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SUN TOUGHNESS AND PATH-FACTOR UNIFORM GRAPHS

Hongxia Liu*

Abstract. A path-factor is a spanning subgraph 𝐹 of 𝐺 such that each component of 𝐹 is a path of
order at least two. Let 𝑘 be an integer with 𝑘 ≥ 2. A 𝑃≥𝑘-factor is a spanning subgraph of 𝐺 whose
components are paths of order at least 𝑘. A graph 𝐺 is called a 𝑃≥𝑘-factor covered graph if for any edge
𝑒 of 𝐺, 𝐺 admits a 𝑃≥𝑘-factor covering 𝑒. A graph 𝐺 is called a 𝑃≥𝑘-factor uniform graph if for any
two distinct edges 𝑒1 and 𝑒2 of 𝐺, 𝐺 has a 𝑃≥𝑘-factor covering 𝑒1 and excluding 𝑒2. In this article, we
claim that (i) a 4-edge-connected graph 𝐺 is a 𝑃≥3-factor uniform graph if its sun toughness 𝑠(𝐺) ≥ 1;
(ii) a 4-connected graph 𝐺 is a 𝑃≥3-factor uniform graph if its sun toughness 𝑠(𝐺) > 4

5
.
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1. Introduction

All graphs discussed here are finite, undirected and loopless, and have no multiple edges. Let 𝐺 be a graph.
We denote by 𝑉 (𝐺) and 𝐸(𝐺) the vertex set and the edge set of 𝐺, respectively. An edge joining vertices 𝑢 and
𝑣 is denoted by 𝑢𝑣. For a vertex 𝑣 of 𝐺, the degree of 𝑣 in 𝐺 is denoted by 𝑑𝐺(𝑣). For 𝑋 ⊆ 𝑉 (𝐺) and 𝐸′ ⊆ 𝐸(𝐺),
we denote by 𝐺−𝑋 the subgraph derived from 𝐺 by removing vertices in 𝑋 together with the edges incident
to vertices in 𝑋, and by 𝐺 − 𝐸′ the subgraph obtained from 𝐺 by deleting all edges in 𝐸′. A set 𝑋 ⊆ 𝑉 (𝐺)
is called an independent set of 𝐺 if no two vertices in 𝑋 are adjacent to each other. We use 𝜅(𝐺), 𝜆(𝐺) and
𝜔(𝐺) to denote the vertex connectivity, the edge connectivity and the number of connected components of 𝐺,
respectively. We denote the path and the complete graph with 𝑛 vertices by 𝑃𝑛 and 𝐾𝑛, respectively. Let 𝐺1

and 𝐺2 be two graphs. Then the union of 𝐺1 and 𝐺2 is denoted by 𝐺1 ∪ 𝐺2, and the join of 𝐺1 and 𝐺2 is
denoted by 𝐺1 ∨𝐺2.

We first introduce two parameters for a graph, namely, the binding number and the isolated toughness. The
binding number of 𝐺 is defined by Woodall [9] as

𝑏𝑖𝑛𝑑(𝐺) = 𝑚𝑖𝑛

{︂
|𝑁𝐺(𝑋)|
|𝑋|

: ∅ ≠ 𝑋 ⊆ 𝑉 (𝐺), 𝑁𝐺(𝑋) ̸= 𝑉 (𝐺)
}︂

.

The isolated toughness of 𝐺 is defined by Yang et al. [10] as

Keywords. Graph, edge-connectivity, connectivity, sun toughness, 𝑃≥3-factor, 𝑃≥3-factor uniform graph.

School of Mathematics and Information Sciences, Yantai University, Yantai, Shandong 264005, P.R. China.
*Corresponding author: liuhongxia@ytu.edu.cn

c○ The authors. Published by EDP Sciences, ROADEF, SMAI 2022

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

https://doi.org/10.1051/ro/2022201
https://www.rairo-ro.org
mailto:liuhongxia@ytu.edu.cn
https://creativecommons.org/licenses/by/4.0


4058 H. LIU

𝐼(𝐺) = min
{︂

|𝑋|
𝑖(𝐺−𝑋)

: 𝑋 ⊆ 𝑉 (𝐺), 𝑖(𝐺−𝑋) ≥ 2
}︂

if 𝐺 is not a complete graph; otherwise, 𝐼(𝐺) = +∞.
The relationships between binding number, isolated toughness and graph factors can be found in

[2, 6, 17,24,25]. Many other results on graph factors can be discovered in [7, 11,14–16,21].
A path-factor is a spanning subgraph 𝐹 of 𝐺 such that each component of 𝐹 is a path of order at least two.

Let 𝑘 be an integer with 𝑘 ≥ 2. A 𝑃≥𝑘-factor is a spanning subgraph of 𝐺 whose components are paths of
order at least 𝑘. In order to characterize a graph possessing a 𝑃≥3-factor, Kaneko [3] introduced the concept of
a sun. A spanning subgraph 𝐹 of 𝐺 is called a 1-factor if 𝑑𝐹 (𝑣) = 1 for all 𝑣 ∈ 𝑉 (𝐺). A graph 𝐻 is called a
factor-critical graph if 𝐻 − 𝑣 admits a 1-factor for every 𝑣 ∈ 𝑉 (𝐻). Let 𝐻 be a factor-critical graph with vertex
set 𝑉 (𝐻) = {𝑣1, 𝑣2, · · · , 𝑣𝑛}. By adding new vertices {𝑢1, 𝑢2, · · · , 𝑢𝑛} together with new edges {𝑣𝑖𝑢𝑖 : 1 ≤ 𝑖 ≤ 𝑛}
to 𝐻, we acquire a new graph, which is called a sun. According to Kaneko, 𝐾1 and 𝐾2 are also suns. Usually,
𝐾1 and 𝐾2 are called small suns and the others are called big suns (with at least six vertices). The number of
sun components of 𝐺 is denoted by 𝑠𝑢𝑛(𝐺).

Kano et al. [5] acquired a sufficient condition for the existence of a 𝑃≥3-factor in a graph. Wang and Zhang [8]
gave a result on the existence of a 𝑃≥3-factor in a graph. Zhou et al. [13,20] derived some results on 𝑃≥3-factors
in graphs. Kaneko [3] provided a necessary and sufficient condition for a graph possessing a 𝑃≥3-factor. Kano
et al. [4] posed its shorter proof.

Theorem 1. ([3, 4]). A graph 𝐺 possesses a 𝑃≥3-factor if and only if

𝑠𝑢𝑛(𝐺−𝑋) ≤ 2|𝑋|

for any vertex subset 𝑋 of 𝐺.

A graph 𝐺 is called a 𝑃≥𝑘-factor covered graph if for any edge 𝑒 of 𝐺, 𝐺 admits a 𝑃≥𝑘-factor covering 𝑒,
which was first defined by Zhang and Zhou [12]. Furthermore, they [12] presented a characterization for a graph
to be a 𝑃≥3-factor covered graph, which is shown in the following.

Theorem 2. ([12]). A connected graph 𝐺 is a 𝑃≥3-factor covered graph if and only if

𝑠𝑢𝑛(𝐺−𝑋) ≤ 2|𝑋| − 𝜀(𝑋)

for any vertex subset 𝑋 of 𝐺, where 𝜀(𝑋) is defined by

𝜀(𝑋) =

⎧⎪⎨⎪⎩
2, 𝑖𝑓 𝑋 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑠𝑒𝑡;
1, 𝑖𝑓 𝑋 𝑖𝑠 𝑎 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑠𝑒𝑡 𝑎𝑛𝑑 𝐺−𝑋 ℎ𝑎𝑠

𝑎 𝑛𝑜𝑛− 𝑠𝑢𝑛 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡;
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

A graph 𝐺 is called a 𝑃≥𝑘-factor uniform graph if for any two distinct edges 𝑒1 and 𝑒2 of 𝐺, 𝐺 has a 𝑃≥𝑘-factor
covering 𝑒1 and excluding 𝑒2, which was first defined by Zhou and Sun [18]. Furthermore, they [18] derived a
binding number condition for a graph to be a 𝑃≥3-factor uniform graph. Gao and Wang [1] improved Zhou and
Sun’s result on 𝑃≥3-factor uniform graphs. Zhou and Bian [19] showed two sufficient conditions for the existence
of a 𝑃≥3-factor uniform graph. Zhou et al. [22] provided an isolated toughness condition for a graph to possess
a 𝑃≥3-factor uniform graph. The sun toughness of a graph 𝐺 is denoted by 𝑠(𝐺) and defined by

𝑠(𝐺) = min
{︂

|𝑋|
𝑠𝑢𝑛(𝐺−𝑋)

: 𝑋 ⊆ 𝑉 (𝐺), 𝑠𝑢𝑛(𝐺−𝑋) ≥ 2
}︂

if 𝐺 is not a complete graph; otherwise, 𝑠(𝐺) = +∞. Zhou et al. [23] presented a sun toughness condition for a
graph to be a 𝑃≥3-factor uniform graph, which is stated as follows.
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Theorem 3. ([23]). Let 𝐺 be a 3-edge-connected graph. Then 𝐺 is a 𝑃≥3-factor uniform graph if its sun
toughness 𝑠(𝐺) > 1.

The purpose of this paper is to weaken the sun toughness condition in Theorem 3 by assuming that 𝐺 is
4-edge-connected or 𝐺 is 4-connected.

Theorem 4. Let 𝐺 be a 4-edge-connected graph. Then 𝐺 is a 𝑃≥3-factor uniform graph if its sun toughness
𝑠(𝐺) ≥ 1.

Theorem 5. Let 𝐺 be a 4-connected graph. Then 𝐺 is a 𝑃≥3-factor uniform graph if its sun toughness 𝑠(𝐺) > 4
5 .

2. The proofs of main theorems

Proof of Theorem 4. If 𝐺 is a complete graph, then 𝐺 is obviously a 𝑃≥3-factor uniform graph. Hence, we may
assume that 𝐺 is not a complete graph. Since 𝐺 is 4-edge-connected, we admit |𝑉 (𝐺)| ≥ 5.

We proceed to verify Theorem 4 by contradiction. Suppose that there exists an edge 𝑒 = 𝑢𝑣 in 𝐺 such that
𝐺′ = 𝐺− 𝑒 is not a 𝑃≥3-factor covered graph. Then by Theorem 2, we have

𝑠𝑢𝑛(𝐺′ −𝑋) ≥ 2|𝑋| − 𝜀(𝑋) + 1 (1)

for some vertex subset 𝑋 of 𝐺′.

Claim 1. |𝑋| = 3.

Proof. If |𝑋| = 0, then 𝜀(𝑋) = 0. According to (1), we obtain 𝑠𝑢𝑛(𝐺′) ≥ 1. On the other hand, since 𝐺′

is connected, we admit 𝑠𝑢𝑛(𝐺′) ≤ 𝜔(𝐺′) = 1. Hence, 𝑠𝑢𝑛(𝐺′) = 𝜔(𝐺′) = 1, which implies that 𝐺′ is a sun.
Note that |𝑉 (𝐺′)| = |𝑉 (𝐺)| ≥ 5. Therefore, 𝐺′ is a big sun with at least six vertices. Clearly, 𝐺′ has at least
three vertices with degree 1, and so 𝐺 admits at least one vertex with degree 1, which contradicts that 𝐺 is
4-edge-connected.

If 1 ≤ |𝑋| ≤ 2, then it follows from (1) and 𝜀(𝑋) ≤ |𝑋| that 𝑠𝑢𝑛(𝐺′ −𝑋) ≥ 2|𝑋| − 𝜀(𝑋) + 1 ≥ |𝑋|+ 1 ≥ 2,
which implies that 𝐺′ − 𝑋 has at least two sun components. If 𝐺′ − 𝑋 admits a sun component 𝐾1 = {𝑤},
then 𝑑𝐺′−𝑋(𝑤) = 0. Thus, 𝑑𝐺(𝑤) ≤ 𝑑𝐺′(𝑤) + 1 ≤ 𝑑𝐺′−𝑋(𝑤) + |𝑋| + 1 = |𝑋| + 1 = 2, which contradicts our
assumption that 𝐺 is 4-edge-connected. If 𝐺′ − 𝑋 does not admit a sun component 𝐾1, then 𝐺′ − 𝑋 has at
least four vertices with degree 1, and so 𝐺 has at least two vertices with degree 1, which contradicts that 𝐺 is
4-edge-connected.

If |𝑋| ≥ 4, then 𝜀(𝑋) ≤ 2. By (1), we admit 𝑠𝑢𝑛(𝐺′ − 𝑋) ≥ 2|𝑋| − 𝜀(𝑋) + 1 ≥ 2|𝑋| − 1 ≥ 7, and so
𝑠𝑢𝑛(𝐺−𝑋) ≥ 𝑠𝑢𝑛(𝐺′ −𝑋)− 2 ≥ 2|𝑋| − 3 ≥ 5. Combining this with 𝑠(𝐺) ≥ 1, we obtain

1 ≤ 𝑠(𝐺) ≤ |𝑋|
𝑠𝑢𝑛(𝐺−𝑋)

≤ |𝑋|
2|𝑋| − 3

=
1
2

+
3

4|𝑋| − 6
≤ 1

2
+

3
4× 4− 6

=
4
5
,

which is a contradiction. This completes the proof of Claim 1. �

Note that 𝑠𝑢𝑛(𝐺−𝑋) ≥ 𝑠𝑢𝑛(𝐺′ −𝑋)− 2. The following proof will be divided into two cases.
Case 1. 𝑠𝑢𝑛(𝐺−𝑋) ≥ 𝑠𝑢𝑛(𝐺′ −𝑋)− 1.

It follows from (1), 𝜀(𝑋) ≤ 2, 𝑠(𝐺) ≥ 1 and Claim 1 that
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1 ≤ 𝑠(𝐺) ≤ |𝑋|
𝑠𝑢𝑛(𝐺−𝑋)

≤ |𝑋|
𝑠𝑢𝑛(𝐺′ −𝑋)− 1

≤ |𝑋|
2|𝑋| − 𝜀(𝑋)

≤ |𝑋|
2|𝑋| − 2

=
3

2× 3− 2
=

3
4
,

a contradiction.
Case 2. 𝑠𝑢𝑛(𝐺−𝑋) = 𝑠𝑢𝑛(𝐺′ −𝑋)− 2.

In this case, we may let 𝑒 = 𝑢𝑣 join two sun components 𝐻1 and 𝐻2 of 𝐺′ − 𝑋, where 𝑢 ∈ 𝑉 (𝐻1) and
𝑣 ∈ 𝑉 (𝐻2). Note that 𝑠𝑢𝑛(𝐺−𝑋) = 𝑠𝑢𝑛(𝐺′−𝑋)− 2. Hence, 𝐻1 ̸= 𝐾1 or 𝐻2 ̸= 𝐾1 (otherwise, 𝑠𝑢𝑛(𝐺−𝑋) =
𝑠𝑢𝑛(𝐺′ −𝑋)− 1). Without loss of generality, we may assume 𝐻1 ̸= 𝐾1.
Subcase 2.1. 𝐻1 = 𝐾2.

Obviously, 𝑠𝑢𝑛(𝐺 − 𝑋 − 𝑢) = 𝑠𝑢𝑛(𝐺 − 𝑋 − 𝑢 − 𝑒) = 𝑠𝑢𝑛(𝐺′ − 𝑋 − 𝑢) = 𝑠𝑢𝑛(𝐺′ − 𝑋). According to (1),
𝜀(𝑋) ≤ 2, 𝑠(𝐺) ≥ 1 and Claim 1, we have

1 ≤ 𝑠(𝐺) ≤ |𝑋 ∪ {𝑢}|
𝑠𝑢𝑛(𝐺−𝑋 − 𝑢)

=
|𝑋|+ 1

𝑠𝑢𝑛(𝐺′ −𝑋)
≤ |𝑋|+ 1

2|𝑋| − 𝜀(𝑋) + 1
≤ |𝑋|+ 1

2|𝑋| − 1
=

4
5
,

a contradiction.
Subcase 2.2. 𝐻1 is a big sun component.

We write 𝑅1 for the factor-critical graph of 𝐻1, and ∃𝑤 ∈ 𝑉 (𝑅1) with 𝑢𝑤 ∈ 𝐸(𝐻1). Then 𝑠𝑢𝑛(𝐺−𝑋 − 𝑢−
𝑉 (𝑅1)∖{𝑤}) = 𝑠𝑢𝑛(𝐺′−𝑋−𝑢−𝑉 (𝑅1)∖{𝑤}) = 𝑠𝑢𝑛(𝐺′−𝑋)−1+ |𝑉 (𝑅1)|. In view of (1), 𝜀(𝑋) ≤ 2, 𝑠(𝐺) ≥ 1
and Claim 1, we derive

1 ≤ 𝑠(𝐺) ≤ |𝑋 ∪ {𝑢} ∪ (𝑉 (𝑅1) ∖ {𝑤})|
𝑠𝑢𝑛(𝐺−𝑋 − 𝑢− 𝑉 (𝑅1) ∖ {𝑤})

=
|𝑋|+ |𝑉 (𝑅1)|

𝑠𝑢𝑛(𝐺′ −𝑋)− 1 + |𝑉 (𝑅1)|
≤ |𝑋|+ |𝑉 (𝑅1)|

2|𝑋| − 𝜀(𝑋) + |𝑉 (𝑅1)|

≤ |𝑋|+ |𝑉 (𝑅1)|
2|𝑋| − 2 + |𝑉 (𝑅1)|

=
3 + |𝑉 (𝑅1)|
4 + |𝑉 (𝑅1)|

< 1,

which is a contradiction. The proof of Theorem 4 is complete. �

Proof of Theorem 5. If 𝐺 is a complete graph, then 𝐺 is clearly a 𝑃≥3-factor uniform graph. Hence, we may
assume that 𝐺 is not a complete graph. Since 𝐺 is 4-connected, we admit |𝑉 (𝐺)| ≥ 6.

We proceed to demonstrate Theorem 5 by contradiction. Suppose that there exists an edge 𝑒 = 𝑢𝑣 in 𝐺 such
that 𝐺′ = 𝐺− 𝑒 is not a 𝑃≥3-factor covered graph. Then it follows from Theorem 2 that

𝑠𝑢𝑛(𝐺′ −𝑋) ≥ 2|𝑋| − 𝜀(𝑋) + 1 (2)

for some vertex subset 𝑋 of 𝐺′.

Claim 2. |𝑋| = 3.

Proof. The proof of Claim 2 is similar to that of Claim 1 in Theorem 4. �

In view of (2), 𝜀(𝑋) ≤ 2 and Claim 2, we obtain

𝑠𝑢𝑛(𝐺′ −𝑋) ≥ 2|𝑋| − 𝜀(𝑋) + 1 ≥ 2|𝑋| − 1 = 5. (3)

Note that 𝑠𝑢𝑛(𝐺−𝑋) ≥ 𝑠𝑢𝑛(𝐺′ −𝑋)− 2. Combining this with (3), we admit

𝜔(𝐺−𝑋) ≥ 𝑠𝑢𝑛(𝐺−𝑋) ≥ 𝑠𝑢𝑛(𝐺′ −𝑋)− 2 ≥ 3. (4)

On the other hand, since 𝐺 is 4-connected, it follows from Claim 2 that 𝜔(𝐺 − 𝑋) = 1, which contradicts
(4). We completes the proof of Theorem 5. �
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3. Remarks

Remark 1. Let 𝐻1, 𝐻2, 𝐻3, 𝐻4 and 𝐻5 be five big suns. We write 𝑅1 for the factor-critical graph of 𝐻1, and
𝑅2 for the factor-critical graph of 𝐻2. Let 𝑢 ∈ 𝑉 (𝐻1)∖𝑉 (𝑅1), 𝑤 ∈ 𝑉 (𝑅1), 𝑣 ∈ 𝑉 (𝐻2)∖𝑉 (𝑅2) and 𝑢𝑤 ∈ 𝐸(𝐻1).
We denote by 𝐻 the graph with vertex set 𝑉 (𝐻) = 𝑉 (𝐻1)∪𝑉 (𝐻2) and edge set 𝐸(𝐻) = 𝐸(𝐻1)∪𝐸(𝐻2)∪{𝑒},
where 𝑒 = 𝑢𝑤.

To show that the bound of 𝑠(𝐺) in Theorem 4 is sharp, we construct a graph 𝐺 = 𝐾3 ∨ (𝐻 ∪𝐻3 ∪𝐻4 ∪𝐻5).
Obviously, 𝐺 is 4-edge-connected, and 𝑠(𝐺) = |𝑉 (𝐾3)∪{𝑢}∪(𝑉 (𝑅1)∖{𝑤})|

𝑠𝑢𝑛(𝐺−(𝑉 (𝐾3)∪{𝑢}∪(𝑉 (𝑅1)∖{𝑤}))) = 3+|𝑉 (𝑅1)|
4+|𝑉 (𝑅1)| → 1 (|𝑉 (𝑅1)| → ∞).

Let 𝑋 = 𝑉 (𝐾3) and 𝐺′ = 𝐺− 𝑒. Then 𝜀(𝑋) = 2 and

𝑠𝑢𝑛(𝐺′ −𝑋) = 5 > 4 = 2|𝑋| − 𝜀(𝑋).

In view of Theorem 2, 𝐺′ is not a 𝑃≥3-factor covered graph, and so 𝐺 is not a 𝑃≥3-factor uniform graph.

Remark 2. Now, we show that 4-edge-connected in Theorem 4 cannot be replaced by 3-edge-connected. We
construct a graph 𝐺 = 𝐾2 ∨ (𝐻 ∪ 𝑃3), where 𝑃3 = 𝑣0𝑣1𝑣2 and 𝐻 ( ̸= 𝐾1) is a sun. It is obvious that 𝐺 is
3-edge-connected and 𝑠(𝐺) = |𝑉 (𝐾2)∪{𝑣1}|

𝑠𝑢𝑛(𝐺−(𝑉 (𝐾2)∪{𝑣1})) = 3
3 = 1. Let 𝐺′ = 𝐺 − 𝑒 for 𝑒 ∈ 𝐸(𝑃3) and 𝑋 = 𝑉 (𝐾2).

Then 𝜀(𝑋) = 2, and so
𝑠𝑢𝑛(𝐺′ −𝑋) = 3 > 2 = 2|𝑋| − 𝜀(𝑋).

In terms of Theorem 2, 𝐺′ is not a 𝑃≥3-factor covered graph, and so 𝐺 is not a 𝑃≥3-factor uniform graph.

Remark 3. In what follows, we show that 𝑠(𝐺) > 4
5 and 4-connected in Theorem 5 cannot be replaced by

𝑠(𝐺) ≥ 4
5 and 3-connected. We construct a graph 𝐺 = 𝐾3 ∨ (3𝐾2 ∪ 𝑃3), where 𝑃3 = 𝑣0𝑣1𝑣2. We easily see that

𝐺 is 3-connected and 𝑠(𝐺) = |𝑉 (𝐾3)∪{𝑣1}|
𝑠𝑢𝑛(𝐺−(𝑉 (𝐾3)∪{𝑣1})) = 4

5 . Let 𝐺′ = 𝐺 − 𝑒 for 𝑒 ∈ 𝐸(𝑃3) and 𝑋 = 𝑉 (𝐾3). Then
𝜀(𝑋) = 2, and so

𝑠𝑢𝑛(𝐺′ −𝑋) = 5 > 4 = 2|𝑋| − 𝜀(𝑋).

According to Theorem 2, 𝐺′ is not a 𝑃≥3-factor covered graph, and so 𝐺 is not a 𝑃≥3-factor uniform graph.
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