

𝜕𝑦2𝜕𝑠

+
[︁
(𝜎𝜋2(𝑡)− 𝜎21 − 𝜅2𝜎𝜋*1(𝑡) + 𝜅2𝜎11)𝜎21𝑠

2𝛽

− (𝜎22 − 𝜅2𝜎12)𝜎22

]︁ 𝜕2𝐽2

𝜕𝑦2𝜕𝑙2
+ 𝜎𝜎21𝑠

2𝛽+1 𝜕2𝐽2

𝜕𝑙2𝜕𝑠

}︂
= 0, (23)

where

𝜉*2(𝑡) =
2∑︁

𝑖=1

[(−𝜅2 − 1)𝑞*𝑖 (𝑡) + 1]2𝜎2
𝑖 + 2𝜆𝜇𝐿𝜇𝑌

2∏︁
𝑖=1

[(−1− 𝜅2)𝑞*𝑖 (𝑡) + 1].

To solve equation (20), by applying the first-order condition and differentiating the expression inside of the
bracket of the above equation (22) w.r.t. 𝜋1(𝑡), 𝑞1(𝑡) and 𝑞2(𝑡) respectively, and differentiating equation (23)
w.r.t. 𝜋2(𝑡), we obtain the following equations for 𝑢*1(𝑡) = (𝜋*1(𝑡), 𝑞*1(𝑡), 𝑞*2(𝑡)) and 𝑢*2(𝑡) = (𝜋*2(𝑡)):

(𝛼− 𝑟)
𝜕𝐽1

𝜕𝑦1
+ (𝜎𝜋1(𝑡)− 𝜎11 − 𝜅1𝜎𝜋*2(𝑡) + 𝜅1𝜎21)𝜎𝑠2𝛽 𝜕2𝐽1

𝜕𝑦2
1

+ 𝜎2𝑠2𝛽+1 𝜕2𝐽1

𝜕𝑦1𝜕𝑠
+ 𝜎𝜎11𝑠

2𝛽 𝜕2𝐽1

𝜕𝑦1𝜕𝑙1
= 0,

𝑎1𝜂1
𝜕𝐽1

𝜕𝑦1
+
[︀
2((1 + 𝜅1)𝑞1(𝑡)− 𝜅1)𝜎2

1 + 2𝜆𝜇𝐿𝜇𝑌 ((1 + 𝜅1)𝑞2(𝑡)− 𝜅1)
]︀𝜕2𝐽1

𝜕𝑦2
1

= 0,

𝑎2𝜂2
𝜕𝐽1

𝜕𝑦1
+
[︀
2((1 + 𝜅1)𝑞2(𝑡)− 𝜅1)𝜎2

2 + 2𝜆𝜇𝐿𝜇𝑌 ((1 + 𝜅1)𝑞1(𝑡)− 𝜅1)
]︀𝜕2𝐽1

𝜕𝑦2
1

= 0,

(𝛼− 𝑟)
𝜕𝐽2

𝜕𝑦2
+ (𝜎𝜋2(𝑡)− 𝜎21 − 𝜅2𝜎𝜋*1(𝑡) + 𝜅2𝜎11)𝜎𝑠2𝛽 𝜕2𝐽2

𝜕𝑦2
2

+ 𝜎2𝑠2𝛽+1 𝜕2𝐽2

𝜕𝑦2𝜕𝑠
+ 𝜎𝜎21𝑠

2𝛽 𝜕2𝐽2

𝜕𝑦2𝜕𝑙2
= 0.
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Then we can derive

𝜋*1(𝑡) =
−(𝛼− 𝑟)𝜕𝐽1

𝜕𝑦1
− 𝜎2𝑠2𝛽+1 𝜕2𝐽1

𝜕𝑦1𝜕𝑠 − 𝜎𝜎11𝑠
2𝛽 𝜕2𝐽1

𝜕𝑦1𝜕𝑙1

𝜎2𝑠2𝛽 𝜕2𝐽1
𝜕𝑦2

1

+
𝜎11 − 𝜅1𝜎21

𝜎
+ 𝜅1𝜋

*
2(𝑡), (24)

𝑞*1(𝑡) =
−𝑎1𝜂1

𝜕𝐽1
𝜕𝑦1

− 2𝜆𝜇𝐿𝜇𝑌 ((1 + 𝜅1)𝑞2(𝑡)− 𝜅1)𝜕2𝐽1
𝜕𝑦2

1

2𝜎2
1(1 + 𝜅1)

+
𝜅1

1 + 𝜅1
, (25)

𝑞*2(𝑡) =
−𝑎2𝜂2

𝜕𝐽2
𝜕𝑦2

− 2𝜆𝜇𝐿𝜇𝑌 ((1 + 𝜅1)𝑞1(𝑡)− 𝜅1)𝜕2𝐽2
𝜕𝑦2

2

2𝜎2
2(1 + 𝜅1)

+
𝜅1

1 + 𝜅1
, (26)

𝜋*2(𝑡) =
−(𝛼− 𝑟)𝜕𝐽2

𝜕𝑦2
− 𝜎2𝑠2𝛽+1 𝜕2𝐽2

𝜕𝑦2𝜕𝑠 − 𝜎𝜎21𝑠
2𝛽 𝜕2𝐽2

𝜕𝑦2𝜕𝑙2

𝜎2𝑠2𝛽 𝜕2𝐽2
𝜕𝑦2

2

+
𝜎21 − 𝜅2𝜎11

𝜎
+ 𝜅2𝜋

*
1(𝑡). (27)

Inserting (24)–(26) into (22), we have

𝜕𝐽1

𝜕𝑡
+

[︃
𝑟(𝑦1 + 𝑙1 − 𝜅1𝑙2)− 𝛼1 + 𝜅1𝛼2 + (𝜃1 − 𝜂1)𝑎1 + (𝜃2 − 𝜂2)𝑎2

+ (𝛼− 𝑟)

(︃
−(𝛼− 𝑟)𝜕𝐽1

𝜕𝑦1
− 𝜎2𝑠2𝛽+1 𝜕2𝐽1

𝜕𝑦1𝜕𝑠 − 𝜎𝜎11𝑠
2𝛽 𝜕2𝐽1

𝜕𝑦1𝜕𝑙1

𝜎2𝑠2𝛽 𝜕2𝐽1
𝜕𝑦2

1

+
𝜎11 − 𝜅1𝜎21

𝜎

)︃

+ 𝑎1𝜂1𝑞
*
1(𝑡) + 𝑎2𝜂2𝑞

*
2(𝑡)− (1− 𝑞*1(𝑡))𝜅1𝜂1𝑎1 − (1− 𝑞*2(𝑡))𝜅1𝜂2𝑎2

]︃
𝜕𝐽1

𝜕𝑦1

+ 𝛼𝑠
𝜕𝐽1

𝜕𝑠
+ 𝛼1

𝜕𝐽1

𝜕𝑙1
+

1
2

[︁
(𝜎12 − 𝜅1𝜎22)2 + 𝜉*1(𝑡)

]︁𝜕2𝐽1

𝜕𝑦2
1

+ 𝜎𝜎11𝑠
2𝛽+1 𝜕2𝐽1

𝜕𝑙1𝜕𝑠

+

[︃
−(𝛼− 𝑟)𝜕𝐽1

𝜕𝑦1
− 𝜎2𝑠2𝛽+1 𝜕2𝐽1

𝜕𝑦1𝜕𝑠 − 𝜎𝜎11𝑠
2𝛽 𝜕2𝐽1

𝜕𝑦1𝜕𝑙1
𝜕2𝐽1
𝜕𝑦2

1

]︃
𝑠

𝜕2𝐽1

𝜕𝑦1𝜕𝑠
+

1
2
𝜎2𝑠2𝛽+2 𝜕2𝐽1

𝜕𝑠2

+

[︃
−(𝛼− 𝑟)𝜕𝐽1

𝜕𝑦1
− 𝜎2𝑠2𝛽+1 𝜕2𝐽1

𝜕𝑦1𝜕𝑠 − 𝜎𝜎11𝑠
2𝛽 𝜕2𝐽1

𝜕𝑦1𝜕𝑙1

𝜎 𝜕2𝐽1
𝜕𝑦2

1

𝜎11 − (𝜎12 − 𝜅1𝜎22)𝜎12

]︃
𝜕2𝐽1

𝜕𝑦1𝜕𝑙1

+
1
2
[︀
𝜎2

11𝑠
2𝛽 + 𝜎2

12

]︀𝜕2𝐽1

𝜕𝑙21
+

[︁
−(𝛼− 𝑟)𝜕𝐽1

𝜕𝑦1
− 𝜎2𝑠2𝛽+1 𝜕2𝐽1

𝜕𝑦1𝜕𝑠 − 𝜎𝜎11𝑠
2𝛽 𝜕2𝐽1

𝜕𝑦1𝜕𝑙1

]︁2
2𝜎2𝑠2𝛽 𝜕2𝐽1

𝜕𝑦2
1

= 0. (28)

Substituting equation (27) into equation (23), we derive

𝜕𝐽2

𝜕𝑡
+

[︃
𝑟(𝑦2 + 𝑙2 − 𝜅2𝑙1)− 𝛼2 + 𝜅2𝛼1 − 𝜅2(𝜃1 − 𝜂1)𝑎1 − 𝜅2(𝜃2 − 𝜂2)𝑎2

+ (𝛼− 𝑟)

(︃
−(𝛼− 𝑟)𝜕𝐽2

𝜕𝑦2
− 𝜎2𝑠2𝛽+1 𝜕2𝐽2

𝜕𝑦2𝜕𝑠 − 𝜎𝜎21𝑠
2𝛽 𝜕2𝐽2

𝜕𝑦2𝜕𝑙2

𝜎2𝑠2𝛽 𝜕2𝐽2
𝜕𝑦2

2

+
𝜎21 − 𝜅2𝜎11

𝜎

)︃

− 𝜅2𝑎1𝜂1𝑞
*
1(𝑡)− 𝜅2𝑎2𝜂2𝑞

*
2(𝑡) + (1− 𝑞*1(𝑡))𝜂1𝑎1 + (1− 𝑞*2(𝑡))𝜂2𝑎2

]︃
𝜕𝐽2

𝜕𝑦2

+ 𝛼𝑠
𝜕𝐽2

𝜕𝑠
+ 𝛼2

𝜕𝐽2

𝜕𝑙2
+

1
2

[︁
(𝜎22 − 𝜅2𝜎12)2 + 𝜉*2(𝑡)

]︁𝜕2𝐽2

𝜕𝑦2
2

+ 𝜎𝜎21𝑠
2𝛽+1 𝜕2𝐽2

𝜕𝑙2𝜕𝑠
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+
−(𝛼− 𝑟)𝜕𝐽2

𝜕𝑦2
− 𝜎2𝑠2𝛽+1 𝜕2𝐽2

𝜕𝑦2𝜕𝑠 − 𝜎𝜎21𝑠
2𝛽 𝜕2𝐽2

𝜕𝑦2𝜕𝑙2
𝜕2𝐽2
𝜕𝑦2

2

𝑠
𝜕2𝐽2

𝜕𝑦2𝜕𝑠
+

1
2
𝜎2𝑠2𝛽+2 𝜕2𝐽2

𝜕𝑠2

+

[︃
−(𝛼− 𝑟)𝜕𝐽2

𝜕𝑦2
− 𝜎2𝑠2𝛽+1 𝜕2𝐽2

𝜕𝑦2𝜕𝑠 − 𝜎𝜎21𝑠
2𝛽 𝜕2𝐽2

𝜕𝑦2𝜕𝑙2

𝜎 𝜕2𝐽2
𝜕𝑦2

2

𝜎21 − (𝜎22 − 𝜅2𝜎12)𝜎22

]︃
𝜕2𝐽2

𝜕𝑦2𝜕𝑙2

+
1
2
[︀
𝜎2

21𝑠
2𝛽 + 𝜎2

22

]︀𝜕2𝐽2

𝜕𝑙22
+

[︁
−(𝛼− 𝑟)𝜕𝐽2

𝜕𝑦2
− 𝜎2𝑠2𝛽+1 𝜕2𝐽2

𝜕𝑦2𝜕𝑠 − 𝜎𝜎21𝑠
2𝛽 𝜕2𝐽2

𝜕𝑦2𝜕𝑙2

]︁2
2𝜎2𝑠2𝛽 𝜕2𝐽2

𝜕𝑦2
2

= 0, (29)

where

𝑞*1(𝑡) =
−𝑎1𝜂1𝜎

2
2

𝜕𝐽1
𝜕𝑦1

+ 𝑎2𝜂2𝜆𝜇𝐿𝜇𝑌
𝜕𝐽2
𝜕𝑦2

𝜕2𝐽1
𝜕𝑦2

1
− 2𝜆2𝜇2

𝐿𝜇2
𝑌 𝜅1

𝜕2𝐽1
𝜕𝑦2

1

𝜕2𝐽2
𝜕𝑦2

2
+ 2𝜅1𝜎

2
1𝜎2

2

2𝜎2
1𝜎2

2(1 + 𝜅1)− 2𝜆2𝜇2
𝐿𝜇2

𝑌 (1 + 𝜅1)𝜕2𝐽1
𝜕𝑦2

1

𝜕2𝐽2
𝜕𝑦2

2

, (30)

𝑞*2(𝑡) =
−𝑎2𝜂2𝜎

2
2

𝜕𝐽2
𝜕𝑦2

+ 𝑎1𝜂1𝜆𝜇𝐿𝜇𝑌
𝜕𝐽1
𝜕𝑦1

𝜕2𝐽2
𝜕𝑦2

2
− 2𝜆2𝜇2

𝐿𝜇2
𝑌 𝜅1

𝜕2𝐽1
𝜕𝑦2

1

𝜕2𝐽2
𝜕𝑦2

2
+ 2𝜅1𝜎

2
1𝜎2

2

2𝜎2
1𝜎2

2(1 + 𝜅1)− 2𝜆2𝜇2
𝐿𝜇2

𝑌 (1 + 𝜅1)𝜕2𝐽1
𝜕𝑦2

1

𝜕2𝐽2
𝜕𝑦2

2

· (31)

In order to solve (20), by the exponential utility function depicted by the subsection (2.4), we assume the
value functions 𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) and 𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) of insurers and reinsurers have the following forms:

𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) = − 1
𝛾1

exp
{︁
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝑓1(𝑡, 𝑙1)] + 𝑔1(𝑡, 𝑠)
}︁

, (32)

and

𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) = − 1
𝛾2

exp
{︁
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝑓2(𝑡, 𝑙2)] + 𝑔2(𝑡, 𝑠)
}︁

, (33)

where 𝑓1(𝑇, 𝑙1) = −𝑙1, 𝑓2(𝑇, 𝑙2) = −𝑙2, 𝑔1(𝑇, 𝑠) = 0 and 𝑔2(𝑇, 𝑠) = 0, then we have the corresponding partial
derivatives:

𝜕𝐽𝑖

𝜕𝑡
=
[︂
𝛾𝑖𝑟𝑒

𝑟(𝑇−𝑡)(𝑦𝑖 + 𝑙𝑖 + 𝑓𝑖)− 𝛾𝑖𝑒
𝑟(𝑇−𝑡) 𝜕𝑓𝑖

𝜕𝑡
+

𝜕𝑔𝑖

𝜕𝑡

]︂
𝐽𝑖,

𝜕𝐽𝑖

𝜕𝑦𝑗
= −𝛾𝑖𝑒

𝑟(𝑇−𝑡)𝐽𝑖,

𝜕𝐽𝑖

𝜕𝑙𝑗
= −𝛾𝑖𝑒

𝑟(𝑇−𝑡)

(︂
1 +

𝜕𝑓𝑗

𝜕𝑙𝑗

)︂
𝐽𝑖,

𝜕𝐽𝑖

𝜕𝑠
=

𝜕𝑔𝑗

𝜕𝑠
𝐽𝑖,

𝜕2𝐽𝑖

𝜕𝑦2
𝑗

= 𝛾2
𝑖 𝑒2𝑟(𝑇−𝑡)𝐽𝑖,

𝜕2𝐽𝑖

𝜕𝑙2𝑗
=

[︃
𝛾2

𝑖 𝑒2𝑟(𝑇−𝑡)

(︂
1 +

𝜕𝑓𝑗

𝜕𝑙𝑗

)︂2

− 𝛾𝑖𝑒
𝑟(𝑇−𝑡) 𝜕

2𝑓𝑗

𝜕𝑙2𝑗

]︃
𝐽𝑖,

𝜕2𝐽𝑖

𝜕𝑦𝑗𝜕𝑙𝑗
= 𝛾2

𝑖 𝑒2𝑟(𝑇−𝑡)

(︂
1 +

𝜕𝑓𝑗

𝜕𝑙𝑗

)︂
𝐽𝑖,

𝜕2𝐽𝑖

𝜕𝑠2
=

[︃
𝜕2𝑔𝑗

𝜕𝑠2
+
(︂

𝜕𝑔𝑗

𝜕𝑠

)︂2
]︃
𝐽𝑖,

𝜕2𝐽𝑖

𝜕𝑙𝑗𝜕𝑠
= −𝛾𝑖𝑒

𝑟(𝑇−𝑡)

(︂
1 +

𝜕𝑓𝑗

𝜕𝑙𝑗

)︂
𝜕𝑔𝑗

𝜕𝑠
𝐽𝑖,

𝜕2𝐽𝑖

𝜕𝑦𝑗𝜕𝑠
= −𝛾𝑖𝑒

𝑟(𝑇−𝑡) 𝜕𝑔𝑗

𝜕𝑠
𝐽𝑖.

Substituting the above partial derivatives into (28) and (29) yields

𝛾1𝑒
𝑟(𝑇−𝑡)

[︂
𝑟𝑓1 −

𝜕𝑓1

𝜕𝑡
−
(︂

𝛼1 −
(𝛼− 𝑟)𝜎11

𝜎
− 𝜅1𝜎12𝜎22𝛾1𝑒

𝑟(𝑇−𝑡)

)︂
𝜕𝑓1

𝜕𝑙1

+
𝜎2

12

2
𝛾1𝑒

𝑟(𝑇−𝑡)

(︂
𝜕𝑓1

𝜕𝑙1

)︂2

− 𝜎2
11𝑠

2𝛽 + 𝜎2
12

2
𝜕2𝑓1

𝜕𝑙21
+

𝜅2
1𝜎

2
22𝛾1

2
𝑒𝑟(𝑇−𝑡)
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+ 𝑟𝜅1𝑙2 +
(𝛼− 𝑟)𝜅1𝜎21

𝜎
− 𝜅1𝛼2

]︂
+

𝜕𝑔1

𝜕𝑡
+ 𝑟𝑠

𝜕𝑔1

𝜕𝑠

+
𝜎2𝑠2𝛽+2

2
𝜕2𝑔1

𝜕𝑠2
− (𝛼− 𝑟)2

2𝜎2𝑠2𝛽
+ inf

𝑞1,𝑞2
{𝐻1(𝑞1, 𝑞2, 𝑡)} = 0, (34)

and

𝛾2𝑒
𝑟(𝑇−𝑡)

[︂
𝑟𝑓2 −

𝜕𝑓2

𝜕𝑡
−
(︂

𝛼2 −
(𝛼− 𝑟)𝜎21

𝜎
− 𝜅2𝜎22𝜎12𝛾2𝑒

𝑟(𝑇−𝑡)

)︂
𝜕𝑓2

𝜕𝑙2

+
𝜎2

22

2
𝛾2𝑒

𝑟(𝑇−𝑡)

(︂
𝜕𝑓2

𝜕𝑙2

)︂2

− 𝜎2
21𝑠

2𝛽 + 𝜎2
22

2
𝜕2𝑓2

𝜕𝑙22
+

𝜅2
2𝜎

2
12𝛾2

2
𝑒𝑟(𝑇−𝑡)

+ 𝑟𝜅2𝑙1 +
(𝛼− 𝑟)𝜅2𝜎11

𝜎
− 𝜅2𝛼1

]︂
+

𝜕𝑔2

𝜕𝑡
+ 𝑟𝑠

𝜕𝑔2

𝜕𝑠

+
𝜎2𝑠2𝛽+2

2
𝜕2𝑔2

𝜕𝑠2
− (𝛼− 𝑟)2

2𝜎2𝑠2𝛽
+ 𝐻2(𝑞*1 , 𝑞*2 , 𝑡) = 0, (35)

where

𝐻1(𝑞1, 𝑞2, 𝑡) = 𝛾1𝑒
𝑟(𝑇−𝑡)

[︀
− (𝜃1 − 𝜂1)− (𝜃2 − 𝜂2)− 𝑎1𝜂1𝑞1 − 𝑎2𝜂2𝑞2

+ (1− 𝑞1)𝜅1𝜂1𝑎1 + (1− 𝑞2)𝜅1𝜂2𝑎2

]︀
+

1
2

{︁
[(1 + 𝜅1)𝑞1(𝑡)− 𝜅1]2𝜎2

1

+ [(1 + 𝜅1)𝑞2(𝑡)− 𝜅1]2𝜎2
2 + 2𝜆𝜇𝐿𝜇𝑌 [(1 + 𝜅1)𝑞1(𝑡)− 𝜅1]

[(1 + 𝜅1)𝑞2(𝑡)− 𝜅1]
}︁

𝛾2
1𝑒2𝑟(𝑇−𝑡), (36)

and

𝐻2(𝑞*1 , 𝑞*2 , 𝑡) = 𝛾2𝑒
𝑟(𝑇−𝑡)

[︀
𝜅2(𝜃1 − 𝜂1)𝑎1 + 𝜅2(𝜃2 − 𝜂2)𝑎2 + 𝜅2𝑎1𝜂1𝑞

*
1 + 𝜅2𝑎2𝜂2𝑞

*
2

− (1− 𝑞*1)𝜂1𝑎1 − (1− 𝑞*2)𝜂2𝑎2

]︀
+

1
2

{︁
[(−𝜅2 − 1)𝑞*1 + 1]2𝜎2

1

+ [(−𝜅2 − 1)𝑞*2 + 1]2𝜎2
2 + 2𝜆𝜇𝐿𝜇𝑌 [(−𝜅2 − 1)𝑞*1 + 1]

[(−𝜅2 − 1)𝑞*2 + 1]
}︁

𝛾2
2𝑒2𝑟(𝑇−𝑡). (37)

By differentiating the above equation (36) w.r.t 𝑞1(𝑡) and 𝑞1(𝑡) respectively, we can derive

𝜕𝐻1

𝜕𝑞1
= (1 + 𝜅1)𝛾1𝑒

𝑟(𝑇−𝑡)
[︁
−𝑎1𝜂1 +

{︀
[(1 + 𝜅1)𝑞1 − 𝜅1]𝜎2

1 + 𝜆𝜇𝐿𝜇𝑌 [(1 + 𝜅1)𝑞2 − 𝜅1]
}︀
𝛾2
1𝑒2𝑟(𝑇−𝑡)

]︁
,

𝜕𝐻1

𝜕𝑞2
= (1 + 𝜅1)𝛾1𝑒

𝑟(𝑇−𝑡)
[︁
−𝑎2𝜂2 +

{︀
[(1 + 𝜅1)𝑞2 − 𝜅1]𝜎2

2 + 𝜆𝜇𝐿𝜇𝑌 [(1 + 𝜅1)𝑞1 − 𝜅1]
}︀
𝛾2
1𝑒2𝑟(𝑇−𝑡)

]︁
,

𝜕2𝐻1

𝜕𝑞2
1

= 𝜎2
1(1 + 𝜅1)2𝛾2

1𝑒2𝑟(𝑇−𝑡),

𝜕2𝐻1

𝜕𝑞2
2

= 𝜎2
2(1 + 𝜅1)2𝛾2

1𝑒2𝑟(𝑇−𝑡),

𝜕2𝐻1

𝜕𝑞1𝜕𝑞2
= (1 + 𝜅1)2𝜆𝜇𝐿𝜇𝑌 𝛾2

1𝑒2𝑟(𝑇−𝑡).

Then we have following Hessian matrix:⎡⎣ 𝜕2𝐻1
𝜕𝑞2

1

𝜕2𝐻1
𝜕𝑞1𝜕𝑞2

𝜕2𝐻1
𝜕𝑞2𝜕𝑞1

𝜕2𝐻1
𝜕𝑞2

2

⎤⎦ = (1 + 𝜅1)2𝛾2
1𝑒2𝑟(𝑇−𝑡)

[︂
𝜎2

1 𝜆𝜇𝐿𝜇𝑌

𝜆𝜇𝐿𝜇𝑌 𝜎2
2

]︂
.
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By Yuen et al. [36] [︂
𝜎2

1 𝜆𝜇𝐿𝜇𝑌

𝜆𝜇𝐿𝜇𝑌 𝜎2
2

]︂
is a positive definite matrix. By the first-order condition, we derive

𝑞1(𝑡) =
𝐴1

(1 + 𝜅1)𝛾1𝑒𝑟(𝑇−𝑡)𝐴3
+

𝜅1

1 + 𝜅1
, 𝑞2(𝑡) =

𝐴2

(1 + 𝜅1)𝛾1𝑒𝑟(𝑇−𝑡)𝐴3
+

𝜅1

1 + 𝜅1
, (38)

where 𝐴1 = 𝜎2
2𝑎1𝜂1 − 𝜆𝜇𝐿𝜇𝑌 𝑎2𝜂2, 𝐴2 = 𝜎2

1𝑎2𝜂2 − 𝜆𝜇𝐿𝜇𝑌 𝑎1𝜂1, 𝐴3 = 𝜎2
1𝜎2

2 − 𝜆2𝜇2
𝐿𝜇2

𝑌 .

Note that if 𝑞𝑖 < 𝑞𝑖 then 𝜕𝐻1
𝜕𝑞𝑖

< 0 and if 𝑞𝑖 > 𝑞𝑖 then 𝜕𝐻1
𝜕𝑞𝑖

> 0, beside 𝜕2𝐻1
𝜕𝑞2

𝑖
> 0. Therefore 𝐻1(𝑞1, 𝑞2, 𝑡) has

the a minimum point at (𝑞1, 𝑞2).

Remark 5. Note that for the insurer and the reinsurer, 𝑞1(𝑡) ∈ [0, 1] and 𝑞2(𝑡) ∈ [0, 1] correspond to a rein-
surance cover. If 0 < 𝑞𝑖(𝑡) < 1, then the equilibrium reinsurance strategy 𝑞*𝑖 (𝑡) = 𝑞𝑖(𝑡)(𝑡); if 𝑞𝑖(𝑡)(𝑡) < 0, then
𝑞*𝑖 (𝑡) = 0; if 𝑞𝑖(𝑡)(𝑡) > 1, then 𝑞*𝑖 (𝑡) = 1; this case means that the company can take an extra insurance business
from other companies (i.e., act as a reinsurer for other cedents).

Next, we discuss the equilibrium investment-reinsurance strategy 𝑢*𝑖 (𝑡) under different cases.
Substituting (38) into equation (34) and separating the variables of equations (34) and (35), we can derive

the following equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑟𝑓1 − 𝜕𝑓1
𝜕𝑡 −

(︁
𝛼1 − (𝛼−𝑟)𝜎11

𝜎 − 𝜅1𝜎12𝜎22𝛾1𝑒
𝑟(𝑇−𝑡)

)︁
𝜕𝑓1
𝜕𝑙1

+ 𝜎2
12
2 𝛾1𝑒

𝑟(𝑇−𝑡)
(︁

𝜕𝑓1
𝜕𝑙1

)︁2

− 𝜎2
11𝑠2𝛽+𝜎2

12
2

𝜕2𝑓1
𝜕𝑙21

+ 𝜅2
1𝜎2

22𝛾1
2 𝑒𝑟(𝑇−𝑡)

+ 𝑟𝜅1𝑙2 + (𝛼−𝑟)𝜅1𝜎21
𝜎 − 𝜅1𝛼2 = 0, 𝑓1(𝑇, 𝑙1) = −𝑙1,

𝜕𝑔1
𝜕𝑡 + 𝑟𝑠𝜕𝑔1

𝜕𝑠 + 𝜎2𝑠2𝛽+2

2
𝜕2𝑔1
𝜕𝑠2 − (𝛼−𝑟)2

2𝜎2𝑠2𝛽 + 𝐻1(𝑞*1 , 𝑞*2 , 𝑡) = 0, 𝑔1(𝑇, 𝑠) = 0,

(39)

and ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑟𝑓2 − 𝜕𝑓2
𝜕𝑡 −

(︁
𝛼2 − (𝛼−𝑟)𝜎21

𝜎 − 𝜅2𝜎22𝜎12𝛾2𝑒
𝑟(𝑇−𝑡)

)︁
𝜕𝑓2
𝜕𝑙2

+ 𝜎2
22
2 𝛾2𝑒

𝑟(𝑇−𝑡)
(︁

𝜕𝑓2
𝜕𝑙2

)︁2

− 𝜎2
21𝑠2𝛽+𝜎2

22
2

𝜕2𝑓2
𝜕𝑙22

+ 𝜅2
2𝜎2

12𝛾2
2 𝑒𝑟(𝑇−𝑡)

+ 𝑟𝜅2𝑙1 + (𝛼−𝑟)𝜅2𝜎11
𝜎 − 𝜅2𝛼1 = 0, 𝑓2(𝑇, 𝑙2) = −𝑙2,

𝜕𝑔2
𝜕𝑡 + 𝑟𝑠𝜕𝑔2

𝜕𝑠 + 𝜎2𝑠2𝛽+2

2
𝜕2𝑔2
𝜕𝑠2 − (𝛼−𝑟)2

2𝜎2𝑠2𝛽 + 𝐻2(𝑞*1 , 𝑞*2 , 𝑡) = 0, 𝑔2(𝑇, 𝑠) = 0.

(40)

Since the structure of the value functions 𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) and 𝐽2(𝑡, 𝑦1, 𝑙1, 𝑠) is given, as well as the boundary
conditions of 𝑓𝑖(𝑡) and 𝑔𝑖(𝑡) are given, it is natural to assume

𝑓𝑖(𝑡, 𝑙𝑖) = 𝐹𝑖(𝑡)𝑙𝑖 + 𝐺𝑖(𝑡), (41)

𝑔𝑖(𝑡, 𝑠) = 𝑃𝑖(𝑡)𝑠−2𝛽 + 𝑄𝑖(𝑡). (42)



INVESTMENT AND REINSURANCE GAME ON ALM WITH COMMON SHOCK DEPENDENCE UNDER CEV MODEL 3929

Substituting equations (41) and (42) into the terminal value problems (39) and (40), combining the boundary
conditions 𝑓𝑖(𝑇, 𝑙𝑖) = −𝑙𝑖 and 𝑔𝑖(𝑇, 𝑠) = 0, we derive the following equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑟𝐹1(𝑡)− d𝐹1(𝑡)
d𝑡 = 0, 𝐹1(𝑇 ) = −1,

𝑟𝐺1(𝑡)− d𝐺1(𝑡)
d𝑡 +

[︁
(𝛼−𝑟)𝜎11

𝜎 + 𝜅1𝜎12𝜎22𝛾1𝑒
𝑟(𝑇−𝑡) − 𝛼1

]︁
𝐹1(𝑡)

+ 𝜎2
12
2 𝛾1𝑒

𝑟(𝑇−𝑡)(𝐹1(𝑡))2 + 𝜅2
1𝜎2

22
2 𝛾1𝑒

𝑟(𝑇−𝑡) + 𝑟𝜅1𝑙2 + (𝛼−𝑟)𝜅1𝜎21
𝜎

−𝜅1𝜎21 = 0, 𝐺1(𝑇 ) = 0

(43)

⎧⎨⎩
d𝑃1(𝑡)

d𝑡 =
(︀
2𝑟𝛽 − 𝜎2𝛽(2𝛽 + 1)

)︀
𝑃1(𝑡) + (𝛼−𝑟)2

2𝜎2 , 𝑃1(𝑇 ) = 0,

d𝑄1(𝑡)
d𝑡 = −𝐻1(𝑞*1 , 𝑞*2 , 𝑡), 𝑄1(𝑇 ) = 0

(44)

and ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝑟𝐹2(𝑡)− d𝐹2(𝑡)
d𝑡 = 0, 𝐹2(𝑇 ) = −1,

𝑟𝐺2(𝑡)− d𝐺2(𝑡)
d𝑡 +

[︁
(𝛼−𝑟)𝜎21

𝜎 + 𝜅2𝜎22𝜎12𝛾2𝑒
𝑟(𝑇−𝑡) − 𝛼2

]︁
𝐹2(𝑡)

+ 𝜎2
22
2 𝛾2𝑒

𝑟(𝑇−𝑡)(𝐹2(𝑡))2 + 𝜅2
2𝜎2

12
2 𝛾2𝑒

𝑟(𝑇−𝑡) + 𝑟𝜅2𝑙1 + (𝛼−𝑟)𝜅2𝜎11
𝜎

−𝜅2𝜎11 = 0, 𝐺2(𝑇 ) = 0.

(45)

⎧⎨⎩
d𝑃2(𝑡)

d𝑡 =
(︀
2𝑟𝛽 − 𝜎2𝛽(2𝛽 + 1)

)︀
𝑃2(𝑡) + (𝛼−𝑟)2

2𝜎2 , 𝑃2(𝑇 ) = 0,

d𝑄2(𝑡)
d𝑡 = −𝐻2(𝑞*1 , 𝑞*2 , 𝑡), 𝑄2(𝑇 ) = 0.

(46)

According to the boundary conditions and the solution of the corresponding differential equations, we obtain:

𝐹1(𝑡) = 𝐹2(𝑡) = −𝑒−𝑟(𝑇−𝑡),

𝐺1(𝑡) =
{︂[︂

(𝛼− 𝑟)𝜎11

𝜎
− 𝛼1 −

𝜎2
12𝛾1

2

]︂
(𝑇 − 𝑡) +

𝜅2
1𝜎

2
22𝛾1

4𝑟

(︁
1− 𝑒2𝑟(𝑇−𝑡)

)︁
− 1

𝑟

[︂
𝜅1𝜎12𝜎22𝛾1 − 𝑟𝜅1𝑙2 −

(𝛼− 𝑟)𝜅1𝜎21

𝜎
+ 𝜅1𝜎22

]︂(︁
1− 𝑒𝑟(𝑇−𝑡)

)︁}︂
𝑒−𝑟(𝑇−𝑡),

𝐺2(𝑡) =
{︂[︂

(𝛼− 𝑟)𝜎21

𝜎
− 𝛼2 −

𝜎2
22𝛾2

2

]︂
(𝑇 − 𝑡) +

𝜅2
2𝜎

2
12𝛾2

4𝑟

(︁
1− 𝑒2𝑟(𝑇−𝑡)

)︁
− 1

𝑟

[︂
𝜅2𝜎22𝜎12𝛾2 − 𝑟𝜅2𝑙1 −

(𝛼− 𝑟)𝜅2𝜎11

𝜎
+ 𝜅2𝜎12

]︂(︁
1− 𝑒𝑟(𝑇−𝑡)

)︁}︂
𝑒−𝑟(𝑇−𝑡),

𝑃1(𝑡) = 𝑃2(𝑡) =
(𝛼− 𝑟)2

[︁
𝑒−(2𝑟𝛽−𝜎2𝛽(2𝛽+1))(𝑇−𝑡) − 1

]︁
4𝑟𝛽𝜎2 − 2𝜎4𝛽(2𝛽 + 1)

,

𝑄1(𝑡) =
∫︁ 𝑇

𝑡

𝐻1(𝑞*1(𝑠), 𝑞*2(𝑠), 𝑠) d𝑠,

𝑄2(𝑡) =
∫︁ 𝑇

𝑡

𝐻2(𝑞*1(𝑠), 𝑞*2(𝑠), 𝑠) d𝑠.
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Substituting the above results into equations (24) and (27), we derive

𝜋*1(𝑡) =

(︀
𝛼− 𝑟 − 2𝜎2𝛽𝑃1(𝑡)

)︀
(𝛾2 + 𝛾1𝜅1) + (𝜅1𝜎21 + 𝜎11)𝜎𝑠2𝛽𝛾1𝛾2

(︀
1− 𝑒𝑟(𝑇−𝑡)

)︀
(1− 𝜅1𝜅2)𝜎𝑠2𝛽𝛾1𝛾2𝑒𝑟(𝑇−𝑡)

+
𝜎11

𝜎
, (47)

𝜋*2(𝑡) =

(︀
𝛼− 𝑟 − 2𝜎2𝛽𝑃2(𝑡)

)︀
(𝛾1 + 𝛾2𝜅2) + (𝜅2𝜎11 + 𝜎21)𝜎𝑠2𝛽𝛾1𝛾2

(︀
1− 𝑒𝑟(𝑇−𝑡)

)︀
(1− 𝜅1𝜅2)𝜎𝑠2𝛽𝛾1𝛾2𝑒𝑟(𝑇−𝑡)

+
𝜎21

𝜎
, (48)

and the corresponding equilibrium value function is

𝐽𝑖(𝑡, 𝑦𝑖, 𝑙𝑖, 𝑠) = − 1
𝛾𝑖

exp
{︁
−𝛾𝑖𝑒

𝑟(𝑇−𝑡)[𝑦𝑖 + 𝑙𝑖 + 𝑓𝑖(𝑡, 𝑙𝑖)] + 𝑔𝑖(𝑡, 𝑠)
}︁

, 𝑖 ∈ {1, 2},

where 𝑓𝑖(𝑡, 𝑙𝑖) and 𝑔𝑖(𝑡, 𝑠) are given by (41) and (42), respectively. Note that the investment strategy and the
reinsurance strategy are independent.

To guarantee that the insurance retention 𝑞1(𝑡) and 𝑞2(𝑡) are non-negative, we give the following lemma.

Lemma 6. The parameters 𝜆, 𝜆1, 𝜆2, 𝜇𝐿, 𝜇𝑌 , 𝜇′𝐿 and 𝜇′𝑌 are given in Section 2 above and satisfy the following
inequalities:

𝜎2
1𝜎2

2 > 𝜆2𝜇2
𝐿𝜇2

𝑌 ,
𝜆𝜇𝐿𝜇𝑌

𝜎2
2

𝑎2

𝑎1
< 1 <

𝜎2
1

𝜆𝜇𝐿𝜇𝑌

𝑎2

𝑎1
·

Proof. See Appendix A. �

Considering that 𝑞1(𝑡) and 𝑞2(𝑡) are non-negative, according to Lemma 6, the following cases need to be
discussed.

Case 1. For 𝜂1 < 𝜆𝜇𝐿𝜇𝑌

(𝜆+𝜆2)𝜇′𝑌

(𝜆+𝜆2)𝜇𝑌

(𝜆+𝜆1)𝜇𝐿
𝜂2, we have 𝑚1 ≤ 0 and 𝑚2 > 0;

Case 2. For 𝜆𝜇𝐿𝜇𝑌

(𝜆+𝜆2)𝜇′𝑌

(𝜆+𝜆2)𝜇𝑌

(𝜆+𝜆1)𝜇𝐿
𝜂2 < 𝜂1 <

(𝜆+𝜆1)𝜇
′
𝐿

𝜆𝜇𝐿𝜇𝑌

(𝜆+𝜆2)𝜇𝑌

(𝜆+𝜆1)𝜇𝐿
𝜂2, we have 𝑚1 > 0 and 𝑚2 > 0;

Case 3. For 𝜂1 ≥ (𝜆+𝜆1)𝜇
′
𝐿

𝜆𝜇𝐿𝜇𝑌

(𝜆+𝜆2)𝜇𝑌

(𝜆+𝜆1)𝜇𝐿
𝜂2, we have 𝑚1 > 0 and 𝑚2 ≤ 0.

Here 𝑚1 = 𝐴1
𝐴3

= 𝑎1𝜂1𝜎2
2−𝑎2𝜂2𝜆𝜇𝐿𝜇𝑌

𝜎2
1𝜎2

2−𝜆2𝜇2
𝐿𝜇2

𝑌
and 𝑚2 = 𝐴2

𝐴3
= 𝑎2𝜂2𝜎2

1−𝑎1𝜂1𝜆𝜇𝐿𝜇𝑌

𝜎2
1𝜎2

2−𝜆2𝜇2
𝐿𝜇2

𝑌
.

Furthermore, we suppose that

𝑡1 =

⎧⎪⎪⎨⎪⎪⎩
𝑇, 𝐴1 ≤ (1 + 𝜅1)𝛾1𝐴3,

𝑇 − 1
𝑟 ln 𝐴1

(1+𝜅1)𝛾1𝐴3
, (1 + 𝜅1)𝛾1𝐴3 < 𝐴1 < (1 + 𝜅1)𝛾1𝐴3𝑒

𝑟𝑇 ,

0, 𝐴1 ≥ (1 + 𝜅1)𝛾1𝐴3𝑒
𝑟𝑇 ,

(49)

𝑡2 =

⎧⎪⎪⎨⎪⎪⎩
𝑇, 𝐴2 ≤ (1 + 𝜅1)𝛾1𝐴3,

𝑇 − 1
𝑟 ln 𝐴2

(1+𝜅1)𝛾1𝐴3
, (1 + 𝜅1)𝛾1𝐴3 < 𝐴2 < (1 + 𝜅1)𝛾1𝐴3𝑒

𝑟𝑇 ,

0, 𝐴2 ≥ (1 + 𝜅1)𝛾1𝐴3𝑒
𝑟𝑇 .

(50)

Next, we discuss the optimal reinsurance strategy and 𝑄𝑖(𝑡) in different cases.

Case 1. If 𝜂1 < 𝜆𝜇𝐿𝜇𝑌

(𝜆+𝜆2)𝜇′𝑌

(𝜆+𝜆2)𝜇𝑌

(𝜆+𝜆1)𝜇𝐿
𝜂2, we have 𝐴1 ≤ 0 and 𝐴2 > 0.

(1) When 0 ≤ 𝑡 < 𝑡2, the equilibrium reinsurance strategy and 𝑄𝑖(𝑡) are (𝑞*1(𝑡), 𝑞*2(𝑡)) = (0, 𝑞2(𝑡)), 𝑄1
𝑖 (𝑡) =∫︀ 𝑇

𝑡
𝐻𝑖(0, 𝑞2(𝑠), 𝑠) d𝑠.

(2) Let 𝑡21 = 𝑇 − 1
𝑟 ln 𝑎2𝜂2

𝛾1[(1+𝜅1)𝜎2
2−𝜅1𝜆𝜇𝐿𝜇𝑌 −𝜅1𝜎2

2 ]
, then for 𝑡2 ≤ 𝑡 < 𝑡21, the optimal reinsurance strategies

and 𝑄𝑖(𝑡) are given by

𝑞*1(𝑡) = 0,
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𝑞1*
2 (𝑡) =

𝑎2𝜂2 + 𝜅1𝜆𝜇𝐿𝜇𝑌 𝛾1𝑒
𝑟(𝑇−𝑡) + 𝜅1𝜎

2
2𝛾1𝑒

𝑟(𝑇−𝑡)

𝛾1𝑒𝑟(𝑇−𝑡)(1 + 𝜅1)𝜎2
2

,

𝑄2
𝑖 (𝑡) =

∫︁ 𝑇

𝑡

𝐻𝑖

(︀
0, 𝑞1*

2 (𝑠), 𝑠
)︀

d𝑠. (51)

(3) When 𝑡21 ≤ 𝑡 < 𝑇 , the equilibrium reinsurance strategy and 𝑄𝑖(𝑡) are (𝑞*1(𝑡), 𝑞*2(𝑡)) = (0, 1), 𝑄3
𝑖 (𝑡) =∫︀ 𝑇

𝑡
𝐻𝑖(0, 1, 𝑠) d𝑠.

Case 2. If 𝜆𝜇𝐿𝜇𝑌

(𝜆+𝜆2)𝜇′𝑌

(𝜆+𝜆2)𝜇𝑌

(𝜆+𝜆1)𝜇𝐿
𝜂2 < 𝜂1 <

(𝜆+𝜆1)𝜇
′
𝐿

𝜆𝜇𝐿𝜇𝑌

(𝜆+𝜆2)𝜇𝑌

(𝜆+𝜆1)𝜇𝐿
𝜂2, we have 𝐴1 > 0 and 𝐴2 > 0, and we can note that

𝐴1, 𝐴2, 𝐴3 > 0, thus 𝑞𝑖(𝑡) > 0.
Case 2.1. 𝐴1 ≤ 𝐴2, then 𝑡1 ≥ 𝑡2.

(1) When 0 ≤ 𝑡 < 𝑡2, the optimal reinsurance proportion are given by (38), therefore we can derive

𝑄4
𝑖 (𝑡) =

∫︁ 𝑇

𝑡

𝐻𝑖(𝑞1(𝑠), 𝑞2(𝑠), 𝑠) d𝑠.

(2) When 𝑡 ≥ 𝑡2, we have 𝑞*2(𝑡) = 1, according to (34) and (36), in order to solve the equation (34), we
need to solve inf𝑞1,𝑞2{𝐻1(𝑞1, 𝑞2, 𝑡)}. Then, substituting 𝑞*2(𝑡) = 1 into inf𝑞1,𝑞2{𝐻1(𝑞1, 𝑞2, 𝑡)} and by
the first-order conditions we get

𝑞1*
1 (𝑡) =

𝑎1𝜂1 − 𝜆𝜇𝐿𝜇𝑌 𝛾1𝑒
𝑟(𝑇−𝑡) + 𝜅1𝜎

2
1𝛾1𝑒

𝑟(𝑇−𝑡)

𝛾1𝑒𝑟(𝑇−𝑡)(1 + 𝜅1)𝜎2
1

· (52)

Let 𝑡11 = 𝑇 − 1
𝑟 ln 𝑎1𝜂1

𝛾1[(1+𝜅1)𝜎2
1+𝜆𝜇𝐿𝜇𝑌 −𝜅1𝜎2

1 ]
, then for 𝑡2 ≤ 𝑡 < 𝑡11, the optimal reinsurance strategies

and 𝑄𝑖(𝑡) are given by

𝑞1*
1 (𝑡) =

𝑎1𝜂1 − 𝜆𝜇𝐿𝜇𝑌 𝛾1𝑒
𝑟(𝑇−𝑡) + 𝜅1𝜎

2
1𝛾1𝑒

𝑟(𝑇−𝑡)

𝛾1𝑒𝑟(𝑇−𝑡)(1 + 𝜅1)𝜎2
1

,

𝑞*2(𝑡) = 1,

𝑄5
𝑖 (𝑡) =

∫︁ 𝑇

𝑡

𝐻𝑖

(︀
𝑞1*
1 (𝑠), 1, 𝑠

)︀
d𝑠. (53)

(3) When 𝑡′1 ≤ 𝑡 < 𝑇 , the equilibrium reinsurance strategy and 𝑄𝑖(𝑡) are (𝑞*1(𝑡), 𝑞*2(𝑡)) = (1, 1) and
𝑄6

𝑖 (𝑡) =
∫︀ 𝑇

𝑡
𝐻𝑖(1, 1, 𝑠) d𝑠.

Case 2.2. 𝐴1 > 𝐴2, then 𝑡1 < 𝑡2.
(1) When 0 ≤ 𝑡 < 𝑡1, the optimal reinsurance proportion are given by (38), and 𝑄𝑖(𝑡) is the same as

𝑄4
𝑖 (𝑡).

(2) When 𝑡 ≥ 𝑡1, we have 𝑞*1(𝑡) = 1. Substituting 𝑞*1(𝑡) = 1 into inf𝑞1,𝑞2{𝐻1(𝑞1, 𝑞2, 𝑡)} and by the
first-order conditions we get

𝑞2*
2 (𝑡) =

𝑎2𝜂2 − 𝜆𝜇𝐿𝜇𝑌 𝛾1𝑒
𝑟(𝑇−𝑡) + 𝜅1𝜎

2
2𝛾1𝑒

𝑟(𝑇−𝑡)

𝛾1𝑒𝑟(𝑇−𝑡)(1 + 𝜅1)𝜎2
2

· (54)

Let 𝑡22 = 𝑇 − 1
𝑟 ln 𝑎2𝜂2

𝛾1[(1+𝜅1)𝜎2
2+𝜆𝜇𝐿𝜇𝑌 −𝜅1𝜎2

2 ]
, then for 𝑡1 ≤ 𝑡 < 𝑡22, the optimal reinsurance strategies

and 𝑄𝑖(𝑡) are given by

𝑞*1(𝑡) = 1,

𝑞2*
2 (𝑡) =

𝑎2𝜂2 − 𝜆𝜇𝐿𝜇𝑌 𝛾1𝑒
𝑟(𝑇−𝑡) + 𝜅1𝜎

2
2𝛾1𝑒

𝑟(𝑇−𝑡)

𝛾1𝑒𝑟(𝑇−𝑡)(1 + 𝜅1)𝜎2
2

,

𝑄7
𝑖 (𝑡) =

∫︁ 𝑇

𝑡

𝐻𝑖

(︀
1, 𝑞1*

2 (𝑠), 𝑠
)︀

d𝑠. (55)
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(3) For 𝑡22 ≤ 𝑡 < 𝑇 , it is easy to see that 𝑞*1(𝑡) = 1, 𝑞*2(𝑡) = 1, and 𝑄𝑖(𝑡) is the same as 𝑄6
𝑖 (𝑡).

Case 3. If 𝜂1 ≥ (𝜆+𝜆1)𝜇
′
𝐿

𝜆𝜇𝐿𝜇𝑌

(𝜆+𝜆2)𝜇𝑌

(𝜆+𝜆1)𝜇𝐿
𝜂2, we have 𝐴1 > 0 and 𝐴2 ≤ 0.

(1) When 0 ≤ 𝑡 < 𝑡1, the equilibrium reinsurance strategy and 𝑄𝑖(𝑡) are (𝑞*1(𝑡), 𝑞*2(𝑡)) = (𝑞1(𝑡), 0), 𝑄8
𝑖 (𝑡) =∫︀ 𝑇

𝑡
𝐻𝑖(0, 𝑞2(𝑠), 𝑠) d𝑠.

(2) Let 𝑡12 = 𝑇 − 1
𝑟 ln 𝑎1𝜂1

𝛾1[(1+𝜅1)𝜎2
1−𝜅1𝜆𝜇𝐿𝜇𝑌 −𝜅1𝜎2

1 ]
, then for 𝑡1 ≤ 𝑡 < 𝑡12, the optimal reinsurance strategies

and 𝑄𝑖(𝑡) are given by

𝑞2*
1 (𝑡) =

𝑎1𝜂1 + 𝜅1𝜆𝜇𝐿𝜇𝑌 𝛾1𝑒
𝑟(𝑇−𝑡) + 𝜅1𝜎

2
1𝛾1𝑒

𝑟(𝑇−𝑡)

𝛾1𝑒𝑟(𝑇−𝑡)(1 + 𝜅1)𝜎2
1

,

𝑞*2(𝑡) = 0,

𝑄9
𝑖 (𝑡) =

∫︁ 𝑇

𝑡

𝐻𝑖

(︀
𝑞2*
1 (𝑠), 0, 𝑠

)︀
d𝑠. (56)

(3) When 𝑡12 ≤ 𝑡 < 𝑇 , the equilibrium reinsurance strategy and 𝑄𝑖(𝑡) are (𝑞*1(𝑡), 𝑞*2(𝑡)) = (1, 0), 𝑄10
𝑖 (𝑡) =∫︀ 𝑇

𝑡
𝐻𝑖(1, 0, 𝑠) d𝑠.

Remark 7. If 𝐴1 < 0 and 𝐴2 < 0, then the equilibrium reinsurance strategy and 𝑄𝑖(𝑡) are (𝑞*1(𝑡), 𝑞*2(𝑡)) = (0, 0),
𝑄11

𝑖 (𝑡) =
∫︀ 𝑇

𝑡
𝐻𝑖(0, 0, 𝑠) d𝑠.

According to the above results, we can obtain the following theorem.

Theorem 8. For the non-zero-sum game Problem 3 with the exponential utility function, the candidate equi-
librium investment strategies of the insurer and the reinsurer are given by

𝜋*1(𝑡) =

(︀
𝛼− 𝑟 − 2𝜎2𝛽𝑃1(𝑡)

)︀
(𝛾2 + 𝛾1𝜅1) + (𝜅1𝜎21 + 𝜎11)𝜎𝑠2𝛽𝛾1𝛾2

(︀
1− 𝑒𝑟(𝑇−𝑡)

)︀
(1− 𝜅1𝜅2)𝜎𝑠2𝛽𝛾1𝛾2𝑒𝑟(𝑇−𝑡)

+
𝜎11

𝜎
,

𝜋*2(𝑡) =

(︀
𝛼− 𝑟 − 2𝜎2𝛽𝑃2(𝑡)

)︀
(𝛾1 + 𝛾2𝜅2) + (𝜅2𝜎11 + 𝜎21)𝜎𝑠2𝛽𝛾1𝛾2

(︀
1− 𝑒𝑟(𝑇−𝑡)

)︀
(1− 𝜅1𝜅2)𝜎𝑠2𝛽𝛾1𝛾2𝑒𝑟(𝑇−𝑡)

+
𝜎21

𝜎
,

where 𝑃1(𝑡) = 𝑃2(𝑡) = (𝛼−𝑟)2[𝑒−(2𝑟𝛽−𝜎2𝛽(2𝛽+1))(𝑇−𝑡)−1]
4𝑟𝛽𝜎2−2𝜎4𝛽(2𝛽+1) .

The equilibrium reinsurance strategies and the corresponding equilibrium value functions are given under
different cases:
Case 1: 𝐴1 ≤ 0, 𝐴2 > 0.

The optimal reinsurance strategies are

(𝑞*1(𝑡), 𝑞*2(𝑡)) =

⎧⎪⎨⎪⎩
(0, 𝑞2(𝑡)), 0 ≤ 𝑡 < 𝑡2,(︀
0, 𝑞1*

2 (𝑡)
)︀
, 𝑡2 ≤ 𝑡 < 𝑡21,

(0, 1), 𝑡21 ≤ 𝑡 < 𝑇.

The equilibrium value functions 𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) and 𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) of the insurer and the reinsurer are given by

𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) =

⎧⎪⎪⎨⎪⎪⎩
− 1

𝛾1
exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄1
1(𝑡)

}︀
, 0 ≤ 𝑡 < 𝑡2,

− 1
𝛾1

exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄2
1(𝑡)

}︀
, 𝑡2 ≤ 𝑡 < 𝑡21,

− 1
𝛾1

exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄3
1(𝑡)

}︀
, 𝑡21 ≤ 𝑡 < 𝑇,

and

𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) =

⎧⎪⎪⎨⎪⎪⎩
− 1

𝛾2
exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄1
2(𝑡)

}︀
, 0 ≤ 𝑡 < 𝑡2,

− 1
𝛾2

exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄2
2(𝑡)

}︀
, 𝑡2 ≤ 𝑡 < 𝑡21,

− 1
𝛾2

exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄3
2(𝑡)

}︀
, 𝑡21 ≤ 𝑡 < 𝑇.
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Case 2: 𝐴2 > 𝐴1 > 0.
The optimal reinsurance strategies are

(𝑞*1(𝑡), 𝑞*2(𝑡)) =

⎧⎪⎪⎨⎪⎪⎩
(𝑞1(𝑡), 𝑞2(𝑡)), 0 ≤ 𝑡 < 𝑡2,(︀
𝑞1*
1 (𝑡), 0

)︀
, 𝑡2 ≤ 𝑡 < 𝑡11,

(1, 1), 𝑡11 ≤ 𝑡 < 𝑇.

The equilibrium value functions 𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) and 𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) of the insurer and the reinsurer are given by

𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) =

⎧⎪⎪⎨⎪⎪⎩
− 1

𝛾1
exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄4
1(𝑡)

}︀
, 0 ≤ 𝑡 < 𝑡2,

− 1
𝛾1

exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄5
1(𝑡)

}︀
, 𝑡2 ≤ 𝑡 < 𝑡11,

− 1
𝛾1

exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄6
1(𝑡)

}︀
, d𝑡11 ≤ 𝑡 < 𝑇,

and

𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) =

⎧⎪⎪⎨⎪⎪⎩
− 1

𝛾2
exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄4
2(𝑡)

}︀
, 0 ≤ 𝑡 < 𝑡2,

− 1
𝛾2

exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄5
2(𝑡)

}︀
, 𝑡2 ≤ 𝑡 < 𝑡11,

− 1
𝛾2

exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄6
2(𝑡)

}︀
, 𝑡11 ≤ 𝑡 < 𝑇.

Case 3: 𝐴1 > 𝐴2 > 0.
The optimal reinsurance strategies are

(𝑞*1(𝑡), 𝑞*2(𝑡)) =

⎧⎪⎪⎨⎪⎪⎩
(𝑞1(𝑡), 𝑞2(𝑡)), 0 ≤ 𝑡 < 𝑡1,(︀
1, 𝑞2*

2 (𝑡)
)︀
, 𝑡1 ≤ 𝑡 < 𝑡22,

(1, 1), 𝑡22 ≤ 𝑡 < 𝑇.

The equilibrium value functions 𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) and 𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) of the insurer and the reinsurer are given by

𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) =

⎧⎪⎪⎨⎪⎪⎩
− 1

𝛾1
exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄4
1(𝑡)

}︀
, 0 ≤ 𝑡 < 𝑡1,

− 1
𝛾1

exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄7
1(𝑡)

}︀
, 𝑡1 ≤ 𝑡 < 𝑡22,

− 1
𝛾1

exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄6
1(𝑡)

}︀
, 𝑡22 ≤ 𝑡 < 𝑇,

and

𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) =

⎧⎪⎪⎨⎪⎪⎩
− 1

𝛾2
exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄4
2(𝑡)

}︀
, 0 ≤ 𝑡 < 𝑡1,

− 1
𝛾2

exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄7
2(𝑡)

}︀
, 𝑡1 ≤ 𝑡 < 𝑡22,

− 1
𝛾2

exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄6
2(𝑡)

}︀
, 𝑡22 ≤ 𝑡 < 𝑇.

Case 4: 𝐴1 > 0, 𝐴2 ≤ 0.
The optimal reinsurance strategies are

(𝑞*1(𝑡), 𝑞*2(𝑡)) =

⎧⎪⎪⎨⎪⎪⎩
(𝑞1(𝑡), 0), 0 ≤ 𝑡 < 𝑡1,(︀
𝑞2*
1 (𝑡), 0

)︀
, 𝑡1 ≤ 𝑡 < 𝑡12,

(1, 0), 𝑡12 ≤ 𝑡 < 𝑇.
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The equilibrium value functions 𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) and 𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) of the insurer and the reinsurer are given by

𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) =

⎧⎪⎪⎨⎪⎪⎩
− 1

𝛾1
exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄8
1(𝑡)

}︀
, 0 ≤ 𝑡 < 𝑡1,

− 1
𝛾1

exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄9
1(𝑡)

}︀
, 𝑡1 ≤ 𝑡 < 𝑡12,

− 1
𝛾1

exp
{︀
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄10
1 (𝑡)

}︀
, 𝑡12 ≤ 𝑡 < 𝑇,

and

𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) =

⎧⎪⎪⎨⎪⎪⎩
− 1

𝛾2
exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄8
2(𝑡)

}︀
, 0 ≤ 𝑡 < 𝑡1,

− 1
𝛾2

exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄9
2(𝑡)

}︀
, 𝑡1 ≤ 𝑡 < 𝑡12,

− 1
𝛾2

exp
{︀
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄10
2 (𝑡)

}︀
, 𝑡12 ≤ 𝑡 < 𝑇.

Case 5: 𝐴1 ≤ 0, 𝐴2 ≤ 0.
The optimal reinsurance strategy is (𝑞*1(𝑡), 𝑞*2(𝑡)) = (0, 0), and the value functions 𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) and
𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) of the insurer and the reinsurer are

𝐽1(𝑡, 𝑦1, 𝑙1, 𝑠) = − 1
𝛾1

exp
{︁
−𝛾1𝑒

𝑟(𝑇−𝑡)[𝑦1 + 𝑙1 + 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡)] + 𝑃1(𝑡)𝑠−2𝛽 + 𝑄11
1 (𝑡)

}︁
,

and
𝐽2(𝑡, 𝑦2, 𝑙2, 𝑠) = − 1

𝛾2
exp
{︁
−𝛾2𝑒

𝑟(𝑇−𝑡)[𝑦2 + 𝑙2 + 𝐹2(𝑡)𝑙2 + 𝐺2(𝑡)] + 𝑃2(𝑡)𝑠−2𝛽 + 𝑄11
2 (𝑡)

}︁
,

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑓1(𝑡, 𝑙1) = 𝐹1(𝑡)𝑙1 + 𝐺1(𝑡), 𝑔1(𝑡, 𝑠) = 𝑃1(𝑡)𝑠−2𝛽 + 𝑄1(𝑡),

𝑓2(𝑡, 𝑙2) = 𝐹2(𝑡)𝑙1 + 𝐺2(𝑡), 𝑔2(𝑡, 𝑠) = 𝑃2(𝑡)𝑠−2𝛽 + 𝑄2(𝑡),

𝐹1(𝑡) = 𝐹2(𝑡) = −𝑒−𝑟(𝑇−𝑡),

𝐺1(𝑡) =
{︁[︁

(𝛼−𝑟)𝜎11
𝜎 − 𝛼1 − 𝜎2

12𝛾1
2

]︁
(𝑇 − 𝑡) + 𝜅2

1𝜎2
22𝛾1

4𝑟

(︀
1− 𝑒2𝑟(𝑇−𝑡)

)︀
− 1

𝑟

[︁
𝜅1𝜎12𝜎22𝛾1 − 𝑟𝜅1𝑙2 − (𝛼−𝑟)𝜅1𝜎21

𝜎 + 𝜅1𝜎22

]︁(︀
1− 𝑒𝑟(𝑇−𝑡)

)︀}︁
𝑒−𝑟(𝑇−𝑡),

𝐺2(𝑡) =
{︁[︁

(𝛼−𝑟)𝜎21
𝜎 − 𝛼2 − 𝜎2

22𝛾2
2

]︁
(𝑇 − 𝑡) + 𝜅2

2𝜎2
12𝛾2

4𝑟

(︀
1− 𝑒2𝑟(𝑇−𝑡)

)︀
− 1

𝑟

[︁
𝜅2𝜎22𝜎12𝛾2 − 𝑟𝜅2𝑙1 − (𝛼−𝑟)𝜅2𝜎11

𝜎 + 𝜅2𝜎12

]︁(︀
1− 𝑒𝑟(𝑇−𝑡)

)︀}︁
𝑒−𝑟(𝑇−𝑡),

𝑃1(𝑡) = 𝑃2(𝑡) =
(𝛼−𝑟)2

[︁
𝑒−(2𝑟𝛽−𝜎2𝛽(2𝛽+1))(𝑇−𝑡)−1

]︁

4𝑟𝛽𝜎2−2𝜎4𝛽(2𝛽+1) ,

𝑄1(𝑡) =
∫︀ 𝑇

𝑡
𝐻1(𝑞*1(𝑠), 𝑞*2(𝑠), 𝑠) d𝑠,

𝑄2(𝑡) =
∫︀ 𝑇

𝑡
𝐻2(𝑞*1(𝑠), 𝑞*2(𝑠), 𝑠) d𝑠,

𝑡11 = 𝑇 − 1
𝑟 ln 𝑎1𝜂1

𝛾1[(1+𝜅1)𝜎2
1+𝜆𝜇𝐿𝜇𝑌 −𝜅1𝜎2

1] ,

𝑡12 = 𝑇 − 1
𝑟 ln 𝑎1𝜂1

𝛾1[(1+𝜅1)𝜎2
1−𝜅1𝜆𝜇𝐿𝜇𝑌 −𝜅1𝜎2

1] ,

𝑡21 = 𝑇 − 1
𝑟 ln 𝑎2𝜂2

𝛾1[(1+𝜅1)𝜎2
2−𝜅1𝜆𝜇𝐿𝜇𝑌 −𝜅1𝜎2

2] ,

𝑡22 = 𝑇 − 1
𝑟 ln 𝑎2𝜂2

𝛾1[(1+𝜅1)𝜎2
2+𝜆𝜇𝐿𝜇𝑌 −𝜅1𝜎2

2] .

Proposition 9. The optimal reinsurance strategies 𝑞1(𝑡) and 𝑞2(𝑡) in (38) increase as 𝜅1 increases.

Proof. We can derive the first-order condition with respect to 𝜅1 as follows:

d𝑞1

d𝜅1
= − 𝐴1

(1 + 𝜅1)2𝛾1𝑒𝑟(𝑇−𝑡)𝐴3
+

1
(1 + 𝜅1)2

,
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d𝑞2

d𝜅1
= − 𝐴2

(1 + 𝜅1)2𝛾1𝑒𝑟(𝑇−𝑡)𝐴3
+

1
(1 + 𝜅1)2

·

It’s clear that they are positive, so the optimal reinsurance strategies are increasing with 𝜅1 �

From Proposition 9, we know that the equilibrium retained proportion 𝑞1(𝑡) and 𝑞2(𝑡) are increasing with
the growth of 𝜅1. It is intuitive that a larger 𝜅1 means that the insurer becomes more competitive and more
concerned with relative wealth towards the reinsurer. That is to say competition makes the insurer more risk-
seeking. An explanation may be that may be that the insurer with greater competition sensitivity parameter 𝜅1

is more concerned about its expected terminal surplus relative to that of the reinsurer, and hence the insurer
tends to pay less reinsurance premium through retaining more risks, and then more capital could be accumulated
at terminal time.

Remark 10. From Theorem 8, we have the following conclusions:

(i) The optimal investment strategy of the insurer can be divided into two parts, one for hedging the market risk
in the investment such as (𝛼−𝑟−2𝜎2𝛽𝑃1(𝑡))(𝛾2+𝛾1𝜅1)

(1−𝜅1𝜅2)𝜎𝑠2𝛽𝛾1𝛾2𝑒𝑟(𝑇−𝑡) , and the other for hedging the debt risk in the investment

such as −(𝜅1𝜎21+𝜎11)𝜎𝑠2𝛽𝛾1𝛾2(1−𝑒𝑟(𝑇−𝑡))
(1−𝜅1𝜅2)𝜎𝑠2𝛽𝛾1𝛾2𝑒𝑟(𝑇−𝑡) + 𝜎11

𝜎 . So, the debt has a significant impact on investment decisions.
The reinsurer has similar results.

(ii) The equilibrium investment-reinsurance strategies of insurers and reinsurers are related to the sensitivity
coefficient 𝜅𝑖, 𝑖 ∈ {1, 2}, which is the hedge components coming from the relative concerns, and this means
the insurer would imitate the reinsurer’s investment strategy. Specifically, if the insurer does not consider the
wealth gap between itself and the reinsurer, and similarly, the reinsurer’s amount invested in the risky asset
is negatively related to the risk-averse coefficient. Besides, from Proposition 9, it shows that the optimal
reinsurance strategy is quadratic in relation to 𝜅1.

(iii) When debt and game are not considered and let 𝛽 = 0, the optimal investment strategy of the insurer and
the reinsurer are as follows:

𝜋*1(𝑡) =
𝛼− 𝑟

𝜎2𝛾1𝑒𝑟(𝑇−𝑡)
,

𝜋*2(𝑡) =
𝛼− 𝑟

𝜎2𝛾2𝑒𝑟(𝑇−𝑡)
·

This is consistent with the real economic phenomenon, because the insurer makes its investment strategy only
based on its own situation without considering the wealth gap. Meanwhile, the reinsurer’s investment strategy
only contains the standard part because it only considers its own wealth. This is exactly the optimal investment
strategy for CARA utility in Merton [21].

4. Sensitivity analysis

In this section, we provide some numerical examples focusing on the impact of the liability parameter and
the relative net wealth concern coefficient on the equilibrium investment and reinsurance strategy. Since we use
numerical methods to determine the optimal investment and reinsurance decisions, the parameter values need
to be specified. According to the model setting in Section 2, we assume that the claim size random variables
𝐿𝑖 and 𝑌𝑖 are exponentially distributed with parameters 𝑣1 and 𝑣2, respectively, then 𝜇𝐿 = 1/𝑣1, 𝜇𝑌 = 1/𝑣2,
𝜇′𝐿 = 2/𝑣2

1 and 𝜇′𝑌 = 2/𝑣2
2 . Throughout numerical analysis, unless otherwise stated, the basic parameters are

given as Table 1.



3936 L. LI AND Z. QIU

Table 1. Model parameters.

Financial market

𝑡 𝑇 𝑟 𝛼 𝛽 𝜎 𝑠 𝛼1 𝛼2

0 10 0.5 0.08 1 1 1 0.07 0.04

𝜎11 𝜎12 𝜎21 𝜎22 𝜅1 𝜅2 𝛾1 𝛾2

3 0.14 1 0.15 0.3 0.2 0.3 0.1

Insurance market

𝑣1 𝑣2 𝑎1 𝑎2 𝜎2
1 𝜎2

1 𝜇𝐿 𝜇𝑌 𝜇′𝐿
4 5 1 1 0.5 0.4 0.25 0.2 0.125

𝜇′𝑌 𝜆 𝜆1 𝜆2 𝜃1 𝜃2 𝜂1 𝜂2

0.08 1 4 3 0.2 0.2 0.4 0.4

Figure 1. The effects of 𝛾𝑖 on 𝜋*𝑖 (0).

4.1. Equilibrium investment strategy

We now investigate the sensitivity of the equilibrium strategies 𝜋*1(0) and 𝜋*2(0) with respect to the constant
absolute risk aversion coefficient 𝛾𝑖 and the intensity of the relative concern 𝜅𝑖 by varying the parameters within
reasonable intervals. From Figure 1, it can be observed that as 𝛾𝑖 increases, the value of 𝜋*𝑖 (0) decreases. This
is because a larger value of 𝛾𝑖 implies that the insurer and the reinsurer become more risk-aversive and thus
choose to invest less in risky assets.

Figure 2 shows the effect of 𝜎 on the equilibrium investment strategy. It is easy to find that 𝜋*𝑖 (0) decreases as
the risky asset volatility 𝜎 increases. In fact, the larger the value of 𝜎 is, the larger the instantaneous volatility
is, which means the more risk of investment, and thus the insurer and the reinsurer would invest less in risky
assets.

As shown in Figure 3, we analyze the effect of the expected return of risky asset 𝛼 and the elasticity parameter
𝛽 on the equilibrium investment strategy 𝜋*𝑖 (0). Note that 𝜋*𝑖 (0) increases with 𝛼 and decreases with 𝛽, a larger 𝛼
implies an increase in the return of risky assets, insurers and reinsurers will obtain more returns from investment.
Therefore, they would increase the amounts invested in risky assets. In addition, we can find that 𝜋*𝑖 (0) has a
negative relationship with 𝛽. This is consistent with intuition. As 𝛽 increases, 𝑠𝛽 will be greater, which leads to
a larger expected decrease in volatility and an increased probability of a large adverse movement in the risky
asset’s price, which indicates that higher investment risk reduces the attractiveness of the risky asset. Thus,
they will invest less in risky assets to reduce risks.
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Figure 2. The effects of 𝜎 on 𝜋*𝑖 (0).

Figure 3. The effects of 𝛼 and 𝛽 on 𝜋*𝑖 (0).

To illustrate the effect of competition, Figure 4 depicts the effects of relative performance parameters 𝜅𝑖, 𝑖 ∈
{1, 2} on the optimal investment strategy 𝜋*𝑖 (0). From the subfigures, we observe that 𝜋*𝑖 (0) increases as 𝜅𝑖

increases, a larger 𝜅𝑖 produces a riskier investment strategy in response to the competition. That is, the more
concerned about outperforming the competitor, the larger amount the insurer or the reinsurer would like to
invest. In addition, from the Figure 4a for the same level of 𝜅1, we can find that 𝜋*1(0) has a positive relationship
with 𝜅2: a larger 𝜅2 implies that the insurer would face a higher competition intensity, and this also leads the
insurer to hold more shares. The reinsurer yields similar results to the insurer. Figures 1 and 2 also capture the
same effects of relative performance parameters on the optimal investment strategy.

Figure 5 provides graphical illustrations of the effect of the volatility of the uncontrollable exogenous liability
on the equilibrium strategy 𝜋*𝑖 (0). As can be seen in the Figure 5a, the value of parameter 𝜎11 determines the
magnitude of debt volatility of the insurer, holding all other parameters constant. A larger 𝜎11 will cause an
increase in debt. As a result, the insurer will tend to increase its investment in the risky asset to reduce the
debt. In the same way, from the Figure 5b, we can observe that the reinsurer has a similar result.

4.2. Equilibrium reinsurance strategy

According to the model parameters we have set above, we can derive that 𝐴1 < 𝐴2 and 𝐴2 < (1 + 𝜅1)𝛾1𝐴3

always hold; therefore, we let 𝑡2 = 𝑇 and the equilibrium reinsurance strategy (𝑞*1(𝑡), 𝑞*2(𝑡)) = (𝑞1
*(𝑡), 𝑞2

*(𝑡)).
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Figure 4. The effects of 𝜅𝑖 on 𝜋*𝑖 (0).

Figure 5. The effects of 𝜎𝑖1 on 𝜋*𝑖 (0).

From Figure 6, we can observe that the equilibrium reinsurance strategy 𝑞*𝑖 (𝑡) is inversely proportional to the
risk-aversion coefficient 𝛾1. A larger 𝛾1 causes the insurer to be more risk-averse; thus, the insurer will tend to
decrease its reinsurance retention level to reduce the claim risk. The phenomenon is consistent with the actual
situation and the mathematical conclusions.

The impact of the safety load 𝜂𝑖 on the equilibrium reinsurance strategy 𝑞*𝑖 (𝑡) is described in Figure 7. As
shown in the figure, an increase in the safety load 𝜂𝑖 leads to an increase in the reinsurance retention level.
This is because a larger value of 𝜂𝑖 implies that the insurer has a higher capacity to take on risk and makes the
insurer have more confidence to increase its retention ratio.

Figure 8 demonstrates how the equilibrium reinsurance strategy 𝑞*𝑖 (𝑡) varies with respect to 𝜎𝑖. From these
subfigures, we find that 𝑞*𝑖 (0) is a decreasing function of 𝜎𝑖 when 𝜅1 > 0. Note that a larger 𝜎𝑖 indicates greater
uncertainty and larger potential losses; thus, the company may decrease its retention ratio to diversify risks by
purchasing more reinsurance contracts.

In addition, Figures 1–8 reveal the equilibrium reinsurance strategy as increasing functions of the relative
performance parameter 𝜅1. A larger 𝜅1 means that the insurance companies are more sensitive to competition;
thus the insurer intends to purchase fewer reinsurance contracts to win in a higher degree of competition.
Therefore, the insurer may bear more risk due to more claims resulting from purchasing fewer reinsurance
contracts, while obtaining a higher terminal wealth and thus a higher probability of beating its competitor.

Figure 9 illustrates the impacts of the parameters 𝜆, 𝜆1 and 𝜆2 on the equilibrium reinsurance strategy 𝑞*𝑖 (0),
respectively. From Figure 9, we have the following findings. Firstly, the optimal reinsurance strategy decreases
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Figure 6. The effects of 𝛾1 on 𝑞*𝑖 (0).

Figure 7. The effects of 𝜂𝑖 on 𝑞*𝑖 (0).

Figure 8. The effects of 𝜎𝑖 on 𝑞*𝑖 (0).
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Figure 9. The effects of 𝜆, 𝜆1 and 𝜆2 on 𝑞*𝑖 (0).

as the overall risk parameter 𝜆 increases, it is evident that a larger 𝜆 leads to greater average claim amounts
for both lines of business; thus, the insurer tends to reduce the retention levels 𝑞*1(0) and 𝑞*2(0) to maintain
the expected risk level. Besides, a larger 𝜆 means that the higher degree of dependence of the two insurance
businesses, so the insurer may face greater potential risks, then the insurer will diversify risks by purchasing
more reinsurance contracts. Secondly, from the Figure 9b, we can derive that 𝑞*1(0) increases with 𝜆1, while
𝑞*2(0) decreases. This is because higher average claim amounts for the first line lead the insurer to purchase
more reinsurance for that line, while reducing reinsurance for the second line which has a relatively lower claim
risk. Conversely, the Figure 9c indicates that as the risk parameter 𝜆2 for the second line increases, the optimal
retention 𝑞*1(0) for the first line increases, while 𝑞*2(0) for the second line decreases. This reflects that the insurer
will tend to decrease the retention of the second line while increasing that of the first line.

5. Conclusion

This paper considers Non-zero-sum stochastic differential games of investment and reinsurance for asset-
liability management with common shock dependence under CEV model between insurers and reinsurers. The
financial market consists of one risk-free asset and one risk asset whose price process follows the CEV model. We
assume that the insurer can purchase proportional reinsurance from the reinsurer, and both companies can invest
in the financial market. The reinsurance premium is calculated by the expected value principle. The goal of the
insurer and the reinsurer is to maximize their CARA utility from its terminal wealth with relative performance
concerns. We introduce a class of stochastic liability processes associated with the volatility of risky assets, on
the basis of which the dynamic evolution of net wealth is obtained. By applying stochastic control theory and a
game theoretic framework, we find the generalized HJB system under the classical Cramér-Lundberg insurance
model, and derive the explicit expressions of the equilibrium investment strategy with the effect of liabilities and
the optimal reinsurance strategy under the exponential utility. We find that the volatility of the uncontrollable
exogenous liability distorts the equilibrium investment strategy of insurers, where a larger volatility leads the
insurer to increase its investment in the risky asset to mitigate the impact of debt. Finally, we provide the
numerical sensitivity analysis to illustrate the effects of model parameters on equilibrium investment strategy
and reinsurance strategy.

Data availability statement

The data that support the findings of this study are available from the corresponding author upon reasonable request.
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Appendix A. Proof of Lemma 6

Using Cauchy–Schwarz inequality, we have

(𝜆1 + 𝜆)𝐸
[︀
𝐿2

𝑖

]︀
(𝜆2 + 𝜆)𝐸

[︀
𝑌 2

𝑖

]︀
≥
(︁√︀

(𝜆1 + 𝜆)(𝜆2 + 𝜆)𝐸[𝐿𝑖]𝐸[𝑌𝑖]
)︁2

> (𝜆𝐸[𝐿𝑖]𝐸[𝑌𝑖])
2.

By 𝐸[𝐿2
𝑖 ] > (𝐸[𝐿𝑖])

2, 𝐸[𝑌 2
𝑖 ] > (𝐸[𝑌𝑖])

2 and

𝑎1 = (𝜆1 + 𝜆)𝐸[𝐿𝑖], 𝜎
2
1 = (𝜆1 + 𝜆)𝐸

[︀
𝐿2

𝑖

]︀

𝑎2 = (𝜆2 + 𝜆)𝐸[𝑌𝑖], 𝜎
2
2 = (𝜆2 + 𝜆)𝐸

[︀
𝑌 2

𝑖

]︀

we derive
𝜎2

1𝜎2
2 > 𝜆2𝜇2

𝐿𝜇2
𝑌 .

mailto:subscribers@edpsciences.org
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Moreover, we also have

𝜆𝜇𝐿𝜇𝑌

𝜎2
2

𝑎2

𝑎1
=

𝜆𝜇𝐿𝜇𝑌

(𝜆2 + 𝜆)𝜇′𝑌

(𝜆2 + 𝜆)𝜇𝑌

(𝜆1 + 𝜆)𝜇𝐿
=

𝜆𝜇2
𝑌

(𝜆1 + 𝜆)𝜇′𝑌

𝜎2
1

𝜆𝜇𝐿𝜇𝑌

𝑎2

𝑎1
=

(𝜆1 + 𝜆)𝜇′𝐿
𝜆𝜇𝐿𝜇𝑌

(𝜆2 + 𝜆)𝜇𝑌

(𝜆1 + 𝜆)𝜇𝐿
=

(𝜆2 + 𝜆)𝜇′𝐿
𝜆𝜇2

𝐿

·

Noting that 𝜇′𝐿 > 𝜇2
𝐿, 𝜇′𝑌 > 𝜇2

𝑌 , then we have
𝜆𝜇2

𝑌
(𝜆1+𝜆)𝜇′

𝑌
< 1 and

(𝜆2+𝜆)𝜇′𝐿
𝜆𝜇2

𝐿
> 1. Thus, the lemma holds.

Appendix B. Proof of Theorem 4

Let Θ = [0, +∞) × [0, +∞) × [0, +∞), we take a sequence of bounded open sets Θ𝑖 meeting Θ𝑖 ⊂ Θ𝑖+1 ⊂ · · · ⊂ Θ,

𝑖 = 1, 2, · · · , and Θ = ∪∞𝑖=1Θ𝑖. For (𝑦𝑗 , 𝑙𝑗 , 𝑠) ∈ Θ𝑖, suppose that the exit time of (𝑌𝑗(𝑡), 𝐿𝑗(𝑡), 𝑆(𝑡)) from Θ𝑖 is represented
by 𝜏𝑖. If 𝑖 →∞, then 𝜏𝑖 ∧ 𝑇 → 𝑇 .

(i) For the investor 𝑗 (the insurer or the reinsurer), take an arbitrary admissible strategy 𝑢𝑗(𝑡). Applying Ito formula
for 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) on [𝑡, 𝑇 ], we derive:

𝑉𝑗

(︁
𝑇, 𝑌𝑗(𝑇 ), 𝐿𝑗(𝑇 ), 𝑆(𝑇 )

)︁
= 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) +

∫︁ 𝑇

𝑡

ℒ𝑢𝑗 𝑉𝑗

(︁
𝑣, 𝑌𝑗(𝑣), 𝐿𝑗(𝑣), 𝑆(𝑣)

)︁
d𝑣

+

∫︁ 𝑇

𝑡

[(𝜎𝜋𝑗(𝑣)− 𝜎𝑗1)− 𝜅𝑗(𝜎𝜋𝑘(𝑣)− 𝜎𝑘1)]𝑆
𝛽(𝑣)

𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊1(𝑢)

−
∫︁ 𝑇

𝑡

(𝜎𝑗2 − 𝜅𝑗𝜎𝑘2)
𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊2(𝑣) +

∫︁ 𝑇

𝑡

(𝑝𝑗(𝑣)− 𝜅𝑗𝑝𝑘(𝑣))
𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊0(𝑣)

+

∫︁ 𝑇

𝑡

𝜎𝑗1𝑆
𝛽(𝑣)

𝜕𝑉𝑗

𝜕𝐿𝑗
d𝑊1(𝑣) +

∫︁ 𝑇

𝑡

𝜎𝑗2
𝜕𝑉𝑗

𝜕𝐿𝑗
d𝑊2(𝑣) +

∫︁ 𝑇

𝑡

𝜎𝑆𝛽+1(𝑣)
𝜕𝑉𝑗

𝜕𝑠
d𝑊1(𝑣). (B.1)

From sup𝑢𝑗∈𝑈𝑗
{ℒ𝑢𝑗 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠)} = 0, it is to see that ℒ𝑢𝑗 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) ≤ 0.

Furthermore, we have

𝑉𝑗

(︁
𝑇, 𝑌𝑗(𝑇 ), 𝐿𝑗(𝑇 ), 𝑆(𝑇 )

)︁
≤ 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠)

+

∫︁ 𝑇

𝑡

[(𝜎𝜋𝑗(𝑣)− 𝜎𝑗1)− 𝜅𝑗(𝜎𝜋𝑘(𝑣)− 𝜎𝑘1)]𝑆
𝛽(𝑣)

𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊1(𝑢)

−
∫︁ 𝑇

𝑡

(𝜎𝑗2 − 𝜅𝑗𝜎𝑘2)
𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊2(𝑣) +

∫︁ 𝑇

𝑡

(𝑝𝑗(𝑣)− 𝜅𝑗𝑝𝑘(𝑣))
𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊0(𝑣)

+

∫︁ 𝑇

𝑡

𝜎𝑗1𝑆
𝛽(𝑣)

𝜕𝑉𝑗

𝜕𝐿𝑗
d𝑊1(𝑣) +

∫︁ 𝑇

𝑡

𝜎𝑗2
𝜕𝑉𝑗

𝜕𝐿𝑗
d𝑊2(𝑣) +

∫︁ 𝑇

𝑡

𝜎𝑆𝛽+1(𝑣)
𝜕𝑉𝑗

𝜕𝑠
d𝑊1(𝑣). (B.2)

In equation (B.2), the last six terms on the right-hand side of the inequality are the square-integrable martingale
with expectation equal to 0. Thus, we obtain

𝐸
[︁
𝑉𝑗(𝑇, 𝑌𝑗(𝑇 ), 𝐿𝑗(𝑇 ), 𝑆(𝑇 ))

⃒⃒
⃒𝑌𝑗(𝑡) = 𝑦𝑗 , 𝐿𝑗(𝑡) = 𝑙𝑗 , 𝑆(𝑡) = 𝑠

]︁
≤ 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠).

Furthermore, we have

sup
𝑢𝑗∈𝑈𝑗

{︁
𝐸
[︁
𝑉𝑗

(︁
𝑇, 𝑌𝑗(𝑇 ), 𝐿𝑗(𝑇 ), 𝑆(𝑇 )

)︁⃒⃒
⃒𝑌𝑗(𝑡) = 𝑦𝑗 , 𝐿𝑗(𝑡) = 𝑙𝑗 , 𝑆(𝑡) = 𝑠

]︁}︁
≤ 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠),

that is to say 𝐽𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) ≤ 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠).

(ii) 𝐸[𝑉𝑗(𝜏𝑖 ∧ 𝑇, 𝑌𝑗(𝜏𝑖 ∧ 𝑇 ), 𝐿𝑗(𝜏𝑖 ∧ 𝑇 ), 𝑆(𝜏𝑖 ∧ 𝑇 ))] < ∞ for a specific strategy 𝑢*𝑗 .
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Using Ito formula for 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) on [0, 𝜏𝑖 ∧ 𝑇 ], we obtain

𝑉𝑗

(︁
𝜏𝑖 ∧ 𝑇, 𝑌𝑗(𝜏𝑖 ∧ 𝑇 ), 𝐿𝑗(𝜏𝑖 ∧ 𝑇 ), 𝑆(𝜏𝑖 ∧ 𝑇 )

)︁
= 𝑉𝑗(0, 𝑦𝑗0, 𝑙𝑗0, 𝑠0)

+

∫︁ 𝜏𝑖∧𝑇

0

ℒ𝑢𝑗 𝑉𝑗

(︁
𝑣, 𝑌𝑗(𝑣), 𝐿𝑗(𝑣), 𝑆(𝑣)

)︁
d𝑣 +

∫︁ 𝜏𝑖∧𝑇

0

(𝑝𝑗(𝑣)− 𝜅𝑗𝑝𝑘(𝑣))
𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊0(𝑣)

+

∫︁ 𝜏𝑖∧𝑇

0

[(𝜎𝜋𝑗(𝑣)− 𝜎𝑗1)− 𝜅𝑗(𝜎𝜋𝑘(𝑣)− 𝜎𝑘1)]𝑆
𝛽(𝑣)

𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊1(𝑢)

−
∫︁ 𝜏𝑖∧𝑇

0

(𝜎𝑗2 − 𝜅𝑗𝜎𝑘2)
𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊2(𝑣) +

∫︁ 𝜏𝑖∧𝑇

0

𝜎𝑗1𝑆
𝛽(𝑣)

𝜕𝑉𝑗

𝜕𝐿𝑗
d𝑊1(𝑣)

+

∫︁ 𝜏𝑖∧𝑇

0

𝜎𝑗2
𝜕𝑉𝑗

𝜕𝐿𝑗
d𝑊2(𝑣) +

∫︁ 𝜏𝑖∧𝑇

0

𝜎𝑆𝛽+1(𝑣)
𝜕𝑉𝑗

𝜕𝑠
d𝑊1(𝑣). (B.3)

For a specific policy 𝑢*𝑗 meets (20), that is, ℒ𝑢𝑗 𝑉𝑗(𝑢, 𝑌𝑗(𝑢), 𝐿𝑗(𝑢), 𝑆(𝑢)) = 0. In equation (B.3), the last six terms
on the right side of the equality are martingale, so that the expectation is taken on the left and right sides of the
equality, and we have

𝐸
[︁
𝑉𝑗

(︁
𝜏𝑖 ∧ 𝑇, 𝑌𝑗(𝜏𝑖 ∧ 𝑇 ), 𝐿𝑗(𝜏𝑖 ∧ 𝑇 ), 𝑆(𝜏𝑖 ∧ 𝑇 )

)︁]︁
= 𝑉𝑗(0, 𝑦𝑗0, 𝑙𝑗0, 𝑠0) < ∞.

(iii) 𝐽𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) = 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) for a specific policy 𝑢*𝑗 .
Applying Ito formula for 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) on [𝑡, 𝜏𝑖 ∧ 𝑇 ] once again, we obtain

𝑉𝑗

(︁
𝜏𝑖 ∧ 𝑇, 𝑌𝑗(𝜏𝑖 ∧ 𝑇 ), 𝐿𝑗(𝜏𝑖 ∧ 𝑇 ), 𝑆(𝜏𝑖 ∧ 𝑇 )

)︁
= 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠)

+

∫︁ 𝜏𝑖∧𝑇

𝑡

ℒ𝑢𝑗 𝑉𝑗

(︁
𝑣, 𝑌𝑗(𝑣), 𝐿𝑗(𝑣), 𝑆(𝑣)

)︁
d𝑣 +

∫︁ 𝜏𝑖∧𝑇

𝑡

(𝑝𝑗(𝑣)− 𝜅𝑗𝑝𝑘(𝑣))
𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊0(𝑣)

+

∫︁ 𝜏𝑖∧𝑇

𝑡

[(𝜎𝜋𝑗(𝑣)− 𝜎𝑗1)− 𝜅𝑗(𝜎𝜋𝑘(𝑣)− 𝜎𝑘1)]𝑆
𝛽(𝑣)

𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊1(𝑢)

−
∫︁ 𝜏𝑖∧𝑇

𝑡

(𝜎𝑗2 − 𝜅𝑗𝜎𝑘2)
𝜕𝑉𝑗

𝜕𝑦𝑗
d𝑊2(𝑣) +

∫︁ 𝜏𝑖∧𝑇

𝑡

𝜎𝑗1𝑆
𝛽(𝑣)

𝜕𝑉𝑗

𝜕𝐿𝑗
d𝑊1(𝑣)

+

∫︁ 𝜏𝑖∧𝑇

𝑡

𝜎𝑗2
𝜕𝑉𝑗

𝜕𝐿𝑗
d𝑊2(𝑣) +

∫︁ 𝜏𝑖∧𝑇

𝑡

𝜎𝑆𝛽+1(𝑣)
𝜕𝑉𝑗

𝜕𝑠
d𝑊1(𝑣). (B.4)

Taking the conditional expectation for the left and right sides of the above equation, we have

𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) = 𝐸
[︁
𝑉𝑗

(︁
𝜏𝑖 ∧ 𝑇, 𝑌𝑗(𝜏𝑖 ∧ 𝑇 ), 𝐿𝑗(𝜏𝑖 ∧ 𝑇 ), 𝑆(𝜏𝑖 ∧ 𝑇 )

)︁⃒⃒
⃒𝑌𝑗(𝑡) = 𝑦𝑗 , 𝐿𝑗(𝑡) = 𝑙𝑗 , 𝑆(𝑡) = 𝑠

]︁
.

By taking the limit, we get

𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) = lim
𝑖→∞

𝐸
[︁
𝑉𝑗

(︁
𝜏𝑖 ∧ 𝑇, 𝑌𝑗(𝜏𝑖 ∧ 𝑇 ), 𝐿𝑗(𝜏𝑖 ∧ 𝑇 ), 𝑆(𝜏𝑖 ∧ 𝑇 )

)︁⃒⃒
⃒𝑌𝑗(𝑡) = 𝑦𝑗 , 𝐿𝑗(𝑡) = 𝑙𝑗 , 𝑆(𝑡) = 𝑠

]︁
.

Furthermore, we obtain

𝐽𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠) = sup
𝑢𝑗∈𝑈𝑗

{︁
𝐸𝑡,𝑦𝑗 ,𝑙𝑗 ,𝑠

[︁
𝒰𝑗

(︁
̂︀𝑌 𝑢𝑗 ,𝑢𝑘

𝑗 (𝑇 )
)︁]︁}︁

= lim
𝑖→∞

𝐸
[︁
𝑉𝑗

(︁
𝜏𝑖 ∧ 𝑇, 𝑌𝑗(𝜏𝑖 ∧ 𝑇 ), 𝐿𝑗(𝜏𝑖 ∧ 𝑇 ), 𝑆(𝜏𝑖 ∧ 𝑇 )

)︁⃒⃒
⃒𝑌𝑗(𝑡) = 𝑦𝑗 , 𝐿𝑗(𝑡) = 𝑙𝑗 , 𝑆(𝑡) = 𝑠

]︁

= 𝑉𝑗(𝑡, 𝑦𝑗 , 𝑙𝑗 , 𝑠). (B.5)

That is to say, 𝑢*1(𝑡) and 𝑢*2(𝑡) are indeed the optimal investment-reinsurance strategies for the Problem 3.


	Introduction
	Model formulation
	Surplus process
	Financial market
	Wealth process
	Non-zero-sum game models setup

	Solution to the Non-zero-sum game
	Assumption
	Verification theorem
	Nash equilibrium and value functions

	Sensitivity analysis
	Equilibrium investment strategy
	Equilibrium reinsurance strategy

	Conclusion
	Data availability statement
	References
	Proof of Lemma 6
	Proof of Theorem 4

