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by D. Mauricio (') and N. Macuran (3)

Communicated by Pierre ToLLA

Abstract. — An O (n log n) trust region approximation method to solve 0-1 non-linear programming
is presented. Optimality conditions and numerical results are reported.

Keywords: 0-1 nonlinear programming, trust region method, combinatorial optimization.
Résumé. — Une méthode approchée de région de confiance de complexité O (nlogn) pour

résoudre un programme nonlinéaire 0-1 est présentée. Des conditions d’optimalité et des résultats
numériques sont aussi discutés.

Mots clés : Programmation nonlinéaire 0-1, méthode de région de confiance, optimisation
combinatoire.

1. INTRODUCTION

In this paper we have developped an approximation method to solve the
following class of O-1 nonlinear programming problems as follows:

(PNL 0-1):

f* =min f (z)
st. 1z € B" = {0, 1}

where f : R" — R is a nonlinear convex function. Many algorithms have
been developed to solve (PNL 0-1). A review can be found in [3, 5, 6].
However, the great majority of methods are considered approximated and
work well on special structures of f and a few variables.

It is proved that many exact algorithms to solve (PNL 0-1) are highly
expensive and sensible in processing time to an initial chosen point
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332 D. MAURICIO, N. MACULAN

[3, 4, 9, 7]. Considering these difficulties, in this paper we have developed an
approximated method, fast and efficient, which uses the inexact lineralization
and trust region concept.

This paper is organized as follows. In the next section, practical conditions
of optimality are described. In section 3 the method is showed. Numerical
experiments are presented in section 4. The conclusion follows in section 5.

We denote by || . || the euclidean norm and call the set 9, f (Z) = {s € R" :
f(z)> f(T)+s" (z — %), z € B*}, T € B", by discrete subdifferential of
function f at point Z. An element s € 9, f (T) is called discrete subgradient
of the function at the point . We also denote the set of feasible solutions
of a given problem P by D (P).

2. OPTIMALITY CONDITIONS

In order to verify necessary and sufficient optimality conditions to the
class of nonlinear integer programming problems we present some practical
conditions.

THEOREM 2.1: Let 6 = min{f(z) — f* : f(z) > f*, z € B"} and
s€0 f(T), T e B Ifmn{s'(zx~7): 1z € B"} > —6, then T is an
optimal solution for (PNL 0-1).

Proof: From theorem hypothesis and discrete subgradient definition we
therefore have

f@>f@+s(@-7)> f(7) -6, Vz e B".

In particular, the relation above is valid for z* optimal solution of (PNL
0-1), ie.

f@&)=f">f@) -4,
f@) -1 <4

therefore from ¢ definition follows the complete proof. [

The theorem 2.1 above establishes an optimality sufficient condition. In
some cases, 0 can easily be determined; for example, if f is a polynomial
function with integer coefficients, § can be fixed as the unit. When the §
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computing is as hard as solving the studied problem, we can use a weaker
optimality condition as follows.

THEOREM 2.2: Let T = (T1 T2... Ty )t € B" and s = (81 82...50)" € 8 f; (T).
If
T =1, for isuchthat s; <0,
T; =0, for  isuchthats; >0,
z; € {0, 1}, for isuchthats; =0,
then T is an optimal solution of (PNL 0-1).

Proof: We observe from the hypotheses above that s; T; < s; z; for all ¢
such that z; € {0, 1}. Then s; z; —s; T; > 0, fori = 1, 2, ..., n, we can write

n

> si(mi—7) =5 (z-F) > 0.

=1

Thus min{s’ (z — %) : € B"} > 0, and as § = min{f (z) — f* :
f(z) > f*,z € B} >0, we have s' (z —T) > —§, V2 € B” and from
theorem 2.1, Z is an optimal solution for (PNL 0-1). [J

3. THE MODEL

3.1. Theoretical results

A local approach of f at point z¥ € B™ is given by the following linear
function:

FE®) +st(@—1%),  for sed f(z)

Thus, a linear integer local model for (PNL 0-1) at 2z € B™ is given for
some v > 0:

ML (z*, ~):
minimize s’z
str Jle—a*<n
x € B"

By the philosophy of trust region method, the parameter «y (trust region
radius) must be updated, the model ML (z*, 7) tries to produce a better
solution than z*.

vol. 31, n® 4, 1997
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We can observe that ||z — z¥|| € {V/0, V1, V?2,..., /n} for z and
¥ € B™. We just pointed out that |z — zF|| = 0 © z = z* and
lz — 2¥|| = v/n © = = e — ¥, where e = (11---1)* € R™. All other
different values of z € B"™ give ¥l € {V1, V2,..., v/n — 1}. Then

the local model M L (xk, ~) can be solved by a sequency of problems:

ML (z*, V1) -

minimize s’z
st.: fo—af) = Vi
z € B,
forl =0,1,2,...,n

About the feasible solutions of ML (z*, /1), we can point the following
results out:

||:c—1:l‘]|—\[<:>2(x,—x =1€{0,1,2, .., n},

we define N = {1, 2,..., n}, L C N such that |L| = .
Let
j_m—ﬁ if ielL,
T 2k if ieN-1L,

then Z; € {0, 1}, Vi € N and

S -al)+ 3 (@ -al) - Z<1—mk—xk>2

i€L €N — i€l

= [1—4af +4(zf)]

€L

:Zl
ieL
=

(We note that for A € {0, 1}, A2 = \)

Recherche opérationnelle/Operations Research



A TRUST REGION METHOD FOR ZERO-ONE NONLINEAR PROGRAMMING 335

Thus 7 € D [ML (z*, v/1)]. For each L C N, such that |L] = | we can
define a feasible solution Z of ML (z*, /), and we have a way to generate
all feasible solutions of ML (z¥, V1).

The following result shows that local model ML (z*, V1) for
le{1,2,.., n} can be solved by a sequency of simple problems.

THEOREM 3.1: Suppose s; (1 — 2%) < sit1(1— 2wl+1) 1=1,2,..,n—-1
and L* ={1,2,.., 1}, gzt =1—-2F ie L* and z* = 2F, i € N — L* then
x* is an optimal solution for M L (xk VD).

Proof (by contradiction): Let 7; = 1 — wf, i€ LCN,|L|=1,L#L",
and 7; = z¥, i € N — T a feasible solution of ML (z*, v/I) such that
s'T < stz*, that is

n n
E 8 Ty < E sixy,
i=1 i=1

we can write

n n

Esi(ii—xf)< si (zf — 2F)
=1 =1
or
Z si(l—af —azhy + Z si (¥ — zF)
ieT ieN-L
< Z si(1—af —2F) + Z si (¥ — 2F
i€l ieN—L
then

dosi(l—2af) < Y si(1-23f)

i€l elr
which contradicts s; (1 — fo) < sig1(1— 2x§+1), 1=1,2,....,n—1. O

Using theorem 3.1 we can find an algorithm of O (nlogn) [1, 10]
complexity to solve the sequency of problems ML (z*, V1), 1 =1, 2,...,n

3.2. Algorithm

Now we present a trust region algorithm to solve 0-1 nonlinear
programming problems. This method is based on the fact that the cost
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to solve the local model for a fixed radius is the same for its many values.
That is, given an initial point, next point is determined at the best descent
solution given by local model for all trust regions (y = V1, V2, ..., Vn).
Proceeding continues until some stop is verified, we consider optimality tests
shown in section 2, and heuristic stop test that is satisfied when a descent
solution cannot be found.

Approximate algorithm

(0) Start
given = B™ 6 >0, e ofr (xo), set k:=0
(1) Optimality test
if 2* verifies theorem 2.1 or 2.2, then z* is an optimal solution, STOP
(2) Search a better descent solution
take s € Of, (z¥)
set y 1= z*
for [ ;= 1tomn
compute z € argmin ML (z*, v/I) (theorem 3.1)
if f(2) < f(y) then y := z
end-for
(3) Heuristic test
if f(y) = f(2*) then z* is the best heuristic solution, STOP
(4) Next point
Ftl =y k= k 4+ 1 goto (1).

4. NUMERICAL EXPERIMENTS

The approximate algorithm was implemented in FORTRAN F77L3. We
have used a shell sort modification to determine the sequency order, as
pointed out in theorem 3.1, and a subgradient was computed as a discrete
one. All numerical experiments were realized in a PC-DX 486 computer
with 8 MBytes RAM and 50 MHz.

4.1. Test problems

We indicated for F.O. and S.O. the objective function and the optimal
solution respectively, and n is even.
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e Prob. 1:
FO.:
n n
Z :17,:2 -18 Z z; +0.81ln
=1 i=1
S.O.:
z;=1,1=1,2,....,n
e Prob. 2:
F.O.
n n—1 n/2
23 w4 ) mimign -2 (19221 + 1.132,) + 1.2057
i=1 i=1 i=1
S.0.:
z2i—1=1,20;,=0,4=1,...,n/2
e Prob. 3:
F.O.:
n
> (zi - 0.9)%3
i=1
S.0O.:
x1=1,2=1,2, ,TL
e Prob. 4:
F.O.:
n n
Z 22— 0.8 Z z; +0.16n
=1 =1
S.0.:
z;=0,1=1,2,..,n
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* Prob. 5:
F.O.
n/2 n
04> (2 —06)*+0.6 > (zi+0.4)>
i=1 i=n/2+1
S.0.:
zi=1,i=1,..,n/2
z;=0,i=n/2+4+1,..,n
* Prob. 6:
F.O.
n/2
— H (z2i—1 — 1) (251 + 1)
i=1
S.0.:

if n is a multiple of 4

thenzg;—1=0,29;,=1,2=1,..., n;

if n is an even but not multiple of 4

then zo;_1 = 1 forsomei < n/2,

zj=1 or 0 for je{1,..,n}—{2i-1}
* Prob. 7:

F.O.:
n/2 n
d@m-1)+ > (3z]-1)?
i=1 i=n/2+1
S.0.:
zi=1 or 0, Vi<n/2
z; =0, Vi>n/2
* Prob. 8:
F.O.:
n/2 n n
Dm-1+ Y @1 +]]
=1 i=n/2+1 =1
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S.0.
zi=1 or 0, Vi<n/2
* Prob. 9:
F.O.:
n/2 n
dOyT+ Y @y
i=1 i=nf2+1
S.0.:
z; =1, Vi< n/2
z; =0, Vi>n/2
¢ Prob. 10:
F.O.:
(0.1)20m & 4 (1.1) 20 %
S.0.:

z; =1 for some j < n,
z; =0 for i€ {1,..,n}—{j}

4.2. Numerical results

Problems 1, 2, 3 and 4 were taken from [9]. In table 1 we can observe our
numerical results for a sample of 30 problems, for each objective function we
considered n € {128, 512, 1024}. For 12 examples the heuristic solutions
obtained did not verify the optimality conditions presented in theorems 2.1
and 2.2. For problems 1, 2, 4, and 8 we take 6§ = 0.2 = %, because
the multiplication of these objective functions by 5 will give polynomial
functions with integer coefficients.

5. CONCLUSION
We presented a heurist algorithm based on inexact linearization concept
and trust region to solve nonlinear 0-1 programming problems. Table 1

shows that our method works well for the sample of problems presented
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in the last section. The algorithm converged to an optimal solution in few
seconds. But for some problems in our sample the optimality conditions are
not verified, as we can observe in table 1. In this last case optimality has to
be tested using enumerative methods which can be found in [8, 9, 2]. When

TABLE I

Numerical results for heuristic trust region.

Prob n dd sol test iter CPU fr
1 128 0.2 opt v 2 0.05 1.28
512 0.2 opt \Y 2 0.93 5.12
1024 0.2 opt A% 2 3.85 10.24
2 128 0.2 opt N 2 0.11 39.04
512 02 opt N 2 2.20 156.16
1024 0.2 opt N 2 8.84 31232
3 128 0.0 opt N 2 0.11 0.2275767
512 0.0 opt N 2 1.82 1.1030705
1024 0.0 opt N 2 7.19 2.20611
4 128 0.2 opt \Y 0.0 20.48
512 02 opt \ 0.0 81.92
1024 0.2 opt \% 0.0 163.84
5 128 0.0 opt v 2 0.06 6.79936
512 0.0 opt \Y 2 0.60 27.1974
1024 0.0 opt \% 2 2.53 54.39488
6 128 0.0 opt v 2 0.05 — 64
512 0.0 opt A% 2 0.10 —9116
1024 0.0 opt \% 2 0.11 0.0
7 128 1.0 opt N 1 0.0 128.
512 1.0 opt N 1 0.49 512.
1024 1.0 opt N 1 2.14 1024.
8 128 0.2 opt \ 1 0.0 128.
512 0.2 opt \Y 1 0.0 512.
1024 02 opt \ 1 0.0 1024.
9 128 0.0 opt A 2 0.06 70.‘3999
512 0.0 opt A% 2 0.77 281.6001
1024 0.0 opt A% 2 3.13 563.14983
10 128 0.0 opt N 2 0.11 1.2
512 0.0- opt N 2 1.1 1.2
1024 0.0 opt N 2 2.53 1.2

Prob: # test problem; n: number of variables; dd: indicate parameter value §; sol: type of solution;
opt: optimal solution; test: optimality test; N: the optimality test is not verified; V: the optimality test
is verified; iter: number of iterations; CPU: processing time in seconds; f*: objective function value.
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f is not convex, it is always possible to convert it to (PNL 0-1) form, adding
a penalty term, see, for example [9].
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