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TOTAL DOMINATOR TOTAL CHROMATIC NUMBERS OF
CYCLES AND PATHS

ADEL P. KAZEMIY* AND FARSHAD KAZEMNEJAD?

Abstract. The total dominator total coloring of a graph is a total coloring of the graph such that
each object (vertex or edge) of the graph is adjacent or incident to every object of some color class.
The minimum number of the color classes of a total dominator total coloring of a graph is called the
total dominator total chromatic number of the graph. In (A.P. Kazemi, F. Kazemnejad and S. Moradi,
Contrib. Discrete Math. (2022).), the authors initiated to study the total dominator total coloring of a
graph and found some useful results, and presented some problems. Finding the total dominator total
chromatic numbers of cycles and paths were two of them which we consider them here.
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1. INTRODUCTION

All graphs considered here are non-empty, finite, undirected and simple. For standard graph theory ter-
minology not given here we refer to [14]. Let G = (V, E) be a graph with the vertex set V of order n(Q)
and the edge set E of size m(G). The open neighborhood and the closed neighborhood of a vertex v € V
are Ng(v) = {u € V | uwv € E} and Ng[v] = Ng(v) U {v}, respectively. The degree of a vertex v is also
degc(v) = |Ng(v)|. The minimum and mazimum degree of G are denoted by d = 0(G) and A = A(G), respec-
tively. If §(G) = A(G) = k, then G is called k-regular. An independent set of G is a subset of vertices of G, no
two of which are adjacent. And a maximum independent set is an independent set of the largest cardinality in
G. This cardinality is called the independence number of G, and is denoted by «(G). Also a mized independent
set of G is a subset of V(G) U E(G), no two objects of which are adjacent or incident, and a mazimum mized
independent set is a mixed independent set of the largest cardinality in G. This cardinality is called the mized
independence number of G, and is denoted by amix(G). Two isomorphic graphs G and H are shown by G = H.

We write C,, and P, for a cycle and a path of order n, respectively, while G[S] is induced subgraph of G by a
vertex set S. The line graph L(G) of G is a graph with the vertex set F(G) and two vertices of L(G) are adjacent
when they are incident in G. The total graph T(G) of a graph G = (V| E) is the graph whose vertex set is VUE
and two vertices are adjacent whenever they are either adjacent or incident in G [1]. It is obvious that if G has
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FIGURE 1. The illustration of G (left) and T(G) (right).

order n and size m, then T(G) has order n + m and size 3m + |E(L(G))|, and also T(G) contains both G and
L(G) as two induced subgraphs and it is the largest graph formed by adjacent and incidence relation between
graph elements. Since degr(q)(vi) = 2dega(vi) and degp(q)(eij) = dega(vi) + dega(vj), if G is k-regular, then
T(G) is 2k-regular. Also we have anix(G) = a(T(Q)).

Here, we fix a notation for the vertex set and the edge set of line and total of a graph which we use thorough this
paper. For a graph G = (V, E) with the vertex set V = {v;| 1 <i < n}, we have V(L(G)) = € and E(L(G)) =
{eijeik | €ij, Cik € &£ and ] 7£ k}, V(T(G)) =V U€& and E(T(G)) = EUE(L(G)) U {eijvi, €ijU; | €ij S g}, where
& ={e;j | viv; € E}. In Figure 1 a graph G and its total graph are shown for an example.

DOMINATION. Domination in graphs is now well studied in graph theory and the literature on this subject
has been surveyed and detailed in the two books by Haynes et al. [3,4]. A famous type of domination is total
domination, and the literature on this subject has been surveyed and detailed in the recent book [6]. A total
dominating set, briefly TDS, S of a graph G = (V, E) is a subset of the vertex set of G such that for each
vertex v, Ng(v) NS # (. The total domination number v(G) of G is the minimum cardinality of a TDS of G.
Similarly, a subset S C V U E of a graph G is called a total mized dominating set, briefly TMDS, if each object
of (VUE) is either adjacent or incident to an object of S, and the total mized domination number ~vim(G) of G
is the minimum cardinality of a TMDS of G [12]. A min-TDS/ min-TMDS of G denotes a TDS/ TMDS of G
with minimum cardinality. Also we agree that a vertex v dominates an edge e or an edge e dominates a vertex
v mean v € e. Similarly, we agree that an edge dominates another edge means they have a common vertex. The
next theorem can be easily obtained.

Theorem 1.1. [12] For any graph G without isolated vertex, vim(G) = v (T(G)).

GRAPH COLORING. Graph coloring is used as a model for a vast number of practical problems involving
allocation of scarce resources (e.g., scheduling problems), and has played a key role in the development of graph
theory and, more generally, discrete mathematics and combinatorial optimization. Graph colorability is NP-
complete in the general case, although the problem is solvable in polynomial time for many classes [2]. A proper
coloring of a graph (G is a function from the vertices of the graph to a set of colors such that any two adjacent
vertices have different colors, and the minimum number of colors needed in a proper coloring of a graph is called
the chromatic number x(G) of G. In a similar way, a total coloring of G assigns a color to each vertex and to
each edge so that colored objects have different colors when they are adjacent or incident, and the minimum
number of colors needed in a total coloring of a graph is called the total chromatic number xr(G) of G [14].

A color class in a coloring of a graph is a set consisting of all those objects assigned the same color. For simply,
if f is a coloring of G with the coloring classes Vi, Va, -+ | Vi, we write f = (V1, Vo, -+, V). Motivated by the
relation between coloring and total dominating, the concept of total dominator coloring in graphs introduced
in [9] by Kazemi, and extended in [5,7,8,10,13].

Definition 1.2. [9] A total dominator coloring, briefly TDC, of a graph G with a possitive minimum degree is
a proper coloring of GG in which each vertex of the graph is adjacent to every vertex of some color class. The
total dominator chromatic number x%(G) of G is the minimum number of color classes in a TDC of G.
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FIGURE 2. A min-TDC of P4 (left) and a min-TDTC of P, (Middle) with its corresponding
min-TDC of T'(P;) (right).

In [11], the authors initiated studying of a new concept called total dominator total coloring in graphs which
is obtained from the concept of total dominator coloring of a graph by replacing total coloring of a graph instead
of (vertex) coloring of it.

Definition 1.3. [11] A total dominator total coloring, briefly TDTC, of a graph G with a positive minimum
degree is a total coloring of G in which each object of the graph is adjacent or incident to every object of some
color class. The total dominator total chromatic number x%(G) of G is the minimum number of color classes in
a TDTC of G.

It can be easily obtained the next theorem.
Theorem 1.4. [11] For any graph G without isolated vertez, X!(G) = x4(T(Q)).

For any TDC (TDTC) f = (V4,Va,---, V) of a graph G, a vertex (an object) v is called a common neighbor
of V; or we say V; totally dominates v, and we write v > V;, if vertex (object) v is adjacent (adjacent or incident)
to every vertex (object) in V;. Otherwise we write v ¥ V;. The set of all common neighbors of V; with respect
to f is called the common neighborhood of V; in G and denoted by CNg, ¢(V;) or simply by CN(V;). Also every
TDC or TDTC of G with x%(G) or x¥/(G) color classes is called a min-TDC or a min-TDTC, respectively. For
an example see Figure 2. Also for any TDC (V1, Va, -+, V) and any TDTC (W7, Wa, - -+, W) of a graph G, we

have
¢ ¢

UJeNWw) =V(G) and | JCN(W;) =V(G)UE(G). (1.1)
i=1 i=1
GOAL. In [11], the authors initiated to study the total dominator total coloring of a graph and found some
useful results, and presented some problems. Finding the total dominator total chromatic numbers of cycles and
paths were two of them which we consider them here.
We recall the following proposition from [9] which is useful for our investigation. Propositions 2.3 and 3.3
show that the upper bound given in Proposition 1.5 is tight.

Proposition 1.5. [9] For any connected graph G with §(G) > 1,
Xa(G) < (@) + minx(G[V(G) - 5)), (1.2)
where S C V(G) is a min-TDS of G. And so x,(G) < %(G) + x(G).

2. CYCLES

Here, we calculate the total dominator total chromatic number of cycles. First we recall a proposition from
[12] and calculate the mixed independence number of a cycle.

Proposition 2.1. [12] For any cycle C,, of order n > 3,

(2] +1ifn=5 (mod?7),
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Lemma 2.2. For any cycle C,, of order n > 3, amix(Cr) = L%”J

Proof. Let Cy, : v1vg - - - v, be a cycle of order n > 3. Then V(T'(Cy)) =V UE where £ = {e;i11) | 1 <i < n}.
Since every vertex in an independent set belongs to exactly three triangles and also T(C),) has 2n distinct
triangles, a(T(Cy,)) > [ %] implies that two vertices of a triangle belong to the independent set, which is not
possible. Hence a(T'(Cy,)) < |%*]. On the other hand, since

{vsi—2 e@imn@n | 1 <i <[5} when n =0,1 (mod 3),
{vsie [1<i<[3[}U { Gi—13i) | 1<i<[5]} whenn =2 (mod 3),

are independent sets of cardinality [2*], we have amix(Cy) = a(T(Cy)) = [22]. O

Proposition 2.3. For any cycle C,, of order n > 3,

Yem (Cp) + 1 if n = 3,4,5,
XH(Cn) = { ym(Cr) + 2 if n =6,9,12,
Yem(Cr) +3ifn>7 and n #9,12.

which by considering Proposition 2.1 implies

tt _)n if 3<n <8,
Xd(c’")_{n—lifan7

and for n > 10,

¢ %27 4+4ifn=5 (mod7) andn # 12,
xi (Cn) = { féw +3iyn#£5 (mod7) orn=12.

Proof. Let Cy, : v1v2 - - vpv1 be a cycle of order n > 3. Then V(T'(Cy)) = VUE where £ = {e;(i41) | 1 <i < n}.
We know from [12] that for n > 3, the sets

So = {v7i+2,V7i+3, €(7it5)(7i+6), €(rive)(ritr) | 0 <1 < [F] —1}ifn=0 (mod 7),

S1=SoU{em—1)n} ifn=1 (modT),

Sy =S5 =Sy U{vp_1,0n} ifn=2,3 (mod 7),

Sy =SoU{vn_2,Un_1,0n} ifn=4 (mod 7),

S5 = SoU{vn_3,Un—2,Un_1,0n} ifn=5 (mod7),

Sﬁ = So U {Un_4, Un—3;€(n—2)(n—1)» e(n_l)n} ifn=6 (mod 7)
are min-TDSs of T(C,,), and since x(T(C,,) — S;) < 3 for 0 < r < 6, we have

Xd (Cn) <7 (Cn) + 3, (2.1)

by Proposition 1.5. For n > 20 or n = 15,18, since T(C,) has 2n distinct triangles with the

vertex sets {vi,vit1, €41} O {€i(i+1), Vit1,€itn)42)} for 1 < i < n, and at least two color
classes are needed for totally dominating the vertices of the consecutive triangles with the vertex sets
{Ui, Vi41, Vi+25 Vi+3; €i(i4-1)5 €(i41)(i+2)> 6(i+2)(i+3)} or {Uz'+17 Ui+25 Vit3, Ci(i+1)5 C(+1)(i+2) s €(3+2) (i+3) s €(4+3) (i+4) },
we conclude that the number of used color classes in T(Cy) is at least 2[2*] > ~(T(C,)) + 3, and so
XHCh) = X4Y(T(Ch)) = vm(Cp) + 3 by (2.1). Therefore, by considering the following facts in which
f = (V,Va, -+, V) is an arbitrary min-TDC of T(C,), |V1| = |Va| > -+ > [Vi|, Ai = {Vk | |Vk| = i} and

|A;| = a; for 1 < i < o where @ := anix(Cr) = L%fj we continue our proof when 3 < n < 19 except n = 15, 18.

* Fact 1. |Vi| < [&] for 1 <k </, and Zle |Vi| = 2n.
* Fact 2. For any v € VUE, if v = Vj, for some 1 < k < ¢, then |Vj| < 2.
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Fact 3. For any vertex v € M, if v =, V}, for some 1 < k < ¢ and |V}| = 2, then CN (V) N M = {v}, where
M € {&,V}, and since CN (V) NV # 0 if and only if CN (Vi) NE # 0, we have |[CN (V)| = 2.

Fact 4. For any color class Vj, of cardinality one, |[CN (Vi) NV|=|CN(Vi)NE| =2.

Fact 5. 2a; +ay > n (by Facts 3, 4).

Fact 6. ym(Ch) < aj+ag < L. Because the set S is a TDS of T(C,,) where |[SNV;| = 1 for each V; € AjU A,
by Fact 2 (for left), and a; + -+ + ao = ¢ (for right).

Fact 7. n—{<a; < L%J Because

2n —ay = [V(T(Cp))| = {Vi | [Vi| =1 for 1 <i < £}
= Xy 1>2| Vil
<l —ar)

implies the upper bound, and for the lower bound

20 —n > 2(a; +az) — n (by Fact 6)
> asg (by Fact 5),

implies

a; > "5*2 (by Fact 5)

>n—{ by (2.2).

Fact 8. max{0,n — 2a1,Vtm(Cr) — a1} < az < min{2¢ —n,¢ — a,} (by Facts 5-7).

Fact 9. If J = {k | [Vi| =2 and |[ON (V)| # 0}, then the number of isolated vertices of T'(Cy)[U,y; =1 Vil
is at most |J| (because (|Vi|,|CN(Vi)|) = (2,2) implies T(C,)[CN(Vy)] & K2, by Fact 3).

Fact 10. If [Uy,|=; CN(V;)| = 4ai, then a1 < [J] < aa.

Fact 1 implies £ > n for 3 < n < 4, and since the coloring functions

({01,623}, {U3,€12}7 {U2,€13}) and ({612,634}, {6237614}, {U1,U3}, {U27U4})

are respectively TDCs of T'(C3) and T(Cy), we have x}(Cy) = x4(T(C,)) = n for 3 < n < 4. So we assume
5 < n <19 except n = 15,18, and continue our proof in the following two cases by this assumption that Hy
denotes a graph of order k with positive minimum degree.

Case 1. 5 < n < 8. Since for 5 < n < 8 the coloring function g with the criterion g(e(iy1)(it+2)) = g(vi) =i

when 1 <i < nisa TDC of T(C,), we have

XH(Cn) <n for5<n<8. (2.3)
Since also £ > n for 5 < n < 8, by the following reasons, (2.3) implies x%/(C,) = n.

e n=>5. Let £ = 4. Then (a1, a2) = (1,3). Because 2a;+as > 5, a;+as =4, a; = 1 and max{0,5—2a;,4—a;} <
az < min{4,5— a1} by Facts 5-8. But (a1, a2) = (1,3) implies Z?:l |Vi| = 7 # 2n, which contradicts Fact
1. Thus ¢ > 5.

n = 6. Let £ = 5. Then (a1,a2) = (1,4), (2,2), (2,3). Because 2a; + a2 > 6,4 <a; +a2 <5, 1<a; <2
and max{0,6 — 2a;,4 — a1} < ay < min{4,5 — a1} by Facts 5-8. Since (a1,a2) = (1,4), (2,3) imply
2?21 |Vi| # 2n and (a1, a2) = (2,2) implies |V;| > o = 4, which contradict Fact 1, we have ¢ > 6.
n="7.Let £ = 6. Then (a1,a2) = (1,5), (2,3), (2,4), (3,1), (3,2), (3,3). Because 2a1+az > 7,4 < a;+az < 6,
1 <a; <3 and max{0,7 — 2a1,4 — a1} < az < min{5,6 — a1} by Facts 5-8. Since (a1,a2) = (1,5), (2,4),
(3,3) imply Z?zl |Vil # 2n and (a1,a2) = (2,3), (3,1), (3,2) imply |Vi| > a = 4, which contradict Fact 1,
we have £ > 7.
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FIGURE 3. The illustration of T(Cs) when (a1,a2) = (4,1) and T(Cs)[Va U --- U V7] = 2Ks.

en =8 Let £ = 7. Then (a1,a2) = (1,6), (2,4), (2,5), (3,2), (3,3), (3,4), (4,1), (4,2), (4,3). Because
2a1 + a2 >8,5<a;+ax <7, 1<a; <4 and max{0,8 — 2a1,5 — a1} < ay < min{6,7 — a1} by Facts
5-8. Since (a1, a2) = (1,6), (2,5), (3,4), (4, 3) imply 23:1 |Vi| # 2n and (a1, a2) = (2,4), (3,3), (4,2) imply
|[Vi| > o = 5, which contradict Fact 1, and (a1, a2) # (3,2) by Fact 10, we have (a1,a2) = (4,1), that is,
(Val,- - V%)) = (5,5,2,1,1,1,1). Since the number of isolated vertices of T'(Cg)[Vy U --- U V7] is at most 1
(by Fact 9) and so T(Cg)[Va U --- U Vz] = K1 UH3, or Hy, we have
| Ul CN(VA)| < [CN(V3)] + | Uiy CN (V)]
<2+ max{lx3+9,2x7}
= [V(T(Cs)l.

Since | UZ:& CN(V;)| = |V(T(Cs)| if and only if T(Cs)[VaU- - -UV;] = 2K5, by assumptions T'(Cg)[V4U V5] =
Ky and T'(Cg)[Vs U V7] = K, as you can see in Figure 3, we have

o |[CN(Va)| = 2 and |CN(V4) U CN (Vs))] = [(CN(Vg) UCN (V2)| = 7,

o CN(V5)N (UZ:4 CN(V;)) =0 and (CN(Vy) UCN(V5)) N (CN (V) UCN (V7)) =0,

o Va1 (Ul CN(Vi))| = 1 and Vs 0 (UT_g CN(Vi))| = 1.
But then the induced subgraph T'(Cs)[V7 U V] with chromatic number 2 contains a clique K3 as a subgraph,
which is not possible. Thus ¢ > 8, as desired.

Case 2. 9 <n <19 except n = 15, 18.

e n=29. Let £ =7. Then (a1,a2) = (2,5), (3,3), (3,4), (4,2), (4,3). Because 2a; +a2>9,6 <ay+az <7,
2 < a; <4 and max{0,9 — 2a1,6 — a1} < az < min{5,7 — a1} by Facts 5-8. Since (a1, a2) = (2,5), (3,4),
(4,3) imply 23:1 [Vi| # 2n and (a1,a2) = (4,2), (3,3) imply |V41]| > a = 6, which contradict Fact 1, we
have ¢ > 8. Now since the coloring function, shown in Figure 4,

({Ula Vg, Ug, €23, 645}3 {/077 Vg, €12, €34, 656}7 {’U27 619}7 {U3}7 {/04}7 {’U57 667}7 {678}7 {689})7

is a TDC of T(Cy), we have x*f(Cy) = 8.

o n = 10. Let £ = 8. Then (a1,a2) = (2,6), (3,4), (3,5), (4,2), (4,3), (4,4), (5.1), (5,2), (5,3). Because
2a1 +as > 10,6 < a; +az <8,2<a; <5 and max{0,10 — 2a;,6 — a1} < ay < min{6,8 — a1} by Facts
5-8. Since (a1, a2) = (2,6), (3,5), (4,4), (5,3) imply E?:1 [Vi| # 2n and (a1, a2) = (3,4), (4,3), (5,1), (5,2)
imply V4| > a = 6, which contradict Fact 1, and (a1,a2) # (4,2) by Fact 10. Thus ¢ > 9, and in fact
Xd (Co) = 9 by (2.1).

o n=11. Let £ = 9. Then (a1, as) = (2,7), (3,5), (3,6), (4,3), (4,4), (4,5), (5,2), (5,3), (5,4), (6,1), (6,2),
(6,3). Because 2a; +ag > 11,7 < ay+az < 9,2 < ay <6 and max{0,11—2a;,7—a;} < az < min{7,9—a;}
by Facts 5-8. Since (a1,a2) = (2,7), (3,6), (4,5), (5,4), (6,3) imply E?:l [Vi| # 2n and (a1,a2) = (3,5),
(4,4), (5,3), (6,2) imply |V1| > a = 7, which contradict Fact 1, and (a1, a2) # (4, 3) by Fact 10, we assume
(al,ag) = (5,2), (6, 1).
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FIGURE 4. A min-TDTC of Cy (left) and the corresponding min-TDC of T(Cy) (right).

o (a1,az) = (5,2). Then, since the number of isolated vertices of T'(C11)[V5 U -+ - U Vy] is at most 2, (by
Fact 9) and so T(C11)[Vs U---UVy| = Ky U Hs, K7 U Hy or Hs, we have

< ULy CN(V)| + [U_s CN (V)|
<44+ max{2x34+9,1x3+2x7,7+9}
< [V(T(Cn1))l,

|Ui_s CN (V)]

a contradiction with (1.1).
o (a1,az) = (6,1). Then the number of isolated vertices of T'(C11)[Va U --- U V] is at most 1 (by Fact 9).
If the subgraph has one isolated vertex, then T(C11)[V4 U --- U Vy] =2 K; U H;5 which implies

|Ui_s CN (Vi) < [ON(Va)| + Uy ON(V3)]
<24+(3+749)
< [V(T(Cn))l,

a contradiction with (1.1). So we assume T'(C11)[Va U - -+ U Vy] has no isolated vertex. Then CN(V;) N
CN(V;) # 0 for some 3 < i < j < 9. Since obviously |[CN(V;) "CN(V;)| > 2 implies |U?:3 CN(W)| <
[V(T'(C11))|, we assume |[CN(V;) N CN(V;)| = 1 for some 3 < i < j < 9, and so |U?=3 CN(WV)| =
|V (T(C11))|. But then the subgraph T'(Cy1)[V3 UVs] with chromatic number 2 contains K3 as a subgraph,
which is not possible.
Thus ¢ > 10, and in fact x*/(C11) = 10 by (2.1).
n = 12. Let ¢ = 9. Then (a1,a2) = (3,6), (4,4), (4,5), (5,3), (5,4), (6,2), (6,3). Because 2a; + az > 12,
8 <ar+a2 <9,3 < a <6 and max{0,12 — 2a;,8 — a1} < as < min{6,9 — a1} by Facts 5-8.
Since (a1,a2) = (3,6), (4,5), (5,4), (6,3) imply Z?:l [Vi| # 2n and (a1,a2) = (4,4), (5,3), (6,2) imply
[V1]| > a = 8, which contradict Fact 1, we have £ > 10. Now since f = (V4,Va, -+ ,Vig) is a TDC of T(C12)
where Vi = {4, v6,v11, €1(12), €23, €78, €9(10) }» V2 = {Us, V10, V12, €12, €34, €67, €80}, V3 = {v2}, Vi = {v1,v3},
Vs = {eas}t, Vo = {ese}, Vo = {vr, 00}, Vs = {ws}, Vo = {eqioyan }» Vio = {eaniz)}, we have x4 (C12) = 10.
n = 13. Let £ = 10. Then (a1,a2) = (3,7), (4,5), (4,6), (5,3), (5,4), (5,5), (6,2), (6,3), (6,4), (7,1), (7,2),
(7,3). Because 2a; +as > 13,8 < a;+as < 10,3 < ay < 7 and max{0,13—2a;,8—a1} < ag < min{7,10—a; }
by Facts 5-8. Since (ay,as) = (3,7), (4,6), (5,5), (6,4), (7,3) imply >0, [Vi| # 2n, and (a1,a2) = (4,5),
(5,4), (6,3), (7,1), (7,2) imply |V1| > a = 8, which contradict Fact 1, and (a1, az2) # (5,3) by Fact 10, we
assume (a1,az) = (6,2). Then, since the number of isolated vertices of T(C3)[Vs U - - U Vgl is at most 2
(by Fact 9) and so T(C13)[Vs U --- U Vig] & Ko UHy, K1 UHs or Hg, we have

|Ui2s CN (V)| < |UiZs CN(Vi)| + U5 CN(V)]
<44+max{2x3+2x7,34+74+9,3x7}
< |V(T(Ch3))l,
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F1GURE 5. The illustration of T'(C16) when (a1,a2) = (8,2) and T'(Ci6)[Vs U - - U Vig] = 4Ks.

a contradiction with (1.1). Thus £ > 11, and in fact x%/(C13) = 11 by (2.1).
n = 14. Let £ = 10. Then (a1,a2) = (4,6), (5,4), (5,5), (6,2), (6,3), (6,4), (7,1), (7,2), (7,3). Because
201 +as > 14,8 <a;+az <10,4 <a; <7and max{0,14 — 2a;,8 — a1} < as < min{6,10 — a;} by Facts
5-8. Since (a1, az) = (4,6), (5,5), (6,4), (7,3) imply .12, [Vi| # 2n and (ay, as) = (5,4), (6,3), (7,1), (7,2)
imply |V1| > a = 9, which contradict Fact 1, and (aq,as) # (6,2) by Fact 10, we have £ > 11, and in fact
X (Cia) = 11 by (2.1).
n = 16. Let £ = 12. Then (a1,a2) = (4,8), (5,6), (5,7), (6,4), (6,5), (6,6), (7,3), (7,4), (7,5), (8,2), (8,3),
(8,4), (9,1), (9,2), (9,3). Because 2a; +as > 16, 10 < a3 + a2 <12, 4 < a; <9 and max{0, 16 — 2a;, 10 —
a1} < az < min{8,12 — a1} by Facts 5-8. Since (a1,a2) = (4,8), (5,7), (6,6), (7,5), (8,4), (9,3) imply
S22 Vil # 20 and (a1, a2) = (5,6), (6,5), (7,4), (8,3), (9,1),(9,2) imply |Vi| > a = 10, which contradict
Fact 1, and (a1,a2) # (6,4) by Fact 10, we assume (a1, a2) = (7,3), (8,2).

o (a1,az) = (7,3). Then, since the number of isolated vertices of T(C16)[Vs U - -+ U Vio] is at most 3 (by

Fact 9) and so T(C16)[Ve U--- U Via] = K3 U Hy, K2 UHs, Ki UHg or Hy, we have

U2, CN (V)| < [US_s CN (V)| + U2, CN (Vi)
<6+max{3x3+2x7,2x34+7+9,3+3x7,2x7+9}
< V(T (Ci6))l,

a contradiction with (1.1).
o (a1,az) = (8,2). Then, since the number of isolated vertices of T(Ci6)[Vs U --- U Vig] is at most 2 (by
Fact 9) and so T(C16)[Vs U - -- U Via] & Ko U Hg, K1 UH7 or Hg, we have

[UiZs CN(Vi)| < |UiZs CN (V)| + [Ui25 CN (V7))
<4+max{2x3+3x7,3+2x7+9,4x7}
= [V(T(Che))l.

Since | UlliS CN(V;)| = |V(T(C1))| if and only if T(C16)[VsU- - -UVia] = 4 K5, we may assume T'(Ci6)[VsU
RN Vlg}[‘/gi_l @] VQZ] = Kg for 3 S ) S 6. Then

o [CN(V;)|=2for3<i<d4,

o CN(V;) N (Uj2; CN(V;)) =0 for 3 <i < 4,

o |CN(V22_1) @] CN(V22)| =7 for 3 § 1 S 6,

[¢) (CN(‘/QZ,1> U CN(‘/QZ)) N (CN(‘/ijl) U CN(‘/QJ)) ={ for 3 <1 <3 <6,

o 1< [N (U2, ON(V) < 2and 1< [Vin (U2, NVl < 2

But this implies that V3, ---, V45 has one of the positions shown in Figure 5. Then, since the induced
subgraph T'(C16)[V1 U V3] with chromatic number 2 contains a clique K3 as a subgraph, we reach to
contradiction.

n = 17. Let £ = 12. Then (a;,a2) = (5,7), (6,5), (6,6), (7,3), (7,4), (7,5), (8,2), (8,3), (8,4), (9,1), (9,2),
(9,3). Because 2a; +as > 17, 10 < a1 + a2 < 12 and 5 < a1 < 9 and max{0,17 — 241,10 — a1} < as <
min{7,12 — a;} by Facts 5-8. Since (a1,a2) = (5,7), (6,6), (7,5), (8,4), (9,3) imply 21121 [Vi| # 2n, and
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(a1,a2) = (6,5), (7,4), (8,3), (9,1), (9,2) imply | V1| > a = 11, which contradict Fact 1, and (ahag) 7& (7,3)
by Fact 10, we assume (ag,as) = (8,2). Then since the number of isolated vertices of T(C’17)[V5 -UVyo]
is at most 2 (by Fact 9) and so T(C17)[Vs -UVia] 2 Ky UHg, K1 UHy or ‘Hg, we have

U2, CN(V)| < | U?:?, CN(Vi)| + |U;2; ON (V)]
<44+max{2x34+3x7,3+2x74+9,4x 7}
< [V(T(C1r))l,

a contradiction with (1.1). Thus ¢ > 13, and in fact x%(Cy7) = 13 by (2.1).
n = 19. Let £ = 14. Then (a1, a2) = (5,9), (6,7), (6,8), (7,5), (7,6), (7,7), (8,4), (8,5), (8,6), (9,3), (9,4)
(9,5), (10,2), (10,3), (10,4), (11,1), (11,2), (11,3). Because 2a; + a2 > 19,12 < a1 +a3 <14 ,5<a; <11
and max{0,19—2a;,12—a1} < as < min{9,14—ay} by Facts 5-8. Since (a1, a2) = (5,9), (6,8), (7,7), (8,6),
(9,5), (10,4), (11,3) imply Zzlil Vil # 2n and (a1,a2) = (6,7), (7,6), (8,5), (9,4), (10,3), (11,1), (11,2)
imply |V4| > a = 12, which contradict Fact 1, and (a1,a2) # (7,5) by Fact 10, we assume (a1, a2) = (8,4),
(9,3), (10,2).

o (ai,as) = (8,4). Then, since the number of isolated vertices of T(C1g)[V7 U ---U Vy4] is at most 4 (by

Fact 9) and so T(Olg)[V7 U---y VM} = EU 7’(47 EU H5, EU HG, Kl U H7 or Hs, we have

Uiy CN(V))| < |UiZs CN (V)| + | UL, ON (V)]

<8+max{dx3+2x7,3x34+7+9,2x3+3x7,
3+2x7+9,4x%x 7}

< [V(T(C))],

a contradiction with (1.1).
o (a1,az) = (9,3). Then, since the number of isolated vertices of T(C19)[Vs U --- U Vi4] is at most 3 (by
Fact 9) and so T(C19)[Vs U -+~ U V4] = K3 U Hs, K2 UHz7, K1 UHs or Hyg, we have

|UiZs CN(VA)| < |Uis ON(Vi)| + | U2 ON (V)]
64+ max{3x3+3x7,2x3+2x7+93+4x7,
3% 7+9}
< V(T (Cho))l,

<
<

a contradiction with (1.1).

o (a1,a2) = (10,2). Then, since the number of isolated vertices of T(Ch9)[VsU--- UV is at most 2 (by
Fact 9), we have T(Clg)[%U' . ‘UV14] = KQ UHg, K1 UHQ or Hlo. Let T(Clg)[%U' . 'UV14] = KQ UHg.
Then

UL EN (V)| < | Uizg CN (VD] + U2 CN (V)]
<4+4+2x34+4x7 (2.4)
= [V(T(Cho))l-
Since | Uil; CN(V;)| = 38 if and only if equality holds in (2.4), V3, -- -, V14 are in the position shown in

Figure 6. But then we reach to this contradiction that T'(Pyg)[V7 U V3] with chromatic number 2 contains
K3 as a subgraph. Now let T(C19)[Vs U -+ U Vi4] & K3 U Hg. Then

|UiZs CN(Vi)| < [Ui_s CN (V)| + |UiL5 CN (Vi)
<44+1x34+3x7+9
< V(T(Ch9))ls

a contradiction with (1.1). Finally let T(C19)[V5 U - - - U Vi4] 2 Hyg, which implies

|Ui2s ON (V)| < [UiZs CN(Vi)| + [UiLs CN (V)]
<4+5x7 (2.5)

= 39.
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FIGURE 6. The illustration of T(Clg) when (al, ag) = (10, 2), T(Clg)[‘/% U---u VM} = EUHS
and [ UL, ON (V)] = 38.

FIGURE 7. The illustration of T'(C1g) when (a1, a2) = (10,2), T(C19)[VsU- - -U V4] = 5K, and
[UiLs CN(V)] = 38.

Since | U;ig CN(V;)| = 38 if and only if Hi9 = 5K, by assumptions Hig[Va;—1 U Va2 = Ko for 3 < i < 7,

we have

[CN(V;)| =2 for 3<i<4,

CN (Vi) N (UjZ5 CN(V;)) = 0 for 3 < i <4,

|CN(V21;1) U CN(V21)| =T for 3 < 1 < 7,

|(CN(‘/21,1) @] CN(‘/YQJ) N (CN(VQJ‘,l) @] CN(‘/QJ))‘ <lfor3<i<j<T,

1< [Vsn (UL CN(V)) < 2and 1 < [Vin (UL CN(V;))] < 2 for some 3 < j # k < 6.
That is Vs, - -+, V14 are in the position shown in Figure 7. But then we reach to this contradiction that
T(Pyg)[V1 U V3] with chromatic number 2 contains K5 as a subgraph.

Thus ¢ > 15, and in fact x*f(C19) = 15 by (2.1).

o

[e]

o

[¢]

]

3. PATHS

Here, we calculate the total dominator total chromatic number of paths. First we recall a proposition and
calculate the mixed indepence number of a path.

Proposition 3.1. [12] For any path P, of order n > 2,

%] ifn=4 (mod7),
Yem (Pp) = { (éq ifn#4 (mod 7).

Lemma 3.2. For any path P, of order n > 3, amix(Pp) = [%1
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Proof. Let P, : v1v3 - - - vy, be a path of order n > 3. Then V(T'(P,)) = VUE where £ = {e;(;41) |1 < i <n—1}.
Since the number of triangles that a vertex w from an independent set of T'(P,,) belongs to them is

1 if and only if w € {v1,v,} or
2 if and only if w € {e12,e(m—1)n} or
3 if and only if w ¢ {v1,e12,Vn, €(n_1)n},

we conclude {vzi11 | 0 <4 < [Z] — 1} U {e@ipo@igs) | 0 <@ < [5] — 1} is a maximum independent set of
cardinality | 2] + [2] = [2%71], and so amix(P,) = (T (Py,)) = [2%1]. O
Proposition 3.3. For any path P, of order n > 2,
Yem(Pp) + 1 if n=2,3,
XHP) = Yem(Po) +2 if n =4,5,6,8,9, 10,13, 16,
Yem(Pp) +3ifn="7 n+#13,16 orn > 11

which by considering Proposition 3.1 implies
n+1ifn=2,
X{(P)={n if3<n<7T,
n—1if8<n<9,
and for n > 10,

(P = { L%:J +3ifn=4 (mod7) orn=10,13,16,
[ZF]1+3ifn#4 (mod7) andn # 10,13, 16.

Proof. Let P, : vivg - - - vy, be a path of order n > 2. Then V(T'(P,)) = VUE where £ = {e;;+1) | 1 <i <n—1}.
Since T(P;) = K3 and T'(P3) contains K3 as a subgraph and ({vy, eas}, {vs,e12}, {v2}) is a TDC of T(Ps), we
have x%(P,) = x4(T(P,)) = 3 for n = 2,3. We know from [12] that for n > 4 the sets

So = {v7i+2, V7i43, €(7i45)(7i+6) €(7it6)(ri+T) | 0 < < [2] =1} ifn=0 (mod 7),

S1=SoU{em—1)n} ifn=1 (mod7),
Sg =853 =Sy U{vp_1,0n} ifn=2,3 (mod 7),
Sy =S U {’Unfg, ’Unfl} ifn=4 (mod 7),
S5 = So U {vn_3,0n-2,0n_1} ifn=5 (mod7),
Se = So U {Un—4,VUn-3,€(n—2)(n—1) €(n—1)n} ifn=6 (mod?7)

are minimum total dominating sets of T'(P,). Since x(T'(P,) — Sr) = 3 for each 0 < r < 6, Proposition 1.5
implies

Xfit(Pn) < Yem(Pp) + 3. (3.1)
For n = 19,12 or n > 24, since T'(P,,) has 2n—3 triangles with the vertex sets {v, viy1, €41y} when 1 <i <n—1
or {e(i_l)i, Vi, ei(i+1)} when 2 < ¢ < n—1, and since at least two color classes are needed for totally dominating
the vertices of every five consecutive triangles with the vertex sets

{Ui, Vi+15 Vi+2; Vi+3; €i(3+1)5 €(i+1)(i+2)> e(i+2)(i+3)} or
{vz’, Vi+15 Vit+25 €(i—1)35 Ci(i4+1)s C(i4+1)(i4+2)» €(i4+2) (i4+3) S >

we conclude the number of used color classes in T(P,) is at least 2[ 222 | > 4, (T(P,)) + 3 = Y (Pn) + 3, and
s0 XY (Pn) = Ym(Pn) + 3 by (3.1). Therefore we continue our proof in the following two remained cases by this
assumption that Hj denotes a graph of order k& with positive minimum degree.

Case 1. n = 18,20,21,23. Let f = (V4,Va, -+ ,V4) be a min-TDC of T(P,) and let A = {vy,vs,v3}, B =
{vn—2,Un—_1,0n}. Then vy =; Vi for some k implies V}, = {w} where w € {vq,e12}. Let w =; V,,, for some m.
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Since V,,, C {v1,v3,€12,e23} when w = vy and V,;, C {v1,v9,e23} when w = eja, we have V,,, # Vj. Since a
similar result holds by considering wv,, instead of vy, we conclude [{Vj | v; =+ Vi for some v; € AU B}| > 4.
Let {Vi | v; =+ Vi for some v; € A} = {V1,Va} and {Vi | v; =+ Vi for some v; € B} = {V3,V4} in which
[Vi|+|Va| < 3 and |V3|+|Vy| < 3. Then U?Zl Vi € AUBU{ei2, €23, €(n—2)(n—1)» €(n—1)n }- NOow since the subgraph
of T(P,) — (AUB) induced by {vy4, €34, €45} is a complete graph and {vy4, €34, €45} N (U?:1 Vi) = 0, we have £ > 7.
Without loss of generality, we may assume esq € Vs, es5 € Vs and vy € V7. Let C' = {vs, €541 | 6 <@ <n —4}
and Cy = {V; | v = V. for some v € C}. Then for every v € C, v ¥; Vi, when 1 < k < 7. We know
the subgraph of T'(P,) induced by C has 2(n — 10) distinct triangles with the vertex sets {v;, viy1,€i(i41)} or
{e(i,l)i7vi,ei(i+1)} for 6 < i < n — 4. Since at least two color classes are needed for totally dominating the
vertices of every five consecutive triangles with the vertex sets {v;, vii1,Vit2, Vi3, €i(i+1), €(i+1)(i+2)> €(i+2)(i+3) }
or {Uiyvi+1,vi+2,6(1'_1)1',61‘(1'4_1)76(¢+1)(¢+2)7€(i+2)(¢+3)}, we conclude that the number of used color classes in
T(P,)[C] is at least 2[ 229 | So \4(T(P,)) > 7+ 2[ 222 | > ~,(T(P,)) + 3, which implies x4 (P,) =
Vi (Po) + 3 by (3.1).

Case 2.4 <n < 17. Let f = (V1,Va,---,V;) be a min-TDC of T(P,) such that |Vi| > |Va] > -+ > |V| and
for 1 <i < [22=17] let A; = {Vj, | [Vi| = i} be a set of cardinality a; (we recall [2%1] = anix(P,) = a(T(P,))
which is denoted simply by «). By considering the following facts we continue our proof in the following subcases.

* Fact 1. |V <[22 for 1 <k </fand i, |Vi| = 2n — 1.

* Fact 2. Forany v € VUE, if v = Vj, for some 1 < k < ¢, then |V;| < 2.

* Fact 3. For any vertex v € M, if v 4 V}, for some 1 < k < ¢ and |V}| = 2, then CN(V;) N M = {v}, where
M e {€,V}, and since CN (Vi) NV # 0 if and only if CN (V) NE # 0, we have |CN (V)| = 2.

x Fact 4. For any color class Vj, of cardinality one, 1 < |[CN(V;,)NV|<2and 1 <|CN(V;,)NE| <2

Fact 5. a; > 2. Because for i = 1,n, v; = Vi, implies |V, =1 and Vi, # Vi, .

* Fact 6. yun(Pn) < a1 +as < £. Because the set S is a TDS of T(P,) where |[SNV;| = 1 for each V; € A; UAs
by Fact 2 (for left), and a3 + - -+ + a, = £ (for right).

* Fact 7. 2a; + ay > n (by Facts 3,4).

* Fact 8. max{n —{,2} < a; < [2=22+L | Because

*

M —1—ay = [V(T(P)| = {Vi | [Vi] = 1 for 1 < i < )]
= Zjy;22|Vil

implies the upper bound, and for the lower bound

20 —n > 2(a1 + a2) — n (by Fact 6)

2> az (by Fact 7), (3.2)

implies

a; > *5%2 (by Fact 7)
>n—{ by (3.2).

* Fact 9. max{0,n — 2a1, Vtm(Pn) — a1} < az < min{2¢ —n,¢ —a;} (by Facts 5-8).

* Fact 10. If J = {k | [Vi] = 2 and [CN(V})| # 0}, then the number of isolated vertices of T'(P)[Uy;, 1= Vi]
is at most |J| (because (|Vi|,|CN(Vi)|) = (2,2) implies T(P,)[CN(V})] & K, by Fact 3).

* Fact 11. V(T(P,)) has an unique partition to three maximal independent sets Wi, Wa, W3 such that

Wil = Wa|+1=|Ws|+1=[222]ifn=1 (mod 3),
Wi| = Wa| = [Ws| + 1 = [2271] ifn=0 (mod 3).
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en = 4,5. Since / = n — 1 implies a3 = 1, which contradicts Fact 5, we have ¢ > n. Now since
({1}2}, {123}, {612, 634}, {Ul, €23, 1}4}) is a TDC of T(P4) and also ({’02}, {’Ug}, {U4}, {’()5, €12, 634}, {’Ul7 €23, 645})
is a TDC of T'(Ps), we obtain x%(P,) =n when n =4, 5.

e n = 6. Let £ = 5. Then (a1,a2) = (2,2), (2,3), (3,1), (3,2). Because Facts 5-9 imply 2a; + ay > 6,
4<a;+as <5 2<a; <3and max{0,6 — 2a1,4 — a1} < as < min{4,5 — ay}. Since (a1,a2) = (2,3),
(3,2) imply Z?Zl |Vil # 2n — 1 and (a1, a2) = (2,2), (3,1) imply |V4| > a = 4, which contradict Fact 1, we
have ¢ > 6. Now since the coloring function ({va}, {vs}, {va}, {vs}, {€12, €34, €56}, {v1, €23, €45, v6}) is a TDC
of T(Pgs), we obtain x(Ps) =6 = n.

e n=7.Let £ =6. Then (a1,a2) = (2,3), (2,4), (3,1), (3,2), (3,3), (4,0), (4,1), (4,2). Because Facts 5-9
imply 2a1 + a2 > 7,4 < a3 +az <6,2 <a; <4 and max{0,7 — 2a;,4 — a1} < az < min{5,6 — a; }. Since
(a1,a2) = (2,4), (3,3), (4,2) imply Z?Zl |Vi| # 2n —1 and (a1, a2) = (3,2), (4,1) imply |Vi| > o = 5, which
contradict Fact 1, we have (a1, a2) = (2,3), (3,1), (4,0).

o (ai,az2) = (4,0). Then, since the number of isolated vertices of T'(P7)[Vz U --- U Vg] is zero, we have
T(P7)[V3U- - -UVg] = Hy. Since | U?:g CN(V;)| < |[V(T(P7))| = 13 when Hy % 2K, we assume Hy = 2K5.
By assumptions T(P;)[Va U V4] & T(Py)[Vs U Vs] & Ko, we have |(Ji_s ON (Vi) N (UL CN(V;))| = 1.
This guarantees that

(Va,Va, Vs, Vs) = ({02}7 {U3}v {1}5}, {UG})v
or ({va}, {vs}, {ese}, {e7})-

But then, since T(Pr)[V1 U V3] with chromatic number two contains a complete subgraph K3 with the
vertex set {vy, €34, €45}, we reach to the contradiction.

o (a,az) = (3,1). Then, since the number of isolated vertices of T'(P7)[Vy U --- U Vg] is one and so
T(P7)[‘/3 U---y VG] = Kl @] K2 or H37 we have

|Uizs ON (V)| < [CN(V3)| + | Uiy ON (Vi)
<2+ max{3+ 7,9}
< [V(T(F7))l,

a contradiction with (1.1).
o (a1,az2) = (2,3). Then, since the number of isolated vertices of T'(P7)[Vs U V5] is two or zero and so
T(P)[VsU---UVg] =2 Ky or Ky, we have
Ui CN(VA)] < [Uisg CN (V)] + | ULs ON (V)
<4+ max{2x 3,7}
< [V(T(Pr))l;

a contradiction with (1.1).
Thus ¢ > 7, which implies x% (P7) = 7 = vm (Pr) + 3 by (3.1).

e n=28. Let £ = 6. Then (a1,a2) = (2,4), (3,2), (3,3). Because Facts 5-9 imply 2a; +a2 > 8,5 < a1+as < 6,
3 < a3 <5 and max{0,8 — 2a1,5 — a1} < az < min{4,6 — a;}. Since (a1,a2) = (2,4), (3,3) imply
Z?Zl [Vi] # 2n — 1 and (a1,a2) = (3,2) imply |V1] > a = 5, which contradict Fact 1, we have £ > 7. Since
now ({v1, €23, €45, €67, Vs }, {€12, €34, V5, €78}, {va, €56 }, {vs}, {va}, {ve}, {vr}) is a TDC of T(Ps), we obtain
XF(Ps) =T=n—1.

e n =29 Let £ =7. Then (a1, a2) = (2,5), (3,3), (3,4), (4,2), (4,3), (5,1), (5,2). Because Facts 5-9 imply
200 + a2 > 9,6 < a;+ax <7, 2<a; <5 and max{0,9 — 2a1,6 — a1} < ay < min{5,7 — ay}. Since
(a1,a2) = (2,5), (3,4), (4,3),(5,2) imply Z::l Vil # 2n — 1 and (a1,a2) = (3,3), (4,2), (5,1) imply
|[Vi| > a = 6, which contradict Fact 1, we have £ > 8. Now since

({U2}7 {U3}7 {645}7 {656}7 {U’Y}; {US}a {vlaU4a Vg, U9,€23,€78}, {6127 €34, €67, 6897'05})

is a TDC of T(Py), we have x/(Py) =8 =n— 1.
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€12 €3 €33 €45 €56 €67 ©78 €89 €910

¢e—o—0-8 & 00— —00

Vi Vy V3 V4 V5 Vg V7 Vg Vg Vyg

FIGURE 8. A min-TDC of T'(Pip) (up) and the corresponding min-TDTC of Pjo (down).

n = 10. Let £ = 7. Then (a1, a2) = (3,4), (4,2), (4,3), (5,1), (5,2). Because Facts 5-9 imply 2a; + as > 10,
6 <a;+a2 <7 3<a <5 and max{0,10 — 2a1,7 — a1} < ay < min{4,7 — a1 }. Since (a1,a2) = (3,4),
(4,3), (5,2) imply 23:1 [Vi| # 2n — 1 and (a1,a2) = (4,2), (5,1) imply |V1| > « = 7, which contradict
Fact 1, we have ¢ > 8. Now since (V1, Va, {ess, €67}, {es6}, {va}, {vs}, {vs}, {vo}) is a TDC of T'(Pig) where
= 4{11)1, V4, Vg, €23, €78, €9(10) }» V2 = {Us, U7, V10, €12, €34, €89 } and it is shown in Figure 8, we have X (Pro) =
8= ] +3.
n = 171. Let ¢ = 8. Then (ai,a2) = (3,5), (4,3), (4,4), (5,1), (5,2), (5,3). Because Facts 5-9 imply
2a1 + a3 > 11,6 < a3 +az < 8,3 < a; <5 and max{0,11 — 2a1,6 — a1} < az < min{5,8 — a;}. Since
(a1,a2) = (3,5), (4,4), (5,3) imply 325, |Vi| # 2n—1 and (ay, as) = (4,3), (5,2) imply [Vi| > a = 7, which
contradict Fact 1, we have (a1, az2) = (5,1), that is, (|V4|,--- ,|Vs]) = (7,7,2,1,1,1,1,1). Then VaU---UVj
is a maximal independent set by Fact 11, and all vertices of the set are totally dominated by no color class.
Thus ¢ > 9, which implies X% (P11) = 9 = v (P11) + 3 by (3.1).
n =12. Let £ = 9. Then (ay,as) = (3,6), (4,4), (4,5), (5,2), (5,3), (5,4), (6,1),(6,2), (6,3), (7,0), (7,1),
(7,2). Because Facts 5-9 imply 2a;4ag > 12,7 < a1+as < 9,3 < a1 < 7and max{0, 12—2a1,7—a1} < ag <
min{6,9—ay }. Since (a1, a2) = (3,6), (4,5), (5,4), (6,3), (7,2) imply Z?:l |Vi| # 2n—1 and (a1, a2) = (4,4),
(5,3), (6,2), (7,1) imply |V1| > a = 8, which contradict Fact 1, we have (a1,a2) = (5,2), (6,1), (7,0). If
(a1,a2) = (7,0), then V3U---UVy = W3 which is a maximal independent set by Fact 11, and so no vertex
of the set is totally dominated by a color class.

o (a1,az) = (5,2). Then, since the number of isolated vertices of T'(Py2)[VsU---UVy] is at most 2 (by Fact

10) and so T(P12)[Vs U --- U Vy] =2 Ko U H3, K1 UHy or Hs,
| Uiz CN(VA)| < | Uiy ON(Vi)| + | U5 ON (V)]

44+ max{2x3+9,1x3+2x7,1x7+1x9}
[V (T(Pr2))l,

AVANTAN

a contradiction with (1.1).
o (a1,az) = (6,1). Then, since the number of isolated vertices of T'(Py2)[Vy4U---UVy] is at most 1 (by Fact
10) and so T'(Py2)[VaU---UVy] =2 Ky U H5 or Hg,
ULs CN(V)] < [Uis CN (V)] + | UL ON (V)
<24+ max{l x34+1x7+1x9,3x7} (3.3)
= [V(T(P12))].

We see that equality holds in (3.3) if and only if T'(Py2)[Va U -+ U Vy] =2 3Ky = U?Zl T(Py2)[Vai—1 U Va]
such that (CN(Vai—1) U CN(Va;)) N (CN(Vaj_1) U CN(Vy;)) for each 1 < i < j < 3. This implies
Vi = {va}, V5 = {uvs}, V6 = {es6}, Vi = {es7}, Vs = {vg}, Vo = {v10}. Since the vertices vi2 and e(11)(12)
did not totally dominated by a color class of cardinality one, we must have CN(V3) = {vi2,e(11)(12)
which is not possible.

Thus ¢ > 10, which implies X% (Pi2) = 10 = 44,,(P12) + 3 by (3.1).
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e n=13. Let £ = 9. Then (a1,a2) = (4,5), (5,3), (5,4), (6,2),(6,3), (7,1), (7,2). Because Facts 5-9 imply
2a1 + a2 > 13,8 < a3 +a2 <9,4 < a; <7 and max{0,13 — 2a1,8 — a1} < az < min{7,10 — a1 }. Since
(a17a2) = (475)7 (574)a (673)7 (732) imply Z?:l |‘/1| 7é 2n — 17 and (CL17CL2) - (573)7 (632)7 (771) imply
[Vi| > a =9, which contradict Fact 1. Thus ¢ > 10. Now since (V,Va,---, Vi) is a TDC of T'(Py3) where

Vi = {v1, v6, Vs, V13, €23, €45, €9(10), €(11)(12) }»

Va = {vs, v7, v, €12, €34, €(10)(11)5 €(12)(13) }

Vs = {va,es6}, Va = {vio,es0}, Vs = {va}, V5 = {v3},
Vo ={eer}, Ve ={ews}, Vo= {vnr}, Vio = {vi2},

we have xf(Pi3) = 10.

e n=14. Let £ = 10. Then (a1, a2) = (4,6), (5,4), (5,5), (6,2), (6,3), (6,4), (7,1), (7,2), (7,3). Because Facts
5-9 imply 2a; +as > 14, 8 < ay +ag <10, 4 < a1 < 7 and max{0,14 — 2a;,8 — a1} < ag < min{6,10 —a; }.
Since (a1,a2) = (4,6), (5,5), (6,4), (7,3) imply Z}il [Vi| # 2n — 1, and (a1, a2) = (5,4), (6,3), (7,2) imply
|[Vi| > o =9, which contradict Fact 1, we have (a1,a2) = (6,2), (7,1), that is,

(|V1|a 7|V10|) = (978a2a2517171a1a151)7

or (9,9,2,1,1,1,1,1,1,1).
If (vil,---,|Viol) = (9,9,2,1,1,1,1,1,1,1), then V3 U --- U Vig is a maximal independent set by Fact
11, and so no vertex of the set is totally dominated by a color class by Fact 2. If (|Vi],---,|Vio]) =

(9,8,2,2,1,1,1,1,1,1), then VaU--- U Vig = W, U {w} for some 1 < j < 3 and some w € U?ii:l W; by
Fact 11. Since deg(w) = 4, there exist at least five vertices in W; which are not totally dominated by a
color class, a contradiction.

e n = 15. Let ¢ = 11. Then (ai,a2) = (4,7), (5,5), (5,6), (6,3), (6,4), (6,5), (7,2), (7,3), (7,4), (8,1),
(8,2), (8,3), (9,0), (9,1), (9,2). Because Facts 5-9 imply 2a1 + a2 > 15,9 < a; +ag < 11,4 <a; <9
and max{0,15 — 2a;,9 — a1} < az < min{7,11 — a1 }. Since (a1,a2) = (4,7), (5,6), (6,5), (7,4) , (8,3),
(9,2) imply S0, [Vi| # 2n — 1 and (a1,as) = (5,5), (6,4), (7,3), (8,2), (9,1) imply V4] > o = 10, which
contradict Fact 1, we have (a1,a2) = (6,3), (7,2), (8,1), (9,0). If (a1,az2) = (9,0). Then V3U---UVi; = W;
is a maximal independent set (by Fact 11), and so no vertex of the set is totally dominated by a color class.

o (ar,az) = (8,1), that is, (|Vi|,---,|V11]) = (10,9,2,1,1,1,1,1,1,1,1). Then either V3 U--- U Vi3 = W,
which is a maximal independent set (by Fact 11) and so no vertex of the set is totally dominated by a
color class, or VaU---UVip = Wa U {w} for some vertex w € Wy UWs, and since |N(w) N Wj3| < 2, there
exist at least seven vertices in V3 U ---U Vi1 which are totally dominated by no color class.

o (a1,az) = (7,2). Then, since the number of isolated vertices of T(P15)[Uzi5 Vi] is at most 2 (by Fact
10) and so T(P15)[Uzi5 Vi] = Ky U Hs, K1 UHg or Hy, we have

|Uils CN(V)| < |Uj—s CN(Vi)| + | UiZs ON (V)]
<44+max{2x3+7+9,1x3+3x7,2x7+1x9}
< [V(T(Pis5))l,

a contradiction with (1.1).
o (a1,a2) = (6,3). Then, since the number of isolated vertices of T(P15)[U}i6 V;] is at most 3 (by Fact
10) and so T(P15)[U3i6 Vi] = K3 U H3, Ko U Hy, K1 UH5 or Hg, we have
|Uils ON (V)| < [UZs CN(Vi)l + |UiLs CN (V)]
<6rmax{3x3+9,2x3+2x7,3+7+9,3x7}
< V(T (Pis5))l,

a contradiction with (1.1).
Thus ¢ > 12, which implies X% (Pi5) = 12 = v4,,(P15) + 3 by (3.1).
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o n =16. Let £ = 11. Then (a1, a2) = (5,6), (6,4), (6,5), (7,3), (7,4), (8,2), (8,3), (9,1), (9,2). Because Facts
5-9 imply 2a; +as > 16,10 < a3 +az < 11,5 < a; <9 and max{0,16—2a1,10—a1} < az < min{8,11—ay }.
Since (a1,as) = (5,6), (6,5), (7,4), (8,3) , (9,2) imply 311, |V;| # 2n—1 and (a1, a2) = (6,4), (7,3), (8,2),
(9,1) imply |V1| > a = 11, which contradict Fact 1, we have £ > 12. Now since (V;,Va, -+ ,Vi2) is a TDC
of T(Plﬁ) where

Vi = {v1,v4, V6, V11,13, V16, €23, €78, €9(10)» 6(14)(15)},

Vo = {vs, 07,10, V12, €12, €34, €89, €(13)(14)» €(15)(16) } »

Vz = {va}, Va={vs}, V5= {ess,eer}, Vo = {es6}, V7 = {vs},

Vs = {wo}, Vo = {eqoyar),eazast Vio = {eanaz s Vir = {via}, Viz = {vis},

we have x!f(Pg) = 12.

o n=17. Let £ = 12. Then (a1, as) = (5,7), (6,5), (6,6), (7,3), (7,4), (7,5), (8,2), (8,3), (8,4) , (9,1), (9,2),
(9, 3). Because Facts 5-9 imply 2a1 a2 > 17,10 < a3+a3 < 12,5 < a3 <9 and maX{QO, 17—2a;,10—a1} <
az < min{7,12 — ay}. Since (a1,a2) = (5,7), (6,6), (7,5), (8,4), (9,3) imply Z;=1 Vil # 2n — 1 and
(a1,a2) = (6,5), (7,4), (8,3), (9,2) imply |V1]| > a = 11, which contradict Fact 1, we have (a1, az2) = (7,3),
(8,2), (9,1). If (ay,a2) = (9,1), then V3 U ---U Vi3 is a maximal independent set (by Fact 11) and so no
vertex of the set is totally dominated by a color class. Now let (a1, az2) = (8,2), that is, (|Vi|,--- ,|[Vi2]) =
(11,10,2,2,1,1,1,1,1,1,1,1). Then V3U---UVio = W; U{w} for some 1 < j < 3 and some w € U?¢¢:1 Wi,
and since |N(w) N W;| < 2, there exist at least nine vertices in W; which are totally dominated by no color
class. Finally let (a1,as) = (7,3). Then, since the number of isolated vertices of T(PU)[Uiﬁ Vi] is at most

3 (by Fact 10) and so T(P17)[Ui6 Vil =2 K3 U Hy, Ko U Hs, K1 UHg or Hz, we have

|UiZs CN(V)| < |Uj—s ON(Vi)| + | U2 CN (Vi)
<6+max{3x34+2x7,2x34+74+9,3+3x7,2x7+9}
< |V(T(P17))ls

a contradiction with (1.1). Thus ¢ > 13, which implies x/(Pi7) = 13 = v (P17) + 3 by (3.1).

4. A PROBLEM

By comparing the total dominator chromatic numbers of some graphs G such as paths, cycles with their total
dominator total chromatic numbers, we see that x%(G) — x4(G) — oo when n — oo for them. So, we end our
paper with the following important problem.

Problem 4.1. Find some real number r > 1 such that for any graph G, x'}(G) > rx}(G).

REFERENCES

[1] M. Behzad, A criterion for the planarity of a total graph. Proc. Cambridge Philos. Soc. 63 (1967) 679-681.

[2] M.R. Garey and D.S. Johnson, Computers and Intractability. W.H. Freeman and Co. (1978).

[3] T.W. Haynes, S.T. Hedetniemi and P.J. Slater (eds), Fundamentals Domination in Graphs. Marcel Dekker Inc., New York
(1998).

[4] T.W. Haynes, S.T. Hedetniemi and P.J. Slater (eds), Domination in Graphs: Advanced Topics. Marcel Dekker Inc., New York
(1998).

[5] M.A. Henning, Total dominator colorings and total domination in graphs. Graphs Combin. 31 (2015) 953-974.

[6] M.A. Henning and A. Yeo, Total Domination in Graphs. Springer Monographs in Mathematics (2013) ISBN: 978-1-4614-6524-9
(Print) 978-1-4614-6525-6 (Online).

[7] P. Jalilolghadr, A.P. Kazemi and A. Khodkar, Total dominator coloring of the circulant graphs Cr(a,b). Util. Math. 115
(2020) 105-117.

[8] A.P. Kazemi, Total dominator coloring in product graphs. Util. Math. 94 (2014) 329-345.

[9] A.P. Kazemi, Total dominator chromatic number of a graph. Trans. Comb. 4 (2015) 57—-68.



TOTAL DOMINATOR TOTAL CHROMATIC NUMBERS OF CYCLES AND PATHS 399

[10] A.P. Kazemi, Total dominator chromatic number of Mycieleskian graphs. Util. Math. 103 (2017) 129-137.

[11] A.P. Kazemi, F. Kazemnejad and S. Moradi, Total dominator total coloring of a graph. Contrib. Discrete Math. (2022).

[12] A.P. Kazemi, F. Kazemnejad and S. Moradi, Total mixed domination in graphs. AKCE Int. J. Graph Theory Combin. (2022).
[13] F. Kazemnejad and A.P. Kazemi, Total dominator coloring of central graphs. Ars Comb. 155 (2021) 45-67.

[14] D.B. West, Introduction to Graph Theory, 2nd ed. Prentice hall, USA (2001).

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to
publish this journal in open access in the current year, free of charge for authors and
readers.

Check with your library that it subscribes to the journal, or consider making a personal donation to
the S20 programme by contacting subscribers@edpsciences.org.

More information, including a |list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Introduction
	Cycles
	Paths
	A Problem
	References

