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THE ROLE OF VOUCHER SALE IN ADVANCE FOR A
CAPITAL-CONSTRAINED SUPPLY CHAIN

Haijun Wang1 and Guanmei Liu2,∗

Abstract. This paper studies voucher sale as an operational method to raise working capital for a
supply chain, which consists of a supplier and a capital-constrained retailer. The retailer takes advantage
of an online platform to sell vouchers and to get access to borrowing from a bank. By formulating a
Stackelberg game model, we show the retailer’s possible order quantities in the cases without and with
bank loan and analyze the impact of voucher sale on the retailer’s optimal choice of order quantity and
the supplier’s optimal wholesale price. We find that a smaller voucher’s price induces the retailer to be
more likely to order with loan from a bank while a larger voucher’s value induces an order quantity
with the loan more difficult to be repaid. In addition, if voucher’s price is large, the supplier decides
a wholesale price which leads the retailer not to borrow from a bank; and if voucher’s price is small,
the supplier’s optimal decision is obtained by anticipating the retailer to borrow from a bank. We also
analyze the impact of voucher sale in the presence of trade credit financing on the firms’ decisions.
The results show that the voucher’s price should be small so that the large; otherwise, the retailer
either does not borrow from the supplier or may not repay the supplier. Besides, the supplier decides a
wholesale price so that the retailer does not borrow or can repay the supplier, except that the voucher’s
value is large and the voucher’s price is medium.
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1. Introduction

One of challenges faced by small- and medium-size firms (SMEs) is capital shortage during their operations.
To diversify financial sources of SMEs and improve supply chain’s financial efficiency, many financial methods
are developed by tying welfare of key investors, customers and suppliers to SMEs so that SMEs have access
to investors directly or to commercial bank indirectly [3, 17]. Now external bank credit financing and internal
trade credit financing are two widely used financial sources with 50% of SMEs financing through bank credit
and 90% of SMEs financing through trade credit [16]. However, it still challenges some SMEs to finance due to
the lack of tangible internal resources, high transaction costs and large operational risk [41].

As online platforms have made it more and more convenient for firms and consumers to interact, seeking
operational method through online platforms to raise working capital from consumers is one solution to get
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working capital for SMEs. In this movement, an innovative operational service provided by Alibaba Network
Technology Co., Ltd, the largest online retail platform in Asia, stands out. For example, TMALL.com of Alibaba
sells vouchers of a product online many days before “November 11” Singles’ Festival [19]. Consumers who
intend to buy a product during the Festival buy vouchers of the product in advance and as a result, SMEs
on TMALL.com obtain working capital from consumers by this operational method of voucher sale. Similar
vouchers are sold on some other online platforms such as Costco-Wholesale Online Shopping, Walmart.com and
Amazon.com as well.

Voucher sale in advance allows SMEs to obtain working capital from consumers. Similar to advance selling,
the voucher sale allows the retailer to obtain money before the product is delivered (e.g. [7,9,28]). Different from
advance selling, a voucher just represents a part of money for a product and as a result, voucher sale in advance
may not raise enough working capital for SMEs to order from upstream firms. In addition, given the fact that
a voucher of “November 11” Singles’ Festival entitles consumers holding it to buy products at a discount of
double face value on the Festival. Consumers buy vouchers in advance to obtain a deep discount, however the
deep discount decreases SMEs’ profit from a product on the Festival. But the behavior of the consumers allows
SMEs on TMALL.com to estimate market of a product [32,33]. Similar situation between supplier and retailer
is considered by examining whether a supplier should offer advance-order discounts to encourage retailer to
place a portion of its order in advance [8]. Therefore, voucher sale puts forward a corresponding solution by
providing information about potential market demand before the demand is realized.

To address the problem of the role of voucher sale on supply chain operations, we examine a two-echelon
supply chain consisting of a supplier and a capital-constrained retailer. By formulating a Stackelberg game model
with the supplier as a leader and the retailer as a follower, the supplier first makes wholesale price decision and
then the retailer makes order quantity decision. Before the decisions, the retailer sells vouchers in advance to
obtain working capital. We analyze supply chain equilibriums in two cases depending on whether the retailer
borrows money from a bank, and propose the impact of voucher sale on the retailer’s choice of order quantity
and the supplier’s decision of wholesale price. We also analyze the impact of voucher sale in the presence of
trade credit financing on the firms’ decisions.

This study has three research questions. The retailer obtains working capital from voucher sale and has access
to bank loan, and the first question is what are the retailer’s order quantity and the supplier’s wholesale price
decisions considering the two sources of capital? The second question is whether obtaining working capital from
just voucher sale or from both voucher sale and a bank is more profitable for the retailer? Analyzing a supply
chain operation, we show the retailer’s financial decision by combining it with operational decision, and compare
the retailer’s expected profits without and with loan. The third research question is whether it is possible for the
supplier to make wholesale price decision by observing the retailer’s behavior of voucher sale and how voucher
sale affects the supplier’s wholesale price decision? We analyze it by linking the supplier’s decision to voucher’s
price and voucher’s value. In this way, this study provides a roadmap for the retailer and the supplier to optimize
their respective profits in the presence of voucher sale.

The contributions of this study mainly lie in the following aspects. First, for a capital-constrained supply
chain, most of previous studies have focused on internal or external financing and their effects on supply chain,
with no study examining finance through an operational way (e.g. voucher sale in advance). This study addresses
this research gap by investigating voucher sale to raise working capital before the capital-constrained retailer’s
ordering. Second, regarding role of advance selling, few studies have considered it as a way to raise working
capital. This study examines voucher sale in advance and the impact of a part of payment from consumers on
operational decisions. Third, this study also takes voucher sale as a way to estimate market demand. While
most studies view voucher sale as a promotion method to increase market demand and firms’ profit.

The remainder of this study is organized as follows. Section 2 reviews the literature. Section 3 introduces
model description and framework. Section 4 sets up a Stackelberg game model to analyze the firms’ decisions
with voucher sale. Section 5 provides an extension of the voucher sale in the presence of trade credit financing.
Section 6 concludes the study and proposes future extensions to our research.
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2. Literature review

Our research draws on three separate streams of literature: operations and finance interactions, advance
selling and online promotion. In this section, we provide a review of prominent research in each stream and
position our research at the point of their intersection.

Recently, operations and finance interactions have received attention in the academic literature. The existing
literature has put forward external financing and internal financing to solve problem of capital constraint in
a supply chain [25, 30, 42]. Yang et al. [43] implement a financing method between suppliers and financing
institutions to analyze the role and efficiency of buyer intermediation in financing. Chod [10] shows that, when
products differ in cost, revenue, or demand parameters, debt financing distorts retailer’s inventory decision.
Deng et al. [13] consider a supply chain with one assembler and multiple capital-constrained suppliers, and
they compare buyer finance with bank finance in the supply chain. Devalkar and Krishnan [14] analyze, in the
present of supplier moral hazard and costly working capital financing, how trade credit coordinates a two-echelon
supply chain. Wu et al. [37] study financing of bank credit and trade credit, and effects of them respectively
on inventory decisions. Wu et al. [38] consider two asymmetric retailers and a manufacturer in the presence
of retailers’ inventory competition, trade credit financing and demand uncertainty. Lu [26] investigates a case
that a multinational firm invests in a capital-constrained retailer and gets optimal financing strategy between
bank credit financing and trade credit financing. Zhan [45] considers a new bank financing model in which the
supplier promises to provide a partial warranty for the bank credit risk if the retailer goes bankrupt.

It is worth noting that Gao et al. [16] study an SCF (i.e. supply chain finance) system that either retailer or
manufacturer faces a capital constraint and must borrow capital through an online P2P lending platform. Our
paper is significantly different from Gao et al. [16] in three aspects. First, Gao et al. [16] analyze that firms’
capital is from online P2P lending platform which serves as an external financing channel with an objective of
maximizing expected profit while we assume loan is risk-free to focus on role of capital raising from consumers.
Therefore, we are able to investigate effect of a part of consumers’ payment on firms’ operation decisions.
Second, Gao et al. [16] explore interaction of a P2P lending platform, a manufacturer and a retailer, while we
only consider interaction between a supplier and a retailer with a bank determining lending rate passively and
consumers’ related parameters being exogenous. Thus, we identify the supplier’s and the retailer’s decision by
considering an operational method of getting money online from consumers. Third, we incorporate a stage which
is before the retailer’s ordering and in the stage, the retailer raises working capital through an online platform
accompanied by getting some information about market demand. Gao et al. [16] do not address this condition.

Many papers about advance selling address the condition that the retailer gets some information about
market demand and firms benefit from advance selling. Yu et al. [44] show that whether firms benefit from
advance selling depends on market parameters such as consumer valuation and capacity level. They find that
interdependence of consumer valuation determines different policies of advance selling. Khouja and Zhou [23]
systematically examine selling products and advance selling of gift cards in a supply chain. Two channels of
buying gift cards are considered with service provider and retailer providing same kind of gift cards. Noparumpa
et al. [31] investigate a form of flexibility with advance selling of wine to mitigate wine quality rating risk. Wu
et al. [39] analyze effect of placing advance orders at a discount and taking a new product to market as research
object. They focus on how advance selling increase total expected sales by exploiting customers’ valuation and
estimate total sales to reduce cost of safety stock. Cachon and Feldman [2] prove that advance selling may
not increase profits of a monopolist when competition exists. Jin et al. [20] consider advance selling to be a
financing strategy and compare it with delay payment in a capital-constrained supply chain under uncertain
demand. They show that retailer prefers advance selling on condition of low capital and confronting price-
sensitive customers. Wei and Zhang [36] study an advance selling strategy by considering strategic consumer
behavior with results showing that seller’s production decision is contingent on an advance selling target. Xiao
et al. [40] formulate two dynamic pricing schemes to examine equilibrium of a seller’s pricing strategies.

This line of research studies how to use advance selling as an operational method to increase demand, while it
does not capture how a part of revenue from consumers before the retailer’s ordering affects the retailer’s order
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quantity decision and the supplier’s wholesale price decision. We consider a part of payment from consumers as
the retailer’s source of working capital. In addition, the retailer considers whether to borrow from a bank if it
is necessary. With Stackelberg game models, we reveal the retailer’s order quantity of two cases by considering
a part of payment from consumers, and the impact of the part of payment on firms’ optimal decisions.

Our paper is also related to literature about online promotion for that online promotion offers a way of
predicting market demand, influencing market demand and optimizing profit. Jiang et al. [18] suggest that firms
should jointly consider online price promotion and product recommendations when they make optimal decisions.
They provide attractive price discounts to motivate consumers to purchases and use online recommendation
systems to deal with non-discounted items. Chong et al. [12] investigate a way of predicting consumer product
demands by combining online promotional marketing with online reviews. Jiang et al. [19] demonstrate under
what conditions dual channel retailers promote online by formulating a long-term optimization model. Kim and
Krishnan [24] study online consumer-retailer relationship and model effect of price promotion on the relationship
as a function. Zhang et al. [46] examine a supply chain consisting of an online retailer and a capacitated carrier.
In their model, online retailer influence demand by setting price promotion while cost of carrier’s capacity can
be very high. Different from this line of research, we assume that consumers buying vouchers in advance obtains
a discount of products, while there are consumers buying products without vouchers.

3. Model description and framework

We consider a two-echelon supply chain consisting of a supplier (hereinafter referred to as she) and a retailer
(hereinafter referred to as he). The supplier is a firm with sufficient working capital, and the retailer is a
SME who faces financial constraint. Before a holiday, the retailer sells vouchers in advance through an online
platform to raise working capital from consumers and may borrow from a bank. After that, the supplier offers
a wholesale price contract to the retailer and given the contract, the retailer determines the order quantity to
satisfy consumers in an upcoming holiday. Table 1 defines the parameters and variables used throughout the
paper.

Table 1. Parameter and variable definitions.

Notation Description

p Retail price of the product
c Unit production cost
T Voucher’s price
β Voucher’s value
D Demand for voucher
α Changing ratio of consumers buying product which is a

random variable
u Lower bound of changing ratio
v Upper bound of changing ratio
B Bank loan
f(α) Probability density function of changing ratio
F (α) Cumulative distribution function of changing ratio
Rf Risk-free interest rate
Rb Bank lending rate
πr Retailer’s expected profit
πs Supplier’s expected profit
Decision variables
w Supplier’s wholesale price
q Retailer’s order quantity
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The retailer sells vouchers to consumers through an online platform at unit price T before a holiday and
sells products at retail price p in holiday. We assume expenditures of selling vouchers and products through an
online platform are zero. A voucher allows a consumer holding it to save βT off to buy a product in holiday.
The voucher’s value β satisfies β > 1 and βT < p because the consumers would be willing to buy the voucher if
they save more money by buying the voucher (i.e. βT > T ) and the retailer would sell the voucher if he obtains
positive revenue from the product (i.e. p − βT > 0). Then, the consumers with vouchers buy the product at
unit price p− βT while the consumers without vouchers buy the product at unit price p.

We denote market demand for vouchers by D and assume that the consumers buying vouchers will buy
products during the holiday. Therefore, D is also the demand for products of consumers with vouchers and it
is realized before the retailer’s ordering. The total demand of products in holiday is assumed to be αD, where
α is a coefficient of D and it is a random variable to characterize the uncertainty of demand. It is obvious that
α > 1 under the assumption that the consumers buying vouchers will buy products. We assume that α > 1
has a cumulative distribution function (CDF) F (α) on [u, v], where u ≥ 1 and v > u. F (α) is monotonically
increasing with α and its probability density function (PDF) f(α) > 0. Inverse distribution of F (α) is F−1(α).
The assumptions of the random variable are commonly adopted in supply chain models (e.g. [6, 11, 15, 27]).
With D being demand for products of consumers with vouchers, (α− 1)D is demand for products of consumers
without vouchers.

As demand for vouchers is D and voucher’s price is T , the retailer’s working capital from voucher sale is
TD. Without loss of generality, we assume the retailer’s initial capital is zero, which is similar to work of Jing
et al. [21] and Cao et al. [4]. This assumption indicates that the retailer’s working capital is raised from voucher
sale. In addition to the voucher sale, the retailer may borrow from a bank directly through his own channel or
indirectly through an online platform. To focus on the impact of voucher sale, we only consider bank loan (i.e.
B = (wq − TD)+) and its interest (i.e. Rb) by assuming expenditure of borrowing from a bank through an
online platform to be zero. The bank is in a competitive market and has access to unlimited funds at a risk-free
interest rate, Rf (e.g. [6]).

The supplier has enough capital to produce products at unit cost c for the retailer’s ordering. The retailer is
capital-constrained and his liability is limited which is similar to the assumption of work of Buzacott and Zhang
[1] and Ni et al. [30]. That means, if the retailer’s revenue exceeds his bank loan, he repays the loan at the
end of the holiday. Otherwise, the retailer repays the loan with his all revenue and does not need to repay the
remainder. This assumption is reasonable, because the retailer is capital-constrained and if his revenue does not
cover bank loan, there is no other channel for him to obtain money to repay the loan. In addition, we assume
that the loan is employed by the retailer to make orders instead of other business.

The sequence of events is as follows. Before a holiday, the capital-constrained retailer sells vouchers at unit
price T through an online platform. Many consumers are attracted to buy vouchers and demand for vouchers,
D, is realized. The working capital that the retailer raises from consumers is TD and the retailer realizes that
his revenue from consumers with vouchers will be (p − βT )D after the demand for products is realized. Then
the supplier sets a wholesale price which is denoted by w. Observing the wholesale price, the retailer makes the
decision of order quantity which is denoted by q. Meanwhile, the retailer may borrow B = (wq − TD)+ from a
bank with a lending rate Rb, which is simultaneously announced by competitive banks. In holiday, consumers
with and without vouchers buy products from the retailer and the demand for products is realized. After holiday,
the retailer repays bank loan if his revenue covers the loan; otherwise, he repays bank loan with his all revenue.
We use Figure 1 to illustrate the sequence of the events above.

4. The firms’ decisions with voucher sale in the presence of bank financing

In this section, we analyze the firms’ decisions with voucher sale. By proceeding backwards, we first derive
the retailer’s possible order quantities and get the order decision for a given wholesale price, and then obtain
the supplier’s optimal wholesale price to obtain the equilibriums of the Stackelberg game.
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Figure 1. Sequence of events.

4.1. The retailer’s decision of order quantity

Depending on whether borrowing from a bank, we obtain the retailer’s optimal order quantities without and
with loan from a bank and then analyze the impact of voucher’s price and voucher’s value on the retailer’s order
decisions.

4.1.1. The case without loan from a bank

In this case, the retailer does not borrow from a bank and he orders with working capital from voucher sale.
The retailer’s working capital from voucher sale is TD and he pays wq to the supplier before holiday. As demand
for vouchers D also represents demand of consumers with vouchers, the retailer’s revenue from consumers with
vouchers is (p − βT )D. With (α − 1)D being demand of consumers without vouchers, the retailer’s expected
revenue from consumers without vouchers is pmin [q −D, (α− 1)D]. In addition, it is necessary to notice that
the retailer’s payment on ordering does not exceed his working capital and the retailer needs to order at least
D to satisfy demand of consumers with vouchers.

According to the above, given the supplier’s wholesale price, the retailer’s optimization problem of the case
without loan from a bank is

πNLr = (p− βT )D + pEmin[q −D, (α− 1)D]− wq + TD

Subject to:
{
wq ≤ TD
q ≥ D .

(4.1)

To optimize the expected profit, the retailer’s order quantity is constrained by his working capital and demand
of consumers with vouchers. The following lemma characterizes the retailer’s optimal order quantity in the case
without loan from a bank.

Lemma 4.1. For the case without loan from a bank, the retailer’s optimal order quantity is qNL
∗
: (i) if

T < wF−1
(

1− w
p

)
, qNL

∗
= TD

w with w ≤ T ; and (ii) if T ≥ wF−1
(

1− w
p

)
, qNL

∗
= qNL where

qNL = DF−1
(

1− w
p

)
.

As it is shown in Lemma 4.1, the order quantity to obtain the retailer’s maximal expected profit is qNL,
however, the retailer does not always order qNL for the first constraint in (4.1). Whether the retailer can order
qNL is determined by the retailer’s working capital from voucher sale (i.e. TD), which is determined by T for D
is assumed to be constant. As a result, the retailer’s order quantity reacts to voucher’s price. Specifically, when
voucher’s price is smaller than wF−1(1 − w

p ), the retailer pays all working capital to order and the wholesale
price should be lower than T so that the retailer can order at least D to satisfy consumers with vouchers;
otherwise, the retailer orders qNL to obtain maximal expected profit.

4.1.2. The case with loan from a bank

In this case, the retailer orders with capital from voucher sale and loan from a bank. Notice that the retailer’s
working capital from voucher sale is TD and his payment to the supplier is wq. Then before holiday, the bank
lends B = (wq − TD)+. After the holiday, the retailer obtains (p − βT )D from consumers with vouchers and
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pmin [q − D, (α − 1)D] from consumers without vouchers. The bank either obtains the loan and its interest
(i.e. B(1 +Rb)) or the retailer’s total revenue (i.e. (p− βT )D+ pmin [q −D, (α− 1)D]). Then the bank’s zero
expected profit condition is thus

B (1 +Rf ) = Emin {B (1 +Rb) , (p− βT )D + pmin[q −D, (α− 1)D]} . (4.2)

Since the retailer can predict his revenue from consumers with vouchers (i.e. (p− βT )D), the retailer could
make decision on the conditions that he can repay or may repay bank loan. The condition that the retailer can
repay the bank loan is (p−βT )D ≥ B(1+Rb) and then equation (4.2) is reduced to B(1+Rf ) = B(1+Rb) which
means Rf = Rb. Therefore, the condition that the retailer can repay the bank loan is (p − T )D ≥ B(1 + Rf ).
Contrary to this condition, the condition that the retailer may repay bank loan is (p− βT )D < B(1 +Rf ).

In the condition that the retailer can repay bank loan, the retailer pays wq = TD+B to the supplier before
holiday. In the holiday, the retailer’s total revenue is (p− βT )D + pmin [q −D, (α− 1)D], and the retailer can
repay B(1 +Rb) after the holiday in this condition. Besides, there are three constraints: payment on ordering is
larger than working capital from voucher sale, revenue from consumers with vouchers can repay bank loan and
the order quantity at least satisfies consumers with vouchers. Then the retailer’s optimization problem is

πLRr = (p− βT )D + pEmin[q −D, (α− 1)D]−B (1 +Rb)

Subject to:

 wq > TD
(p− βT )D ≥ B (1 +Rf )

q ≥ D
.

(4.3)

In the condition that the retailer may repay bank loan, the retailer obtains zero expected profit if the bank
loan is not repaid, which is different from the objective function of (4.3). In addition, the retailer makes his
order quantity decision on the constraints that his payment on ordering is larger than working capital from
demand for vouchers, his revenue from consumers with vouchers may repay bank loan and his order quantity is
at least D to satisfy consumers with vouchers. Thus, the retailer’s optimization problem is

πLMr = {(p− βT )D + pEmin[q −D, (α− 1)D]−B (1 +Rb)}+

Subject to:

 wq > TD
(p− βT )D < B (1 +Rf )

q ≥ D
.

(4.4)

Along with the above analysis, we obtain Lemma 4.2 to summarize the retailer’s optimal order quantity qLR
∗

with the loan can be repaid and qLM
∗

with the loan may be repaid for a given wholesale price in the case of
borrowing from a bank.

Lemma 4.2. By borrowing from a bank, (i) if T ≥ wF−1
[
1− w(1+Rf )

p

]
, qLR

∗
= qLM

∗
= TD

w with w ≤ T ; (ii)

if T < wF−1
[
1− w(1+Rf )

p

]
, qLR

∗
= qLR if p−βT

1+Rf
+T ≥ wF−1

[
1− w(1+Rf )

p

]
and qLR

∗
= BL

w + TD
w with w ≤

p−βT
1+Rf

+ T otherwise; and (iii) if T < wF−1
[
1− w(1+Rf )

p

]
, qLM

∗
= qLM if p−βT

1+Rf
+ T < wF−1

[
1− w(1+Rf )

p

]
and qLM

∗
= BL

w + TD
w with w ≤ p−βT

1+Rf
+ T otherwise.

Where qLR = qLM = DF−1
[
1− w(1+Rf )

p

]
.

In Lemma 4.2, the retailer’s optimal order quantity is divided by borrowing from a bank. We denote BL =
(p−βT )D

1+Rf
as discounted value of revenue from consumers with vouchers. No matter whether the loan can be repaid

or may be repaid, the retailer orders TD
w if T ≥ wF−1

[
1− w(1+Rf )

p

]
because the voucher’s price is large enough

so that the retailer does not need to borrow from a bank. If T < wF−1
[
1− w(1+Rf )

p

]
, the retailer borrows from
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a bank and he obtains an order quantity qLR with the loan can be repaid if p−βT1+Rf
+T ≥ wF−1

[
1− w(1+Rf )

p

]
is

also satisfied. Otherwise, the retailer orders with a loan exactly equaling to BL (i.e. wqLR
∗ − TD = BL) which

is the result of the constraint that the loan can be repaid. Contrary to the condition that the loan can be repaid,
if p−βT

1+Rf
+ T < wF−1

[
1− w(1+Rf )

p

]
, the retailer obtains an order quantity qLM with the loan may be repaid

and he orders with a loan exactly equaling to BL otherwise. In addition, if the optimal order quantity can not
be obtained, the wholesale price should satisfy w ≤ T or w ≤ p−βT

1+Rf
+ T so that the retailer can order at least

D to satisfy consumers with vouchers.

4.1.3. The retailer’s choice of order quantity

So far, we obtain the retailer’s optimal order quantities in the case without and with loan from a bank by
selling vouchers. Now we analyze the retailer’s choices of order quantity by comparing the retailer’s expected
profits.

We define three thresholds of voucher’s price T . The first threshold, denoted as TNL, satisfies that the
retailer exactly obtains the optimal order quantity without loan from a bank by working capital from demand
for vouchers (i.e. TNLD = wqNL). Similarly, the second threshold, denoted as TLR, is a voucher’s price that
the retailer exactly obtains the optimal order quantity with bank loan can be repaid by working capital from
demand for vouchers (i.e. TLRD = wqLR). Denoted as TLM , the third threshold satisfies wqLM −TLMD = BL
and it demonstrates that the retailer exactly obtains the optimal order quantity with loan may be repaid by
borrowing BL, where BL is the same as that in Lemma 4.2. There is a threshold of voucher’s value β which is
defined as β̂ = p

TLR
and it is a ratio of retail price and voucher’s price that bank loan can be repaid.

In Proposition 4.3, we show the impact of voucher’s price with a large voucher’s value on the retailer’s
expected profits.

Proposition 4.3. For β > β̂, the retailer’s expected profits (i) πLR
∗

r > πNL
∗

r and πLR
∗

r > πLM
∗

r if T < TLM ,
(ii) πLM

∗

r > πNL
∗

r and πLM
∗

r > πLR
∗

r if TLM ≤ T < TLR, (iii) πLM
∗

r = πNL
∗

r = πNL
∗

r if TLR ≤ T < TNL, and
(iv) πNL

∗

r > πLR
∗

r = πLM
∗

r if T ≥ TNL.

Proposition 4.3 compares the retailer’s expected profits with a large β. The retailer’s expected profits are
compared for a given wholesale price because the retailer’s decision is made after he observes the supplier’s
wholesale price. As illustrated in Figure 2, if T < TLM , when the retailer orders with no loan, the maximal
expected profit is πNL

∗

r . However, the retailer’s expected profit is larger when the retailer increases his order
quantity by borrowing from a bank. And the retailer’s maximal expected profit can increase to πLR

∗

r . After the
retailer’s expected profit reaches πLR

∗

r , the profit decreases when the retailer still increases his order quantity. If
TLM ≤ T < TLR, by not borrowing from a bank, the retailer’s maximal expected profit is πNL

∗

r . By borrowing
from a bank to increase the order quantity, the retailer’s expected profit can increase to πLR

∗

r with the loan can
be repaid. For T ≥ TLM , it is not easy for the retailer to repay the loan because the retailer’s revenue from
consumers with vouchers (i.e. (p − βT )D) is not large enough. If he takes some risks that the bank loan may
not be repaid, the retailer can obtain the maximal expected profit πLM

∗

r . If TLR ≤ T < TNL, the retailer’s
order quantities without and with loan are all bounded by the constraint of working capital from voucher sale.
Therefore, no matter whether the retailer intends to borrow from a bank or not, the retailer’s expected profits
are equal by ordering with working capital from voucher sale. If T ≥ TNL, the retailer obtains enough working
capital from voucher sale to earn the maximal expected profit without borrowing from a bank (i.e. πNL

∗

r ).
In Proposition 4.4, we show the impact of voucher’s price with a small voucher’s value on the retailer’s

expected profits.

Proposition 4.4. For β ≤ β̂, the retailer’s expected profits (i) πLR
∗

r > πNL
∗

r and πLR
∗

r > πLM
∗

r if T < TLR,
(ii) πNL

∗

r = πLR
∗

r = πLM
∗

r if TLR ≤ T < TNL, and (iii) πNL
∗

r > πLR
∗

r = πLM
∗

r if T ≥ TNL.

Proposition 4.4 compares the retailer’s expected profits with a small β and Figure 3 illustrates the results. If
T < TLM , when the retailer orders without loan, he orders at most TD

w and he is not able to obtain the optimal
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Figure 2. The comparison of retailer’s expected profits with a large β.

Figure 3. The comparison of retailer’s expected profits with a small β.

expected profit. By borrowing from a bank, the retailer’s expected profit increases because the retailer can order
more products from the supplier to satisfy the demand. In addition, a small β and a small T correspond to enough
revenue from consumers with vouchers (i.e. (p − βT )D). Therefore, the retailer can repay bank loan and the
retailer obtains the maximal expected profit. If the retailer continues to increase his order quantity, he borrows
more from a bank with a decreasing expected profit and he may not repay bank loan. If TLM ≤ T < TNL, the
retailer’s order quantities are bounded by the constraint of the working capital from voucher sale and then the
order quantity is TD

w no matter whether the retailer borrows from a bank or not. If T ≥ TNL, the retailer does
not need to borrow from a bank and he gets the optimal order quantity with no loan to obtain the maximal
expected profit.

From Proposition 4.3 and Proposition 4.4, we further obtain Proposition 4.5 to show the impact of voucher’s
price and voucher’s value on the retailer’s choice of order quantity.

Proposition 4.5. For β > β̂,(i) q∗ = qLR if T < TLM ; (ii) q∗ = qLM if TLM ≤ T < TLR; (iii) q∗ = TD
w

if TLR ≤ T < TNL; and (iv) q∗ = qNL if T ≥ TNL. For β ≤ β̂, (i) q∗ = qLR if T < TLR; (ii) q∗ = TD
w if

TLR ≤ T < TNL; and (iii) q∗ = qNL if T ≥ TNL.
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Figure 4. The retailer’s optimal choice of order quantity.

Proposition 4.5 proposes the retailer’s optimal choice of order quantity corresponding to the voucher’s price
and voucher’s value. For β > β̂ as shown in Figure 4, if T is quite low, the retailer’s working capital from demand
for vouchers (i.e. TD) is quite low and then borrowing from a bank is an optimal decision for the retailer.
Additionally, a quite low T helps the retailer to repay bank loan because the retailer obtains more revenue from
consumers with vouchers (i.e. (p − βT )D). Therefore, the retailer obtains more profit from ordering qLR with
a quite low T and the loan can be repaid. As T increases to be larger than TLM , the retailer’s revenue from
consumers with vouchers decreases. The retailer still needs to borrow from a bank to order qLM if T < TLR, but
he cannot make sure whether the loan can be repaid or not. If the voucher’s price is not smaller than TLR, the
retailer does not need to loan from a bank because he obtains more working capital from voucher sale. However,
the retailer cannot obtain the optimal order quantity qNL and he orders with all working capital from voucher
sale to obtain TD

w if the voucher’s price is not larger than TNL. For β ≤ β̂ as shown in Figure 4, if the voucher’s
price is larger than TLR, the retailer’s optimal choice of order quantity is the same as that for β > β̂. If the
voucher’s price is smaller than TLR, the retailer orders qLR and the loan can always be repaid. The reason is
that a small β corresponds to a small revenue from consumers with vouchers (i.e., (p − βT )D) and then the
retailer obtains enough revenue to repay the bank loan.

4.2. The supplier’s decision of wholesale price

The retailer’s choice of order quantity is shown in Proposition 4.5, and the supplier decides her wholesale
price by anticipating the retailer’s choice of order quantity. As a Stackelberg leader, the supplier’s optimization
problem can be written as following:

πs = wq − cq

Subject to:
{
q = q∗

q ≥ D
.

(4.5)

The supplier provides q∗ to meet the retailer’s order quantity and the supplier’s profit is totally from it.
Besides, the quantity of products that the supplier provides to the retailer should be larger than D to ensure
the retailer to participant in the game. By solving the optimization problem of (4.5), we propose Proposition 4.6
to indicate the supplier’s optimal wholesale price w∗.

Proposition 4.6. The supplier’s optimal wholesale price (i) w∗ = wL if T < TLR; (ii) w∗ = T if TLR ≤ T <
TNL; and (iii) w∗ = wNL if T ≥ TNL.

Where wL satisfies pf
(
F−1

[
1− wL(1+Rf )

p

])
F−1

[
1− wL(1+Rf )

p

]
=
(
wL − c

)
(1 +Rf ) and wNL satisfies

pF−1
(

1− wNL

p

)
f
[
F−1

(
1− wNL

p

)]
= wNL − c.
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Figure 5. The supplier’s optimal wholesale price.

In Proposition 4.6, the supplier’s wholesale price is divided into three segments by voucher’s price T . The
reason is that, although the supplier is a Stackelberg leader, her wholesale price is decided by anticipating the
retailer’s best response to it as shown in Proposition 4.5. If the voucher’s price is small (i.e. T < TLR), the
supplier’s wholesale price is wL with the retailer borrowing from a bank. This is because the voucher’s price
is too small for a retailer to obtain enough working capital to order and by considering it, the supplier would
like to decide a wholesale price so that the retailer borrows from a bank. If the voucher’s price is larger than
TLR, the retailer’s working capital from voucher sale is larger (i.e. TD) and his revenue from consumers with
vouchers is smaller (i.e. (p−βT )D). The supplier would decide a wholesale price so that the retailer orders with
all his working capital if the voucher’s price is smaller than TNL. And if the voucher’s price is not smaller than
TNL, the supplier would notice that it is easy for the retailer to obtain enough working capital from voucher
sale. Then the supplier’s wholesale price is wNL so that the retailer can obtain the maximal expected profit
without borrowing from a bank. Figure 5 illustrates the results.

5. An extension: The voucher sale in the presence of trade credit financing

In the previous sections, we examined the voucher sale as a financing source in a capital-constrained supply
chain by considering bank financing as a supplementary source. This is widely used that an online platform
serves as an intermediary role to sell vouchers of a product [18] and to offer an access to bank for the capital-
constrained firms [22]. In practice, trade credit financing is also an important form of financing for firms especially
in economies with less developed financial markets or weak bank-firm relationships [5].

This section considers the voucher sale in the presence of trade credit financing. Similar to the work of
Kouvelis and Zhao [25] and Chen [5], we assume that the contract variable is the “postponed” wholesale price
wC = w(1 + rC) where C represents trade credit financing. For the case that the retailer does not adopt trade
credit financing, the firms’ optimization problem is the same as that of the case without loan from a bank in
Subsection 4.1. For the case that the retailer adopts trade credit financing, the retailer’s optimization problem
is formulated as (5.1) in the condition that the financing can be repaid.

πCRr = (p− βT )D + pEmin[q −D, (α− 1)D]− (wCq − TD)

Subject to:

 wCq > TD
(p− βT )D ≥ wCq − TD

q ≥ D
.

(5.1)

It is interesting to notice that the objective function in (5.1) is the same as that in (4.1), which is also the
optimization problem of the case without adopting trade credit financing. The first constraint in (5.1) is that
the retailer’s working capital from voucher sale TD does not cover the payment on ordering wCq. Then there
is a capital gap wCq − TD for the retailer to finance by trade credit, and with the financing can be repaid, the
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retailer’s revenue from consumers with vouchers is larger than the capital gap, which is shown as the second
constraint in (5.1). Besides, the retailer’s order quantity is at least D to satisfy the consumers with vouchers,
i.e. q ≤ D.

In the condition that the trade credit financing may be repaid, the retailer’s optimization problem is

πCMr = E {(p− βT )D + pmin[q −D, (α− 1)D]− (wCq − TD)}+

Subject to:

 wCq > TD
(p− βT )D < wCq − TD

q ≥ D
.

(5.2)

The retailer may obtain zero expected profit in this condition. Similar to the condition that the trade credit
financing can be repaid, there is a capital gap wCq − TD for the retailer to finance by trade credit. As shown
in the second constraint, the retailer’s revenue from consumers with vouchers does not cover the capital gap,
and it is consistent to that the retailer would not know whether he can repay the trade credit financing or not.
In addition, the retailer needs to order at least D to satisfy the consumers with vouchers as shown in the third
constraint.

In the presence of trade credit financing, Lemma 5.1 shows the possible optimal order quantities for a given
wC by considering the voucher’s price.

Lemma 5.1. In the present of trade credit financing, when the retailer does not adopt the financing, (i) qNR
∗

=
qNR if T ≥ w̃C and (ii) qNR

∗
= TD

wC
if T < w̃C ; when the financing can be repaid, (i) qCR

∗
= TD

wC
if T ≥ w̃C

(ii) qCR
∗

= qCR if T < w̃C and T ≤ p−w̃C
β−1 , (iii) qCR

∗
= (p−βT )D+TD

wC
if T < w̃C and T > p−w̃C

β−1 ; when the

financing may be repaid, (i) qCM
∗

= TD
wC

if T ≥ wCq
CM

D , (ii) qCM
∗

= qCM if T < wCq
CM

D and T > pD−wCqCM
D(β−1) ,

(iii) qCM
∗

= (p−βT )D+TD
wC

if T < wCq
CM

D and T ≤ pD−wCqCM
D(β−1) .

Where w̃C = wCF
−1
(

1− wC
p

)
, qNR = qCR = DF−1

(
1− wC

p

)
and qCM satisfies pF̄

(
qCM

D

)
=

wC F̄
(
βTD−TD+wCq

CM

pD

)
.

When the retailer does not adopt trade credit financing, the retailer obtains enough capital to get the optimal
order quantity if the voucher’s price is large (i.e. T ≥ wCF−1(1− wC

p )). However, the optimal order quantity is
not obtained if the voucher’s price is small (i.e. T < wCF

−1(1− wC
p )) and therefore, the retailer orders with all

revenue from voucher sale. When the retailer adopts trade credit financing and if it can be repaid, the retailer
orders with all revenue from voucher sale with a quite large voucher price (i.e. T ≥ wCF

−1(1 − wC
p )). If the

voucher’s price is not quite large (i.e. T < wCF
−1(1− wC

p )), the retailer obtains the optimal order quantity if

the voucher’s price also satisfies T ≤ p−wCF−1(1−wCp )

β−1 ; otherwise, the retailer’s payment on ordering equals to
total revenues from voucher sale and consumers with vouchers. When the retailer adopts trade credit financing
and it can be repaid, the retailer orders with revenue from voucher sale if the voucher’s price is larger than
wCq

CM

D . If the voucher’s price is smaller than wCq
CM

D , the retailer obtains the optimal order quantity when the

voucher’s price is also larger than pD−wCqCM
D(β−1) ; while when the voucher’s price is smaller than pD−wCqCM

D(β−1) , the
retailer’s payment on ordering equals to total revenues from voucher sale and consumers with vouchers.

Furthermore, we demonstrate the retailer’s optimal choice of order quantity in the presence of trade credit
financing in Proposition 5.2.

Proposition 5.2. The retailer’s optimal choice of order quantity in the presence of trade credit financing is qC
∗
:

(i) for β < pD
wCqCM

, qC
∗

= qCR if T < w̃C , q
C∗ = qNR if T ≥ w̃C ; (ii) for pD

wCqCM
≤ β < pD

wCqNR
, qC

∗
= qCR

if T < w̃C , q
C∗ = qNR if w̃C ≤ T < pD−wCqCM

D(β−1) , qC
∗

= qCM if pD−wCqCM
D(β−1) ≤ T < wCq

CM

D , qC
∗

= qNR

if T ≥ wCq
CM

D ; (iii) for β ≥ pD
wCqNR

, qC
∗

= qCR if T < pD−wCqCM
D(β−1) , qC

∗
= qCM if pD−wCqCM

D(β−1) ≤ T <

wCq
CM

D , qC
∗

= qNR if T ≥ wCq
CM

D .
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Figure 6. The retailer’s optimal choice of order quantity.

The retailer’s optimal choice of order quantity with voucher sale in the presence of trade credit financing is
shown in Proposition 5.2. For a small β (i.e. β < pD

wCqCM
), if the voucher’s price is small (i.e. T < w̃C), the

retailer needs to borrow from the supplier because his working capital TD is small but he can repay the trade
credit financing because his revenue from consumers with vouchers (p−βT )D is large. As a result, the retailer’s
optimal choice of order quantity is qCR. If the voucher’s price is large, the retailer obtains enough working capital
TD to order from the supplier and his order quantity is qNR. For a medium β (i.e. pD

wCqCM
≤ β < pD

wCqNR
),

the retailer needs to borrow from the supplier if T < w̃C because his working capital TD is not large enough.
Meanwhile, the trade credit financing can be repaid as result of the retailer’s revenue from consumers with
vouchers (p− βT )D being large enough. If the voucher’s price is larger than w̃C , the retailer’s working capital
becomes large enough to order without borrowing from the supplier and his optimal choice of order quantity is
qNR. However, the retailer would notice that it is more profitable to borrow from the supplier to order qCM by
taking some risk that the trade credit financing may not be repaid if pD−wCqCM

D(β−1) ≤ T < wCq
CM

D . The reason is
that, by borrowing from the supplier, the retailer obtains more order quantity to satisfy the consumers and the
risk is undertaken by the supplier. For a large β (i.e.β ≥ pD

wCqNR
), if the voucher’s price is smaller than wCq

CM

D ,

the retailer needs to borrow from the supplier to order. With a voucher’s price smaller than pD−wCqCM
D(β−1) , the

retailer’s revenue from consumers with vouchers (p − βT )D is large enough for the retailer to repay the trade
credit financing, while the trade credit financing may be repaid if the voucher’s price is larger than pD−wCqCM

D(β−1) .

If the voucher’s price is larger than wCq
CM

D , the retailer obtains enough working capital TD from voucher sale
to order without borrowing from the supplier. Figure 6 shows the results.

We obtain the retailer’s optimal choice of order quantity in Proposition 5.2 for a given wholesale price by
considering the voucher’s price and voucher’s value. Next, we analyze the supplier’s optimal wholesale price in
the presence of trade credit financing. Considering the retailer’s best response to the supplier’s wholesale price,
the supplier’s optimization problem is

πcs = Emin {wcq, (p− βT )D + pmin[q −D, (α− 1)D] + TD} − cq

Subject to:
{
q = qC

∗

q ≥ D .
(5.3)

In (5.3), the supplier may obtain the full payment wCq from the retailer or the retailer’s total revenue
(p − βT )D + pmin [q − D, (α − 1)D] + TD. The supplier should provide qCM

∗
to the retailer as shown in

Proposition 5.2 and the order quantity should be at least D so that the retailer would engage in the game.
Proposition 5.3 summarizes the supplier’s optimal wholesale price.
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Figure 7. The supplier’s optimal wholesale price.

Proposition 5.3. The supplier s optimal wholesale price in the presence of trade credit financing is w∗C :(i)

for β < pD
wCNqCM

, w∗C = wCNC , (ii) for β ≥ pD
wCNqCM

, w∗C = wCNC if T <
pD−wCMC qCM

D(β−1) , w∗C = wCMC if
pD−wCMC qCM

D(β−1) ≤ T <
wCMC qCM

D , and w∗C = wCNC if T ≥ wCMC qCM

D .

Where wCNC satisfies pf
[
F−1

(
1− wCNC

p

)]
F−1

(
1− wCNC

p

)
= wCNC − c and wCMC satisfies cpD +

p2qCMf
(
qCM

D

)
− p2DF̄

(
qCM

D

)
= cwCMC qCM

f

(
βTD−TD+wCMC qCM

pD

)

F̄

(
βTD−TD+wCM

C
qCM

pD

) .

For a small β (i.e. β < pD
wCNqCM

), the supplier would always set the wholesale price at wCN . This is because
the retailer obtains enough revenue (p − βT )D from consumers with vouchers when β is small and whether
the retailer borrows from the supplier or not, the trade credit financing can be repaid. Therefore, the supplier’s
wholesale price is wCN by considering the response of the retailer. For a large β (i.e. β ≥ pD

wCNqCM
), the

supplier anticipates that the retailer would order a quantity that he may not repay the trade credit financing if
pD−wCMC qCM

D(β−1) ≤ T <
wCMC qCM

D . As a result, the supplier’s wholesale price is wCMC in this condition. Otherwise,
the supplier anticipates that the retailer would order with his working capital or order with the trade credit
financing can be repaid. Then the supplier’s wholesale price is wCNC . Figure 7 shows the results.

6. Conclusion

In this paper, we have studied the role of voucher sale on operation of a supply chain which consists of a
supplier and a capital-constrained retailer. We assume that the retailer raises working capital by voucher sale
before ordering and from the sale of vouchers, the retailer not only raises working capital but also can predict
the revenue from consumers with vouchers. We analyze the retailer’s optimal choice of order quantity in the
cases without and with loan from a bank and specifically, the case with loan from a bank includes the conditions
that loan can and may be repaid. The supplier’s optimal wholesale price is derived by anticipating the retailer’s
best response to it. Furthermore, we show the impact of voucher sale with trade credit financing on the retailer’s
choice of order quantity and the supplier’s decision of wholesale price.

Our analysis shows that the retailer obtains more by borrowing from a bank if the voucher’s price is small;
otherwise, it is optimal for the retailer not to borrow from a bank. The voucher’s value corresponds to the
retailer’s revenue from consumers with vouchers, which has an impact on whether the retailer can or may repay
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the bank loan. For a large voucher’s value, the retailer earns most by borrowing from a bank and he can repay
the bank loan if the voucher’s price is small too. While if the voucher’s price is larger, the retailer borrows more
from a bank to earn more profit and he may not repay the bank loan. For a small voucher’s value, the retailer
obtains most by borrowing from a bank to order and he can repay the bank, or by not borrowing from a bank.
As to the supplier, if voucher’s price is large, the supplier makes an optimal wholesale price decision which leads
the retailer not to borrow from a bank; and if voucher’s price is small, the supplier’s optimal decision is obtained
by anticipating the retailer to borrow from a bank. In the presence of trade credit financing, when the voucher’s
price is quite large, the retailer would not borrow from the supplier. If the voucher’s price is not quite large,
the retailer borrows from the supplier and the financing can be repaid with a small voucher’s value. If voucher’s
value is large, the voucher’s price should be also small so that the retailer can repay the supplier; otherwise, the
retailer either does not borrow from the supplier or may not repay the supplier. The supplier would decide a
wholesale price so that the retailer does not borrow or can repay the supplier, except that the voucher’s value
is large and the voucher’s price is medium.

The managerial implication of the paper is that the retailer and the supplier would make their best choices
by observing the voucher’s price and voucher’s value. For the retailer, he would notice whether he should borrow
from a bank or not by considering the voucher’s price. Specifically, if the voucher’s price is quite large, it is
optimal for him not to borrow from a bank to order; otherwise, his best choice is to borrow from a bank. Besides,
by observing both the voucher’s price and voucher’s value, the retailer would realize whether it is profitable
for him to take some risk that the loan may not be repaid. For a large voucher’s value, the retailer would get
that he may not repay the bank loan if the voucher’s price is not quite large. While for a small voucher’s value,
the retailer can always repay the loan if he borrows from a bank. The supplier would make her wholesale price
decision by anticipating that the retailer does not borrow from a bank or can repay the bank loan if the voucher’s
value is small. However, the supplier would take both the voucher’s price and voucher’s value into consideration
to anticipate whether the retailer can or may repay the bank loan to make her wholesale price decision. Similar
to the firms’ decisions with voucher sale in the presence of bank financing, the retailer’s optimal choice of order
quantity and the supplier’s decision of wholesale price are reflected by the voucher’s price and voucher’s value
in the presence of trade credit financing.

This paper has several potential extensions. First, our model assumes that consumers buying vouchers do
not give up buying products in holiday and the total demand is characterized by a random variable. However,
some consumers buying vouchers may not buy products and some price-sensitive consumers may be attracted
to buy products which would have an impact on the total demand [23, 29]. Second, to focus on the impact
of voucher sale, we assume the retailer’s expenditures of voucher sale and borrowing from a bank through an
online platform are both zero, and there is no bankruptcy cost for the retailer. However, an online platform may
charge for its service and the retailer needs to pay bankruptcy cost, therefore the existence of expenditures from
an online platform and bankruptcy cost can be considered in future research [16, 25, 35]. Third, it is assumed
that the retailer borrows from a bank through an online platform with risk-free interest. In practice, a bank
with risk-free interest may loan to the online platform and then the online platform loans to capital-constrained
firms by maximizing its profit [34,41].

Appendix A.

Proof of Lemma 4.1. The objective function of (4.1) is reduced to πNLr = pq−βTD−pD
∫ q
D

u
F (α)dα−wq+TD.

We get dπNLr
dq = p − pF

(
q
D

)
− w and d2πNLr

dq2 = − p
Df
(
q
D

)
< 0. Let dπNLr

dq = 0 and then optimal qNL satisfies

p − pF
(
qNL

D

)
− w = 0. So qNL = DF−1

(
1− w

p

)
is the unique optimal solution for the objective function of

(4.1).
Considering the first constraint in (4.1), we get that, if qNL ≤ TD

w , qNL
∗

= qNL; and if qNL > TD
w qNL

∗
=

TD
w · q

NL ≤ TD
w is further reduced to T ≥ wF−1

(
1− w

p

)
and qNL > TD

w is reduced to T < wF−1
(

1− w
p

)
.
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Therefore, if T ≥ wF−1
(

1− w
p

)
, qNL

∗
= qNL; and if T < wF−1

(
1− w

p

)
, qNL

∗
= TD

w . Considering the second

constraint in (4.1), if T ≥ wF−1
(

1− w
p

)
, qNL

∗
= qNL ≥ D and it is reduced to DF−1

(
1− w

p

)
≥ D which

always exist for 1 − w
p ≥ F (1) = F (u) = 0; and if T < wF−1

(
1− w

p

)
, qNL

∗
= TD

w ≥ D and it is reduced to
w ≤ T . �

Proof of Lemma 4.2. In the condition that the loan can be repaid, the retailer’s working capital from consumers
with vouchers (p − βT )D is not smaller than B(1 + Rf ) as it is shown in the second constraint of (4.3). For
Rb = Rf , the objective function of (4.3) is reduced to

πLRr = pq − βTD − pD
∫ q

D

u

F (α)dα−B (1 +Rf ) .

The first-order condition of πLRr with respect to q is dπLRr
dq = p − pF

(
q
D

)
− w (1 +Rf ) and d2πLRr

dq2 =

− p
Df
(
q
D

)
< 0. Then the optimal q satisfies dπLRr

dq = 0 and we get qLR = DF−1[1 − w(1+Rf )
p ]. By satisfy-

ing the first two constraints of (4.3) and d2πLRr
dq2 < 0, we get that if wqLR ≤ TD (i.e. T ≥ wF−1

[
1− w(1+Rf )

p

])
,

qLR
∗

= TD
w ; if wqLR > TD and (p − βT )D ≥ (wqLR − TD) (1 +Rf ) (i.e. T < wF−1

[
1− w(1+Rf )

p

]
and

p−βT
1+Rf

+ T ≥ wF−1
[
1− w(1+Rf )

p

])
, qLR

∗
= qLR and if wqLR > TD and (p − βT )D <

(
wqLR − TD

)
(1 +Rf )

(i.e. T < wF−1
[
1− w(1+Rf )

p

]
and p−βT

1+Rf
+ T < wF−1

[
1− w(1+Rf )

p

])
, qLR

∗
= BL

w + TD
w . By satisfying the

third constraint of (4.3), if T ≥ wF−1
[
1− w(1+Rf )

p

]
, TDw ≥ D and then w ≤ T ; if T < wF−1

[
1− w(1+Rf )

p

]
and p−βT

1+Rf
+ T ≥ wF−1

[
1− w(1+Rf )

p

]
, qLR = DF−1

[
1− w(1+Rf )

p

]
≥ D and it always exists; if T <

wF−1
[
1− w(1+Rf )

p

]
and p−βT

1+Rf
+ T < wF−1

[
1− w(1+Rf )

p

]
, BL
w + TD

w ≥ D and then w ≤ p−βT
1+Rf

+ T .

In the condition that the loan may be repaid, then (p−βT )D < B(1+Rf ) is satisfied as shown in the second
constraint of (4.4). The objective function of (4.4) is reduced to

πLMr = pq − βTD − pD
∫ q

D

u

F (α)dα− Emin {B (1 +Rb) , pmin[q −D, (α− 1)D] + (p− βT )D} .

B (1 +Rf ) = Emin {B (1 +Rb) , pmin[q −D, (α− 1)D] + (p− βT )D} as shown in equation (4.2), we

get πLMr ’s first-order condition with respect to q is dπLMr
dq = p − pF

(
q
D

)
− w (1 +Rf ). The sec-

ond order condition is d2πLMr
dq2 = − p

Df
(
q
D

)
< 0. Then we get the unique optimal solution qLM =

DF−1
[
1− w(1+Rf )

p

]
. From the first two constraints of (4.4), we get that if wqLM ≤ TD (i.e. T ≥

wF−1
[
1− w(1+Rf )

p

])
, qLM

∗
= TD

w ; if wqLM > TD and (p − βT )D <
(
wqLM − TD

)
(1 +Rf ) (i.e.

T < wF−1
[
1− w(1+Rf )

p

]
and p−βT

1+Rf
+ T < wF−1

[
1− w(1+Rf )

p

])
, qLM

∗
= qLM ; and if wqLM > TD and

(p−βT )D ≥
(
wqLM − TD

)
(1 +Rf ) (i.e. T < wF−1

[
1− w(1+Rf )

p

]
and p−βT

1+Rf
+ T ≥ wF−1

[
1− w(1+Rf )

p

])
,

qLM
∗

= BL
w + TD

w . By satisfying the third constraint of (4.4), if T ≥ wF−1
[
1− w(1+Rf )

p

]
, TDw ≥ D and then

w ≤ T ; if T < wF−1
[
1− w(1+Rf )

p

]
and p−βT

1+Rf
+ T < wF−1

[
1− w(1+Rf )

p

]
, qLM = DF−1

[
1− w(1+Rf )

p

]
≥ D

and it always exists; and if T < wF−1[1− w(1+Rf )
p

]
and p−βT

1+Rf
+ T ≥ wF−1

[
1− w(1+Rf )

p

]
, BLw + TD

w ≥ D and

then w ≤ p−βT
1+Rf

+ T . �
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Proof of Proposition 4.3. From Lemma 4.1, we obtain that if T ≥ TNL, qNL
∗

= qNL; otherwise, qNL
∗

= TD
w

in the case without loan from a bank. And from Lemma 4.2, in the case with loan from a bank, we obtain
that if T ≥ TLR, qLR

∗
= qLM

∗
= TD

w ; if T < TLR and T ≤ TLM , qLR
∗

= qLR; if T < TLR and T > TLM ,
qLR

∗
= BL

w + TD
w ; if T < TLR and T ≥ TLM , qLM

∗
= qLM ; and if T < TLR and T < TLM , qLM

∗
= BL

w + TD
w .

For a large voucher’s value β > β̂, we obtain TLM < TLR < TNL.
If T < TLM , the retailer’s optimal order quantities are qNL

∗
= TD

w , qLR
∗

= qLR, and qLM
∗

= BL
w + TD

w . We
notice that πLRr

(
TD
w

)
= πNLr

(
TD
w

)
from the expected profit function of πLRr and πNLr . We obtain πLRr

(
qLR

)
>

πLRr
(
BL
w + TD

w

)
and πLRr

(
qLR

)
> πLRr

(
TD
w

)
for qLR is optimal solution of πLRr . Thus, πLR

∗

r > πNL
∗

r and
πLR

∗

r > πLM
∗

r .
If TLM ≤ T < TLR, the retailer’s optimal order quantities are qNL

∗
= TD

w , qLR
∗

= BL
w +TD

w and qLM
∗

= qLM .
We obtain πNLr

(
TD
w

)
= πLRr

(
TD
w

)
from expected profit function of πNLr and πLRr . Because πLRr (q) = πLMr (q) for

any q, πLRr
(
qLR

)
= πLMr

(
qLM

)
·πLRr

(
qLR

)
> πLRr

(
TD
w

)
and πLRr

(
qLR

)
> πLRr

(
BL
w + TD

w

)
are satisfied because

qLR is optimal solution of πLRr . Then we get πLMr
(
qLM

)
> πNLr

(
TD
w

)
and πLMr

(
qLM

)
> πLRr

(
BL
w + TD

w

)
. That

is πLM
∗

r > πNL
∗

r and πLM
∗

r > πLR
∗

r .
If TLR ≤ T < TNL, the retailer’s optimal order quantities are qNL

∗
= TD

w , qLR
∗

= TD
w and qLM

∗
= TD

w .
Notice that πNLr

(
TD
w

)
= πLRr

(
TD
w

)
= πLMr

(
TD
w

)
from the objective function of (4.1), and (4.4). Therefore

πLM
∗

r = πNL
∗

r = πNL
∗

r is obtained.
If T ≥ TNL, the retailer’s optimal order quantities are qNL

∗
= qNL, qLR

∗
= TD

w and qLM
∗

= TD
w . Notice

that qNL is the optimal order quantity of πNLr , πNLr
(
qNL

)
> πNLr

(
TD
w

)
is satisfied. In addition, we obtain

πNLr
(
TD
w

)
= πLRr

(
TD
w

)
= πLMr

(
TD
w

)
from the objective function of equations (4.1), (4.3) and (4.4). Then we

get πNLr
(
qNL

)
> πLRr

(
TD
w

)
= πLMr

(
TD
w

)
and then πNL

∗

r > πLR
∗

r = πLM
∗

r . �

Proof of Proposition 4.4. For a voucher’s value satisfying β ≤ β̂, TLR < TLM < TNL or TLR < TNL < TLM

is obtained by simple calculation. For TLR < TLM < TNL and TLR < TNL < TLM , if T < TLR, the retailer
can order qNL

∗
= TD

w with no loan, qLR
∗

= qLR with loan can be repaid and qLM
∗

= BL
w + TD

w with loan
may be repaid. We know, from the objective functions of (4.1), (4.3) and (4.4), that πNLr

(
TD
w

)
= πLRr

(
TD
w

)
and πLRr (q) = πLMr (q) for any q. From πLRr (q) = πLMr (q), we get πLRr

(
BL
w + TD

w

)
= πLMr

(
BL
w + TD

w

)
. qLR

is optimal solution of πLRr , we get πLRr
(
qLR

)
> πLRr

(
TD
w

)
and πLRr

(
qLR

)
> πLRr

(
BL
w + TD

w

)
. Then we get

πLRr
(
qLR

)
> πNLr

(
TD
w

)
and πLRr

(
qLR

)
> πLMr

(
BL
w + TD

w

)
. That is πLR

∗

r > πNL
∗

r and πLR
∗

r > πLM
∗

r .
If TLR ≤ T < TNL, ordering qNL

∗
= TD

w with no loan, qLR
∗

= TD
w with loan can be repaid and qLM

∗
=

TD
w with loan may be repaid are the retailer’s order quantities. It is obvious that πNLr

(
TD
w

)
= πLRr

(
TD
w

)
=

πLMr
(
TD
w

)
from objective functions of (4.1), (4.3) and (4.4). Therefore, we get πNL

∗

r = πLR
∗

r = πLM
∗

r .
If T ≥ TNL, the retailer can order qNL

∗
= qNL with no loan, qLR

∗
= TD

w with loan can be repaid and qLM
∗

=
TD
w with loan may be repaid. Since qNL is the optimal solution of πNLr , we obtain πNLr

(
qNL

)
> πNLr

(
TD
w

)
. In

addition, we obtain that πNLr
(
TD
w

)
= πLRr

(
TD
w

)
= πLMr

(
TD
w

)
. Then we get that πNLr

(
qNL

)
> πLRr

(
TD
w

)
=

πLMr
(
TD
w

)
. Therefore, πNL

∗

r > πLR
∗

r = πLM
∗

r . �

Proof of Proposition 4.5. From Propositions 4.3 and 4.4, we obtain the comparing results of the retailer’s
expected profits. Then we can obtain the optimal order quantity corresponding to the maximal expected profit.
And then the retailer’s choice of order quantity is obtained by considering voucher’s price and voucher’s value.
The results shown in Proposition 4.5 are obtained. �

Proof of Proposition 4.6. In Proposition 4.5, we obtain the retailer’s choice of order quantity for a given whole-
sale price by considering the voucher’s price and voucher’s value. Then for β > β̂, if T < TLM , the supplier’s
profit function is πs = (w−c)qLR. Derivative of the equation with respect to w, we yield dπs

dw = qLR+(w−c)dqLR

dw .

Notice that qLR satisfies p − pF
(
qLR

D

)
− w (1 +Rf ) = 0 and by taking the derivative of it with respect to w,

we yield dqLR

dw = −D(1+Rf )

pf
(
qLR

D

) . By substituting dqLR

dw into dπs
dw , we obtain dπs

dw = qLR − (w − c)D(1+Rf )

pf
(
qLR

D

) and the
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second order condition of πs is d2πs
dw2 = 2dqLR

dw + (w − c)d2qLR

dw2 =
[
2 + (w − c)f ′

(
qLR

D

)
/
[
f
(
qLR

D

)]2]
dqLR

dw < 0.

Let dπs
dw = 0 and submit qLR = DF−1

[
1− w(1+Rf )

p

]
into it, we obtain that the supplier’s optimal wholesale

price w∗ = wLR where wLR satisfies pf
(
F−1

[
1− wLR(1+Rf )

p

])
F−1

[
1− wLR(1+Rf )

p

]
=
(
wLR − c

)
(1 +Rf ).

For β > β̂, if TLM ≤ T < TLR, the supplier’s profit function is πs = (w − c)qLM . As shown in Lemma 4.2,
qLR = qLM and then the supplier’s optimal wholesale price in this condition is the same as that for β > β̂ and
T < TLM . Therefore, the supplier’s optimal wholesale price is w∗ = wLM which is equal to wLR.

For β > β̂, if TLR ≤ T < TNL, the supplier’s profit function is πs = TD − cTD
w . The first order condition of

πs with respect to w is dπs
dw = cTD

w2 > 0 which means the supplier’s profit increases with her wholesale price. As
shown in Lemmas 4.1 and 4.2, when the retailer’s order quantity is TD

w , the supplier’s wholesale price should
satisfy w ≤ T . Then the supplier’s optimal wholesale price w∗ = T .

For β > β̂, if T ≥ TNL, the supplier’s profit function is πs = (w− c)qNL. The first order condition of πs with
respect to w is dπs

dw = qNL+(w−c)dqNL

dw . Notice that qNL satisfies p− pF
(
qNL

D

)
−w = 0 and by taking the deriva-

tive of it with respect to w, we yield dqNL

dw = − D

pf
(
qNL

D

) . Then dπs
dw = qNL−(w−c) D

pf
(
qNL

D

) . And the second order

condition of πs with respect to w is d2πs
dw2 = 2dqNL

dw +(w−c)d2qNL

dw2 =
[
2 + (w − c)f ′

(
qNL

D

)
/
[
f
(
qNL

D

)]2]
dqNL

dw <

0. Then the supplier’s optimal wholesale price is unique in the condition. Let dπs
dw = 0 and the supplier’s wholesale

price w∗ = wNL where wNL satisfies pF−1
(

1− wNL

p

)
f
[
F−1

(
1− wNL

p

)]
= wNL − c.

For β ≤ β̂, if T < TLR, the supplier’s profit is πs = (w − c)qLR which is the same as that for β > β̂ and
T < TLM . The supplier’s optimal wholesale price in this condition is w∗ = wLR. For β ≤ β̂, if TLR ≤ T < TNL,
the supplier’s profit is πs = TD − cTD

w which is the same as that for β > β̂ and TLR ≤ T < TNL. The
supplier’s optimal wholesale price in this condition is w∗ = T . For β ≤ β̂, if T ≥ TNL, the supplier’s profit is
πs = (w − c)qNL which is the same as that for β > β̂ and T ≥ TNL. The supplier’s optimal wholesale price in
this condition is w∗ = wNL.

Above all, if T < TLR, the supplier’s optimal wholesale price is w∗ = wL where wL = wLR = wLM ; if
TLR ≤ T < TNL, the supplier’s optimal wholesale price is w∗ = T ; and if T ≥ TNL, the supplier’s optimal
wholesale price is w∗ = wNL. �

Proof of Lemma 5.1. The retailer’s optimal order quantity in the case without adopting trade credit financing
is the same as that of the case without loan from a bank. Therefore, the retailer’s optimal order quantity
qNR

∗
= TD

wC
if T < wCF

−1(1− wC
p ) and qNR

∗
= qNR if T ≥ wCF−1(1− wC

p ), where qNR = DF−1(1− wC
p ).

By adopting trade credit financing, in the condition that the financing can be repaid, the objective function
of (5.1) is reduced to

πCRr = pq − βTD − pD
∫ q

D

u

F (α)dα− wCq + TD.

The first order condition of πCRr with respect to q is dπCRr
dq = p− pF ( qD )−wC and the second order condition

of πCRr with respect to q is d2πCRr
dq2 = − p

Df( qD ) < 0. Then the optimal qCR satisfies p− pF ( q
CR

D )− wC = 0 and
qCR = DF−1(1− wC

p ) is the unique optimal solution.
Considering the first constraint in (5.1), we get that if T ≥ wCF

−1(1 − wC
p ), the retailer’s optimal order

quantity qCR
∗

= TD
wC

. If the first constraint is satisfied, that is T < wCF
−1(1 − wC

p ), the retailer borrows

from a bank and qCR
∗

= qCR if the second constrained is also satisfied, that is T ≤ p−wCF−1(1−wCp )

β−1 . If

T < wCF
−1(1− wC

p ) and T >
p−wCF−1(1−wCp )

β−1 , the retailer’s optimal order quantity qCR
∗

= (p−βT )D+TD
wC

.
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In the condition that the trade credit financing may be repaid, the objective function of (5.2) is reduced to

πCMr = (pq − βTD − wCq + TD)−
∫ q

D

βTD−TD+wCq
pD

pDF (α)dα.

The first order condition of πCMr with respect to q is dπCMr
dq = p−wC − pF

(
q
D

)
+wCF

(
βTD−TD+wCq

pD

)
and

the second order condition of πCMr with respect to q is d2πCMr
dq2 = −pf

(
q
D

)
1
D + wCf

(
βTD−TD+wCq

pD

)
wC
pD < 0.

Then the optimal qCM satisfies pF̄
(
qCM

D

)
= wC F̄

(
βTD−TD+wCq

CM

pD

)
.

By substituting qCM into the constraints in (5.2), we get that T < wCq
CM

D , T > pD−wCqCM
D(β−1) and qCM ≥

D, where qCM ≥ D is always satisfied because pF
(
D
D

)
= 0 while pF

(
qcM

D

)
in p − wC = pF

(
qCM

D

)
−

wCF
(
βTD−TD+wCq

CM

pD

)
should be positive to ensure the equation is satisfied. Then if T ≥ wCq

CM

D , the retailer

orders with all revenue from voucher sale, that is qCM
∗

= TD
wC

; if T < wCq
CM

D and T > pD−wCqCM
D(β−1) , the retailer

gets the optimal order quantity qCM
∗

= qCM ; and if T < wCq
CM

D and T ≤ pD−wCqCM
D(β−1) , the retailer orders with

all revenue from voucher sale and demand of consumers with voucher, that is qCM
∗

= (p−βT )D+TD
wC

. �

Proof of Proposition 5.2. As shown in Lemma 5.1, the boundaries of the firms’ decisions are w̃C , p−w̃Cβ−1 , wCq
CM

D

and pD−wCqCM
D(β−1) . Notice that w̃C = wCq

NR

D , F
(
qNR

D

)
= 1 − wC

p and F
(
qCM

D

)
= 1 − wC

p F̄
(
βTD−TD+wCq

CM

pD

)
.

We get qNR < qCM and then w̃C < wCq
CM

D and p−w̃C
β−1 > pD−wCqCM

D(β−1) always exist. By simple calculation,

we get that if β < pD
wCqCM

, w̃C < wCq
CM

D < pD−wCqCM
D(β−1) < p−w̃C

β−1 ; if pD
wCqCM

≤ β < pD−wCqNR+wCq
CM

wCqCM
,

w̃C < pD−wCqCM
D(β−1) < wCq

CM

D < p−w̃C
β−1 ; if pD−wCqNR+wCq

CM

wCqCM
≤ β < pD

wCqNR
, w̃C < pD−wCqCM

D(β−1) < p−w̃C
β−1 < wCq

CM

D ;

and if β ≥ pD
wCqNR

, pD−wCq
CM

D(β−1) < p−w̃C
β−1 < w̃C < wCq

CM

D . From the objective functions of (4.1), (5.1) and (5.2), we

obtain that πNRr = pq−βTD−wCq+TD−pD
∫ q
D

u
F (α)dα, πCRr = (pq − βTD − wCq + TD)−pD

∫ q
D

u
F (α)dα

and πCMr = (pq − βTD − wCq + TD) − pD
∫ q
D
βTD−TD+wCq

pD

F (α)dα. And then we obtain that πNRr (q) =

πCRr (q), πCRr
(
TD
wC

)
= πCMr

(
TD
wC

)
, πCRr

(
(p−βT )D+TD

wC

)
= πCMr

(
(p−βT )D+TD

wC

)
and πCMr (q) − πCRr (q) =

pD

[∫ q
D

u
F (α)dα−

∫ q
D
βTD−TD+wCq

pD

F (α)dα
]
> 0.

Then for β < pD
wCqCM

, if T < w̃C , the retailer’s order quantities can be qNR
∗

= TD
wC

, qCR
∗

= qCR and qCM
∗

=
(p−βT )D+TD

wC
. Because πNRr (q) = πCRr (q), then πNRr

(
TD
wC

)
= πCRr

(
TD
wC

)
is satisfied. Notice that qCR is the

optimal solution of πCRr , then we obtain that πCRr
(
qCR

)
> πCRr

(
TD
wC

)
and πCRr

(
qCR

)
> πCRr

(
(p−βT )D+TD

wC

)
.

Then qCR is the retailer’s optimal choice of order quantity. If w̃C ≤ T <
wCMCq
D , the retailer’s order quantities

can be qNR
∗

= qNR, qCR
∗

= TD
wC

and qCM
∗

= (p−βT )D+TD
wC

. Notice that qNR is the optimal solution of πNRr ,

we obtain that πNRr
(
qNR

)
> πNRr

(
TD
wC

)
and πNRr

(
qNR

)
> πNRr

(
(p−βT )D+TD

wC

)
. Because πNRr (q) = πCRr (q)

and πCRr

(
(p−βT )D+TD

wC

)
= πCMr

(
(p−βT )D+TD

wC

)
, qNR is the retailer’s optimal choice of order quantity. If T ≥

wCq
CM

D , the retailer’s order quantities can be qNR
∗

= qNR, qCR
∗

= TD
wC

and qCM
∗

= TD
wC

. We have already

obtained that πNRr
(
qNR

)
> πCRr

(
TD
wC

)
and πCRr

(
TD
wC

)
= πCMr

(
TD
wC

)
. Then qNR is the optimal choice of order

quantity. Thus, qCR is the retailer’s optimal choice of order quantity if T < w̃C and qNR is the retailer’s optimal
choice of order quantity if T ≥ w̃C .



966 H. WANG AND G. LIU

For pD
wCqCM

≤ β < pD
wCqNR

, if T < w̃C , the retailer’s order quantities can be qNR
∗

= TD
wC

, qCR
∗

= qCR and

qCM
∗

= (p−βT )D+TD
wC

. Similar to that in the condition of β < pD
wCqCM

and T < w̃C , qCR is the retailer’s optimal

choice of order quantity. If w̃C ≤ T < pD−wCqCM
D(β−1) , the retailer’s order quantities can be qNR

∗
= qNR, qCR

∗
= TD

wC

and qCM
∗

= (p−βT )D+TD
wC

which is the same as that in the condition of β < pD
wCqCM

and w̃C ≤ T < wCq
CM

D .

Then qNR is the retailer’s optimal choice of order quantity. If pD−wCqCM
D(β−1) ≤ T < wCq

CM

D , the retailer’s order
quantities can be qNR

∗
= qNR, qCR

∗
= TD

wC
and qCM

∗
= qcM . Because πCMr (q) − πCRr (q) > 0, we obtain

πCMr
(
qNR

)
− πCRr

(
qNR

)
> 0. As qCM is the optimal solution of πCMr , πCMr

(
qCM

)
> πCMr

(
qNR

)
is sat-

isfied. Then πCMr
(
qCM

)
> πCRr

(
qNR

)
. And because πNRr (q) = πCRr (q), πNRr

(
qNR

)
= πCRr

(
qNR

)
. There-

fore, πCMr
(
qCM

)
> πNRr

(
qNR

)
. Besides, we obtain that πNRr

(
qNR

)
> πCRr

(
TD
wC

)
and then πCMr

(
qCM

)
>

πNRr
(
qNR

)
> πCRr

(
TD
wC

)
. Thus, qCM is the retailer’s optimal choice of order quantity. If T ≥ wCq

CM

D , the

retailer’s order quantities can be qNR
∗

= qNR, qCR
∗

= TD
wC

and qCM
∗

= TD
wC

which is the same as that in the

condition of β < pD
wCqCM

and T ≥ wCq
CM

D . Then qNR is the retailer’s optimal choice of order quantity. Thus,
qCR is the retailer’s optimal choice of order quantity if T < w̃C , qNR is the retailer’s optimal choice of order
quantity if w̃C ≤ T < wCq

CM

D , qCM is the retailer’s optimal choice of order quantity if pD−wCq
CM

D(β−1) ≤ T < wCq
CM

D

and qNR is the retailer’s optimal choice of order quantity if T ≥ wCq
CM

D .

For β ≥ pD
wCqNR

, if T < pD−wCqCM
D(β−1) , the retailer’s order quantities can be qNR

∗
= TD

wC
, qCR

∗
= qCR and

qCM
∗

= (p−βT )D+TD
wC

. Similar to that in the condition of β < pD
wCqCM

and T < w̃C , qCR is the retailer’s opti-

mal choice of order quantity. If pD−wCqCM
D(β−1) ≤ T < p−w̃C

β−1 , the retailer’s order quantities can be qNR
∗

= TD
wC

,
qCR

∗
= qCR and qCM

∗
= qCM . Because πCMr (q) − πCRr (q) > 0, we obtain πCMr

(
qCR

)
− πCRr

(
qCR

)
> 0. As

qCM is the optimal solution of πCMr , πCMr
(
qCM

)
> πCMr

(
qCR

)
is satisfied. Then πCMr

(
qCM

)
> πCRr

(
qCR

)
.

Notice that qCR is the optimal solution of πCRr , we obtain that πCRr
(
qCR

)
> πCRr

(
TD
wC

)
. And because

πNRr (q) = πCRr (q), πNRr
(
TD
wC

)
= πCRr

(
TD
wC

)
. We obtain that πCRr

(
qCR

)
> πNRr

(
TD
wC

)
. Therefore, we obtain

πCMr
(
qCM

)
> πCRr

(
qCR

)
> πNRr

(
TD
wC

)
. Thus, qCM is the retailer’s optimal choice of order quantity. If

p−w̃C
β−1 ≤ T < w̃C , the retailer’s order quantities can be qNR

∗
= TD

wC
, qCR

∗
= (p−βT )D+TD

wC
and qCM

∗
= qCM . We

obtain that πCMr
(
qCM

)
> πCMr

(
TD
wC

)
and πCMr

(
qCM

)
> πCMr

(
(p−βT )D+TD

wC

)
for qCM is the optimal solution

of πCMr . Because πNRr (q) = πCRr (q), πCRr
(
TD
wC

)
= πCMr

(
TD
wC

)
and πCRr

(
(p−βT )D+TD

wC

)
= πCMr

(
(p−βT )D+TD

wC

)
are satisfied, we obtain πCMr

(
qCM

)
> πNRr

(
TD
wC

)
and πCMr

(
qCM

)
> πCRr

(
(p−βT )D+TD

wC

)
. Then qCM is

the retailer’s optimal choice of order quantity. If w̃C ≤ T < wCq
CM

D , the retailer’s order quantities can be
qNR

∗
= qNR, qCR

∗
= TD

wC
and qCM

∗
= qCM which is similar to that in the condition of pD

wCqCM
≤ β < pD

wCqNR

and pD−wCqCM
D(β−1) ≤ T < wCq

CM

D . Then qCM is the retailer’s optimal choice of order quantity. If T ≥ wCq
CM

D , the
retailer’s order quantities can be qNR

∗
= qNR, qCR

∗
= TD

wC
and qCM

∗
= TD

wC
which is the same as that in the

condition of β < pD
wCqCM

and T ≥ wCq
CM

D . Then qNR is the retailer’s optimal choice of order quantity. Thus,

qCR is the retailer’s optimal choice of order quantity if T < pD−wCqCM
D(β−1) , qCM is the retailer’s optimal choice

of order quantity if pD−wCqCM
D(β−1) ≤ T < wCq

CM

D , and qNR is the retailer’s optimal choice of order quantity if

T ≥ wCq
CM

D . �

Proof of Proposition 5.3. From Proposition 5.2, we obtain that the retailer may order qNR, qCR or qCM by
considering the voucher’s price and voucher’s value. By anticipating that the retailer orders qNR, the sup-
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plier’s profit function is πCs = wCq
NR − cqNR. The first order condition of πCs with respect to wC is

dπCs
dwC

= qNR + wC
dqNR

dwC
− cdqNR

dwC
where dqNR

dwC
= − D

pf
(
qNR

D

) by taking the derivative of p − pF
(
qNR

D

)
−

wC = 0 with respect to wC . The second order condition of πCs with respect to wC is d2πCs
dw2

C
= 2dqNR

dwC
+

(wC − c) d2qNR

dw2
C

=
[
2 + (wC − c) f ′

(
qNR

D

)
/
[
f
(
qNR

D

)]2]
dqNR

dwC
< 0. Then the supplier’s optimal whole-

sale price is unique. Let dπCs
dwC

= 0 and the supplier’s wholesale price w∗C = wNRC where wNRC satisfies

pF−1
(

1− wNRC
p

)
f
[
F−1

(
1− wNRC

p

)]
= wNRC − c. Because qCR = qNR, the supplier’s optimal wholesale price

w∗C = wCRC where wCRC = wNRC by anticipating the retailer’s order quantity is qCR. Define wCNC = wNRC = wCRC

and qCN = qNR = qCR, and then wCNC satisfies pF−1
(

1− wCNC
p

)
f
[
F−1

(
1− wCNC

p

)]
= wCNC − c.

By anticipating the retailer’s order quantity is qCM , the supplier’s profit function is reduced to πCs = wCq −
cq−pD

∫ βTD−TD+wCq
pD

u
F (α)dα. The first condition of πCs with respect to wC is dπcs

dwC
= qCM +wC dqCM

dwC
−cdqCM

dwC
−

F
(
βTD−TD+wCq

cM

pD

)(
qCM + wC

dqCM

dwC

)
. We obtain that dqCM

dwC
= wC F̄

(
βTD−TD+wCq

CM

pD

)
with respect to wC .

And then we obtain that dπCMs
dwC

= [p2DF̄
(
qCM

D

)
F̄
(
βTD−TD+wCq

CM

pD

)
−p2qCMf

(
qCM

D

)
F̄
(
βTD−TD+wCq

CM

pD

)
−

cpDF̄
(
βTD−TD+wCq

CM

pD

)
+ cwCq

CM f
(
βTD−TD+wCq

CM

pD

)
]/[w2

Cf
(
βTD−TD+wCq

CM

pD

)
− p2f

(
qCM

D

)
]. The sup-

plier’s optimal wholesale price satisfies dπCs
dwC

= 0, and then w∗C = wCMC where cwCMC qCM
f

(
βTD−TD+wCMC qCM

pD

)

F̄

(
βTD−TD+wCM

C
qCM

pD

) =

p2qCMf
(
qCM

D

)
−p2DF̄

(
qCM

D

)
+ cpD.

Above all, for β < pD
wCNqCN

, w∗C = wCNC ; for β ≥ pD
wcNqCN

, w∗C = wCNC if T <
pD−wCMC qCM

D(β−1) , wC∗ = wCMC if
pD−wCMC qCM

D(β−1) ≤ T <
wCMC qCM

D , w∗C = wCNC if T ≥ wCMC qCM

D .
�
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