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MODIFICATION OF SOME SCALARIZATION APPROACHES FOR
MULTIOBJECTIVE OPTIMIZATION

VAHID AMIRI KHORASANI® AND ESMAILE KHORRAM*

Abstract. In this paper, we propose revisions of two existing scalarization approaches, namely the
feasible-value constraint and the weighted constraint. These methods do not easily provide results
on proper efficient solutions of a general multiobjective optimization problem. By proposing some
novel modifications for these methods, we derive some interesting results concerning proper efficient
solutions. These scalarization approaches need no convexity assumption of the objective functions. We
also demonstrate the efficiency of the proposed method using numerical experiments. In particular,
a rocket injector design problem involving four objective functions illustrates the performance of the
proposed method.
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1. INTRODUCTION

Multiobjective optimization refers to the mathematical problems in which we deal with minimization or
maximization of competing objective functions over a feasible set of decisions. One challenging issue is that
it is usually not possible to optimize multiple objective functions at the same time. This type of problem has
been playing an important role in many applied fields, including economics, engineering, medicine, management,
and etc. (see [6,20,23,26-29,33]). One of the most important methods for solving multiobjective optimization
problems is to use scalarization approaches. In these methods, a parametric single objective optimization prob-
lem corresponding to the multiobjective optimization problem is solved, and the relationship between optimal
solutions of the single objective problem and efficient solutions of the multiobjective optimization problem is
investigated. A broad range of scalarization approaches exists in the literature, including the weighted-sum
scalarization approach [14,30], the epsilon-constraint approach [7], the Pascoletti Serafini approach [24], the
modified Pascoletti Serafini methods [1,8,11,12,16], the weighted-constraint method [4] and the feasible-value-
constraint approach [5]. It is important to note that references [4,5] provided results that were necessary and/or
sufficient for (weakly) efficient solutions. However, these scalarization techniques have no result on proper effi-
ciency. In this respect, our aim is to propose a modification of these methods by adding slack and surplus
variables in the constraints and penalizing the violations in the objective function, the inflexibility of the con-
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straints is resolved. Here, we will investigate how adding slack and surplus variables in the constraints can help to
identify conditions for (weak, proper) efficiency. Furthermore, we find several necessary and sufficient conditions
for different types of efficient solutions of a multiobjective optimization problem. The proposed scalarization
methods require no convexity assumption on objective functions. We demonstrate the efficiency of the proposed
method using numerical experiments. Our first and second numerical examples are three-objective problems
with nonconvex constraints. For these problems approximating the nondominated set (Pareto front) is a diffi-
cult task. As a practical problem, the rocket injector design problem will be investigated in the last numerical
example. This problem was first presented in [18] with four objective functions. In [18], this problem is reduced
to a three-objective problem. However, our obtained results show that such a reduction may lead to loosing
some parts of the nondominated set.

The rest of the paper is organized as follows. We review preliminaries and basic definitions in Section 2.
In Sections 3 and 4, we propose two modifications of the feasible-value constraint and weighted constraint
approaches. Some necessary and sufficient conditions relating to weak efficient, efficient, and proper efficient
solutions are proved by using these modifications. Section 5 provides some numerical examples that demonstrate
the efficiency of our method in practice.

2. BASIC NOTATIONS AND PRELIMINARIES

This section contains some notations and standard definitions from multiobjective optimization which are
used throughout this paper. The general form of a multiobjective optimization problem is given by

{min f(x) = (fi(z), fo(x), ..., fe(x))

MOP
( ) st. zeX ={zeR"|gj(z) <0, j=1,...,m},

with vector-valued continuous functions f : R® — R’ g : R" — R™({,n,m € N, £ > 2) and a nonempty
set of feasible points X C R™. We assume that the functions f; are bounded from below on the set X, with a
known lower bound. A vector x € R? with entries z; € R, i =1,..., £, is written as (z1,...,2¢). All relations in
this paper should be read as component-wise, i.e., for z,z’ € R it is

r<z ez <z foralli=1,...¢
x<z' ez, <z, foralli=1,...,¢ and z # 2/,
xSz =z, <z, foralli=1,... ¢

The following definitions are standard in multiobjective optimization [9,15].

Definition 2.1. Let € X.

(a) & is called an efficient solution for the MOP, if there exists no x € X such that f(z) < f(&).

(b) & is a weakly efficient solution for the MOP, if there is no other x € X such that f(z) < f(&).

(c) % is a strictly efficient solution for the MOP, if there exists no x € X,z # & such that f(z) < f(&).

(d) % is said to be a proper efficient solution in the Geoffrion’s sense for the MOP, if it is efficient and there
exists a real positive number M > 0 such that for each x € X and i € {1,2,...,¢} satisfying f;(x) < fi(&)
there exists at least one j € {1,2,...,¢} such that f;(Z) < f;(x) and

fi@) — file) 0
file) = f3(&) ~
There are different definitions for proper efficiency in the literature; see [2,3,13,17,21,25,32]. Throughout

this paper, all proper efficient solutions of the MOP refers to Geoffrions proper efficient solutions. Hereafter,
the set of weakly efficient, efficient, strictly efficient and proper efficient solutions of the MOP are denoted by
Xwg, Xg, Xsg and Xpg, respectively. The image of the feasible set under the objective functions is called the
image space, and it is denoted by Y. The images of efficient solutions are called nondominated solutions. The
set of nondominated solution is denoted by Yx.

R K¢
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Definition 2.2. (a) Let Y C R¢. The set Yy is called externally stable if Y C Yy + R?.

(b) An ideal point y! = (yf, 44, ..., yl) € RY, associated with the MOP, is defined as y/ = min,cx fi(z), i =
1,...,¢

(c) The point u = (uy,us,...,us) € R in which u; = y! — ¢;, where g; > 0, for every i = 1,...,/, is called a
utopia point of the MOP.

In the following, we give a brief review of the two exiting scalarization approaches, namely the feasible-value
constraint and the weighted constraint.

The feasible-value constraint approach. For some Z € X, set the weight

W(z) = {w € R*

w; >0 w»:M i=1,...,0 . (2.1)
T Y A@) T

For each fixed k € {1,2,...,¢} and for a given w € W (Z), the mathematical model of the feasible-value constraint
approach is stated as follows (see [5]):
min fi(x)
(PIE) st wifi(x) <wpfe(@), i=1,...,¢, i £k,
e X.
Define the feasible and solution set of (P%):
X3 (@) ={z € X : wifi(r) <wpfi(@), i#k}, Sk = {z e X |z solves (P£)}.
The main characteristics of the feasible-value-constraint approach are given in the following two main theorems,
which can be found in [5].
Theorem 2.3. Let 7 € X and w € W(Z).

— Suppose that for some k, & € S/;f. Then & € Xwg-
~ If & is the unique solution of (P%), for some k, then & € Xg.
— If T is an optimal solution of (P%“) for everyk =1,... ¢, then & € Xg.

Theorem 2.4. Assume & € Xg and w € W(Z). Then & € S%, for all k € {1,...,¢}.

The weighted-constraint approach. For each fixed £ € {1,2,...,¢}, the mathematical model of the
weighted-constraint technique is stated as follows (see [4]):
min fi(z)
(ij) stowifi(z) <wgfe(z), i=1,....0, i#k,
z e X.

Define the set of positive weights and solution set of (PX) as:

¢

W = {w € R w; >0, Zwl = 1}, Sk = {reXx | 2 solves (Pi) }.
i=1

What follows, we state the principal results of the weighted-constraint approach obtained by Burachik et al.

(see [4]).

Theorem 2.5. For every k € {1,2,...,0} and some w € W, one has & € S¥ if and only if ¥ € Xwr.

We note that the scalarized problems (P%) and (PF) do not easily provide results on proper efficiency of
optimal solutions. In the following, we present a modification of the scalarized problems (P%) and (PF) by
adding slack and surplus variables, and derive necessary and sufficient conditions for weak efficient, efficient,
and proper efficient solutions of the MOP.
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3. THE FLEXIBLE AND MODIFIED FEASIBLE-VALUE CONSTRAINT PROBLEMS

By using Ehrgott and Ruzika’s idea [10], we propose the following two scalarized problem by adding slack
and surplus variables. In [10], the objective functions are bounded from above by a parameter ¢. Therefore,
improper selection of € may lead to poor performance of the approach. So, we need an informed choice of ¢
using the structure of the problem. We allow the added constraints of (Pwl“) to be violated and then penalize
these violations in the objective function of (PF).

For any fixed k € {1,2,...,¢}, let T € X and w € W(Z). The modified feasible-value-constraint scalarization
problem (MP%) is formulated as follows:

min wy, fi(x E ViSi

(MPE) R
st wi(filx) —w; +8;) Swp(fe(@) —ug), i=1,...,0 i £k,
reX, >0, i=1,...,0, i#k,

where u is a utopia vector respective to problem (MP%), and v;, i # k, are nonnegative weights. Recently,
Hoseinpoor and Ghaznavi [19] proposed a modified objective-constraint scalarization technique and established
sufficient conditions for (weakly, properly) efficient solutions of a general multiobjective optimization problem.
This scalarizing can be obtained by choosing appropriate values for the scalarized problem (MP’;) parameters
(u=(0,0,...,0),w;s; = t;). The reference point information of the decision maker is taken into consideration
by the (MP%) method, which is one of the characteristics of the (MP¥) scalarization method.

The flexible feasible-value-constraint scalarization problem (FP;) is formulated as follows:

min wy, fx(z E V;S;

1<i<e

FP% 7
( ) st wi(fi(x) —u; — s;) <wip(fu(@) —ug), 1=1,...,0, i #k,
reX, 5,>0, i=1,...,¢0, i #k,

where u is a utopia vector respective to problem (FP%) and v;, i # k, are nonnegative weights.

It is recalled that we denote by SMPX the set of solutions of problem (MPZ). In the following, we provide
results which characterize (proper, weak) efficiency solutions of the MOP utilizing the scalarized problems
(MP%).

Theorem 3.1. Fiz T € X, and let w € W(Z).

(1) If (z,3) € SMP% for some k and v 2 0, then & € Xwg.
(2) If (%,3) is a unique optimal solution of (MPY) with o > 0, for some k, then & € Xgg.
(3) If (%,3) is an optimal solution of (MP%) and v > 0, then

Proof. (1) Suppose that & ¢ Xwg. Therefore, there exists Z € X such that
fj(f) <fj({,i‘), j=1,... L. (31)

we break the proof into two cases.
Case I. Let (T, 3) be feasible for (MPX). we have

wi (fi(@) —u; +8;) S wp(fo(@) —ug), i=1,...,¢, i#k. (3.2)
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Since wy, > 0, from (3.1) we obtain

wkfk Z Visi < wk:fk Z YiSi- (33)
1<i<e 1<i<t
Ak £k

Hence, equations (3.2) and (3.3) are contradictory to that (&,3) € SMPY. Therefore, case I cannot
happen, and we are left only with Case II.
Case II. Suppose that (Z, 3) is not feasible for (MPX). Thus, there exists i € {1,2,...,£}\{k} such that

wi (fi(@) — ui + 8;) > wi(fe(T) — ug)- (3.4)

Since (&, 3) is feasible for (MPX), one can see
wi(fi(Z) —u; + 8) <wp(fu(@) —up), ©#k. (3.5)
By (3.4) and (3.5), we conclude
wi(fi(T) —uw; + 8;) > wi(fi(8) —u; + 5;), i #k.
Therefor, for i # k, we have f;(Z) > f;(Z). This contradicts (3.1) for j = i. Consequently, & € Xwg.
(2) Let & and k be as in the hypothesis, and assume z satisfies
filx) < fi(g), forallie{l,2,...,¢}, (3.6)
and there exists index r such that
fr(@) < fr(). (3.7)

Now, we consider two cases.
Case I (7 = k). From (3.6) and the fact that (Z, 5) is feasible for (MP%), we deduce

wi(fi(z) —us + 8) < wi(fi(®) —wi + 3;) < w(fu(T) —ug), foralli#k (3.8)
Therefore, equations (3.7) and (3.8) contradict the optimality of (&, 3) to (MP).
Case II (r # k). From (3.6) and (3.7), and the fact that (i, 3) is feasible for (MPX), one can write
wl(fl(x) —u; + §l) < wz(fz(rk) —Uu; + §1) < U}k(fk(ff) - ’U,k), = ].7 e ,f, ) 7& r, k,
and
wy(fr(@) — ur + 8r) < wp(fr(2) —ur + 80) < wi(fe(T) — up).
Hence, (z, ) is feasible for (MP%). Moreover, by (3.6) we obtain
wi fi(x Z Yidi < wi fi(E) — Z Yii-

1<i<e 1<i<e
i#k i#k
Since the objective function value of (x, 3) is equal to that of (&, 3), uniqueness of the optimal solution
leads to z = &. Hence, & € Xgg.
(3) Suppose to the contrary that w;, (fi, (Z) — wi, + 8iy) < wi(fx(T) —ug), for some ig € {1,2,...,}\{k}. Then,
there exists a scalar d;, such that §;, + d;, > 0 and w;, (fi, () — wiy + iy + iy) < wk(fk( ) — ug). Define

3= Si, Z#ZOak
i =3 . . .
S +96;, 1=r1g.
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f(2) - wﬂlfz(i‘) -

FIGURE 1. Geometrical illustration of the (MPX) for a bicriteria example.

Clearly, (Z,3) is feasible for (MPX). Since v > 0 and 3;, > &;, we have

wkfk Z ’stz < wkfk Z ’stza

1<i<#e 1<i<e
itk itk
which contradicts (&,3) € SMPE.
(]

Due to part 3 of Theorem 3.1, after introducing the slack variables, the inequalities (w;(fi(x) —u; + s;) <
wi(fr(Z) —ug), i=1,...,¢, i# k), do not change; the inequalities in (MP2) are always active at optimality.
Before presenting theoretical findings, we first offer a geometric interpretation of the proposed method. part 3
of Theorem 3.1 allows us to visualize the implementations in the objective space by examining the specific case
of [ = 2. The point (0, 0) is chosen as the utopia point, and we consider a given feabible solution (x*, s *). Denote
the objective function value of (MP2) as d = ws fo(x*) — v15%. The level set of v = & = fo(x ) 251 may be
represented as a line in the fo — s1-space that passes through (s, f2(2*)) and has the slope —Zt.

Let (&,3,) € SMP2 and d = wsyf2(#) — 7181 denote the optimal value of (MP2). Observe that7 owing to
part 3 of Theorem 3.1, the added constraints hold with equality at optimality, therefore 81 = 22 fo(z) — f1(2).
If 8, = 0, we have fi(2) = 22 fg( ) and f2(&) = ©. Suppose that §; # 0. If we substitute §; into the objective
function of (MP2), we attaln

- n f2(2) — .

wy  fi(2) = 32 f2(T)
The negative slope of the line through (f1(2), f2(2)) and (32 f2(Z),9) is equal to the scalar I-. View Figure 1
to see this observation in visual form. The additional constraint wy f1(z) < wafa(Z), reduces the feasible set
of the MOP. As a result, a line with the slope 73—12 is transformed parallel to the origin until it supports the

restricted nondominated set. Hence, the point of support is the nondominated solution f(&).

In the following, by utilizing the proof of the part 3 of Theorem 3.1, we establish a sufficient condition for
efficient and proper efficient solutions of the MOP. As the proof of the following theorem is similar to [10], the

proof of parts 1 and 2 are omitted.
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Theorem 3.2. Fiz ¥ € X and let w € W(Z).
(1) If (,5) € SMP% and v > 0, then & € Xg.
(2) If Z is a proper efficient solution of the problem
min f(z) = (f1(z),..., fe(x))
s.t. x € Xi(2),
wifi(®) <wpfr(@), i=1,...,¢, i £k,

then & € Xpg.
(3) If (&,3) € SMPE and (v, 3) > 0, then & € Xpg.

Proof. (1) The proof is similar to the Theorem 3.1 in [10].

(2) The proof is similar to that of Lemma 3.2 in [10].
(3) From part 1 we have & € Xg. By part 3 of Theorem 3.1, we can rewrite the objective function as

4
wfi(@) = 3 (@ - w) = (@) ) = Yorihi@) = 3 (@) - )+ ).
1<i<¢ g i=1 1<i<e g

£k £k

in which ~y = wy. Since the term

5 (B )~ )+ ).

1<i<e
i#k

is constant, we conclude
¢
Te argmin{z Vifi(@) | @ € Xi(Z) }7
i=1
with v > 0. Using Geoffrion’s theorem [20], Z is proper efficient for the MOP with feasible set X (Z). In
view of part 2, Z is a proper efficient solution of the MOP with feasible set X.

O

The next theorem shows that, if Yy is not externally stable, the result of part 3 of Theorem 3.2 is no longer
true.

Theorem 3.3. If Yy in problem (MP’%) is not externally stable, then the MOP does not have any proper efficient
solution.

Proof. The proof can be found in [31]. O

In the next theorem, we present a necessary condition for proper efficient solutions of the MOP.

Theorem 3.4. (1) Let & € Xg and w € W(Z). Then we conclude (3,7) = 0 such that for every k €
{1,2,...,¢}, (& 5) € SMPE,

(2) Let ¥ € Xpg and w € W(&). Then there exist v > 0 and § such that for every k € {1,2,...,¢}, (£0) €
SMP%.

Proof. (1) Tt is sufficient to set 5 = 0 and = 0. Therefore, by Theorem 2.4 (Z,0) € SMP%.

(2) Let & € Xpg, w € W(&) and u = 0.
Case I. Suppose that there is not i # k and « € X such that w; f;(z) < wy fr(Z). Let © € X (&). Hence,
w; fi(x) = wy fr(Z), for all ¢ # k and, since & € Xg, wy fr(x) > wifr(£). It follows that (z,s) does not
yield a better objective function value for (MPZ) for any choice of 4 > 0.
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TABLE 1. Summary of the modified feasible-value-constraint approach (MPX).

Reference Parameters & conditions Implication for &
Part 1 of Theorem 3.1 =0 ¥ € Xwr

Part 2 of Theorem 3.1 ~ 20 & (z,s) is unique i€ Xsg

Part 1 of Theorem 3.2 ~+ >0 T € Xg

Part 3 of Theorem 3.2 (v,3) >0 T € XpE

Reference Type of solution Optimality for (MPE)

Part 1 of Theorem 3.4 & € Xg & Yn be externally stable ~ 3(y,u) s.t. (&,0) € SMPX
Part 2 of Theorem 3.4 & € X,r & Yx be externally stable  3(v, 3, u) s.t. (&,3) € SMP%

Case II. Assume that there exists ¢ # k and « € X such that w; fi(z) < wi fi(£). Let € X, (Z), then for
alli € {1,2,...,£}\{k}, one can observe w; f;(z) < wg fr(&). since z € Xpg, there exists a positive scalar
M such that for each z € X (&) and 7 with w; fi(z) < wg fix(£), we obtain wy, fi,(z) > wy fr(Z) and

wy, fi(F) — w; fi(z)
wy, () — w fr(7)

< M.

Define weights v; == 5755y Then v > 0. If (£,0) is not an optimal solution for (MP%), there exist a
feasible (z, s) with

wife(@) = D visi <wpfr(@) = Y vifi = wifu(). (3.9)
1<i<e 1<i<e
itk itk

Due to part 3 of Theorem 3.1,

w(file) ~ ) < Y %(fjj:fm) - fi<x>). (3.10)
We have
i wi fi(x) — fi() ik

%(wé fuli) - f,;@)) < B (fel@) ~ @), i# R (3.11)

Summing (3.11) over all i € {1,2,...,n}\{k} yields

> (B4l - £0) < wlhie) - o), (3.12)

1<i<e
i£k

Therefore, equation (3.10) contradicts (3.12).

In Table 1, we summarize some of the results obtained for the scalarized problem (MP%)
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3.1. The revised feasible-value constraint problem

Using the idea of Ehrgott and Ruzika [10], we propose the following scalarized problem by a combination of
(MP%) and (FP%), which is considered as follows.

For any fixed k € {1,2,...,¢}, let & € X and w € W(&). The Revised feasible-value constraint problem
(RPY) is stated as follows:

min wy, fx(z Z %s + Z V;8;

1<i<t 1<i<¢
(RPIS) 2k itk
s.t. wz(fl( ) —u; + sfr — s;) < wi(fi(@) —uk), 1#Kk,
re€X, sf,87 >0, i#k,

Z

in which u is a utopia vector respective to problem (RP];), and v;,7;, © # k, are nonnegative weights.
Based on the work of Ehrgott and Ruzika [10], it should be noted that if there exist some w € W (i) for a
given feasible solution (z,sT,s~) of (RPY), (z,s1 + a, s~ 4 a) is also feasible for (RP%), where a € RZ. Then,

wkfk(‘r)_ Z ,Yl(sj—’—az)"i' Z Vz(s +az) —wkfk Z %S + Z st + Z

1<i<e 1<i<e 1<i<e 1<i<e 1<i<e
ik i#k itk itk itk

This shows that the objective function value depends on « € Ré. Here, o can be chosen arbitrarily in R‘ZZ. If

v < 7, then the objective function value of (RP?C) is unbounded. In this respect, in what follows, we assume
V2.

We recall that the set of solutions of problem (RPZ) is denoted by SRP%. Below, we provide results charac-
terizing (proper, weak) efficiency solutions of the MOP utilizing the scalarized problem (RP;).

Theorem 3.5. Let i € X and w € W(&).

(1) Suppose that for some k, (z,57,57) € SRP; with v 2 0. Then T € Xwg.
(2) If (A 5F,57) is the unique solution of (RP%) with v > 0 for some k, then & € Xsg.
(3) If (z,5%,57) € SRPY and v > 0, then

Proof. (1) The proof follows from the case 1 of Theorem 3.1.

(2) The proof is similar to case 2 of Theorem 3.1.
(3) Suppose to the contrary that w;, (fi, (Z) — wi, + §;z —3;,) < wi(fr(Z) —ug) for some ip € {1,2,...,¢3\{k}.
Then, there exists a scalar &;, such that 57 +d;, > 0 and w;, (fi, (F) — wi, + 5,05, — 5;,) < wie(fi () — up).

Define
o {/s* i # oy k

P
i ~ L
s; +0i, i=1p.

(z,5F,57) is feasible for (RP%). Since v > 0 and 3 5 > 5, we have

wk:fk Z 77, + Z Vz —wkfk Z’Yﬁ ’7%’0/5;;"_ Z l/iéj

1<i<st 1<i<e ik 1<i<e
itk itk 7;#7:0 itk
= wkfk E '71 '7%0 + 6io> + § v;s;

i#k 1<i<e
iio i#k
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—wkfk Z 77. + Z Vz ’77,0 i0

1<i<s 1<i<e
i#k i#k
< wkfk E 713 + E Vz
1<i<¢e 1<:i<e
itk itk

which contradicts with (Z,5F,57) € SRP%.
]

In the following, utilizing the proof of Theorem 3.5, we establish a sufficient condition for proper efficient
solutions of the MOP.

Theorem 3.6. Let i@ € X and w € W(Z).
(1) If (z,5%,57) € SRP% and v > 0, then T € Xg
(2) If (z,5%,57) is an optimal solution of (RPX) and v > 0, then T € Xpp

Proof. (1) The proof follows from Theorem 3.5 and part 2 of Theorem 3.1.
(2) The proof is similar to that of Theorem 5.1 in [10], so we omit it here.

Similar to Theorem 3.4, we present a necessary condition for proper efficient solutions of the MOP.
Theorem 3.7. Let w € W(Z).

(1) Let T € Xg. Then exist (y,v) 2 0 such that (z,5% = 0,5~ = 0) € SRPE for every k € {1,2,...,(}.
(2) Let Yx be externally stable and T € Xpg. Then there exist (y,v) 2 0 such that (z,51 = 0,5~ = 0) € SRP%.

Proof. The proof follows from of Theorem 3.4. ]

3.2. Relationship between the (RP%X) and (RP*(¢))

Ehrgott and Ruzika [10] proposed the following scalar optimization problem, called the Improved e-Constraint
method, for determining efficient solutions of the MOP:

min fi(z Z %8 + Z V;S;

1<i<¢e 1<i<#e

RP*(e ik 7k
( ( )) s.t. fi( )+ s —s; <&, i#k,
st >0 1#£k, xeX,

7 ’L

The following theorem establishes the relationship between the (RPX) and (RP*(¢)). Recall that we denote
the set of solutions of Problem (RP¥()) by SRP*(¢).

where v;,v; > 0, i # k.

Theorem 3.8. Fiz i€ X and k € {1,2,...,0}. Let T € X and set € .= f(&). Then SRP*(¢) = SRP%.

Proof. Assume that w is as in (2.1). We begin by showing that SRP*(¢) C SRPX. Let (z,5%,57) € SRP"(¢),

then it satisfies
Z 715 + Z Vz <fk: Z '718 + Z viS; (313)

1<i<¢t 1<i<e 1<i<e 1<i<¢
itk itk i#k itk

and, since ¢ == f(%), one can write f;(Z) + 3 —5; < f(%), i # k.
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P N N

Suppose by contradiction that (Z,5T,57) ¢ SRP"(¢). Then there exist (z,sT,s~) such that

wkfk Z 'st + Z st <wkfk Z 71 + Z VZ IR

1<i<e 1<i<e 1<i<e 1<i<e
itk itk itk itk

and
w;i (fi(x) + 57 —s7) S wpfe(®@) = wifi(E), i#k.
Since w; >0, foralli=1,...,¢

Z i ++ Z 78 < (@ Z %/\%_,'_ Z 1/1/7; (3.14)

1<i<e 1<i<e 1<i<e 1<i<e
itk itk itk itk

and

file) +sF —s7 < fi(®), i#k
Therefore, equation (3.13) contradicts (3.14). Hence (%,?*,3‘) € SRP¥(¢). Let us now show that SRP% C
SRP*(c). Let (Z,5%,57) € SRP*(¢). By hypothesis for all z € X and s}, s; > 0, i # k, we obtain

wkfk Z 71 + Z Vl <wkfk Z ’YZS + Z Vis;

1<i<e 1<i<e 1<i<e 1<i<e
i#k itk i#k i#k

and by definition of w, we also have that

wi (fi(x) + 57 —s7) < wpfe(@) = wifi(Z), i#k.

Since w; >0, forallt=1,...,¢
§ ’YZS + E Vz < fk: E ’718 + E vis;
1<:i<e 1<i<e 1<i<¢e 1<:i<e
i#k’ i#k i#k i;ék

such that for all z,
fix) + s —s7 < [i(@), i#k
So, we conclude x € SRP"(¢). O

4. THE REVISED WEIGHTED-CONSTRAINT PROBLEM

Burachik et al. [4] proposed the following scalarization method, named the weighted-constraint approach

min f(2)
(Pﬁ) st wifi(z) <wgfr(z), i=1,...,6,i#k,
r e X.

The scalarized problem (P¥) does not easily provide results on (proper)efficiency of optimal solutions. In the
following, motivated by the idea of Ehrgott and Ruzika [10], we allow the added constraints of (P¥) to be
violated, and then penalize these violations in the objective function of (PF).

The modified weighted-constraint approach is formulated as follows:

min wkfk Z YiSi

1§L<€
(MPﬁ,) =k
stowi(filx) + 85) <wfi(x), i=1,...,0, i #k,
reX, >0, i=1,...,¢, i #k,
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in which v;, i =1,...,¢, i # k, are nonnegative weights.
The flexible weighted-constraint approach is formulated as follows:

min wy fr,(z) + Z ;8

1<i<e

(FP%) S
st wi(fi(x) —s;) <wifi(x), i=1,...,0 i #k,

ze€X, 8>0, i=1,...,0 i#k,

in which v; >0, i=1,...,¢, i # k.
In the present research, we purpose a combination of the two modifications (MPﬁ,) and (FPEJ) to generate
proper efficient solutions of the MOP.

min we fr(z) — > vish + Y visy

& 1$¢i%@ IS;;%K
RPw> K2 v K
( st wi(fi(x) + s —s7) Swpfulw), i=1,....0 i#k,

reX, sf,s; >0, i=1,...,0,i#k,
in which v;,v;, >0, i=1,..., 0,1 # k.

In the following, we provide results characterizing (proper, weak) efficiency solutions of the MOP utilizing
the scalarized problem (RPF).

Theorem 4.1. Assume that there exists some w € W such that (Z,5%,57) is a solution of (RPF).
(1) If v > 0, then
wi(fi(@) + 5 —57) = wi fu(@).

(2) Suppose that for some k, (Z,57,57) is an optimal solution of (RPﬁ}) with v 2 0. Then T € Xwg.
(3) If (z,5%,57) is the unique solution of (RPfU) with v 2 0, for some k, then T € Xgg.
(4) If v > 0, then T € Xg.

Proof. The proof is similar to Theorem 3.1. So we omit it here. O

In the following, utilizing the proof of Theorem 4.1, we establish a sufficient condition for proper efficient
solutions of the MOP.

Theorem 4.2. If there is some w € W such that (Z,5%,57) be a solution of (RPF) with v > 0 and there exists
a partition J N J of {1,2,...,0}\{k} such that 57 >0 fori € J, ands; >0 fori € J, then ¥ € Xpg.

Proof. The proof is similar to the Theorem 5.2 in [10] and will be omitted here. O

At the end of this section, similar to Theorems 3.4 and 3.7, we present a necessary condition for proper
efficient solutions of the MOP.

Theorem 4.3. Assume that there exist some w € W.

(1) Ifz € Xg, then there exist (y,v) 20, and 8,5~ such that (T,57,57) is an optimal solution of (RPZ), for
alke{1,2,....0).

(2) If T € Xpg, then there exist v > 0, 0 < v < 0o and §,5 such that (Z,57,5) is an optimal solution of
(RPE), for every k € {1,2,...,¢}.
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5. NUMERICAL RESULTS

In this section, we demonstrate the efficiency of the proposed approaches through the results of some numerical
experiments. To this end, we divide this section into three experiments. All experiments have been implemented
in MATLAB (R2017b). MATLAB’s optimization solver fmincon has been used, with default options, for solving
the associated nonlinear problems. All numerical tests have been performed on PC Intel Core i7 2700k CPU
3.4GHz and 8 GB of RAM.

For comparison, Algorithms 1 and 2 in [5] are utilized, which implements the (P¥) and (PF), respectively. In
addition, for the proposed approaches, the same steps as 1-5 of Algorithms 1 and 2 in [5] are done, except that
in step 4 of those, our proposed approaches are solved instead of (PF) and (PF).

Example 5.1. We consider the following nonconvex three objective problem which has a Pareto front with a
boundary that is difficult to construct [5].

min (x1,x2,x3)

(1’1 — 2)2 + (.’IJQ — 2)2 + (I,Cd — 2)2 S 47
s.t. (1.05)2 (w1 + 9 + 23)% — 4(2% + 23 + 23) + 7.18 <0,
0<z <4, i=1,223.

For the algorithms that implement (MP%)((MP*)) and (FPZ) ((FPF)), the nonnegative weights ; for i =
1,2,3 are selected as random. The point (—10,—10,—10) is taken as the utopia point. The algorithms are
implemented with N = 21 (N = 35). Figure 2 shows the Pareto points generated by our proposed approaches
applied to the given algorithms are extremely successful compared to Figures 5a and 5c of [5]. All of the outer
and inner end points of the Pareto front are generated among these produced points, as shown in the figure,
and the provided approaches generate Pareto points that are distributed rather evenly in the approximation
of the Pareto front. The distribution of points obtained by our approaches and the proposed method in [5] is
depicted in Figure 2.

Example 5.2. The original problem in [22] has earlier been studied in [11]. The Pareto front of the following
test problem is non-convex and gaps appear in the boundary of the Pareto front.

min (fxl, —Za, fx?),)

—cos(x1) — exp(—x2) + 23 <0,
0<z <m,

x2 >0,

x3 > 1.2.

The point (—100, —100, —100) is taken as the utopia point and we set N = 20 (N = 30). Uniformly distributed
weights are provided and the resulting Pareto points are shown in Figure 3. Note that we plot again the negative
objective function values.

5.1. Application to a liquid-rocket injector design

The liquid rocket single element injector design problem was previously studied as a multiobjective optimiza-
tion problem in [5,18]. This is a computationally expensive engineering design problem, involving design of a
hybrid Boeing element injector. This problem has two primary goals: (i) the improvement of the performance
(by minimizing combustion length), (ii) material sustainability (by minimizing face temperature). For the rocket
injector design problem, four design variables are defined in [18], which are listed below:

« : the hydrogen flow angle,
AHA: the hydrogen area,



1040 V.A. KHORASANI AND E. KHORRAM

F1GURE 2. Example 5.1: Pareto front approximations by the scalarization techniques, with
N = 21(N = 35). (a) points found by (p%), (b) points found by (Fp%), (c) points found by
(Mpk), (d) points found by (P%), (e) points found by (FPX), (f) points found by (MPF).

@ @ ®

FIGURE 3. Example 5.1: Pareto front approximations by the scalarization techniques, with
N = 21(35). (a) points found by (p%), (b) points found by (Fp%), (c) points found by (Mpk),
(d) points found by (P¥), (e) points found by (FP%), (f) points found by (MP¥).
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TABLE 2. Range of design variables (« is an acute angle in degrees and z is the thickness of
OPTT in inches).

Minimum Maximum
Variable Actual Normalized Actual Normalized
a 0 0 « 1
AHA Baseline 0 Baseline +25% 1
AOA Baseline —40% 0 Baseline 1
OPTT T in. 0 2x in. 1

AOA: the oxygen area,
OPTT: the oxidizer post tip thickness.

The variables range considered in the mathematical model of the rocket injector design problem are shown
in Table 2. Note that the variables of the problem have been normalized. According to Goel et al. [18], the four
objective functions to be considered for a rocket injector design problem consist of:

TFax: the face temperature, which is the maximum temperature of the injector face,

TThax: the tip temperature, which is the maximum temperature on the post tip of the injector,

Xcc: the combustion length, which is the distance from the inlet where 99% of the combustion is complete,

TW,: the wall temperature, which is the wall temperature at three inches (at the fourth probe) from the injector
face.

The rocket injector design problem can be written as [18]:

min f(z) = (f1(x), f2(2), f3(z), fa(x))
s.t. :rGX:{xGR4|O§x§1},

where

z = (0, AHA, AOA,OPTT)
(fl(m)v fQ(x)v fS(x)v f4($)) = (TFmax(x)’ TTmax(x)a XCC(x)» TW4(5L'))

fi(x) = 0.692 + 0.477z; — 0.687x2 — 0.080z3 — 0.0650z4 — 0.1672F — 0.0129z1 72
+0.079623 — 0.06342 123 — 0.02572273 + 0.087723 — 0.052131 24
+ 0.001562224 + 0.00198z324 + 0.018423,

f2(x) = 0.370 — 0.205z; + 0.0307z5 + 0.108x3 + 1.019z4 — 0.1352% + 0.0141z1 25
+ 0.099823 + 0.20871 23 — 0.0301z923 — 0.22623 + 0.353z 124 — 0.04972324
—0.42327 + 0.20273 29 — 0.2812323 — 0.342252; — 0.24523w3 + 0.281x370

0.1841‘1xi —0.281x1 523,

f3(z) = 0.153 — 0.32227 + 0.39625 + 0.42423 + 0.022624 4 0.1752% + 0.01852 29
—0.070123 — 0.251z1 23 + 0.1792223 + 0.015023 + 0.0134x 24 + 0.02962914
+0.0752x324 + 0.019227%,

fa(x) = 0.758 + 0.358z; — 0.807x2 + 0.0925x3 — 0.0468x4 — 0.1722% + 0.010621 72
+0.0697x3 — 0.146x1 23 — 0.04162923 + 0.10223 — 0.069421 24
— 0.00503z924 4 0.0151z324 + 0.017323.
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FIGURE 4. Projected Nondominated set for the rocket injector design problem. (a) Projection
of the nondominated set to the f; f3 fa-space. (b) Rotated view of the front in (a). (¢) Projection
of the nondominated set to the fyf3fa-space. (d) Rotated view of the front in (c).

In obtaining an approximation of the nondominated set of the rocket injector design problem, we
have used Algorithm 9 in [5], except solve problem (Fpk) instead of problem (p%). We choose to dis-
play projections (TFax, TTmax, Xcc, TW4) — (TFmax, TTmax, Xcc, 0) and (TFyax, TThax, Xcoc, TW4) —
(0, TTiax, Xco, TWy) in fi f5 fo- and fy f5 fo-spaces in Figures 4a and 4c, respectively.

The rocket injector design problem was solved in [18] with three objectives, namely, with TF,.x, TTihax, and
Xcc. This reduced problem (with TW, eliminated out) is justified by a claim in [18] that TFy,,x and TW are
correlated after a correlation analysis. However, Figures 4c and 4d show that the projection of the nondominated
set to fyf3fo-space clearly differs from that in Figures 4a and 4b: the points facing f3fo-plane, changes more
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rapidly with TT . and with X¢c. This implies that incorporation of TW, in this multiobjective optimization
problem is essential, or necessary, as opposed to its exclusion in [18].

6. CONCLUSIONS

In the present research, we proposed a modification of the scalarization approach introduced by Burachik et al.
[4,5] for solving multiobjective programming problems. We proved necessary and sufficient conditions for various
types of efficiency, in particular for proper efficiency. The proposed approach was applied to solve problems
with convex, nonconvex, connected and disconnected feasible sets. We have demonstrated the efficiency of the
proposed method using numerical experiments. Since the modifications resolve the inflexibility of the constraints
of the feasible-value constraint and the weighted constraint methods leading to computational advantages, it will
also be interesting to study applications of our approach to multiobjective mixed integer optimization problems.

Acknowledgements. The authors are grateful to the reviewers for carefully reading this paper and for their comments
and suggestions which have improved the paper.
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