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THE INVESTMENT AND REINSURANCE GAME ON ASSET-LIABILITY
MANAGEMENT WITH COMMON SHOCK DEPENDENCE UNDER CEV
MODEL

Lu Li'*® AND ZHIJIAN Qru?

Abstract. This paper investigates the non-zero-sum stochastic differential game problem of opti-
mal asset-liability management (ALM) between insurers and reinsurers. Combining the investment-
reinsurance problem with the ALM, this paper innovatively studies the investment-reinsurance ALM
non-zero-sum game within the framework of the constant elasticity of variance (CEV) model under
common shock dependence. We allow the insurance companies to purchase proportional reinsurance
from reinsurance companies, and both companies can invest in a financial market composed of one
risk-free asset and one risk asset whose price process follows the CEV model. By innovatively intro-
ducing a class of stochastic liability processes associated with the volatility of risky assets, we obtain
the dynamic evolution of net wealth. Using stochastic control theory, we obtain an explicit expression
of Nash equilibrium strategy for the problem and a closed-form expression for the corresponding equi-
librium value function by maximizing the expected utility from the terminal net wealth. Finally, we
illustrate the effect of relevant parameters on the optimal investment-reinsurance strategy by means of
numerical examples.
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1. INTRODUCTION

In the field of actuarial science, reinsurance and investment strategies are currently very active areas of
research. On one hand, reinsurance is a critical component of the insurance industry, providing a mechanism
for insurance companies to transfer a portion of the risks. On the other hand, insurance companies can invest
surpluses into financial markets to make profits and enhance their market competitiveness. This has generated
significant interest in the research of optimal reinsurance and investment strategies. Liang and Yuen [18], Yuen
[36], Zhang and Siu [39] and Li [17] discussed the problem for maximizing the expected utility. Promislow
and Young [26], Schmidli [28], Cao and Zeng [37], Han et al. [14] studied studied the optimal investment and
reinsurance strategies of an insurance company for minimizing the ruin probability of the risk process. Gulnaz
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and Ugurlu [29] studied different portfolios by calculating their LPMs and concluded which portfolios are less
risky than the others. Ugurlu [31] considered a continuous-time principal-agent model on a finite time horizon.

Asset-liability management is a crucial risk management tool for financial institutions like banks, insur-
ers, and funds. It involves matching assets and liabilities while considering safety, liquidity, profitability, and
diversification. Liabilities have far-reaching impacts, and prudent asset management can help institutions turn
losses into profits. Therefore, the issue of asset-liability management has gradually attracted great attention in
the field of financial engineering. Sharpe and Tint [30] are the first studies on the asset-liability management
problem using portfolio theory under the mean—variance criterion. Since then, there has been a proliferation
of research on asset-liability management in continuous-time scenarios. Chiu and Li [6] investigated the asset-
liability management problem in which the risky asset price process and the liability evolution process are
depicted by geometric Brownian motion, and obtained the analytic equations for the optimal investment strat-
egy and the efficient frontier. Chen et al. [3] extended the above liability problem to the Markov switching
mechanism. Xie et al. [34] studied the asset-liability management problem in the continuous-time case, where
investor liabilities are portrayed by Brownian motion with drift and investor risky asset prices are described by
geometric Brownian motion, and then Xie [20] continued to extend this problem to the Markov mechanism. Zeng
and Li [38] investigated the asset-liability management problem under the jump-diffusion model and obtained
closed-form solutions of the boundary and optimal investment strategy. Chiu and Wong [5] applied Lagrange
duality theory and optimal feedback control theory to study the asset-liability management problem in terms
of risky asset returns and insurance claims, and obtained the closed-form solution of the optimal investment
strategy and the efficient frontier. Chang [2] applied a similar approach to consider a portfolio with endoge-
nous liabilities, and obtained the efficient strategy and efficient frontier. Pan and Xiao [23] studied the optimal
mean—variance asset-liability management problem with the stochastic interest rate and inflation risk. Wei and
Wang [33] considered asset-liability management with stochastic coefficients and obtained the time-consistent
optimal strategy. Zhang et al. [40] studied state-dependent risk-averse asset-liability management. Zhang et al.
[41] considered asset-liability management portfolio selection problem with debt ratio, and obtained open-loop
equilibrium strategy. Further, Peng and Chen [25] investigated the asset-liability management portfolios with
inside information under the mean—variance criterion.

In addition, utility maximization is also a very important decision objective in the study of asset-liability
management. Pan and Xiao [22] considered optimal asset-liability management with liquidity constraints and
stochastic interest rates in an expected utility maximization framework, and obtained explicit expressions for
the optimal solution under CRRA and CARA utility. Josa-Fombellida and Rincon-Zapatero [16] studied the
management of DB pensions with liabilities with the objective of utility maximization. Hu and Wang [15]
investigated optimal investment consumption strategies with liabilities under the value-at-risk constraint and
mechanism switching models. Pan et al. [24] investigated optimal asset-liability management for investors with
CARA preferences under the Heston stochastic volatility model. Chen et al. [4] considered the robust asset-
liability portfolio problem with mechanism switching under the CRRA utility. Yuan and Mi [35] investigated
robust optimal asset-liability management with ambiguity penalty. Ugurlu [32] studied the portfolio optimization
problem of an investor seeking to maximize his terminal wealth.

Although many scholars have investigated the ALM problem under utility maximization, there are still three
aspects worth discussing. Firstly, in the existing studies of asset-liability management, the subject of optimal
decision-making is a single agent. However, in the real economy, the behavioral decisions of competitors are
often taken into account when making decisions. Besides, the reinsurance strategy involves the interests of both
the insurer and the reinsurer. When an insurer seeks reinsurance, it must assess the reinsurer’s capacity to
provide adequate coverage. Likewise, the reinsurer must evaluate the insurer’s reinsurance needs. The strategic
decisions of insurers and reinsurers constitute a typical strategic interaction. Therefore, similar to Espinosa and
Touzi [11], Zhu et al. [43], and Dong et al. [10], we incorporate the game under relative performance into the
investment-reinsurance asset-liability management problem. Different from them, our goal is to maximize the
expected utility from the terminal net wealth, that is, wealth minus liabilities. Secondly, most papers assume
that different insurance businesses are mutually independent. But in real life, insurance businesses often have
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a certain degree of dependence. A prime example is the COVID-19 pandemic (or other natural disasters like
hurricanes or earthquakes), which can give rise to various types of insurance claims. Some research have proposed
that these cumulative claims may be interrelated through a common shock, which can capture the impact of
diverse insurance claims stemming from such natural catastrophes. Yuan et al. [36] studied the investment-
reinsurance problem in the case that the claim quantity processes were associated with a common shock. Zhang
et al. [42] considered optimal excess-of-loss reinsurance and investment problem with thinning dependent risks.
Third, compared to Pan and Xiao [22], Pan et al. [24] and Chen et al. [4], they consider stochastic liability
processes depicted by Brownian or geometric Brownian motion with drift, but in reality, liabilities generally
fluctuate with asset prices. Based on this, we consider a class of liability processes associated with asset price
fluctuations.

Inspired by the above works, this paper studies the non-zero-sum game between an insurer and a reinsurer
under the asset-liability management problem. We assume that the insurance company can purchase reinsurance
and invest its surplus in the financial market composed of risk-free assets and risky assets, where the risky assets
are characterized by the CEV model. Besides, we set a conditional dependence risk model, in which common
shocks depict the dependency between risks, that is, the insurance market is described by two-dimensional
dependent claims. Reinsurers can also invest in this financial market. Under the above background setting, we
consider the optimal investment and reinsurance ALM game problem with a common shock under the CEV
model. Applying the stochastic control theory in the game-theoretic framework, we obtain the corresponding
extended Hamilton—Jacobi-Bellman (HJB) equation. Furthermore, we derive both the explicit expression of
optimal investment-reinsurance strategy and the corresponding equilibrium value function. Finally, through
numerical simulations, we analyze the impact of model parameters on investment-reinsurance strategy, providing
theoretical guidance for asset-liability management.

The main contributions of this paper are as follows: (1) A class of stochastic processes of liabilities associated
with asset price fluctuations is considered. (2) Based on the risk sharing attribute established by the reinsurance
contract between the insurance company and the reinsurance company, we construct a non-zero-sum game
between the insurance company and the reinsurance company, which is different from the non-zero-sum game
between insurance companies in the existing literature. (3) Compared with Pun [27], we study two insurance
businesses with common shocks and analyze two reinsurance strategies influenced by some common factors,
thus making the discussion more realistic and complicated. (4) Combining the investment reinsurance problem
with the ALM, this paper innovatively studies the investment-reinsurance ALM non-zero-sum game within the
framework of the CEV model under common shock dependence. (5) We study the asset-liability management
game problem under relative performance, where the relative performance is based on net wealth after liabilities
are removed. (6) We give a verification theorem for the asset-liability management game problem under the
relative performance of net wealth.

The remainder of this paper is organized as follows: Section 2 constructs a mathematical model to illustrate
the non-zero stochastic differential game problem for insurers and reinsurers with exogenous stochastic liability.
In Section 3, by using stochastic control theory and solving the HJB equation, we obtain the Nash equilibrium
solution of the problem and the corresponding equilibrium value function. In Section 4, we analyze the effect
of the parameter depicting liability as well as the parameter characterizes relative performance on the Nash
equilibrium strategy by providing a numerical example. Section 5 concludes this paper.

2. MODEL FORMULATION

In this paper, we consider a filtered complete probability space (Q, F,P) equipped with a right continuous
and P-complete filtration {F;}¢c(o,7], where {F;};cjo,7) represents the information of the market available up to
time ¢. [0,T7] is a fixed and finite time horizon. P is the reference measure. All stochastic processes introduced
below are defined on the filtered probability space (2, F,{F;},P). In addition, we suppose that there are no
transaction costs or taxes in the financial and insurance markets, and trading can continuously occur.
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2.1. Surplus process

Suppose an insurer has an insurance portfolio that consists of two distinct insurance businesses, such as
medical insurance and life insurance. The claims arrival in these businesses can be modeled as dependent
Poisson processes with common shocks. Suppose that the random variables {L;,i = 1,2,...,} represent the
claim size from the first-class claim and assume sequence {L;,7 > 1} is independent with common distribution
Fr(), pr = E(L;), and p) = E(L?). {Y;,i = 1,2,...,} represent the claim size from the second-class claim
and assume sequence {Y;,4 > 1} is mutually independent with common distribution Fy (), uy = E(Y;), and
wy = E(Y?). The claim settlement process shared between the two insurance businesses is as follows:

N1 (t)+N(t) N2(t)+N(t)
Siy= Y L St)= > Y,
=1 =1

where {N1(t) + N(t) }+>0 and {Na(t) + N(t)}+>0 represent the number of claims for the first and second cate-
gories of insurance business up to time ¢, respectively. In addition, {N1(¢)}1>0, {N2(t) }1>0 and {N(¢)}i>0 are
independent Poisson processes with intensity Ay > 0, Ao > 0 and A > 0, respectively. Obviously, the dependence
of the two types of business is controlled by the common impact caused by {N(t)};>o. The larger A means the
higher degree of dependence of the two insurance businesses.

Similar to Liang [18] and Browne [1], for the convenience of calculation, we assume that the composite Poisson
process S1(t) and Ss(t) can be approximated by the following geometric Brownian motion:

dSl(t) = ax dt — g1 dB1(t),
with a; = (A + A\)E(L;), and 02 = (A; + A\)E(L2). In the same way,
dSQ(t) = a2 dt — 02 dBQ(t),

with as = (Aa + A\ E(Y;), and 03 = (A2 + A\)E(Y;?). Here B;(t) and Ba(t) are standard Brownian motions, and
the correlation coefficient of By (t) and Bsy(t) is denoted as:

AE(L;)E(Y) _ Auppy

VN NETD) (e + NEQR) 0103

where E(Bj(t)Bz(t)) = pt.
Therefore, the surplus process of the insurer up to time ¢ is given by

Rl(t) = RO + ct — (a1 + ag)t + JlBl(t) —+ O'QBQ(t),

where Ry is a deterministic initial reserve, and c represents the premium rate.
In addition, we assume that the premium rate of the insurance company is calculated based on the expected
value principle:
d = (14+0)M +X)p + (1 + 02) (A2 + ANy,

where #; and 0, are the insurer’s positive safety loads for the first and second class of claims. Besides, to be
protected from potential large claims, we suppose insurers can govern their insurance risks by buying propor-
tional reinsurance, but they can not get new business. Let ¢ (t)(€ (0,1]) and ¢2(¢)(€ (0, 1]) be the reinsurance
retention levels for the first class claims and the second class claims at time ¢, respectively. When a claim occurs,
the insurer pays ¢1(t)L; (or ¢2(t)Y;) and the reinsurer pays (1 — ¢1(¢))L; (or (1 — g2(t))Y;). The reinsurance
premium is given by

=1 =) +m)M +Npn + (1= q28) (1 +m72) (A2 + Ny,
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where 77 and 79 are positive safety loads for the first and second types of claims. Note that for the insurer,
q1(t)(€ (0,1]) and g=2(¢)(€ (0, 1]) correspond to a reinsurance coverage and ¢y (¢) > 1 (or g2(t) > 1) would mean
that the company can take an extra insurance business from other companies (i.e., act as a reinsurer for other
cedents). In general, suppose 1; > 0;, ¢ = 1,2 and 1; and 79 are positive safety loads for the reinsurer. After
reinsurance, the insurer’s premium becomes

=[1+n)q®) + 01 —m](A + Npr + [(1+n2)q2(t) + 02 — n2] (A2 + A py

We introduce a new standard Brownian motion dWy(t) such that we can express the combination of d B (t)
and dBy(t) using dWy(t). First, recall that for two correlated Brownian motions B (t) and Bs(t) with correlation
p, we can write dBa(t) = pdBi(t) + /1 — p?dBs(t), where Bs(t) is another independent standard Brownian
motion. However, in our case, we aim to combine o1¢q(t) dBy(t) + 02¢2(t) dBy(t) into a single term involving
dWy(t). The variance of the combined noise term o1q;(¢) dBy(t) + 02¢2(t) dBa(t) is

E\|(01q1(t) dB1(t) + 02q2(t) de(t))Q] = oiqi(t)” At + 03¢5 (1) At + 20102q1 () g2 (t) p dt.

We define dWy(t) such that:

0141 (t) dBl (t) + O'qu(t) ng(t) = \/O'%Q1 (t)2 + U%q%(t) + 20102q1 (t)QQ(t)p dWO(t),

where dWy(¢) is a standard Brownian motion. Substituting the combined noise term into the reserve process,
we get:

dRy(t) = cdt — qi(t) dS1(t) — q2(t) dS2(t)
= [(01 —m)ar + (02 — n2)as + a1m1q1(t) + asneqa(t)] dt
T /03a3 (1) + 03a3(1) + 201 (ga()p AWo ).

Using the given expressmn for = )‘gfi;;y, we can rewrite the square root term:
Vgt (t) + o363 (t) + 2q1(H)ga(t)p = \/(71‘11 ) + 03565 () + 2q1 () g2 () Aoy -

Then, the reserve process {Rl( ) }i>0 of the insurer evolves as
dR1(t) = [(01 —m)a1 + (02 — m2)az + armiqi(t) + aznzq2(t)] dt
T+ /03a3(0) + 03a3(0) + 201 (g (D) My AWo (1),

where Wy (¢) is a standard Brownian motion.
After selling the reinsurance contract, the surplus process of the reinsurer is

dRy(t) =" dt — (1 — q1(t)) dS1(t) — (1 — go(t)) dSa(t)
(1= qi(t))mar + (1 — g2(t))n2az] dt 2)
+ \/01 1= qi(1))* + 03(1 — q2()* + 2(1 — qu(£)) (1 — g2 () Ay AW (1),

2.2. Financial market

We consider a financial market that consists of one risk-free asset and one risk asset whose price process
follows the CEV model.
The price process of the risk-free asset is given by the following ordinary differential equation (ODE):

dSo(t) = rSo(t)dt, te0,T], (3)
So(0) =1,
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in which r(> 0) represents the risk-free interest rate.
Referring to Cox and Ross [8], Gu et al. [13] and Luo et al. [19], the price process of the risky asset follows a
constant elasticity of variance (CEV) model

(4)

dS(t) = S(t)[adt + 0 SP(t) AWy (t)], t€[0,T],
5(0) = so,

where «(> r) is the appreciation rate, o is the volatility coefficient and 3 is the elasticity parameter. The term
058(t) denotes the instantaneous volatility. If 3 = 0, the CEV model simplifies to a geometric Brownian motion
(GBM) model. If 3 > 0, the instantaneous volatility ¢S (t) increases as the risky asset price increases. If 3 < 0,
the instantaneous volatility 0S%(t) increases as the stock price decreases, potentially resulting in a distribution
with a fatter left tail. Therefore, in order to keep the risky asset price process positive, we let 5 > 0. W1 (¢) is a
standard one-dimensional {F;};>¢-adapted Brownian motion which is independent of W (t). We suppose r, a
and o are given constants.

2.3. Wealth process

In order to use capital efficiently, we assume that both insurers and reinsurers can invest assets in the financial
market. Suppose that there are no transaction costs or taxes for investment and reinsurance; financial assets
can be traded continuously; short-selling of the risky asset is not allowed, and the investment is not enough to
affect the prices of the risky asset.

Assume that X;(¢) and Xo(t) denote the wealth of the insurer and reinsurer at time ¢ € [0, 17, respectively;
m1(t) and 7o (t) represent the investment amount of insurer and reinsurer in the risky asset, respectively; then
X1(t)—m1(t) and Xo(t) —ma(t) represent their respective investments in the risk-free asset. Define the investment
and reinsurance strategy adopted by the insurer and the reinsurer as

ui(t) = (qu(t), g2(t), i (#)),  ua(t) = (m2(t)).

After a simple calculation, under the strategies u;(t) = (qi1(t), g2(t), m1(t)) and wua(t) = (m2(t)), the wealth
processes of the insurer and the reinsurer can be described by the following stochastic differential equations:

dXi(t) = W dSo(t) + 7;1((5)) dS(t) + dRy (t)
=[rX{" (@) + (a—r)m(t) + (1 —m)ar + (02 — m2)az + a1maqr(t) + aznege(t)] dt
+ (oS (8) AW () + \/o3ad () + 03a3 (1) + 2q1 (t)ga (t) A py AWo (2)
dX32(t) = Xy (t) m2(t) dSo(t) + m2(t) dS(t) + dRa(t)

S(t)
= [rX5?(t) + (= r)ma(t) + (1 = q1(t))mar + (1 — qa(t))n2a2] dt

+m2()o 87 (£) AW (1) + \/oF (1 = (1) + 03 (1 — a2()” + 2(1 = @1 ()(1 = g2 (1) Ay dWo(?).

To simplify the formula, we suppose

So(t)
)+

p(6) = /o2 (1) + 02a3(6) + 21 (Daa(t) My

and

pa(t) = /o2 (1 — (1) + 03(1 — @2(1))* +2(1 — @1 (1)) (1 — @2(t)) Az
Then the wealth processes of the insurer and the reinsurer can be expressed as

d)(il1 (t) = [’I“Xi“ (t) + (a— T)Fl(t) + (91 —m)ar + (92 — ’172)(12 + a1n1q1(t) + a2n2q2(t)] dt
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+ w1 (£)aSP () AWy (t) + p1(t) AWo(t) (5)
dX52(t) = [rX5* (8) + (o = r)ma(t) + (1 — q1(t))mar + (1 — g2(t))n2az] dt
+ ma () SP(t) AW (1) + pa(t) AWy(t). (6)

To make the problem more realistic, setting liability is also a common issue for both the insurer and the reinsurer.
In the financial market, debt is an important problem that investors will inevitably face. Different from other
literature, we assume that the insurer and the reinsurer face an uncontrollable exogenous liability related to
stochastic fluctuations. Let Lq(¢) and La(t) be the liability of the insurer and the reinsurer at time ¢, and the
evolution dynamics of these liabilities (L1 (t) and Lo(t)) are as follows respectively:

dLl(t) = a1 dt + anSﬁ(t) dWy (t) + 012 dWQ(t), Ll(O) =1l > 0, (7)
and
dLQ(t) = aodt + O'leﬁ(t) dWy (t) + 099 dWQ(f), LQ(O) =y > 0, (8)

where a; > 0 and as > 0 denote the debt ratio, o7 > 0 and o097 > 0 represent the volatilities of the
uncontrollable exogenous liabilities, and 12 > 0 and 092 > 0 represent the volatilities of the liabilities. Ws(t) is
a one-dimensional standard Brownian motion, which is independent of W7 () and Wy(¢).

Considering the liability problem, investors focus on the difference between the asset value and the liability
value. For convenience, we denote the net wealth of the insurer and the reinsurer as follows:

Yi(t) = X1 (t) — Li(t), Ya(t) = Xo(t) — La(t).

Thus, the net wealth processes of the insurer and the reinsurer are governed by the following stochastic differ-
ential equations (SDEs), respectively:

dY{“ (t) = dX}"* () — dLq(¢)
= [r(" () + La(8) + (@ = r)mi(t) + (610 — m)ar + (02 — m2)ag + armaqi(t) + aznaga(t) — aa] dt
+ (omy (t) — 011)SP (t) AW (t) — 12 AWa(t) + p1(t) AW (1), (9)
dY52(t) = dX52(t) — dLo(¢)
= [r(Y5" (1) + La(t)) + (o = r)ma(t) + (1 — qu(t))mar + (1 — q2(t)) 1202 — az] dt
+ (oma(t) — 091)SP(t) AW (t) — 029 AWa(t) + pa(t) AWy (2). (10)
Definition 1 (Admissible Control-measure Strategy). For any fixed ¢ € [0, T, the investment-reinsurance strat-
egy u(t) = uq(t) x ua(t) = (q1(t), g2(t), m1(t)) x (mw2(t)) is said to be admissible if it satisfies:

(1) {u1(t)}eejo,r and {uz(t)}ecjo,r) are {Fi}iepo,r)-progressively measurable processes, such that 1 > qi(t) >
0,1 > qo(t) > 0 for any ¢ € [0,T1;
(ii) for all t € [0,T] and Vv € [¢t,T], m1(t) > 0, m2(t) > 0 and

r 2
/t (772(1))55(1))) dv| < 400,

T
E/ (Wl(v)Sﬁ(v))Zdv < 400, E

Bty iy [ / @)+ (@) + (ra(0)7] dt| <+

Bty ' (ma(t)?| dt| < +o0;
0
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(iii) for V(t,y1,11,8) € [0,T] x R x R x R, Vv € [t,T], the state equation (9) associated with u; (¢) has a unique
strong solution Y;*! (v), which satisfies

1
2

{Et,yl,ll,s [SuplYf“ (U)IQ} } < 400,

where E} ,, 1, s[] is the conditional expectation given Y"'(¢) = y1, L1(t) = l1 and S(t) = s;
(iv) for V(t,y2,l2,5) € [0,T] x Rx R x RT, Vv € [t, T}, the state equation (10) associated with us(¢) has a unique
strong solution Y52 (v), which satisfies

1
{Et,y2,1275 |:SuP|Y’2u2 (,U)|2i| } 2 < +o0,
where E 4, 1, s[-] is the conditional expectation given Y;"(t) = y2, Lo(t) = l2 and S(t) = s.

Let U = Uy x Us be the sets of all admissible strategies, where U; and Us denote the set of all admissible
strategies of the insurer and the reinsurer, respectively.

2.4. Non-zero-sum game models setup

Game theory is an important discipline of operations research, which has been widely used in the field of
insurance in recent years. Through a literature review of the investment-reinsurance problem, it can be found
that in a competitive market, insurers and reinsurers will havea psychological tendency to compare with each
other, which can be depicted by relative performance. Therefore, due to the mind of rivalry, the insurer and
the reinsurer are concerned not only with their own terminal wealth but also with the differences between
them. Hence in this section, we will discuss the equilibrium investment-reinsurance strategy by constructing a
non-zero-sum stochastic differential game between insurer and reinsurer.

Following Espinosa and Touzi [11], we define the relative performance Y;“! () for the insurer and Y,*2(t) for
the reinsurer as follows:

VI () = (1— k)Y () + m (Y (1) — Y32 (2)), (11)
Y2 () = (1 — k) Y32 () + ra (Y5 () — Y (1)), (12)

where k; € [0,1],7 = 1,2 represents the intensity of the insurer’s and reinsurer’s relative concern between each
other, the larger x; is, the higher the degree of dependence between the two companies. Together with equations
(11) and (12), we derive

AV () = AV} (1) — iy AV (1)
= {T(ﬁul(t) + L (t) — fﬁLz(t)) + (=) (t) + (01 — m1)ay
+ (02 — m2)ag + a1mqi(t) + aan2qa(t) — a1 + K1az
—(a—r)ryma(t) — (1 — qu(t))k1mar — (1 — Q2(t))/‘61772a2} dt
— (012 — K1092) AWa(t) + (p1(t) — k1p2(t)) AW (t)
+ (om (t) — 011 — K10 (t) + K1091)SP (1) AW (1), (13)
AV (1) = Y3 (1) — rp dY}" (1)
= [7“ (372“2 () + La(t) — K2L1(t)) +(a—r)mt) + (1 - qt)ma
+ (1= ga(t))m2a2 — g — Ka(a — r)my(t) — k(61 — m)ay
— k22 — m2)as — Kea1mqi(t) — K2a2m2q2(t) + Koo | dt
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— (022 — K2012) AWa(t) + (p2(t) — Kop1(t)) dWo()
+ (oma(t) — 091 — Kooy (t) + Koo11)SP(t) AW, (2). (14)
This study explores the non-zero-sum game problem with ALM based on the expected utility criterion.
Under the criterion of expected utility, investors assess the risks and returns of various strategies by using
utility functions. As a stable combination of strategies, the Nash equilibrium can balance risks and returns to
a certain degree, thus assisting investors in reducing their overall risks.
We assume that the preferences of the insurer and the reinsurer are described by the following exponential
utility functions:

1 j 1 )
Ur(§1) = ——e NI Uy (gp) = ——e 202,
71 Y2

where v; > 0 and 72 > 0 represent the constant absolute risk aversion coefficients of insurers and reinsurers
respectively.

Investors aim to maximize the expected utility of relative net wealth at the terminal moment. Referring to
Cyert and Degroot [9] and Colombo and Labrecciosa [7], we define the objective functions of the insurer and
the reinsurer as follows:

TGy, y2,1,8) = By o n,sy U (V(T) = 52Y52(T)], (15)
and
Jo (v Y2, b, 8) 1= By, o a0y Ua (Yo" (T) — 52V ()], (16)
where Ey y yo10,61 ] and Egg . oo, 53 [-] represent the conditional expectation given by
(Y1 (1), Yo" (2), La (8), S() = (y1, 92, 11, 5),

and
(Y1 (1), Y52 (1), L2(t), S(t) = (y1, 92,12, 5),

Definition 2 (Nash Equilibrium). For V(uy,uz) € (U, Uz), the admissible investment-reinsurance ALM strat-
egy is said to be a Nash equilibrium if it satisfies:
thu2 (ta Y1,Y2, 117 S) S J;h,uz (ta Y1,Y2, lla 5)3
ng’U2 (t7 Y1,Y2, 127 S) S J;I’ug (t’ Y1,Y2, l2a 8)'

Problem 3. The objective of the non-zero-sum stochastic differential game between the insurer and the rein-
surer under the expected utility criterion is to find a Nash equilibrium strategy such that:

max By, [Us (T (D) 19 (8) = g, L (8) = 11, S(8) = s,

ma B0 [Ue (V32(T)) 952 (0) = o Lalt) = 1o, S(8) = 5]

(17)

For any given that Y (t) = g1, Yy (t) = 92, L1(t) = Iy, Ly(t) = Iy and S(t) = s, by applying stochastic
control theory, the value functions of the insurer and the reinsurer which are given by (15) and (16) respectively,
can be rewritten as follows:

Jl(t,glalh ) J 1 u (t yl’lh

5)
= s Ett g, 0,5 }[?/ﬁ (Yul )|Yu1( ) =01, La(t) =11, S(t) = 3}7

JQ(t7Q271278) = J;UuZ(tng;les)
= sup E{t,uz,lz,s} U (Yu2 ) Yu2 (t) = g27L2(t) = l27S(t) = S:|

uz €U2
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We refer the admissible strategies u] and u} to as the competitively optimal reinsurance and investment
strategies.

3. SOLUTION TO THE NON-ZERO-SUM GAME

In this section, we derive the explicit solutions to the optimal investment-reinsurance strategy and the cor-
responding equilibrium value function.

3.1. Assumption

To present the extended HJB equations conveniently, we define two variational operators.

Denote that C1222([0,T] x R x R x R) is the space of any function ¢(,,[, s) such that ¢(¢,9,[,s) and its
derivatives ¢t(t7 Y, l7 5)7 ¢Q(t7 yv lv 5)7 ¢l(t7 yv l7 5)7 d)s(t; :’37 la 5)5 ¢Q§l(ta gv la S)a ¢ll(t7 ga lv 5)7 ¢ss(ta ga la 5)3 ¢Ql(t7 ga la 5)7
¢ys(t,7,1,5), dis(t, 9,1, s) are continuous on [0,7] x R x R x R.

For the value function J (¢, 91,11,s) € C%*%2 the variational operator is defined as follows:

o1
LT (t, g1, 1, 8) = + [r(f + = rale) + (o = 7)(m1(t) — Kama(t)) — o + k1o

ot
+ (61 —m)ar + (02 — n2)azs + a1 qa (t) + a2772q2(t) (1—qi(t)k1mas
oJ oJ
— (1 — ga(t))R1mpan] 7 + as—— [ o1 — K1022)” + &1 (1)
8y1 Js
8 J 1 9%J
+ (omi(t) — 011 — K1oT2(t) + K1021) 5> agﬁl +3lo ot18™ + oty alfl
+ [(om1(t) — 011 — Kiome(t) + K10 )(7525"’1]ﬂ
1 11 1072 1021 95105
+ [(O’?Tl(t) — 011 — Hldﬂ'z(t) + H10'21)O'11826 — (0'12 — 1*110'22)0'12]
82J1 ]. 2 2ﬁ+28 Jl 2ﬁ+1 8 Jl
1
o0l 2 92 107 L0s (18)
where
&(t) = (p1(t) — kapa(t))®
2

= Z[(l +k1)ai(t) — k1)o7 + 2\ py H[(l + k1)qi(t) — k.

For the value function Jy(t, 9z, l2, s) € C1*%2 the variational operator is defined as follows:

X aJ. X
L2 Jy(t, 92,12, s) = 87; + {T(y2 + 1o — koly) + (oo — 1) (ma(t) — Komi(t)) — 2 + Kooy

— ka(01 —m)ar — K202 — n2)as — Kear1niqi(t) — Kaa2m2q2(t)

0Js 0Js 0Js
+ (1= q(t)mar + (1 — q2(t)) 2612} 97 + as—= + 0426,712
1 02 J.
+ 5 [(Jﬂg(t) — 091 — I€207T1(t) + 52011)282ﬁ + (022 — I€2012)2 + fg(t) W;
2
1 0% J, 1 0% J,
+2 2 254‘2 s —— +§|: 2182B+ 22] al%

268+1 0%J2
]832283

+ [(O”]Tg(t) — 0921 — :‘<L207T1(t) + Ii2011)0$
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—+ (O’7T2(t) — 021 — Iigdﬂl(t) —+ I€20'11)0'21$2ﬁ
2 9% J.
— — 2 26+1 Y Y2 19
(022 H2012)U22} D520l + 00218 91205 (19)

where
&2(t) = (p2(t) — Kapa (1))

2 2
= [(—r2 = D)ai(t) + 1207 + 2y [[I(—1 = m2)as(t) + 1].
i=1 i=1
3.2. Verification theorem

According to Fleming and Soner [12], if the value function J;(t,9;,1;,s) € C1%22([0,T] x R x R x R), then
Ji(t, §i,l;, s) satisfies the following extended Hamilton—Jacobi-Bellman (HJB) equation:

sup Euit]i(t7:l)i,li,$) =0, Jl(T7 gji,li,s) = Ui(yAi)7 1€ {1,2}. (20)
u; €U

The following theorem provides verification for the extended HJB equation associated with the Problem 3.

Theorem 4 (Verification Theorem). Suppose that V;(t, i, li,s) € CL222([0,T] x R x R x R) is a classical
solution to equation (20), i.e., Vi(t,§i,l;, 8),1 € {1,2} satisfies the following HIB equation

sup {Lulm(t,@l,l“S)} = 07 W(T7givlia8) :Z/[Z(Q’L)a (21)
u, €U;

then we have J;(t, §i,li, 8) < Vi(t, Ui, l;, 8) for an arbitrary admissible strategy u; € U;. Furthermore assume that
there exists an optimal strategy u; € U; such that

u; € argsup{L"“V;(t, §i, li, $)},

then Vi(T,4;,1;,8) = Ji(T, §i, i, s) if u; = uf. Hence uf and ub are indeed the optimal strategies for the insurer
and the reinsurer.

Proof. See Appendix B. a

3.3. Nash equilibrium and value functions

In the following, we derive the explicit solutions to the HJB equation (20), the expressions of the Nash
equilibrium strategies, and the corresponding equilibrium value functions for the problem have been obtained.
According to Theorem 4, the equation (20) can be rewritten as

o0J . "
sup {8; + [T(y1 + 1 = kaile) + (@ —7) (71 (t) — ka5 (1) — o + Kio

u1 €U
+ (61 —m1)ar + (02 — n2)az + a1niqr(t) + azn2qz(t)
o0J o0J o0J
—(1=q(t)k1mar — (1 — qg(t))mngag} 87‘1)1 + ozsa—s1 + alﬁj
1 02J
+ - [(Um(t) — o1 — k1T (t) + k1021) %0 + (012 — K1022)" + 51(15)} 7@1
2 o1
1 2s2ﬁ+2 82J1 82J1

1 2 .2 2
e et T ot o)
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8%J
+ [(om1(t) — 011 — K1oms (t) + /11021)0326“] W@ls
+ [(07'(1 (t) — 011 — k1oma(t) + nlagl)allszﬁ
82J1 28+1 82Jl
_ _ v I 22
(012 N1022)U12] 900, + 00118 81185} 0, (22)
and
0Js . *
sup 2+ [ (U2 +la — Kal1) + (@ — 7)(m2(t) — K2mi (1)) — a2 + Koo
w1 €Uy 8t
— Rko(01 — m)ar — ka(02 — M2)as — kearm g (t) — Keasnags (1)
6.]2 8J2 8J2
=g O)man + (0= a3 (1)maz| 522+ as5 2 +0a
1
+ 5 [(Uﬂg(t) — 0921 — /iQO'ﬂ'I(t) + /620'11) s20 + (0'22 — /4320'12)
102 L g @ 1y 827,
+60] oz Ta0f o talons tonl e
8% J,
+ [(U?Tg(t) — 091 — koo (t) + 52011)052[“1] m
+ [(Uﬂg(t) — 091 — koomy (t) + figan)crglsw
92Js $26+1 0°Js
- - Fyerys = 2
(022 52012)022} B0l + 00218 81285} 0, (23)
where
2 2
&(t) =Y l(—ra = i (1) + %07 + 2urpy [JI(=1 = r2)gi (1) +1].
i=1 i=1

To solve equation (20), by applying the first-order condition and differentiating the expression inside of the
bracket of the above equation (22) w.r.t. m1 (), q1(¢) and g2(t) respectively, and differentiating equation (23)
w.r.t. m2(t), we obtain the following equations for uj(t) = (75(t), ¢} (¢), ¢5(t)) and u3(t) = (w3(t)):

02J
(o= 1ot + (om) = o = maom0) + mom)as®? O
02J
2 2841 1 23 1
+ 95005 o1 ggan, ~V
oJ 02J
arm o= + [20(1+ £1)q1(t) — K1)t + 2y (1 + £1)q2(t) — £1)] S5 = 0,
o 097
oJ 02J
agn2ao- + [2((1+ £1)ga(t) — K1)0F + 2 urpy (1+ £1)qr () — £1)] g =0,
o 097
oJ: 02 J.
(=) 32}2 + (oma(t) — 091 — Kaomi () + Kaor1)os?P 81&;
2 28+1 07 o5 0o




INVESTMENT AND REINSURANCE GAME ON ALM WITH COMMON SHOCK DEPENDENCE UNDER CEV MODEL 3925

Then we can derive

2
e —(a— 7“)851 o?s?0 - Jal —oons ﬂa?ylgﬁl 011 — K1021 .
™ (t) - 23 82J1 + p + K1y (t)7
25 557
2
1) —a1771% —2Apppy (14 k1)ga(t) — ﬁl)%éf%l Lo
L 20%(1 + 1) T+
2
(h) = —agn G2z — 2 pppy (14 k1)ar () — 51)63;%2 LM
* 203(1 + 1) T+
2
—(a— 7‘)3‘]2 0252ﬂ+1 22Ty — 00828 2L _
m3(t) = 2905 TR S L O

2.230%J2 o
ag°s —
093

Inserting (24)—(26) into (22), we have

01 .
o + |71 + 11 — k1la) — o + K1 + (01 — n1)ar + (B2 — n2)az
2
+la—7) —(a— 7') BJl — o252t 8ay 4 —oons™ 8?}131 i 011 — K1021
0282588]21 o
Yi
" " oJ
+a1mqi(t) + aznags(t) — (1 — ¢y (t))kimar — (1 — g3 (t))ﬂﬂlzazl GTQI
OB A1 R 9%,
tasz=+a Va0, t3 (012 — K1022)” + & (t)} 9 + 001182“173[188
aJ 2.26+1 8%J 28 8%J
—(a—r)gp —o*s g —oons? g | 0% i 10282ﬁ+252=71
%QQJ%I 8y135 0s?
fi) o 8%
+ (Oé _ 7”) 8J1 0?5 a?31J(915 B 0011826 3?)131 o111 — ( - )
527, 11 012 — K1022)012
o9
6y%

2
R 2.28+1 0% 28 921
02, [ (a—r)g5 —o°s 5oas — 001157 5

1 y10s 091014
+ = D) [ 113 +0'12] 812 + 20-2826 82]21
oy

Substituting equation (27) into equation (23), we derive

o1

It (g2 + lo — kaoli) — ag + Koar — K2(61 — Mi)ar — ko (B2 — M2)as

dJs 2 .28+1 9%Js 28 _9%J>
—(a—r)5:2 —0°s — 00915P = Oo1 — Koo
9520 95201 21 2011
+ (a _ ’I“) ( P Y20s Y20i2 +

02528 %?gz o
* * " N 0Jsy
— Raa11 qy (t) — Kaaan2q5(t) + (1 — qi (t))mar + (1 — g3 (t))n2a2 Dia
8 Jo 8J2 1 9 N 02 J, 0% J,
+ o 8 + « 812 + = |:(O'22 — Ii20'12) + 52 (t) 4(9@7% + 00918 234—1 6l268

0% J,
09101y

=0.

(24)

(25)

(26)

(27)

(28)
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23 8% J,

_ 8J2 2.26+1 8% Js _ 2 2

—lo )G — 0TS o5gs — 00N ggn 0Py 1 5 55,0%);

+ s + —o?s?Pr2 2

32:]2 0Y20s 2 0s?

8y2
N\ 92 2 .28+1 9%Js 28 _92%Js 9
—(a—r)g —0o°s 95205 — 002157 55250, 0% Jy
+ 27 021 — (022 — K2012)022 |
o 83}22 8y2812
2

2
2.26+1 8%Js 28 _8%Js
oS 95205 992157 35551,

a —r)2L
8J2+{( 5 : =0, (29)

1
+5 5 [‘721525 + 22]

ol3 202325%%2
where
£(t) = —a1mo3§ ay1 + agmeApr py 2;; %le — 2)\2NL/14Y}€168 63 + 2k10202 ”
20703 (1 + K1) — 2A2ud i (1 + k1) G2 %"’yJ ;
—a277202 ay2 T amMLpy gii 63sz - 2)‘2/‘1:#%/“ aa‘]zl a9 2 + 2%310102

g(t) = 227, 027, (31)

20303(1 + K1) — 22202 43 (1 + K1) 57 532

In order to solve (20), by the exponential utility function depicted by the subsection (2.4), we assume the
value functions Jy (¢, 91,11, s) and Ja(t, §a, l2, ) of insurers and reinsurers have the following forms:

. 1 F(T—t)
Ji(t g1, 0, 8) = R exp{f'yle T + 1, + f1(t,1)] + a1t 3)}7 (32)
and
" 1 P(T—t) [
Jo(t, 9o, l2, 5) = 5, eXp{—”Yze [J2 + l2 + fa(t, l2)] + galt, S)}7 (33)

where f1(T,11) = —l1, fo(T,l2) = —la, g1(T,s) = 0 and ¢o(T, s) = 0, then we have the corresponding partial
derivatives:

a.J; , of: aJ;

i e T (g 1 11 £y — mper(T—0) O i T g
8t |:’YZ7’€ (yz + 7 + fz) Vi€ 6t n :| 2] 8@] i€ Jza
aJ; YN oJi _ o9, O

i r(T—t) 9Jj o9; — ~2p2r(T—1)

o, i€ < al; >J s~ 05" y]2 = i€ Ty
O Ji 2 2r(T—t) of; ’ f
C | A2e2r(T=t) [ L ) (Tt 20T
a2 [%e ( + ag-) ne e |
9%J; 726270(T t) % 829] ag] J
7,01, o o
0%J; _ of;\ Og; 0% J; 89
L (T 2 J — _er(T-0 %9
oL,0s € < T >a boBges T € s

Substituting the above partial derivatives into (28) and (29) yields
_ 0 a—71)o -1 \ O
er ™ [Tfl _on <Oé1 _laznon a) 2 — k1o1202716" t)) Wfll

n oy o= (0" 0115* + 01, O fu . Kio3m o (T—1)
. SR 2
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— dg1 ('3
+rrgls + (= 1)K1021 _ L9, 991
o ot 5‘3
22942 g1 (o= r)?
2 952 952528 + 1nf {Hl(ql,qg7 )} =0, (34)
and
0 a—r)o 0
e @0 g, OF2 (@ IOn e ) OF2
ot o Ol
2 2 28 2 A2 2 2
0% (T Ofa\" 031877 + 03,0 f2 | K3019%2 p(1—1)
T e (az2 > oz "2 ¢
(a— 7’)/?2011 092 a92
I, 4 X T T)R2011 992
+ TRat1 + Kooy | + Ot +r 83
252642 920 (o — 1) .
2 052 202528 + Hs(q7, 43, 1) = 0, (35)
where
Hi(q1,q2,t) = me" T [— (61 —m) — (02 — m2) — armqy — aanage
1
+ (1 = q1)kimar + (1 — g2)k1m2a2] + 5{[(1 + k1)@ (t) — k1]%0?
+ (14 k1)ga(t) — k)03 + 22 p ey [(1+ K1) qr () — k1]
(14 F)aa(t) = k] prde?r 0, (36)
and
r(T—t

Hy(q5,¢3.t) = 72" "7 [12(01 — m)as + ko (02 — 12)az + Koarmiai + Koasmoqs

* * 1 *
~ (1= ghmar — (1 = g3)maz] + S {[(~rz = V)ai + 1707

2
+[(—r2 — 1)g3 +11%03 + 2\ uppy [(—k2 — 1)gf +1]
[(—#2 = 1)a3 + 1] r3e2r @0, (37)
By differentiating the above equation (36) w.r.t ¢1(¢) and g1 (t) respectively, we can derive
OH _ 7(
Wll = (14 r1)me’™ t)[ arm + {[(1 + k1)qr — s1]of + Auppy [(1+ k1)ge — k1] pr7e T t)}
0H, r(T—t) 2 2r(T—t)
e (14 K1)7e [ asna + {[(1+ K1)g2 — K1los + Auppy [(1+ k1)qr — k1l jrie }
0%H, -
o = 02(1 + r1)*y2e? (T-1),
0%H, -
o = 02(1 + r1)*y3e? (T-1),
0%H,
-1 A 2,2r(T—t)
90,00 (1+ m1)*ApLpyie
Then we have following Hessian matrix:
821Z1 9% H, 9 \
9q7 01092 | 2_2 2r(T—t) 251 mrL by
O2H, 2ty | (14 k1) e ANLL by 032

9q29q1 943
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By Yuen et al. [36]

ot Apr fry
ALL Iy U%

is a positive definite matrix. By the first-order condition, we derive

Ay R1

AQ K1
- + )
(1+r1)yeT-DA3 145K

(1+ Kk1)yre"(T—1) Az + 14k’

Q1 (t) = G (t) = (38)

where Ay = o3a1m — Apppiy aznz, As = ofasnz — Auppy ain, As = 0505 — N2p3 py.
Note that if ¢; < ¢; then %1;1; < 0 and if ¢; > ¢; then %ZI: > 0, beside a;qul > 0. Therefore Hi(q1,q2,t) has

i

the a minimum point at (¢, ¢2).

Remark 5. Note that for the insurer and the reinsurer, ¢;(t) € [0,1] and ¢2(¢) € [0, 1] correspond to a rein-
surance cover. If 0 < §;(t) < 1, then the equilibrium reinsurance strategy q; (t) = ¢;(t)(t); if ¢;(¢)(¢) < 0, then
qi(t) = 0;if ¢;(t)(t) > 1, then ¢ (t) = 1; this case means that the company can take an extra insurance business
from other companies (i.e., act as a reinsurer for other cedents).

Next, we discuss the equilibrium investment-reinsurance strategy w(¢) under different cases.

Substituting (38) into equation (34) and separating the variables of equations (34) and (35), we can derive
the following equations:

rfi— Bf1 _ (Oq — le=ron _ n1012022’716r(T7t)) %

[ea

o2 _ o 2 o? szﬁ+172 62 k202 _
+ e (TO(Gf ) — SR R o moer (1)

(39)

+reils + (Q_T{# — k1 =0, f1 (T, 1) = —l1,

2 2842 52 _
8_1]1 +7"58g1 +US 8382 (izrfz)ﬁ +H1(Q1,1127 ):0,91(T,5):O,
and
rfo — % — (az - 7@72)021 - /’62022012’7267”@%)) ngj
2 -\ 2 28 2 2
+ %7267‘(’1—'—1‘.) (%) B 03,5 +<722 3611;2 + n2021272 er(T—t) (40)

+7rrgl + 7( D200 oy =0, fo(T, 1) = —la,

2 2842 52 _r)2
992 ypsf2 p P00 (0ot 1 H(gl,¢5,t) = 0,92(T) 5) = 0.

Since the structure of the value functions Ji(¢, 91,01, s) and Jao(t, 41,11, s) is given, as well as the boundary
conditions of f;(t) and g¢;(t) are given, it is natural to assume

it 1) = Fi(t)l; + Gi(t), (41)
gi(t,s) = Pi()s™*7 + Qi(t). (42)
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Substituting equations (41) and (42) into the terminal value problems (39) and (40), combining the boundary
conditions f;(T,1;) = —I; and g;(T,s) = 0, we derive the following equations:

rFy(t) — 450 — R(T) = -1,

TGl(t) o delt(t) + |:(0t—(7;)0'11 + 510120'22'716T(T_t) — o Fl(t)
(43)

2 2 2
+ %”er(T*t)(Fﬂt))z + S22 71" T8 4 rgyly + 7@#?1021
— k1021 = 0, G1(T)=0
2
LD = (208 - 0?8268+ 1)) () + 55, P(T) =0, "
9O — _H)(qf,q5.1), Q.(T) =0
and

ry(t) — 20 — o, Fy(T) = —1,

TGQ( ) dG2(t) + [(Q*Z)Uél + KQO’QQUlQ’YQ@T(T_t) — Qg FQ(t) ( )
45

+ %290 (T=0 (Fy(t))? + E212er(T0) 4 sl + (2T0m2oms

— Ko011 = 0 GQ(T) =0.

sz(t (27'6 ﬁ(2ﬁ+ 1)) ( ) + ( )2’ PQ(T) _ 07

J (46)

Qd2t(t) = _HQ((]T, q;a t)v QQ(T) =0.

According to the boundary conditions and the solution of the corresponding differential equations, we obtain:

Bi(t) = Fa(t) = =70,
G (t) — _M _ _ @_ (T N t) + H%U%QPYl (1 o 62T(T7t))
' L o ! 2 | 4r
1 (v —1)K1021 (=0 | —r(T—1)
T |F1o2022m Tl — Y + K1022 (1 —e ) e ,
r 2 . 2 2
Ga(t) = M — e — 92272 (T — 1)+ K3071272 (1 B QT(T%))
i o 2 | 4r
1 (a — 7“):‘4320'11 r(T—t) —r(T—t)
— o |K202201272 — Tholy — T t R0 (1 —e ) e ,
(o — 7)? [e—(Qrﬁ—azﬁ(2ﬁ+l))(T—t) _ 1}
Py(t) = Pu(t) :

5);43(s), s) ds,

$),q5(s),8)ds.

drfo? —2043(28+ 1)
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Substituting the above results into equations (24) and (27), we derive

N (=7 —202BP(t)) (v2 + 1161) + (k1021 + 011)05% 7172 (1 — GT(Tft)) 011
mi(t) = — + — (47)
(1 — K1k2)o 8Py yper(T—1) o

(o =1 —202BPs(t)) (71 + v2k2) + (k2011 + 021)05Py172 (1 — €7 T—1) Lo

* t —
m2 (1) (1 — K1k2)o82Py e (T—1) o

; (48)
and the corresponding equilibrium value function is

. 1 —t)re )
Ji(t, Gisliys) = —— eXp{—%'@T(T Dgi + 1 + filt, ;)] +9i(t’5)}7 i€{1,2},
3
where f;(t,1;) and g;(t,s) are given by (41) and (42), respectively. Note that the investment strategy and the
reinsurance strategy are independent.
To guarantee that the insurance retention ¢, (¢) and g2 () are non-negative, we give the following lemma.

Lemma 6. The parameters A, A1, A2, pir, py, py, and py- are given in Section 2 above and satisfy the following
inequalities:

ALy az

o202 > /\2 ul — <1<

12 o o5 w ALty a1

Proof. See Appendix A. |

O'% as

Considering that ¢;1(t) and go(t) are non-negative, according to Lemma 6, the following cases need to be
discussed.
Apppy  (A+d2)py
AMA2)ply (A1) pr

Apppy  (A+A2)py QA )uL O4+A2)py .
Case 2. For il A 2 <M< SNy Oanar 12y We have m; > 0 and mg > 0;

Case 3. For n; > (’\AZil:gL E’)\\i’)\j;ﬁ’; 12, we have my > 0 and my < 0.

Case 1. For n; < ( N2, we have my < 0 and mo > 0;

A a277201—a1771/\HLHY

2
A; _ aimioy—asmeAiLpy _ _
L 2 and my = Q2= 2,72
3 oios—N2uipi

Here m; = As T T oZolNuiul
Furthermore, we suppose that

T, Ay < (1 + K1)714s,

t1 =T — %h’l W?ﬁ, (]. + 1{1)’}/1143 <A < (]. + /il)'ylAgeTT, (49)
0, A1 > (1 + k1)1 Aze’™
T, Ay < (14 K1) A3,

to=CT — %1 Mﬁﬁ (1 + KJ1>’}/1A3 < Ag < (1 + Hl)’ylAgerT, (50)
0, Ay > (1 + k1)1 Aze™

Next, we discuss the optimal reinsurance strategy and Q;(t) in different cases.
A2
Case 1. If 1 < ()\)\fALSZ/y EAi/\i;ZZ 72, we have A; <0 and Ay > 0.
(1) When 0 <t < tg, the equilibrium reinsurance strategy and Q;(t) are (q¢;(t),¢3(t)) = (0,¢2(t)), Qi (t) =

ft O QQ )ds

(2) Let t21 = T — ;1 n[(Hm)%jé?iuLuy YL then for to < t < t91, the optimal reinsurance strategies

and Q;(t) are given by

q>1k (t) =0,
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r(T—t) T—t)

g (p) = 222t K1Y V1€ + r103ye”
2 y1e"T=(1 + k1)o2

T
Q3(t) = / H;(0, 417 (5), 5) ds. (51)

(3) When to; <t < T, the equilibrium reinsurance strategy and Q;(t) are (¢;(t),q5(t)) = (0,1), Q3(t) =
ftT H;(0,1,s)ds.
Case 2. If ()\/\f)fz’;;,y Eii’)\:%iz Ny <M < (A/\-;illj:fi Eiiii;’;‘z 72, we have A; > 0 and Ay > 0, and we can note that
Al,AQ, Az > 0, thus (jz(t) > 0.
Case 2.1. A1 < AQ, then tl > t2.
(1) When 0 < ¢ < tq, the optimal reinsurance proportion are given by (38), therefore we can derive

)

T
Q?(t):/t H;(q1(s),q¢=2(s), s)ds.

(2) When t > to, we have ¢3(t) = 1, according to (34) and (36), in order to solve the equation (34), we
need to solve infy, 4,{H1(¢1,¢2,%t)}. Then, substituting ¢5(¢t) = 1 into infy, o, {H1(q1,q2,t)} and by
the first-order conditions we get

() = arm — Mippyne” "0 + wiofy e (52)
q1 = ,Yler(Tft)(l + Rl)J%
Let t1 =T — % 1In LU then for ¢ty <t < t11, the optimal reinsurance strategies
v v [(I+K1)oZHApLpy —K107)

and Q;(t) are given by

1*(t) _aim — AULNY’Yler(Tit) + HlJ%’yleT(T*t)

a4y = 1" T (1 + 1y)o? )

a2 (t) =1,

T
Qi) = / Hi(q(s),1,5) ds. (53)
t

(3) When t] < t < T, the equilibrium reinsurance strategy and Q;(t) are (¢} (¢),¢3(¢)) = (1,1) and
QS(t) = [ Hi(1,1,5)ds.
Case 2.2. A; > A,, then t1 < to.
(1) When 0 < ¢ < t;, the optimal reinsurance proportion are given by (38), and Q;(t) is the same as
Q(t).
(2) When t > t;, we have ¢{(t) = 1. Substituting ¢;(t) = 1 into infy, ¢, {H1(q1,¢2,t)} and by the
first-order conditions we get

2% (t) _ QG272 — )‘/J'LMY/VleT(T_t) + ﬁIU%’YIGT(T_t) (54)
L e TD(1+ k1)
Let too =T —11n az272 7, then for t; <t < 99, the optimal reinsurance strategies

T (k1) o3 FApLpy —K103
and Q;(t) are given by

) =1,

2¢(4) = asne — Muppyyie" T + kiodye
a2 ,yler(Tft)(]_ i /<61)U§ )

r(T—t)

Q1) = / H, (1, gd"(s), ) ds. (55)
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(3) For tgy <t < T, it is easy to see that ¢j(t) = 1,¢5(t) = 1, and Q;(t) is the same as Q%(t).

Case 3. If n; > (XJLEKL E’)\\i’/\\?;’;i 12, we have A; > 0 and As < 0.

(1) When 0 <t < tl, the equilibrium reinsurance strategy and Q;(t) are (q¢i(t),q5(t)) = (d1(t),0), Q8(t) =

ft (0, Ga(s), ) ds.

_ l ain . . .
(2) Let t12 = T ~In 71[(1+m)a%—;1j\muy—mo’f]’ then for t; < t < tyo, the optimal reinsurance strategies

and Q;(t) are given by

2y = AT ridpppy e T + Hmz%er(T’t)
n - y1e"T =) (1 4 Kk1)o? ’
q; (t) =0,
T
Qo(t) = / Hi(2*(5), 0, 5) ds. (56)
t

(3) When t15 < ¢t < T, the equilibrium reinsurance strategy and Q;(t) are (¢} (t),q5(t)) = (1,0), QI°(t) =
T
J; Hi(1,0,s)ds.
Remark 7. If A; < 0and Ay < 0, then the equilibrium reinsurance strategy and Q;(t) are (g3 (¢), ¢5(t)) = (0,0),
Qi (t) ft (0,0, 5)ds.

According to the above results, we can obtain the following theorem.

Theorem 8. For the non-zero-sum game Problem 3 with the exponential utility function, the candidate equi-
librium investment strategies of the insurer and the reinsurer are given by

(a—r—20%BP1(t))(v2 + 11k1) + (k1021 + 011)0PP 192 (L —e"T=0D) oy

* t) = —,

71 (1) (1— 51K2)08257w26r(:r—t) + o

w3 = (04 -7 = 2025P2(t))(71 + Yak2) + (k2011 + 021)03%7172(1 - €T(T_t)) + 021
2 (1 — K1k2)o 2By yeer(T—1) o’

2rB—c2B(28+1))(T—
where Pi(t) = Py(t) = (amr)® [Zrﬂ(o(; 20;;([;;_2)1() 21
The equilibrium reinsurance strategies and the corresponding equilibrium value functions are given under
different cases:
Case 1: A; <0,4, > 0.
The optimal reinsurance strategies are

(0,d2(t)), 0<t<ts,
(i (t),a5(t) = < (0,g3% (), t2 <t <ta,

(0,1), tor <t <T.
The equilibrium value functions Jy(t, 91,11, s) and J2(t, 92,12, 8) of the insurer and the reinsurer are given by
- eXp{ Y1e" TGy + I+ Fi(t)lh 4+ Gi(t)] + Pu(t)s™P + Q1(1)}, 0<t <t
Ji(t, 01, 10,8) = § == exp{—me" TGy + L + Fi()h + Gi()] + Pu(t)s™ + QF(1)}, ta <t <ta,
—exp{—mne" TG+ b+ Fi(t)h + Gi()] + Pi(t)s ™ + QF(1)}, tar <t <T,
and
— 5 exp{— —y2e" T D[y + Iy + Fa(t)lo + Gao(t)] + Pa(t)s 2P + Q3(1)}, 0 <t <ta,
Jo(t, g2, lz,8) = § —=- eXp{ Y2 TGy + Iy + Fo(t)ly + Go(t)] + Pa(t)s ™27 + Q3(1) }, ta <t < ta,
— s exp{— —v2e" Ty + Iy + Fa(t)lo + Go(t)] + Pa(t)s 2P + Q3(t)}, toy <t <T.
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Case 2: A5 > A; > 0.
The optimal reinsurance strategies are

(Al t), Ag(t)), 0St<t2,
(a1(t),a3(t) = { (ai*(1),0),  t2 <t <tu,
(1,1), t1n <t<T.

The equilibrium value functions Jy(t, 91,11, s) and J2(t, 92,12, 8) of the insurer and the reinsurer are given by

—texp{—me" TG + L+ Fi(t)h + Gi(t)] + Pi(t)s 7 + Q1(t)},
—Lexp{=me" TV [g1 + L+ Fi(t)l + Gi(t)] + Pi(t)s ™7 + Q3 (1)},
—Lexp{—me" T [g + L+ Fi(t)l + Gi(t)] + Pi(t)s 7 + Q5(t) },

Jl(t,ylvllvs) =

and

— b exp{—y2e" "I [g2 + l2 + Fo(t)lo + G2 (t)] + Pa(t)s ™% + Q5(1) },
— - exp{—2e" TV [go + Iy + Fa(t)lo + Ga(t)] + Pa(t)s ™7 + Q3(t) },
— L exp{—2e" " [ + l2 + Fo(t)l2 + G2 (t)] + Pa(t)s ™% + Q5(1) },

JQ(tag%l% S) =

Case 3: A1 > A5 > 0.
The optimal reinsurance strategies are

(q1(t), G2(t), 0<t<ty,
(), () =9 (1,g3* (1), 1 <t <ta,
(1,1), too <t <T.

The equilibrium value functions J1(t, 91,11, $) and Jo(t, 92,12, 8) of the insurer and the reinsurer are given by

—L CXp{—’)/ler(Tit) [,7;1 +l+F (t)ll + G1 (t)] + P (t)SiQﬁ + Q%(t)},
— - exp{— e TGy + 1+ Fu(t)h + Gi(t)] + Pu(t)s ™7 + Q1 (1)},
— L exp{-mne" TG + L+ Fi(t)l + G ()] + Pi(t)s ™7 + Q5 (1)},

J1<t7:g17l1a8) =

and

— - exp{—2e" T [go + lo + Fa(t)lo + Ga(t)] + Pa(t)s ™7 + Q3(t) },
— L exp{ 2" " [z + l2 + Fa(t)l2 + G2(t)] + Pa(t)s ™% + Q3(1) },
— - exp{—2e" T [go + lo + Fa(t)lo + Ga(t)] + Pa(t)s ™7 + Q5(t) },

J2(t7 :027l2a S) =

Case 4: A; > 0,45, <0.
The optimal reinsurance strategies are

(Al(t)vo)a 0St<t1,
(q%*(t), 0)3 tl S t < t12,
) tio <t <T.

(q1(t),q5(t)) =

0<t <t
ta <t <ti1,
dt1 <t <T,

0<1t<to,
to <t <t11,
t <t<T.

0<t<t,
t1 <t <ta2,
tog <t < T,

0<t<ty,
t1 <t <o,
too <t <T.
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—~

t, Yo, la, s) of the insurer and the reinsurer are given by

i+ GO+ P()s ™ +Q¥(1)}, 0<t<ty,
i+ G+ Pi(t)s 2P + QI(t)}, t1 <t <t
O+ G + Pit)s ™ +Q1°(1)}, tiz <t <T,

The equilibrium value functions J1(t, 91,01, s) and Ja
—exp{—me’ TG+l + 7
Jl(tvglall75): _7exp{ ’Yler(T t [Z/1+l1 +F1
—arexp{—me’ TG + L+ By

~ o~ o~

and
—712 exp{—v2e" T [io + I + Fa(t)lo + G2(t)] + P2(t)s 2P + Q5(1)}, 0<t<ty,

Ja(t, G2, 12, 8) = —L eXP{—’YQer(T_t) (G2 + lo + Fa(t)l2 + Go(t)] + Pa(t)s=28 + Q35 (¢) }7 t1 <t <tig,
- eXP{ —Y2e" TV [y + Ig + Fo(t)lz + G2(t)] + Pa(t)s™ 28 + Q3°(¢ )}a tip <t <T.

Case 5: A; <0,4, <0.
The optimal reinsurance strategy is (qi(t),q3(t)) = (0,0), and the wvalue functions Jy(t,91,11,s) and
Jo(t, 92,12, s) of the insurer and the reinsurer are

Ji(t, 91,11, 8) = —% eXP{—VleT(T_t)[ﬁl +h+ Fi(t)h + Gi(t)] + Pi(t)s™" + Q:{l(t)},
and

Ja(t, Ga, b2, s) = _712 exp{_%@r(T*t) (92 + Lo + Fa(t)la + Ga(t)] + Pa(t)s >’ + Qél(f)}’
where
filt,l) = Fi(t)li + Gi(t), gi(t,s) = Pi(t)s™2° + Qu(t),

) = Bt +Ga(t),  ga(t,s) = Pa(t)s™ + Qa(t),
Fi(t) = Fa(t) = —e (1),
Gi(t) = {202 —a — g (7 — ) 4 Hgan (1 - (T
- %[/‘61012022% —rkily — 4@4?1021 + "51022] (1 o er(Tit))}eir(Tit)’

Ga(t) = { [0 — ay — 2] (7 1) 4 MG (1 - (2000

_ %[520220-1272 — Tholy — (04*7“27/{2011 + 14320'12} (1 _ eT(Tft))}eﬂ"(Tft)7
(a—r)? [e—<2rﬁ—02ﬁ(2ﬁ+1>><T—t),1]
Py(t) = Po(t) = 1rBo?—257B(2B+1) ’

T *
Q1(t) = [ Hi(qi(s),q5(s),s)ds,
T * *
Qa(t) = ft H2(q (S) QQ(S)’S) ds,
_ ; ain
tn=T- T 71 [(1+K1)U +Apppy — mal]
_ l aim
ho=T-3 ‘Y1[(1+m o2 —riApuLpy —K103|’
_ l asn2
b = T - T 71 [(1+nl szlil)\/,LL/,Ly mlaz]
tep=T—+In [ 92172

Y1 [(A4r1) o3+ pLpy —K103]
Proposition 9. The optimal reinsurance strategies ¢1(t) and ¢a2(t) in (38) increase as k1 increases.

Proof. We can derive the first-order condition with respect to x; as follows:

S
drk; (14 k1)2yer@-DA5 (14 k)2’
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dg A, 1

drq T (1 + Hl)QvleT(T—t)A:; + (1 + :‘€1)2'

It’s clear that they are positive, so the optimal reinsurance strategies are increasing with ([l

From Proposition 9, we know that the equilibrium retained proportion ¢i(¢) and ¢x(t) are increasing with
the growth of x;. It is intuitive that a larger k1 means that the insurer becomes more competitive and more
concerned with relative wealth towards the reinsurer. That is to say competition makes the insurer more risk-
seeking. An explanation may be that may be that the insurer with greater competition sensitivity parameter 1
is more concerned about its expected terminal surplus relative to that of the reinsurer, and hence the insurer
tends to pay less reinsurance premium through retaining more risks, and then more capital could be accumulated
at terminal time.

Remark 10. From Theorem 8, we have the following conclusions:

i) The optimal investment strategy of the insurer can be divided into two parts, one for hedging the market risk
p gy p ) ging
(a—r—20%BP1(t))(v2+715K1)
(1—r1K2)os2Py y2em(T—1)
—(k10214011)08% P y172(1—e"T 1)
(1—k1k2)052By1yer (T—1)
The reinsurer has similar results.

(ii) The equilibrium investment-reinsurance strategies of insurers and reinsurers are related to the sensitivity
coefficient k;,i € {1,2}, which is the hedge components coming from the relative concerns, and this means
the insurer would imitate the reinsurer’s investment strategy. Specifically, if the insurer does not consider the
wealth gap between itself and the reinsurer, and similarly, the reinsurer’s amount invested in the risky asset
is negatively related to the risk-averse coefficient. Besides, from Proposition 9, it shows that the optimal
reinsurance strategy is quadratic in relation to x;.

(iii) When debt and game are not considered and let 5 = 0, the optimal investment strategy of the insurer and
the reinsurer are as follows:

in the investment such as

, and the other for hedging the debt risk in the investment

such as + 2L, So, the debt has a significant impact on investment decisions.

a—rTr
Wf(t):m,

a—r
W;(t):W'

This is consistent with the real economic phenomenon, because the insurer makes its investment strategy only
based on its own situation without considering the wealth gap. Meanwhile, the reinsurer’s investment strategy
only contains the standard part because it only considers its own wealth. This is exactly the optimal investment
strategy for CARA utility in Merton [21].

4. SENSITIVITY ANALYSIS

In this section, we provide some numerical examples focusing on the impact of the liability parameter and
the relative net wealth concern coefficient on the equilibrium investment and reinsurance strategy. Since we use
numerical methods to determine the optimal investment and reinsurance decisions, the parameter values need
to be specified. According to the model setting in Section 2, we assume that the claim size random variables
L; and Y; are exponentially distributed with parameters vy and vq, respectively, then pp = 1/v1, py = 1/va,
wy = 2/v? and p = 2/v3. Throughout numerical analysis, unless otherwise stated, the basic parameters are
given as Table 1.
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TABLE 1. Model parameters.

Financial market

t T r « 1] o s [e %1 [e )
0 10 0.5 0.08 1 1 1 0.07 0.04

o11 012 021 022 K1 K2 7 Y2

3 014 1 0.15 03 02 0.3 0.1

Insurance market

2 2 ’
2 ai a2 o1 o1 1229 Hy KL

1 1 05 04 025 0.2 0.125

v
5

1y A A1 A2 01 02 n 12
1 4 3 0.2 02 04 0.4

— — =01 — — kp=01
—— 5,202 — - kp=02

461 il B 1.9 e B

44 ~ 4 171 ~~

435 L L L L L L L L 165

FIGURE 1. The effects of v; on 7} (0).

4.1. Equilibrium investment strategy

We now investigate the sensitivity of the equilibrium strategies 77(0) and 735 (0) with respect to the constant
absolute risk aversion coefficient v; and the intensity of the relative concern x; by varying the parameters within
reasonable intervals. From Figure 1, it can be observed that as -; increases, the value of 7;(0) decreases. This
is because a larger value of 7; implies that the insurer and the reinsurer become more risk-aversive and thus
choose to invest less in risky assets.

Figure 2 shows the effect of o on the equilibrium investment strategy. It is easy to find that 7} (0) decreases as
the risky asset volatility o increases. In fact, the larger the value of ¢ is, the larger the instantaneous volatility
is, which means the more risk of investment, and thus the insurer and the reinsurer would invest less in risky
assets.

As shown in Figure 3, we analyze the effect of the expected return of risky asset o and the elasticity parameter
£ on the equilibrium investment strategy 7 (0). Note that 7 (0) increases with o and decreases with 3, a larger o
implies an increase in the return of risky assets, insurers and reinsurers will obtain more returns from investment.
Therefore, they would increase the amounts invested in risky assets. In addition, we can find that 7} (0) has a
negative relationship with 8. This is consistent with intuition. As 3 increases, s will be greater, which leads to
a larger expected decrease in volatility and an increased probability of a large adverse movement in the risky
asset’s price, which indicates that higher investment risk reduces the attractiveness of the risky asset. Thus,
they will invest less in risky assets to reduce risks.
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FIGURE 3. The effects of o and § on 7} (0).

To illustrate the effect of competition, Figure 4 depicts the effects of relative performance parameters k;, €
{1,2} on the optimal investment strategy 7} (0). From the subfigures, we observe that 7}(0) increases as x;
increases, a larger k; produces a riskier investment strategy in response to the competition. That is, the more
concerned about outperforming the competitor, the larger amount the insurer or the reinsurer would like to
invest. In addition, from the Figure 4a for the same level of k1, we can find that 77 (0) has a positive relationship
with ko: a larger ko implies that the insurer would face a higher competition intensity, and this also leads the
insurer to hold more shares. The reinsurer yields similar results to the insurer. Figures 1 and 2 also capture the
same effects of relative performance parameters on the optimal investment strategy.

Figure 5 provides graphical illustrations of the effect of the volatility of the uncontrollable exogenous liability
on the equilibrium strategy 7} (0). As can be seen in the Figure 5a, the value of parameter o1; determines the
magnitude of debt volatility of the insurer, holding all other parameters constant. A larger o1 will cause an
increase in debt. As a result, the insurer will tend to increase its investment in the risky asset to reduce the
debt. In the same way, from the Figure 5b, we can observe that the reinsurer has a similar result.

4.2. Equilibrium reinsurance strategy

According to the model parameters we have set above, we can derive that A; < Ay and As < (1 + k1)y143
always hold; therefore, we let t5 =T and the equilibrium reinsurance strategy (q; (t), ¢5(t)) = (¢1*(t), @2 (¢))-
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7(0)
o

FIGURE 5. The effects of 041 on 7}(0).

From Figure 6, we can observe that the equilibrium reinsurance strategy ¢ (¢) is inversely proportional to the
risk-aversion coefficient ;. A larger 7; causes the insurer to be more risk-averse; thus, the insurer will tend to
decrease its reinsurance retention level to reduce the claim risk. The phenomenon is consistent with the actual
situation and the mathematical conclusions.

The impact of the safety load n; on the equilibrium reinsurance strategy ¢F(t) is described in Figure 7. As
shown in the figure, an increase in the safety load 7; leads to an increase in the reinsurance retention level.
This is because a larger value of 7; implies that the insurer has a higher capacity to take on risk and makes the
insurer have more confidence to increase its retention ratio.

Figure 8 demonstrates how the equilibrium reinsurance strategy ¢} (t) varies with respect to o;. From these
subfigures, we find that ¢} (0) is a decreasing function of o; when k1 > 0. Note that a larger o; indicates greater
uncertainty and larger potential losses; thus, the company may decrease its retention ratio to diversify risks by
purchasing more reinsurance contracts.

In addition, Figures 1-8 reveal the equilibrium reinsurance strategy as increasing functions of the relative
performance parameter k1. A larger k1 means that the insurance companies are more sensitive to competition;
thus the insurer intends to purchase fewer reinsurance contracts to win in a higher degree of competition.
Therefore, the insurer may bear more risk due to more claims resulting from purchasing fewer reinsurance
contracts, while obtaining a higher terminal wealth and thus a higher probability of beating its competitor.

Figure 9 illustrates the impacts of the parameters A, A\; and A on the equilibrium reinsurance strategy ¢;(0),
respectively. From Figure 9, we have the following findings. Firstly, the optimal reinsurance strategy decreases
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FIGURE 9. The effects of A\, \; and Az on ¢} (0).

as the overall risk parameter X\ increases, it is evident that a larger \ leads to greater average claim amounts
for both lines of business; thus, the insurer tends to reduce the retention levels ¢;(0) and ¢3(0) to maintain
the expected risk level. Besides, a larger A means that the higher degree of dependence of the two insurance
businesses, so the insurer may face greater potential risks, then the insurer will diversify risks by purchasing
more reinsurance contracts. Secondly, from the Figure 9b, we can derive that ¢} (0) increases with \;, while
¢3(0) decreases. This is because higher average claim amounts for the first line lead the insurer to purchase
more reinsurance for that line, while reducing reinsurance for the second line which has a relatively lower claim
risk. Conversely, the Figure 9c indicates that as the risk parameter A, for the second line increases, the optimal
retention g3 (0) for the first line increases, while ¢5(0) for the second line decreases. This reflects that the insurer
will tend to decrease the retention of the second line while increasing that of the first line.

5. CONCLUSION

This paper considers Non-zero-sum stochastic differential games of investment and reinsurance for asset-
liability management with common shock dependence under CEV model between insurers and reinsurers. The
financial market consists of one risk-free asset and one risk asset whose price process follows the CEV model. We
assume that the insurer can purchase proportional reinsurance from the reinsurer, and both companies can invest
in the financial market. The reinsurance premium is calculated by the expected value principle. The goal of the
insurer and the reinsurer is to maximize their CARA utility from its terminal wealth with relative performance
concerns. We introduce a class of stochastic liability processes associated with the volatility of risky assets, on
the basis of which the dynamic evolution of net wealth is obtained. By applying stochastic control theory and a
game theoretic framework, we find the generalized HJB system under the classical Cramér-Lundberg insurance
model, and derive the explicit expressions of the equilibrium investment strategy with the effect of liabilities and
the optimal reinsurance strategy under the exponential utility. We find that the volatility of the uncontrollable
exogenous liability distorts the equilibrium investment strategy of insurers, where a larger volatility leads the
insurer to increase its investment in the risky asset to mitigate the impact of debt. Finally, we provide the
numerical sensitivity analysis to illustrate the effects of model parameters on equilibrium investment strategy
and reinsurance strategy.
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APPENDIX A. PROOF OF LEMMA 6

Using Cauchy—Schwarz inequality, we have

O+ NE[L] O + NE[Y?] > (vOu + 00e T NEILIEY]) > WBILIEY])
By B[L3] > (BL:))?, E[Y?] > (B[¥i])? and

a1 = (M +NE[Li], 01 = (\ + N E[L7]
az = (A2 + N E[Yi],05 = (2 + /\)E[YZQ]

we derive
2 2 2 2 2
o103 > A uppy.
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Moreover, we also have

Auppy a2 Apnpy Qe+ Npy iy
o5 a1 e+ MNpy M +Xpr (a+ Ay
o? az _ M+ pr A+ Npy (A 4+ Apt

ABLpY a1 Aucpy  A+Npr A

2 ’
Noting that puf > p2, s > p2-, then we have _ MY 1 and % > 1. Thus, the lemma holds.
(A1 +A)pfy Apg

APPENDIX B. PROOF OF THEOREM 4

Let © = [0, +00) x [0,+00) X [0,400), we take a sequence of bounded open sets ©; meeting O; C ©;41 C -+ C O,
i=1,2,---,and © = U, 0;. For (§;,1;,s) € ©;, suppose that the exit time of (Y;(t), L;(t), S(t)) from ©; is represented
byTi.Ifz—>oo then m, AT — T.

(i) For the investor j (the insurer or the reinsurer), take an arbitrary admissible strategy u;(t). Applying Ito formula
for V;(t, 95,15, ) on [t,T], we derive:

Vi (T35(0), L (1), (1)) = Vit o) + [ "L, (0. 0). Ly 0. S0) ) o

t

+ [ llom @) = o) = myfome) = au))”(0) 32 Wi w)

- [ e = ma) S awa) + [ (m(v)—njm(v))ng awo(v)

+/ o18% (v )8LJ dWi(v) + / aﬂ f sz / oSt (v J 2 AW (v). (B.1)
t t

From sup,, cy, {L%V;(t,95,15,8)} =0, it is to see that L V;(¢,9;,1;,s) <O0.
Furthermore, we have
Vi (7.95(1), L; (T), S(T) ) < Vit 3s15,9)

av;
07Y;

+/t (o7 (v) — 0j1) — K (omk(v) — 0%1)]S” (V) 522 AW (w)

—/t (0j2—f€j0k2)8 L dW;(v )+/t (pj(v)—’fjpk(v))gyj dWo(v)

%)
T T ]

+/ 0i15% (v )aVJ AWy (v) + / aﬂavf dWa(v) + / 05’5“(1))—8‘/] dWi (v). (B.2)
‘ f OL; ‘ 0s

OL;

In equation (B.2), the last six terms on the right-hand side of the inequality are the square-integrable martingale
with expectation equal to 0. Thus, we obtain

E|V;(T,Y;(T), L;(T), S(T)|Y;(t) = 95, L;(t) = 1;, S(t) = 5| < Vi(t, 95,15, ).
[ ]

Furthermore, we have

sup { B[V, (T.95(T), L;(D), S(T)) [¥50) = 45, L; (1) = 1, S(8) = ] } < Vi(t.35.15.9),

u; €U;

that is to say J; (t, 95,1, 8) < V;(t,95,15,s).
(i) E[Vj(ri NT,Yj(ri NT), Lj(m: ANT),S(i ANT))] < oo for a specific strategy u}.
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Using Ito formula for Vj (¢, §;,1;,s) on [0, 7 A T], we obtain

Vj (Tz‘ AT, Y;(7s AT), Li(ri AT), S(7i A T)) = V;(0, 950, Ljo, s0)

T NT ) R T; NT aV
[ e (050, 1,50 dot [ )~ @) 52 aw(w)
0 0 Yj
AT aV;
[ lom) = o) = mylome) — )]s ) G AW ()
0 j
T, NT 8V T, NT 8‘/
— /0 (sz — K,jO'kQ) 8?}; dWQ('U) + /(; leSﬁ(U)TL; dWh (’U)
TiNT 8 TiNT A
+ / o125 qw(v) + / 057 () Y5 qw, (v), (B.3)
0 6Lj 0 88

For a specific policy uj meets (20), that is, L% V;(u,Yj(u), Lj(u), S(u)) = 0. In equation (B.3), the last six terms
on the right side of the equality are martingale, so that the expectation is taken on the left and right sides of the
equality, and we have

E|:V7 (7'1' A T,Yj(’l’i /\T),Lj(ﬂ' A\ T),S(Ti A\ T)):| = Vj(O,gjo,l]‘o,So) < oo.

(i) J;(t, 95,1, s) = V;(t, 95,15, s) for a specific policy uj.
Applying Ito formula for V; (¢, §;,1;,s) on [t,7; A T] once again, we obtain

VYJ'(T’L' /\T,?']'(Ti /\T)vLj(Ti AT)?‘S'(Ti AT)) = ‘/j(tvgjaljvs)

T, NT ) R TiNT 8V
[ e (000, L@, S0 dot [ i) - ) 5 (o)
t t Yj
T NT 8‘/
+/ [(om;(v) — 01) — Kj(omk(v) — ok1)]S” (V) 90, dWi(u)
t J
T, NT av T, NT av
— /t. (0']'2 — KjakQ)Tg; sz(U) + /t O-jISB(’U)aTZ dw;, (’U)
T NT : T ANT A
+ / 0125 qw(v) + / 057 () Y5 qw, (v), (B.4)
t 6Lj t 88

Taking the conditional expectation for the left and right sides of the above equation, we have

Vilt, G, Ly ) = E|Vi (7 AT, Y5(ri AT), L(7i AT), S(ri A T) )

Y3(0) = 95, Ly(8) = 1, S(t) = s

By taking the limit, we get

Vit 95,15, 8) = ilijg)E[Vj (Ti AT, Y;(ri AT), Lj(7i AT), S(m: /\T)) Yj(t) = 95, Li(t) =1, S(t) = 8]-

Furthermore, we obtain
Ji(t, 95, 1,8) = sup { Eig;.;,s [Uj (%uj’uk(T)ﬂ}
u; €U

= lim E[Vj (n AT, Yi(ri AT), L;(: AT), S(r: A T))

1—00

Yi(t) =95, L;(t) = 1;,S(t) = 5]
= ‘/j(t, gj,lj,s). (B5)

That is to say, u](t) and u5(¢) are indeed the optimal investment-reinsurance strategies for the Problem 3.
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