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AN INTERMITTANT MI(X)/G<Y>/1
SYSTEM WITH MULTIPHASED CAPAGITY

OF THE SERVICE GHANNEL

by R. S. GAUR (*)

Résumé. — The paper studies the behaviour of an M/<^>G<r)/l System in which the
capacity ofthe server varies, in phases, with the length of queue. The server is made intermit-
tently available, Probability generating functions of the queue length when the server is free
and busy are obtained,

INTRODUCTION

Making investigations in bulk queues on the unes of Bailey (1954), Jaiswal
(1960), Conolly (1960) and Foster (1961), Sharda (1968) finds the transient
state queue length probabilities of an intermittent MI(X)/Gm/l System assuming
the capacity ofthe server, a randoin variable in the model, to be fixed. According
to the assumption, the size ofthe batch is determined at the beginning of each
service and is either equal to the total number of units waiting or to the capaeity
of the service channel, determined afresh before each service, whichever is less.

The probability that the service channel can serve y units is Uj where 2^ «/ = !•

The idea that the capacity may vary, in phases, with the queue length provides
grounds for further investigations made in this paper. Sharda's results have
been shown to follow as a particular case. As is evident from its nature the
model will be found to apply to many practical situations.

The Model Description

The system is described as follows :
Customers arive in a Poisson process with parameter ht in groups of size Cn

with the distribution

(*) Department of Applied Sciences and Humanities, Régional Engineering College,
Kurukshetra University, India.
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00

where £ ct — 1. The batches are preordered for service.

2. The queue discipline is first come first served.
3. The capacity of the service channel is a random variable and has k + 1

phases, each phase operating over a definite length-range of the queue. A phase
is designated as the /th phase (/ = O, 1, k)9 the Oth phase being the lower
most. When the capacity is in the lth phase the maximum size of the service
batch is Mv The capacity remains in the /th phase so long as the queue length
is less than Mt+t(/ =-0,1, k — l) and steps to the / + lth phase as soon as
the queue length becomes Ml+1. Of course M1 < Ml+1. The capacity opérâtes
in the highest phase, that is, the kih phase for a queue ^ Mk. The size of the
batch is determined at the beginning of each service and is either equal to the
total number of units waiting or to the capacity of the service channel deter-
mined afresh before each service, whichever is less. The probability that the
service channel can serve j units in the /th phase of its capacity is uf® where

4. Service time of each batch is genera! with the probability density D(x).
7](x)A is the first order conditional probability that the corresponding service
will be completed in time x and x + A if the same has not been completed
till time x. T)(JC) is related to D(x) by the relation

4. The server is intermittently available, the availability distribution being
negatively exponentiel with mean-i?"1.

Define :

Pfy =•= probability that there are n units in the queue at time t and the
server is «free» in relation to the queue, i.e., there is neither a unit in service
nor is any to be taken at that intant.

P*j*jp — probability that there are n units waiting in the queue at time /
and the server is « Busy » in relation to the queue and that the time passed
since the service started lies between x and x + A. « Busy » in relation to the
queue means that a batch is being served or else the same is to be taken for
service just then.

For the initial condition, we décide to reckon time from the instant when
there is no unit in the queue and the server is free in relation to the queue. Thus
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AN INTERMITTENT QUEUE WITH MULTIPHASED SERVICE CAPACITY 9 9

From the probability considérations of the process we have the following
difference-defferential equitions governing the system :

ƒ 3^ w>̂ * I /Tj j v\P *~*r À • f P^'. \- I P Yï(x\ ÓJt 1 "^ W ̂  OO

(5) S
W>B + ">g + (X + -n(x))Pi*f .*= :\ 2Ü A ^ I Î B » 1 < » < oo.

The relèvent boundary condition js obtained from the fact that at the
moment of taking a batch for service, there should be n units waiting in the queue
and the server should be free in relation to the queue. Thus we have

(6)
Ma Mo

PV.# - v 2 *& Z
, o _ „ V p(o M(o> i y y p(o (

— ü Z r+jFuS ^ V L Z r+j\FUj

1 < » < Af i — M o — 1 ;
Mi k Mi

M$ — 1 < n < Mi+i — Af| — 1,

M*-n- l k Ml

1 < i < k ;

Af& — 1 < n < oo.

We define the Laplace transforms as follows :

v O v O
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Taking the Laplace transforms of (2)-(7) and using (1) we have :

(9) (s + X + v)Pi% - X £ c^l^ + f*l^frfa) dx.
i=i Jo

(10) (s + X + t;)P̂ >F « 1 + t>P& + r l
Jo

. + {* + X + ij(*))Pfó> =» 0.

(12) ^ - + (s + X + vj(x))P îs> = X £ CjP£i>B.

Mo

Mt

K

J»F^j » ®

fc

M1 — M0 — l;
M|

y pw M(
ZJ rn+JtF

UJ

Mi-f i - l k Mi

)̂ _ „ y p(s) w(i-i) 4. « y y

— Mi-t < n < Mt — 2,

ntB Z-i n+j,Fj

-M& 1 ^ « < 00.

Define the following generating functions :

(15) p;->= £ P ^ 1*'^ ^ E W, C{a) - f) dö?
n-0 n=0 i=l

Muitiplying (9) by an, summing over all n and using (10) and (15) we have :

(16) {s + X + v - XC(a))Pj?'s> = 1 + vP$F + f °°P? '̂s>>](x) dx.
Jo

Multiplying (12) by o", summing over all n and using (11) and (15) we have :

(17) ^ p£-*> + (̂  + X + ifyc) — \C(a))P%>a*s>= 0.
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AN INTERMITTENT QUEUE WITH MULTIPHASED SERVICE CAPACITY 1 0 1

Multiplying (14)]by an, summing over all n and using (13) and (15) we have

(18)

Afo r - 1 (O) (ft)

l

Integrating (17) w.r.t.x. between 0 and x and using (18) we get

{ Mk ,M) f m

ZJ ;

Putting the value of p£CjOiS) in (16) and integrating we get

=i a?
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(20)

where

rF —

£

s +

Ks +

X + ü —

R. S. GAUR

D(s + X — X — XC(
Mi (fc)

X Q a ) - ^ ^ - ^
7 = 1 ö 7

X — XC(a)) = f" e~ ( s+x-XC(f l»J

+ X —XC(a))

CZ)(A:) dx.

Also

(21) = J = v

r=Afo+i \ i = i o7 i=i aJ

_ f Pm «f 1 ƒ l
Â^0*F ^ J l V

To find P<% (r == 0,1, 2, j|ffc — 1) in (20) we apply Rouche's theorem
to its denominator. Let

f(a) = aM\ g(a)
vD(s + X — Mk~J

Y + x + 17 — xc(û

Now f(a) and g(a) are analytic inside and on the contour \a\ = 1. Also on
the contour |Ö| = 1, |/(a)| = 1 and

\g(a)\ = v

Jo

A — hK^yüj

S + X + V

^*
t\ V „(*)/,W*-;» 2-* W7 ö

7*=1
- X C ( f l )

Af*

y=i
t; — XC(a)

^ =,- —
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AN INTERMITTENT QUEUE WITH MULTIPHASED SERVICE CAPACITY 103

since \s + X + v — -kC(a)\ w = t> l + X + v —

% + v. Hère s = £ + fig.

Because |es*| > 1, if Ç > 0, we have

Therefore on the contour \a\ = 1, |/(a)| > |g(a)|. Hence all the conditions
of Rouche's theorem are satisfied. Therefore f(a) — g(a) and/(a) have the same
number of zéros inside the unit circle \a\ = 1. But f (a) has Mk zéros inside
the unit circle so that f {a) — g(a) also has Mk zéros inside this circle.

Since P(pfS) is singular inside and on the contour |a| = 1, the numerator
of (20) must vanish for these Mk zéros of the denominator. Thus the Mk

unknowns P£s)
F(

r = 0, 1, 2, ... Mk *— 1) can be uniquiely determined. Hence
P^iS) can be completely determined and p£'F can be picked up as the coefficient
of an in the expansion of P%*\ Substituting the values of p£*'s) and P^F(r = 0,
1, 2,... Mk — 1) in (21) P(BiS) can be determined and Pfy can be picked up as
the coefficient of cT in the expension of Pg>s\ Hence the queue length distri-
butions when the server is « free » and « busy » are completely determined.

Particular Cases

1. When the service time distribution is exponentiel with mean tT1

Hence P^>s) and P£'s) are given by

£
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(22)

and

(23)

s + X + u — XC(a)

x*^ tlY

s+X+v— XC(a) — uv Y -i~
<*> 1

u — XC(a)

. + x + u — XC(a) l fi

r=Mï

For applying Rouche's theorem to the denominator of (22) take

uv
JK/ 9&x/ (s + X + v —XC(a))(s + X + u — XC(a))

f(a) and g(a) are analytic inside and on the countour \a\ = 1. Also because

u
s + X + u — XC(a) < 1 and v — XC(a)

(s + X + v — XC(à))(s + X + U — XC(a))
Mk

< 1,

y — XC(a)|,- |a8l X + f« —

Therefore \f(a)\ > \g(a)\ on \a\ = 1.
Thus all the conditions of Rouche's theorem are satisfied and $of(a) and

f(a) — g(a) have the same number of zéros inside the countour \a\ = 1. But
since f(a) has Mk zéros inside the unit circle \a\ = 1» f(a) — g(a) has only Mk
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zéros inside this circle. As the numerator of (22) must vanish for these Mk

zéros, the Mk unknowns P^F (r — 0, 1, 2 Mk — l)canbeuniquely determi-
ned and hence p£a*s) is completely known.

Putting the values of i>£'s) and P$% (r = 051, 2 ... Mk — 1) in (23) i ^ ^ c a n
also be completely determined. Pfy and P^B can be piecked up as coefficients
of a" in the expensions of p£a*s) and P^' s ) respectively.

(2) When the capacity of the service channel has only one phase we get the
generating functions by taking k = 0 and consequently

(/ - 1 , 2,... k;j = 1, 2,... Mo), in (20) and (21).

Now since

-^ £(* + x — XC(«)) - 1 — E ^ 0 + X —XC(a)),

M (M

w i y w s Y Uj

r,F ZJ «/ — « Z J "T

M M j \ M-l M

l~7) = ïrr'<
and the terms

"E* *
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cease to exist we have
M

j=i aJ

T^ (s) V I ' "

(24) J**» - r = 1 r ' F j = r H " 1 ' ^

/=i aJ

and

(25)
O1 i i + l \ ^

—XC(a)

As shown for the denominator of (20), the denominator (24) has only M
zéros inside the unit circle |a| = 1 and since the numerator of (24) must
vanish for these M zéros, the M unknowns P^F (r = 0,1, 2. . . Af— 1) can be
uniquely determined and hence P|?|S) is completely known.

Putting the values of p£ 's) and Pr
(fr (r = 0, j 1,... M — 1) in (25) P(g 's) can

also be completely determined. The pfy and P ^ can be picked up as coeffi-
cients of ö" in the expensions of Pj?'s) and P^ | S ) respectively.

The results (24) and (25) agrée with those obtained by Sharda (1968).
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