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GRAPHS WITH SMALL OR LARGE ROMAN {3}-DOMINATION NUMBER

NAFISEH EBRAHIMI', HOSSEIN ABDOLLAHZADEH AHANGAR? AND MUSTAPHA CHELLALI®
AND SEYED MAHMOUD SHEIKHOLESLAMI"*

Abstract. For an integer £ > 1, a Roman {k}-dominating function (R{k}DF) on a graph G = (V, E)
is a function f:V — {0,1,...,k} such that for every vertex v € V with f(v) =0, 3°,cn(, f(u) =k,

where N(v) is the set of vertices adjacent to v. The weight of an R{k}DF is the sum of its function
values over the whole set of vertices, and the Roman {k}-domination number 4z} (G) is the minimum
weight of an R{k}DF on G. In this paper, we will be focusing on the case k = 3, where trivially for
every connected graphs of order n > 3, 3 < y(xr}(G) < n. We characterize all connected graphs G of
order n > 3 such that y(3z}(G) € {3,n — 1,n}, and we improve the previous lower and upper bounds.
Moreover, we show that for every tree T' of order n > 3, y3r)(T) > ¥(T') + 2, where (T) is the
domination number of T, and we characterize the trees attaining this bound.
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1. INTRODUCTION

Throughout this paper, G is a finite simple graph with vertex set V(G) and edge set E(G). The order n = n(QG)
of a graph G is the number of its vertices. Two vertices u and v are neighbors in G if they are adjacent, that is,
if uv € E(G). For any vertex u € V(G), let Ng(u) be the set of neighbors of u and let Ng[u] = Ng(u) U {u}.
The degree of a vertex v of G is deg(v) = |[Ng(v)|. The mazimum degree of G is denoted by A(G). Let u and
v be two vertices in G. A wv-path is a path with end-vertices u and v, and the distance between u and v is
the length of a shortest uv-path. The diameter of G, denoted by diam(G), is the maximum distance between
vertices of G. A diametral path in G is a path with length diam(G). A leaf in a graph is a vertex of degree one
and its unique neighbor is a support vertex. A tree is a connected acyclic graph, while a unicyclic graph is a
connected graph that contains exactly one cycle. A tree T is a double star if it contains exactly two vertices
that are not leaves. A double star with p and ¢ leaves attached to each support vertex, respectively, is denoted
by DS, 4. The subgraph of G induced by a set of vertices S C V(G) is denoted by G[S].
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A set S C V(@) is a dominating set of a graph G if every vertex not in S is adjacent to at least one vertex
in S. The domination number v(G) of a graph G is the minimum cardinality of a dominating set in G. A
dominating set of cardinality v(G) is called a v(G)-set.

For an integer k > 1, let f be a function that assigns to each vertex a color chosen from the set {0,1,2,...,k}
and let (Vp,V1,..., V%) be the ordered partition of V induced by f, where V; = {v € V| f(v) = i} for each
i € {0,1,...,k}. Since there is a 1-1 correspondence between the functions f : V. — {0,1,...,k} and the
ordered partitions (Vp, V1,..., Vi) of V| we will simply write f = (Vp, Vi,..., Vi). Moreover, the weight of f is
ey F) = SV

A function f = (Vp,V1,..., Vi) defined on a graph G is a Roman {k}-dominating function, abbreviated as
R{k}DF, if for every vertex v € Vp we have 3_ n(,) f(u) > k. The minimum weight of an R{k}DF on G is
called the Roman {k}-domination number of G, denoted by v{1z}(G). An R{k}DF on G with weight vz} (G)
is called a y(;r} (G)-function. Roman {k}-domination was introduced by Wang et al. [17] as a generalization of
Roman {2}-domination defined by Chellali et al. [5] and known also as the Italian domination in [10]. Italian
domination and its variants have been studied by several authors [1,2,11-13,15,16]. The authors [17] showed
in particular that the Roman {k}-domination problem is NP-complete for some classes of graphs including
bipartite planar and chordal bipartite graphs. Moreover, the particular case k = 2 has been handled in [9] by
Haynes et al. who characterized the graphs with large Roman {2}-domination number. For further details on
Roman domination and its variations we refer the reader the book chapters [6,8] and survey [7].

Trivially, if G is a connected graph on two vertices, then ;35 (G) = 2. Hence we will consider connected
graphs G of order n > 3. Since assigning a 1 to every vertex of G provides an R{3}DF, it follows that v{3r} (G) <
n. Moreover, from the definition of an R{3}DF, we must have 3z (G) > 3.

In this paper, we improve the lower and upper bounds, and we provide a characterization of all connected
graphs G of order n > 3 such that y{3ry(G) € {3,n — 1,n}. We also show that for every tree T' of order n > 3,
Y¢sry(T) > v(T) + 2 and we characterize the extremal trees attaining this bound. Before presenting all these
results it is worthwhile to recall some additional definitions and results.

For an integer k > 1, a k-rainbow dominating function (kRDF) of a graph G is a function f from the vertex
set V(G) to the set of all subsets of the set {1,2,...,k} such that for any vertex v € V(G) with f(v) = 0 the
condition (e, f(u) = {1,2,...,k} is fulfilled. The weight of a kRDF f is the value w(f) = >,y |f(v)|, and
the k-rainbow domination number ~,;(G) is the minimum weight of a kRDF of G. The k-rainbow domination
was introduced by Shao et al. [14] as generalization of 2-rainbow domination introduced by Bresar et al. [3]. We
note that if f is a kRDF on a graph G, then the function h defined on G by h(v) = |f(v)] for each v € V(G)
is obviously an REDF of G. Therefore, vz} (G) < 7,+(G) holds for every graph G and any integer k£ > 1. In
[4], Chang et al. showed that the equality v¢xr}(G) = 71(G) holds for every strongly chordal graphs which
includes in particular the class of trees. Consequently, using this result and the exact value of 7,.3(G) for paths
established in [14] we state the following corollary.

Corollary 1. Forn > 1,
[22]+1n=0 (mod4)

[%"1 otherwise.

Y3ry(Pn) = {

Furthermore, using Corollary 1, the following result can be shown for cycles.
Corollary 2. v(3r}(C3) = 3, v3r}(Cs) = 3 and for n > 5, v3ry(Cr) = (37]

Proof. The result is immediate for n € {3,4}. Hence we assume that n > 5. Let C,, = (v1v2...v,) be a cycle
on n vertices. Since the path P, = vjvy... v, is a spanning graph of C,,, and any R{3}DF of P, is an R{3}DF
of Cy,, we deduce from Corollary 1 that if n # 0 (mod 4), then {3z} (Crn) < Ysr)(Pn) = [22]. Now, if n =0
(mod 4), then the function g defined on V(C,) by g(vait1) = 1, g(vai+s) = 2, g(vait2) = g(vaira) = 0 for

0<i<2Z—1,is an R{3}DF of C,, of weight 3n/4 and so y3p}(Cy) < [22]. In either case, v(3r}(Cn) < [31].
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To prove the inverse inequality, let f = (Vo, V1, Va2, V3) be a v(3p} (Cn)-function. If Vy = 0, then y¢35)(Crn) =
n > [3]. Hence we assume that Vo # (. If there exists an index i such that f(v;) = f(viy1) = 0 or
min{ f(v;), f(vi+1)} > 1, then the function f restricted to Cy, —v;v;41 is an R{3}DF of C,,—v;v;41 and Corollary 1
implies that w(f) > v{3r}(Crn —vivi41) > [2%]. Hence we assume that such an i does not exist. Let, without loss
of generality, that vy € V5 and let f(vs) > f(v1). By definition and our earlier assumption, we have f(v3) > 2,
f(vg) =0 and f(vs) > 1. If n = 1 (mod 4), then the function f restricted to V(C,) — {ve} is an R{3}DF of
Cp —vo and Corollary 1 implies that w(f) > vi3r}(Cn —v2) = [3( D1+1> [32].If n = 2 (mod 4), then the
function g defined on V(C,,) — {vz, v3} by ¢g(vs) = 1 and g(z) = f(z ) for x € V(C,) — {va,v3,v4} is an R{3}DF
of Cy, —{va,v3} and by Corollary 1 we obtain w(f) > v(3r}(Cn —{v2,v3})+1 = [3(n 2)]4—1—}—1 >3] Ifn=3
(mod 4), then the function f restricted to V/(C,,)—{vz, v3,v4} is an R{3}DF of C,,—{v2, v3,v4} and by Corollary 1
we get w(f) > visry(Cn —{v2,v3,v4}) +2 = fg(" 3)] +142 > [327. Finally, assume that n =0 (mod 4). Then
n > 8 and the function g defined on V(C,,)—{v2,vs3,v4, v5} by g(vG) = land g(z) = f(z) otherwise, is an R{3}DF
of Cp, —{v2,v3,v4,vs5} and by Corollary 1 we get w(f) > v(3r}(Cn —{v2,v3,v4,v5})+2 = f?’(n 4)]4—1—1-2 = [—-\
In either case, vq3ry(Cn) > (%”] and the equality follows. This completes the proof. a

2. LOWER BOUNDS

We begin by giving a characterization of connected graphs G of order n such that v¢3z) (G) = 3.

Theorem 3. Let G be a connected graph of order n > 3. Then vq3ry(G) = 3 if and only if one of the following
conditions holds.

(1) A(G)=n-1.

(2) A(G) =n —2 and there are two non-adjacent vertices u and v, each of degree n — 2.

(3) A(G) <n—1 and there are three vertices u,v and w such that V(G) — {u,v,w} C N(u) N N(v) N N(w).

Proof. Assume that {3y (G) = 3 and let f = (Vo, Vi, Vo, V3) be a yy3py (G)-function such that | V3] is maximized.
Since 3 = yy3r)(G) = V1| + 2|Va| + 3|V3], we deduce that either [V3| = 1,|Vi| = [Vo| = 0 or [V3] = 0,[V1] =
[Va| = 1 or |V3] = |Va] = 0 and |V4] = 3. Let us examine each of these three situations. Assume first that
|[V3| =1, with V3 = {v}, and |Vi| = |[V2]| = 0. Then Vi = V(G) — {v} # 0 and since each vertex of V; is adjacent
to v, it follows that degn(v) = n — 1 = A(G). Hence (1) follows. From now on we can assume that |V3| = 0.
Assume that |Vi| = V2| =1, and let V5 = {u} and V4 = {v}. By the choice of f, we have A(G) < n —1. Clearly
Vo # 0, since n > 3. Moreover, since vertex of Vp must be adjacent to u and v, we deduce that degq(u) > n—2
and deg(v) > n — 2. Since A(G) < n — 1, it follows that uv ¢ E(G) and degqs(u) = degs(v) = n — 2.
Hence (2) follows. Finally, assume that |V3| = |V2| = 0, |Vi| = 3, and let V; = {u,v,w}. The choice of
f and the connectedness of G implies that Vi # ), and hence each vertex is adjacent to all Vj. Therefore
V(G) — {u,v,w} € N(u) N N(v) N N(w), and hence (3) follows.

The converse is easy to show and we omit the details. O
Theorem 4. If G is a connected graph of order n and mazimum degree A(G), then visry(G) > %
Proof. If A(G) = 1, then G = K; and vy3p(G) = 2 > 5. If A(G) = 2, then G is either a path or a cycle of
order at least three and by Corollaries 1 and 2, y(3zy(G) > [3] > 252 Hence we assume that A(G) > 3 and
let f = (Vo,V1,V2,V3) be a vq3py(G)-function. Let Vi = {z € Vo | N(z) N V3 # 0} and V" = Vi — V. Since
every vertex of V3 has at most A(G) neighbors in Vj, we have |Vj| < A(G)|V3]. Also, each vertex of V3 U V4
may have at most A(G) neighbors in V. We consider two cases.

Case 1. || =0.

Since each vertex of V' has at least three neighbors in V;, we have 3|Vj’| < A(G)|V1], and therefore
Vol = V5| + V3| < A@G)|Va| + 22|V . Tt follows that
A(G) +3

(IVa] + 3|Va])

Vary(G) = W
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A(G
PN AR CAVARN AT
> Vol + [Va] + 3|V3]
> n.

n A(G
Consequently, v(3r}(G) > A(é)+3 > QnX(G()Jr)Z;'l.

Case 2. |V, > 1.
Since each vertex of V" has at least two neighbors in Vi U Va, we have 2|V{'| < A(G)(|Vi| + |V2|). Hence
Vol = VG| + V'] < AG)IVs| + S5 (VA + [Val), and thus

A(G)+3

A(G
#’7{31%}(6:) = (

~

+3
(IVi] +2[Va| + 3|V3])

3A(G)
2

[\

A(G
2

Vol +

~

Vil + A(G)[Va| +

A(G A(G 1 7
D vt + 29 i) Wil + 21|+ Vol + 20951 + Vel + 2 vl

A(G 1 AG 1
nt X v v+ gtz 24

2 2
o+ A(G) + 1
2

3 9
V3| + §|V1\ +3|Va| + §|V3|

Y]

[Va| +

v

Therefore v{3zy(G) > EAG)HL 40 the desired bound follows in either case.

Z TAG)+3
O

We now turn our attention to the class of trees for which we provide a lower bound on the Roman {3}-
domination in terms of the domination number. Moreover, we characterize the extremal trees attaining this
lower bound. For this purpose, for any integers k£ > 1 and ¢ > 0 with k > ¢, let S; ;, be the tree obtained from
the star K by subdividing ¢ edges of the star. The tree Sy is called a wounded spider if t < k —1 and a
healthy spider when t = k. We will sometimes say that we have a spider no matter if it is wounded or healthy.
Let 7 be the family of all trees S; ;. Before stating the result, it is worth noting that if 7" is a trivial tree, then
Y3ry(T) = 7(T) = 1 while it has order 2, then vy3zy(T) =2 = y(T) + 1.

Theorem 5. Let T' be a tree of order n > 3. Then yzgy(T) > v(T') + 2 with equality if and only if T € T.

Proof. We proceed by induction on the order n. If n = 3, then T is a path P; € 7, where v(P;) = 1 and
Ysr}(G) = 3 yielding y3r1(G) = 7(G) + 2. This establishes the base case. Let n > 4 and assume that
the result holds for any tree T" of order n’ < n. Let T' be a tree of order n. Among all v{3z}-functions, let
f=(Vo,V1,V2,V3) be one such that »_, c; p f(v) is as small as possible, where L(T') is the set of leaves of T'.
Note that V3 U V5 U V3 is a dominating set of T. We consider the following two cases.

Case 1. V3 # 0.
If [V3] > 2 or Vo # 0, then v(3p1 (G) = [Vi| 4+ 2|Va| + 3|V3| > V1] + |[Va| + V3| +3 > 7(G) + 3. Hence we can
assume that V3| =1 and Vo = (). As above, one can see that

Yary(G) = [Vi| + 3|Va| = [Vi| + |V5| + 2 > 4(G) + 2. (1)

Further if v(3r) (1) = v(G) + 2, then we have equality throughout the inequality chain (1). In particular,
V1 U V3 is a minimum dominating set of T where |V3| = 1, say V3 = {v}. Recall that each vertex is adjacent
to either the unique vertex of V3 or to at least three vertices of V. Note also that since T is a tree, no two
vertices of V) can have more than one common neighbor in V;. Now, if some vertices u € V|, has at least
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two neighbors in Vi, then {u} U V3 UV; — (N(u) NV;) is a dominating set of T smaller than V; U V3, a
contradiction. Thus each vertex of V) has at most one neighbor in V;. Moreover, if some vertices u € V; has
a neighbor in V3 U V3, then (V4 UV3) —{u} is a dominating set of 7" smaller than V; UV3, a contradiction too.
Therefore V; U V3 is an independent set, and since each vertex of V is adjacent to v and has at most one
neighbor in V7, we conclude that T is a spider. Now if v is not a support vertex, then T" would be a healthy
spider but in that case reassigning v the value 2 instead of 3 provides an R{3}DF of weight v(3p}(T) — 1, a
contradiction. Consequently, T" is a wounded spider and thus T' € 7.

Case 2. V3 =0 and V, # 0.
Let v € V4. Clearly N(v)NVy # (), otherwise reassigning a 1 to v provides an R{3}DF of T of weight less than
v¢3ry(T), a contradiction. Moreover, by the choice of f, v is not a leaf (otherwise reassign v and its support
vertex the value 1 instead of 2 and 0, respectively). Let u € N(v) NV and let N(u) = {u1 = v,uz,...,ux}.
By definition we must have f(u;) > 1 for some ¢ > 2. Without loss of generality, let f(u;) > 1 for every
i€{1,2,...,t}, where ¢t > 2. In addition, let T; be the component of T'— u containing u;. Since v is not a
leaf, |V (T1)| > 2. Moreover, if |[V(T})| = 2, then the unique neighbor of v in Ty, say w, is a leaf neighbor in
T with f(w) = 1. But then by reassigning v and w the values 3 and 0 instead of 2 and 1, respectively, we get
a y(3r} (T')-function which contradicts the choice of f. Therefore |V (T1)| > 3. In this case, the restriction of
fon V(T) is an R{3}DF of T; and by the induction hypothesis on T}, we have w(f|y (1)) > v(T1) +2. On
the other hand, if £ > t + 1, then T; is nontrivial for each 7 > ¢ + 1, and in this case the restriction of f to
T; is an R{3}DF of T;, yielding f(V(T;)) > v(T;) + 1. In the following let S; be a v(T;)-set for each i and
let S =Uk S,
Assume first that ¢ > 3, and let 7" be the subtree of T induced by V(T') — V(T1). We already know that
w(flver)) = v(T1) + 2. Observe that 7" has order at least three. Now if the restriction of f to V(7") is an
R{3}DF, then clearly w(f|v () > 7(T’) + 2. Hence assume that f|y (7 is not an R{3}DF of 7". Then we
must have ¢ = 3, and so considering the restriction of f to T and reassigning vertex u the value 1 instead of
0 provides an R{3}DF f’ on T", yielding by the inductive hypothesis that w(f|v (7)) +1 = w(f') > (T') +2.
Therefore regardless of the situation, we have w(f|y () > 7(T") + 1. It follows that

w(f) =w(flvr)) +w(flver)

>y(T) +2+(T") +1

>4(T) + 3.
Assume now that t = 2. If |V (T3)| > 3, then since the restriction of f on 75 is an R{3}DF of T3, we deduce
from the induction hypothesis on T5 that w(fy(z,)) > v(12) + 2. Recall that for each i >t = 2, the tree T;
is nontrivial and satisfies f(V(T};)) > ~v(T;) + 1. Now, since S U {u} is a dominating set of T, |S| > ~v(T) —1
and thus

k

k
w(f) 2 FV(T) = (1S +2) + (1S +2) + Y (1S +1)
i=1

=3

k
=4+ (k—2)+) [Si| =4+ (k—2)+]|S|
i=1
>34+ (k—=2)+~(T) >2~(T)+ 3.
Hence it can assume now that |V (T5)| < 2. If |V (T3)| = 2, then we have f(V(T2)) > v(T2) + 1 and, without
loss of generality, we may assume that us € Ss. Hence S is a dominating set of T and as above, we have

k k
w(f) > Zf(V(Tm >3+ (k72)+Z|Si| =3+ (k—2)+|9|

>34 (k—2) £ (1) 2 4(T) 15,
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Finally, assume that |V (T3)| = 1. Then f(ug) = 1 and Sz = {uz}. If kK > 3, then as above S dominates T'

and thus .

k
W(f) 2D FVIT)) 2 2+ (k=2) + ) [Si] 2 3+18] = 3+~(D).
i=1 =1
Therefore let & = 2 and so degp(u) = 2. By symmetry, we can also assume that every neighbor v assigned
a 0 plays the same role as w, and thus it has degree two and it is a support vertex. Now, if v has a leaf
neighbor z assigned a non-zero value, then reassigning v and z the values 3 and 0 provides a y{3g}-function
which contradicts the choice of f. Consequently, since f(v) = 2 we deduce that v is not a support vertex.
On the other hand, if v has a non-leaf neighbor w assigned a non-zero value, then let 77 and 7" be the
components of T — vw containing v and w respectively. Clearly, f restricted to 7" is an R{3}DF of T”
and likewise f restricted to 7" is an R{3}DF of T”. Using the fact that 7" is nontrivial, we obtain that
w(f) =w(flvy) +w(flveny) = yT")+~v(T")+3 > v(T) +3. Hence we may assume that no neighbor of v
is assigned a non-zero value. Therefore T is a healthy spider that belongs to 7 and satisfies w(f) = (T) + 2.
Case 3. VL, U V3 = 0.

If Vo = 0, then yy3zy (T') = n and since y(T') < [n/2], we get yisry (T) = n = [n/2]+[n/2] > ~(T)+[n/2] >
~v(T') + 2 with equality if and only if n € {3,4}, and the choice of f implies that T' € {Ps, P4}. In either case,
T € T. In the sequel, we can assume that Vg # (). First let |[Vo| = 1. Then yg3py(T) =n — 1 and so n > 4.
If n = 4, then we must have T' = K 3 and this situation is excluded by the choice of f. Let n > 5. Then we
have yi3py(T) = n — 1 > [n/2] + 2 with equality if and only if n € {5,6}. If n € {5, 6}, the considering all
trees of order 5 and 6 and the assumption 3z (7)) = n — 1, one can easily see that v3gy(T) > (1) + 2
with equality if and only if T' € {S2 3, 51,3, S2,2}. In either case, T' € 7.

Now let |Vo| > 2 and let u € V4. Assume that N(u) = {uy,...,ur}. Clearly k > 3. If f(u;) = 0 for some 4, the
let T} and T5 be the components of T'—uwu; containing v and u;, respectively. Then the restriction of f on each T;
is an R{3}DF of T; and by the induction hypothesis we have f(V(T;)) > ~v(T;) + 2 for each i € {1,2}. It follows
that w(f) = f(V(T1))+f(V(T2)) > 44+~(T1)+~(T2) > v(T)+4. Hence we assume that f(u;) = 1 for each i. Root
T at u. Let w € Vy—{u} be a vertex at minimum distance from u. Since u and w cannot be adjacent, let w’ be the
parent of w in T. Then f(w') = 1. Let T" and T" be the components of T—ww’ containing w and w’ respectively.
Clearly, f restricted to 7" is an R{3}DF of T" and by the induction hypothesis, w(f|y (7)) > ¥(T") + 2. Since
T’ has order at least three, by a similar argument to that used in Case 2 (when ¢ > 3) we can see that
W(flvin) > ¥(T") + 1. Therefore, w(f) = w(flvr) + w(flvrn) = 1(T') +4(T") + 3 > 3(T) + 3. This
completes the proof. O

3. UPPER BOUNDS

In this section, we present two upper bounds on the Roman {3}-domination number of a connected graph
that improve the trivial upper bound given in Section 1. The first one is in terms of the order and maximum
degree, while the second one is in terms of the order and diameter of the graph. O

Proposition 6. Let G be a connected graph of order n with mazimum degree A > 2. Then vg3ry(G) < n—A+2.

Proof. Let v be a vertex with maximum degree A and define the function f on G by f(v) = 3, f(z) = 0 for
x € N(v) and f(x) = 1 for the remaining vertices. Clearly, f is an R{3}DF of G and thus y{3z}(G) <n—A42.
(]

Proposition 7. Let G be a connected graph of order n > 2. Then

n—1+ [%‘““ﬂ if diam(G) = 1,2,3 (mod 4),
Yi3ry(G) <
n+ {

3-diam(G) W if diam(G) =0 (mod 4).
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Proof. Let P = v1vs. .. Vgjam(c)+1 be a diametral path in G and let f be a 7y¢3g}(P)-function. Define g on G
by g(z) = f(x) for x € V(P) and g(z) = 1 for the remaining vertices of G. Clearly g is an R{3}DF of G and
the result follows from Corollary 1. ]

In the remaining part of this section, we provide some sufficient conditions for special connected graphs G of
order n to have y(3py(G) < n — 2. These results will be useful in the next section to characterize the connected
graphs G of order n such that y3r1(G) =n — 1.

Observation 8. If G is a connected graph of order n with two non-adjacent vertices x,y each of degree at least
three, then yi3py(G) <n —2.

Proof. By assigning a 0 to « and y, and a 1 to each of the remaining vertices, we get an R{3}DF on G with
weight n — 2 and thus 43} (G) < n — 2. O

Proposition 9. Let G be a connected graph of order n having a cycle C = (vivqavs).

(1) If G has two disjoint paths viy1y2ys and vaysysys such that no y; belongs to C, then yi3py(G) < n —2.
(2) If G has two disjoint paths viy1 and vaysy3yays such that no y; belongs to C, then v3py(G) < n — 2.
(3) If G has a path viy1y2y3yays such that no y; belongs to C, then v3ry(G) <n — 2.
4)

(4) If G has three disjoint paths viy1,vay2, v3ysys such that no y; belongs to C, then vi3ry(G) < n — 2.
Proof. Let f be an R{3}DF defined on V(G) as follows for each case.

(1) fly1) = flyg) = 2, f(v1) = f(v2) = fly2) = f(ys) = 0 and f(x) = 1 for the remaining vertices. Then
w(f) =n —2 and thus g3} (G) <n — 2.

(2) flyz) =2, f(v1) = f(y2) = f(ya) = 0 and f(x) =1 for the remaining vertices. Then w(f) = n—2 and thus
Y3ry(G) <n—2.

(3) flys) =2, f(v1) = f(y2) = f(ya) = 0 and f(x) =1 for the remaining vertices. Then w(f) = n —2 and thus
Y3ry(G) <n—2.

(4) f(vs) =2, f(v1) = f(ve) = f(y3) =0 and f(z) = 1 for the remaining vertices. Then w(f) = n — 2 and thus
Yary(G) < n—2.

O

Proposition 10. Let G be a connected graph of order n having a cycle C = (viva...v) and a path viy1ya
where t > 4 and y1,y2 € V(C). Then y3py(G) <n — 2.

Proof. Define the function f on G by f(v1) =2, f(ve) = f(v) = f(y1) = 0 and f(x) = 1 for the remaining
vertices. Then f is an R{3}RD of G with weight n — 2 and thus y3z1(G) < n — 2. O

Proposition 11. Let G be a connected graph of order n having a cycle of order m such that 6 < m < n — 1.
Then v3ry(G) <n —2.

Proof. Let C' = (v1v2...vy,) be a cycle on m vertices in G with 6 < m < n — 1. Since G is connected, we
may assume, without loss of generality, that v; has at least one neighbor that does not belong to C. Define the
function f on G by f(vs) =2, f(vs) = f(vs) = f(v1) =0 and f(z) = 1 for the remaining vertices. Then f is an
R{3}RD of G with weight n — 2 and thus 3z (G) <n — 2. O

4. GRAPHS G OF ORDER n WITH Y3ry(G) € {n — 1,n}
We begin by characterizing the connected graphs G of order n such that v(3ry(G) = n.

Theorem 12. Let G be a connected graph of order n. Then v3py(G) = n if and only if G € {Pa, P3, Py, C3}.
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Proof. Assume that y¢3zy(G) = n. By Proposition 6, we deduce that A < 2 and thus G is either a path or a
cycle. Tt follows from Corollaries 1 and 2 that G € { P, Ps, Py, Cs}.
The converse is trivial. ]

Our next aim is to characterize the connected graphs of order n such that v;3z;(G) = n — 1. For this purpose
we start with the class of trees. In what follows, let P denote the tree obtained from a path P, = vjva...v,
by adding for some r € {1,...,n} a new vertex v,. and the edge v/v,.. Also let P/ denote the tree obtained
from P, by adding for some r,m € {1,...,n} two new vertices v, and v/, and the edges v/v, and v}, vn,.

Theorem 13. Let T be a tree of order n > 4 different from a path Py. Then vy3py(T) = n — 1 if and only if
T € {Ps, Ps, Py, Ps} U{P}, P}, P}, P}, P3¢, P2, P}, PRy U{ Py P Py P PRty

Proof. Assume that v{3gy(T) = n — 1. According to Proposition 6, we have A(T') < 3. If A(T') = 2, then T'
is a path and by Corollary 1 we have T' € {Ps, Ps, P7, Ps}. Hence assume that A(T) = 3. By Proposition 7,
diam(7T") < 7.

Let P = v1vz...v; be a diametral path in 7, where ¢t = diam(7T') + 1. If ¢ = 3, then 7 is the star K; 3 = Pj,
while if ¢t = 4, then T is a double star DS, ; with 2 > r > s > 1 and thus T’ € {P427 P42’3}. Hence assume that
t > 5, and consider the following cases.

Case 1. t =8.
If degp(v2) > 3, then the function f defined on T by f(v2) = f(v4) = f(ve) =0, f(vs) =2 and f(z) =1 for
the remaining vertices, is an R{3}DF of T" with weight n—2 which is a contradiction. Therefore degp(v2) = 2.
Likewise, we have degy(v7) = 2. Now, if deg(vs) > 3, then the function f defined on T by f(vs) = f(vs) =
f(vz) =0, f(vs) = 2 and f(z) = 1 for any other vertex z of T is an R{3}DF of T of weight n — 2, a
contradiction. Hence degy(v3) = 2, and likewise deg;(vg) = 2. If degy(v4) > 3 and vy has a child w with
depth at least 1 other than v, then the function f defined on T by f(vs) = f(vs) = f(w) =0, f(v4) = 2 and
f(z) =1 for any other vertex x of T is an R{3}DF of T' of weight n — 2, a contradiction. Therefore v4 has
degree two or it has degree three with a unique leaf neighbor (since A(T") = 3). By symmetry, deg;(vs) = 2
or degy(vs) = 3 and has a unique leaf-neighbor. Now, if deg(v4) = 3 and degp(vs) = 3, then the function
f defined on T by f(va2) = f(va) = f(vs) = f(v7) =0, f(vs) = f(vg) =2 and f(x) = 1 for the remaining
vertices is an R{3}DF of T of weight n — 2, a contradiction. Consequently we may assume that deg(v4) = 2
and vs is a support vertex, and therefore T' = PJ.

Case 2. t =171.
As in the Case 1, we can see that degp(v2) = 2 and degp(ve) = 2. If v; has a child w with depth at least
one for some i € {3,4,5}, then the function f defined on T by f(v;—1) = f(vit1) = f(w) =0, f(v;) =2 and
f(z) =1 for the remaining vertices, is an R{3}DF of T of weight n — 2, a contradiction. Thus any child (if
any) of v; is a leaf for all ¢ € {3,4,5}. Moreover, by Observation 8, min{degy(vs),degr(vs)} = 2. Without
loss of generality, let degy(vs) = 2 and therefore T € {P3, P4, P2},

Case 3. t =6.
As in the Case 2, we can see that any child of v; (if any) is a leaf for ¢ € {3,4}. Moreover, by Observation 8,
min{degy(v2), degy(vs)} = 2. Without loss of generality, let degy(vs) = 2. Observation 8 also implies that
min{deg;(vs), degy(v4)} = 2. Therefore, up to isomorphism, T' € {PZ, P3, P>* P23},

Case 4. t =5.
Again as in the Case 2, we can see that any child (if any) of w3 is a leaf. Since by Observation 8,
min{deg(v9),degr(v4)} = 2, let us assume that degy(vy) = 2. Also, since A(T) = 3, it follows that
{P2,P3, P2}, and this completes the proof.

O
The following corollary is an immediate consequence of Theorems 12 and 13.

Corollary 14. If G is a connected graph of order n > 10, then v3py(G) < n — 2.



GRAPHS WITH SMALL OR LARGE ROMAN {3}-DOMINATION NUMBER 1203

Gl G2

FIGURE 1. Two unicyclic graphs of order 8 with v(3g}(G) = 7.

Proof. Tt suffices to consider any spanning tree T of G. Clearly, v(3g}(G) < v3ry(T). Now by Theorems 12
and 13, since trees T' of order n with vy3ry(T') € {n—1,n} have order at most 9, we deduce that vz} (T) < n—2,
and thus y3py (G) <n — 2. O

According to Corollary 14, to achieve the characterization of connected graphs G of order n such that
Y¢3r} (G) = n—1, we consider in the remainder of this section only the connected graphs of order n € {4,5,...,9}.

Lemma 15. Let G be a connected graph of order 9. Then v3ry(G) = 8 if and only if G € {P3, P$’4},

Proof. 1If G € {P85,P73’4‘}7 then clearly v¢3r}(G) = 8. To prove the necessity, assume that v¢3ry(G) = 8. By
Proposition 6, A(G) < 3. We deduce from Corollaries 1 and 2 that A(G) = 3. Let T be a spanning subtree of
G. By Theorem 12, v(3r)(T) < 8, and since 8 = v{3r}(G) < v3r}(T) < 8, we obtain 3z} (1) = 8. According
to Theorem 13, we deduce that every spanning tree of G is isomorphic to P§ or P73 4,

Assume first that T = P, where T is obtained from a path vjvs...vs by adding a new vertex w and the
edge vsw. Observation 8 implies that deg (ve) = degy(v3) = deg(v7) = 2. Furthermore, by Propositions 9-11,
we have wvy, wvs, wug, wve ¢ E(G). Therefore deg,(w) = 1. Again by Propositions 10 and 11 we deduce that
degq(v1) = 1, and likewise degg(vs) = 1. Therefore G = PJ.

Assume now that T = P73 4 where T is obtained from a path vivs . ..v7 by adding two new vertices w and
w’ and the edges vsw and vsw’. By Observation 8, we have degq (v2) = degq(vs) = degq(ve) = 2. Moreover, by
Propositions 10 and 11 we must have degg(w) = degg(w') = degg(v1) = degg(v7) = 1. Therefore G = P2*,
and the proof is complete. (I

Let G be the graph obtained from a cycle (vyv9v3) by adding two disjoint paths vyzi2o and vexzz4xs such
that no x; belongs to {v1,vs,vs}, and let Gy be the graph obtained from a cycle (v1v9v3) by adding a path
x12223x4xs and the edge vro (see Fig. 1).

Lemma 16. Let G be a connected graph of order 8. Then ~yisry(G) = 7 if and only if G €
{PS,P’?aP;l,Pﬁz’vag)A;GlﬁGQ}'

Proof. If G € {Pg, P2, P4, P62’3, Pg”4, G1, G}, then one can easily see that vz} (G) = 7. To prove the necessity,
let G be a connected graph of order 8 with v(3zy(G) = 7. By Proposition 6, A(G) < 3. If A(G) = 2, then G
is a path or cycle of order 8 and by Corollary 1, G = Ps. In the next, we can assume that A(G) = 3. As in
the proof of Lemma 15 we can see that any spanning tree of G is isomorphic to one of the trees P3, P#, Pg 3 or
P63 4 Let T be a spanning tree of G with a diameter as small as possible. We consider the following situations.

Case 1. Every spanning tree of G is isomorphic to P3.

Assume that T is obtained from a path vivy...v7 by adding a new vertex w and the edge vsw. If G =
P2, then we are done. Hence suppose that G # P3. Observation 8 implies that degg(vs) = degg(vs) =
2 and Proposition 9-(4) implies that vevy ¢ E(G). Moreover, by Propositions 10 and 9-(2) we deduce
that vrw, viw,vow ¢ E(G). Hence degn(w) < 2. If degn(w) = 1, then Propositions 10 and 11 imply
V104, V107, VU7, V407 € E(G) and thus G = P3| contradicting our assumption that G # P3. Therefore
dego(w) = 2, and so wuy € E(G). A similar argument as above shows that vyv7,vov7 € E(G) and thus
G = G which is obtained from P$ by adding the edge wus.
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FIGURE 2. Four unicyclic graphs of order 7 with {3z (G) = 6.

Case 2. Every spanning tree of G is isomorphic to P7.
Assume that T is obtained from a path v1vs...v7 by adding a new vertex w and the edge vjw. If G = P#,
then we are done. Hence suppose that G # P#. Observation 8 implies that deg;(vg) = degg(v2) = 2. If
wvg € E(G) or wus € E(G), then we are in the position of Case 1, and thus G = G;. Hence assume that
wvy, wuz ¢ E(G). By the choice of T we have vyvs, v1vs5, v7v5,v7v3 € E(G). Now from Propositions 9-11, we
deduce that vzvs, viw, vrw, v1v7 ¢ E(G). Therefore dege (w) = degg(v1) = degy(v7) = 1, and thus G = P,
contradicting our assumption that G # P#.

Case 3. Every spanning tree of G is isomorphic to PG2 3,
Assume that T is obtained from a path vivs...vg by adding two new vertices w’ and w and the edges
vow’ and vzw. Observation 8 implies that degx(vs) = dege(vs) = 2 and Propositions 10 and 11 imply that
dege(vg) = degn(w) = 1 and degy(v1), dege(w') <2 . If viw' € E(G), then G = G2 while if viw’ € E(G),
then G = P62 3,

Case 4. Every spanning tree of G is isomorphic to Pg 4,
Assume that T is obtained from a path vivs...vg by adding two new vertices w’ and w and the edges
vaw and vyw’. Observation 8 implies that degq(v2) = degx(vs) = 2 and Proposition 10 yields degq(w) =
degq(w') = degq(v1) = degq(vg) = 1. Therefore G = P2*. This completes the proof.

O
Let H be the collection of the four unicyclic graphs in Figure 2.

Lemma 17. Let G be a connected graph of order 7. Then ~ispy(G) = 6 if and only if G €
{Pr, C7, Py, P3PSy U

Proof. If G € {P;, P3, P2, P52 ’3} UH, then the result is immediate. To prove the necessity, let G be a connected
graph of order 7 with y¢3r}(G) = 6. By Proposition 6, A(G) < 3. If A(G) = 2, then G is a path or cycle of
order 7 and by Corollaries 1 and 2, we have G € {Pr, C7}. Hence assume that A(G) = 3. As in the proof of
Lemma 15, we can see that any spanning tree of G is isomorphic to Pr, P$, P2, P52 3. Let T be a spanning tree
of G with a diameter as small as possible. Clearly, by our choice of T' and the fact A(G) = 3, we have T # P.
Consider the following situations.

Case 1. T:P52’3.
Assume that T is obtained from a path vivovzvsvs by adding two new vertices w’ and w and the
edges vow’ and wzw. Observation 8 implies that degs(v4) = 2 while Proposition 10 implies that
V15, WU, W1, W, w'vs € E(G). Hence degy(vs) = deg(w) = 1 and either degg(w’) =1 or viw’ € E(G).
If degs(w') = 1, then G = P2? while if w'v; € E(G), then G = H.
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FIGURE 3. Eight graphs of order 6 with 3z (G) = 5.

Case 2. T = PZ.
Assume that T is obtained from a path vivsv3v4v5v6 by adding a new vertex w and the edge vow. As in Case
1, Observation 8 implies that deg(v4) = degq(vs) = 2 and Proposition 10 leads that wuvg, vsvg, 1106 € E(G).
Hence deg; (vg) = 1 and deg(v1) < 2. If wuy, wvs € E(G), then the function g defined on V(G) by g(v3) = 2,
g(w) = g(ve) = g(vs) = 0 and g(x) = 1 otherwise, is an R{3}DF of T of weight n — 2, a contradiction. Thus
wvy ¢ E(G) or wuz € E(G). First let vivg ¢ E(G). Clearly if wv; ¢ E(G) and wvs ¢ E(G), then G = P2.
If wvy € E(G), then G = H; while if wvs € E(G), then G = Hjz. Assume now that v1v3 € F(G). We must
have wv; ¢ E(G) (otherwise assigning a 2 to vs and a 1 to w, vs, v and a 0 to vy, va, v4 provides an R{3}DF
of G of weight n — 2 = 5). Therefore G = Hj.

Case 3. T = P§.
Assume that T is obtained from a path vivsv3v4vsv6 by adding a new vertex w and the edge vsw. If
wvy € E(G), then we are in the position of Case 2. Hence we assume that wvy ¢ F(G). By Observation 8 and
Propositions 10 and 9 we have degq(vs) = 2 and wvy, wug, v1Vg, V2vg, V104, V2v4 € E(G). If wuy € E(G), then
we must have degg(v2) = 2 and degq(vy) = deg(vg) = 1 yielding G = Hy. Hence assume that woy ¢ E(G)
and so deg;(w) = 1. Then deg(v1) = 1. Now, if vgvg € E(G), then G = P while if vyvs € E(G), then
G = H,. This completes the proof.

O
Let F be the collection of the eight graphs in Figure 3.

Lemma 18. Let G be a connected graph of order 6. Then ~vypgy(G) = 5 if and only if G €
{P67065PE§7P52)P42,3}UF'

Proof. It G € {Ps,Cs, P3, P2, P42’3}U.7:, then the result is immediate. To prove the necessity, let G be a connected
graph of order 6 with v¢3r)(G) = 5. By Proposition 6, A(G) < 3. If A(G) = 2, then G is a path or cycle of
order 6 and by Corollaries 1 and 2, we have G € {Ps, Cg}. Hence assume that A(G) = 3. A similar argument to
that used in the proof of Lemma 15 shows that any spanning tree of G is isomorphic to Ps, P3, P2, P7®. Let T
be a spanning tree of G with a diameter as small as possible. Clearly, by our choice of T and the fact A(G) = 3,
we have T' # Pg. Consider the three possible cases.

Case 1. T = P42’3.
Assume that T is obtained from a path vivevsvs by adding two new vertices w’ and w and the edges vow’
and vzw. It follows from Proposition 8 that the degree of v; and vy is at most two. Now if wvy, w'vy € E(G),
then the function g defined by g(ve) = 2,g(v1) = g(vs) = g(w') = 0, g(x) = 1 otherwise, is an R{3}DF of
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FIGURE 4. Five graphs of order 5 with v¢3r)(G) = 4.

T of weight 4, a contradiction. Hence |E(G) N {wvy,w'vs}| < 1. If wvy € E(G) (the case w'vy € E(G) is
similar), then clearly G = F;. Hence we assume that |E(G) N {wvy,w'vs}| = 0. If woy, w'vy € E(G), then
G = F, while if woy € E(G) and w'v, € E(G), then G = Fy. Finally, if wvy, w'v; ¢ E(G), then G = Pp®
when ww' ¢ E(G) and G = F; when ww' € E(G).

Case 2. T = P3.
Assume that T is obtained from a path v;vav3v4v5 by adding a new vertex w and the edge vsw. Ilf vivy € E(Q)
(the case vous € FE(G) is similar), then deleting the edge vivy from T and adding the edge viv4 provides a
spanning tree of G with diameter smaller than that of T" which contradicts our choice. Hence we can assume
that vivg, vov5 € E(G). If vavy € E(G), then wvs ¢ E(G) (else we can get an R{3}DF of G of weight
n — 2 = 4) and thus likewise wv; ¢ E(G). Now if v1vs ¢ E(G), then G = Fr, while if vyv5 € E(G), then one
can easily see that yr3p1(G) < 5. Hence we can assume for the next that vpvy ¢ E(G). By Proposition 10
and Observation 8, we have wvy, wvs ¢ E(G) and that |E(G) N {wvg, wus}| < 1. If vivs € E(G), then one
can see that G € {F3, Fs}. Hence let vivs ¢ E(G). Then degy(v1) = degg(vs) = 1. Since vavy € E(G), we
get G = Fy (when wvg or wvs € E(GQ)) or G = P2 otherwise.

Case 3. T = P2.
Assume that T is obtained from a path vivovsvavs by adding a new vertex w and the edge vow. By
Observation 8, degq(v4) = 2. If v1us € E(G), then considering the spanning subtree (T + v1v5) — v4v5, We
will be in the position of Case 2 and the result follows. If wvs € E(G), then again considering the spanning
subtree (T 4 wvs) — v5v4, we will be in the position of Case 2 and the result follows. The same situation also
occurs when vzvs € E(G). Hence we can assume that vivs, wus, vavs € E(G). Hence degq(vs) = 1. Now
since the edges wv; and wvs cannot both belong to E(G) (for otherwise we can get an R{3}DF of weight
4), one can see that G € {Fy, Fg}. This completes the proof.

O

Let £ be the collection of the five graphs in Figure 4.
Lemma 19. Let G be a connected graph of order 5. Then vi3ry(G) = 4 if and only if G € {P5,C5, P, } UL.

Proof. If G € {Ps,C5, P2} UL, then the result is immediate. To prove the necessity, let G be a connected graph
of order 5 with 43} (G) = 4. By Proposition 6, A(G) < 3. If A(G) = 2, then G is a path or cycle of order 5,
and by Corollaries 1 and 2, G € {Ps, C5}. Hence assume that A(G) = 3, and let v be a vertex of degree 3, with
N (v) = {v1,v2,v3}. Since G is connected of order 5, we may assume, without loss of generality, that viw € E(G),
where w is the fifth vertex of G. Now, if deg,(w) = 3, then by Observation 8, y;3g}(G) < n —2 = 3. Hence
deg(w) < 2. Assume first that deg(w) = 1. If degs(v1) = 2, then clearly G € {P?, L1}. Thus assume that
degn(v1) = 3 and let v1v2 € E(G). Then G = L if vovg ¢ E(G) while G = Ls if vavs € E(G). Finally, assume
that degq(w) = 2, and let, without loss of generality, vow € E(G). Clearly, if v1ve € E(G), then G = L. Hence
we assume that vive € E(Q). If [{vivs,vav3} N E(G)| = 2, then Observation 8 applied to v; and v leads that
Y¢3r}(G) < n —2 = 3. Hence [{viv3,v2v3} N E(G)| < 1. Up to isomorphism, let viv3 ¢ E(G). It follows that
G € {L3, Ly} and the proof is complete. O
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Let G5 be the graph of order 4 obtained from a star K; 3 = P} by adding an edge between two leaves of the
star.

Lemma 20. Let G be a connected graph of order 4. Then vyi3ry(G) = 3 if and only if G € {K1 3,C4, K4, K4 —
e, Gg}

Proof. Assume that G is a connected graph of order 4 with v(3g}(G) = 3. If A(G) = 2, then clearly G = C;
and G # Py (by Cor. 1). If A(G) = 3, then G is certainly one of the graphs belonging to {P?, K4, K4 — e,G3}.
The converse is trivial. O

Now we are ready to state the main result of this section whose proof follows from Theorem 13, Corollary 14
and Lemmas 15, 16, ...,20.

Theorem 21. Let G be a connected graph of order n > 4. Then vigry(G) = n — 1 if and only if G
is isomorphic to one of graphs in {Piy1,C; | 4 < i < TJU {P? | 3 < i < 6}U {P,P? |5 < i <
TYU{P PP PP PR PP YU {G, Gy, Gs} U{Ky, Ky — e} UF UHUL.

Observe that any graph given in Theorems 12 and 21 is connected having size equal to at most the order
plus 2, and consequently the following corollary is obtained.

Corollary 22. If G is a connected graph of order n and size m > n + 3, then vg3ry(G) < n — 2.
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