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TOUGHNESS AND BINDING NUMBER BOUNDS OF STAR-LIKE AND PATH
FACTOR

XINGE FENG AND XINGCHAO DENG*

Abstract. Let £ be a set which consists of some connected graphs. Let E be a spanning subgraph
of graph G. It is called a L-factor if every component of it is isomorphic to the element in £. In this
contribution, we give the lower bounds of four parameters (t(G), I(G), I'(G), bind (G)) of G, which force
the graph G admits a ({K1,;: g < ¢ <2q— 1} U{Koq+1})-factor for ¢ > 2 and a {P», Pag+1 }-factor for
q > 3 respectively. The tightness of the bounds are given.
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1. INTRODUCTION

In the network design stage, one of the problems that must be considered is the ruggedness and vulnerability
of computer network. This issue is so critical that it has attracted the attention of scholars. One can refer to
[2,4]. We can view a network as a graph of graph theory. For example, in a data transmission network, each site
is regarded as the vertex of the graph, and the connections between sites are regarded as the edges of the graph.
Thus, we can study ruggedness and vulnerability from the perspective of graph theory. Graph factor theory, an
important branch of graph theory, is often applied to solve problems related to computer networks and network
transmission. Because the more star structures in the graph, the more fragile the network corresponds to the
graph; whether the sites in the network can communicate depends on whether there is a way between the sites.
In other words, the theories of the star factor and path factor can help for solving the problem of vulnerability
and transmission rate in network design. In the contribution, we give sufficient conditions for the existence of
a star-like factor, ({K1, : ¢ <1 <2q — 1} U {Kyq41})-factor for ¢ > 2, and path factor of G, {Ps, Pyg41 }-factor
for ¢ > 3, by using the above four parameters which characterized the vulnerability of graphs.

Let £ be a set which consists of some connected graphs. When E is a spanning subgraph of some graph G
and every component of F is isomorphic to the element in £, then, it is called a L-factor of G. For instance, if
G has a spanning subgraph E with every component being a K, then E is a 1-factor of G.

In the contribution, we only consider finite graph with no loops and multiple edges (say simple graph). Let
G be a finite simple graph whose vertex and edge set denoted by V(G) and E(G) respectively. |V (G)] is the
order of G. For every z € V(QG), let Ng(z) denote the set of vertices adjacent to = in G. For U C V(G), the

set Ng(U) = {ufu is adjacent to some elements of U}, that is Ng(U) = U,y Na(). Let ¢(G — U) and
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iso(G — U) denote the number of components and the number of isolated vertices of G — U, respectively. Let
i be a positive integer and ¢;(G — U) denote the number of connected components with i vertices in G — U. If
the context is clear, we just rewrite ¢;(G — U) as ¢;. Let €;(G — U) be the set of connected components with
order i in G — U. Notice that ¢;(G — U) is equivalent to iso(G — U).

As usual, K,, denotes the complete graph with order n and P, denotes the path with order n. K, , is a
complete bipartite graph with two color classes of m, n vertices. Particularly, we call a kind of complete bipartite
graphs star, when one of its color classes has only one vertex, i.e., K; , for n > 1.

A subset S C V(G) is called a vertex cut of G if the graph G\ S became disconnected. The vertex connectivity
number #(G) of G is defined as the minimum size of S such that G\ S is disconnected. Notice that x(G) = 0 if
and only if G is disconnected or a K;. k(K,,) =n — 1,n > 1. Other notation and terminology not defined refer
to [15].

The following four parameters characterized the vulnerability of graphs which are important parameter used
in computer networks. Then, the relationships can be established between graph factors and these parameters.

Ul >t-c¢(G—U) for any U C V(G) and ¢(G — U) > 2, the graph G is called ¢-tough. If G is a complete
graph, G is t-tough for any positive real number ¢. When G # K,,, there exists a maximum number ¢ (denoted
by t(G@)) such that G is t-tough. The number ¢(G), which was introduced by Chvétal [5], is called the toughness
of G. If G = K,,, then define ¢(G) = +o00, otherwise

HG) = min { . Y]

(G—U)‘UQV(GLC(G—U)Z2}.

In [20], Zhou et al. proved that G is a (P>3, m)-factor-critical covered graph when G is (m + 1)-connected
2+m

and t(G) > =™ with its order at least m + 3. Generally, a graph G is named a (P, m)-factor-critical covered
graph if for any subset U C V(G) such that |[U| = m and any edge e € E(G\U), G — U has a Ps,-factor
covering the edge e. And P>, means {P; : i > n}. More results on ¢(G) were studied in [7,10,12].

The definition of isolated toughness I(G), introduced by Yang et al. [14], is as follows: When G = K,

I(G) = +00, else
1(G) = min{iso(gJIU) ’U CV(@),iso(G-U) > 2} .

Kano et al. [11] proved that G has a Psgs-factor when G satisfies I(G) > 3. If for any edge e € E(G), the
resulting subgraph G \ e admits a P>s-factor, then G is called a P>3-factor deleted graph. Gao et el. [9] proved
that if G admits £(G) > 2 and I(G) > 2, then G is a P>3-factor deleted graph. A graph G is named P> -factor
uniform if for every pair of edges ey, ez € E(G), G admits a Psy-factor that contains e; and avoids es. Recently,
Zhou et al. [18] proved that a graph G is P>o-factor uniform when G is 3-edge-connected graph and I(G) > 1.
Moreover, they also obtained that G is P>g-factor uniform for 3-edge-connected graph G and I(G) > 2.

As a generalization of I(G), Zhang and Liu [16] defined I'(G): if G = K,,, then I'(G) = +00 and else

Ul

I'(G)=ming —————F———|UC i —-U)>2;.
(GQ) mm{iso(G— =1 ‘U CV(G), iso(G-U) > }

Gao et al. [9] also showed that G is a Psg-factor deleted graph if G satisfies k(G) > 2 and I'(G) > 2. Guan
et al. [10] showed that G has a {K3, Cy;41]¢ > 2}-factor if I'(G) > 5.

The last parameter is called the binding number bind (G), which is defined by Woodall [13] as follows:

[Ne(U)|

bind (G) = min {

04U V@), NolU) £ V(C)]}.

Anderson [1] showed that G has a K-factor if G is a graph with even vertices and bind (G) > 5 Guan et
al. [10] showed G has a {Kj, C2;41]i > 2}-factor if bind (G) > 3- Recently, Zhou et al. showed some new results
with respect to this parameter one can find in [21].
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Other toughness parameters can be found in [3,19].

We proceed as follows. In Section 2, we give the lower bounds of the above four parameters such that the
graph G admits a ({K1,;:q <@ < 2q— 1} U {Kaq41})-factor for ¢ > 2. This factor is called star-like factor as
it including large stars and a complete component Ky, 1. We also give the lower bounds of the above four
parameters for graph G admitting a path factor that is {P,, Pyg41 }-factor for ¢ > 3 in Section 3.

2. CONDITIONS FOR THE PRESENCE OF STAR-LIKE FACTOR

Let ¢ > 2 be a positive integer, the spanning subgraph E of a graph Gisa ({K;,; : ¢ <i < 2¢ — 1} U{Kag41})-
factor of G if all the components of E are isomorphic to K ; for ¢ <i < 2¢ —1 or Kyg41. Theorem 2.1 will be
leveraged to prove four lemmas in this part.

Theorem 2.1 ([17]). For 2 < g(€ Z*), a graph G admits a ({K;;:q <1i <2q— 1} U{Kogt1})-factor if G
satisfies iso(G — P) < %\P\ for all P C V(G).

The  following  theorem  provides  four  sufficient  conditions for  the  existence  of
({K1,::q9<i<2g—1}U{Kogt1})-factor of G with the help of the four parameters mentioned earlier.

Theorem 2.2. Let 2 < q (€ ZT). When G is a graph with order at least ¢+ 1 and x(G) > q. If it satisfies one
of the following conditions:

(i) HG) =z q;

(ii) I(G) > ¢; (Gao and Wang [8])
(iii) I'(G) > 2¢q;

(iv) bind (G) > ¢,

then G admits a ({K1,;:q <1 <2q— 1} U{Kaq+1})-factor.
We proved the theorem by four lemmas.

Lemma 2.1. Let 2 < g (€ Z%). When G has at least ¢ + 1 wertices and t(G) > q, G admits a
({K1i:q<1i<2q—1}U{Kzgq1})-factor.

Proof. Assume G has no ({Ki,:q <1 <2q—1}U{Kyg41})-factor, then we will show that ¢(G) < ¢. There
exists a subset U C V(G) such that iso(G — U) > %\U| + % by Theorem 2.1. We can easily get that

1 1
c(G-U)>iso(G-U)>-|U|+ -

q q
Notice that ¢(G —U) > 2. Otherwise, ¢(G —U) = 1 implies iso(G —U) = 1 and |U| < g — 1. Then we can obtain
[V(G)| =1+ |U| < g, which is contradict with G having at least ¢ + 1 vertices. Thus, by the definition of ¢(G)
we have ¢(G —U) > 2, and

U] q-c(G-U)—-1 _ 1
e (e 7 Ity s m e v oy

Therefore, t(G) < gq. O

Remark 2.1. We construct a kind of graphs Gy, for k > 1 to show that ¢(G) < ¢ is tight. Let K be a complete
graph with order kq and G, = KV (k+1)K; with “V” denoting “joining”. Notice that |V (G)| = kg+k+1 > ¢+1
and Gy has no ({K1,;:¢q <1i<2q— 1} U{Kag4+1})-factor since k + 1 = iso(Gy — V(K)) > %\V(K) = k. Let
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U be a subset of V(Gj) such that ¢(G — U) > 2, then V(K) C U. Thus, we have |U| > kq and ¢(Gy, — U) =
kq+k+1—|U|. Since

v W
Gy —-U) kq+k+1—-]U|
:_1+M
kq+k+1—|U|
kg+k+1
e gTrT
=T
_ _ka
k41
_ kg les T _
we have t(Gy) = 175 < ¢. That implies lim ¢(Gx) =gq.

k——+o00

Lemma 2.2. [8] Let 2 < q (€ Z™). For any connected graph G with order at least 2, if I(G) > q, G has a
({K1,:9 <i<2g—1}U{Kagi1})-factor.

This theorem had been proved by Gao and Wang [8]. Here we give a kind of graphs to prove that I(G) < ¢
is tight when G has no ({K1;: ¢ < i <2¢— 1} U {Ks441})-factor.

Remark 2.2. Toshow I(G) < ¢ is tight, we use the graphs G which are mentioned in Remark 2.1. If U C V(G)
and iso(Gy — U) > 2, then V(K) C U, which means |U| > kq and iso(Gy — U) < k + 1. Therefore, we have
% > k’%' In particular, take V(K) as U’, then I(Gy) = m(gjﬁ = kk—fl and kEToo I(Gg) =q.
Lemma 2.3. Let ¢ > 2 and G be a connected graph with |V(G)| > ¢+ 1 and x(G) > q. If I'(G) > 2q, then G
admits a ({K1,;:q <1< 2q— 1} U {Kaqq1})-factor.

Proof. Assume that G hasno ({K1;: ¢ <1i < 2¢ — 1} U {Ks,41})-factor, then we will show I'(G) < 2¢. Accord-
ing to Theorem 2.1, there exists a subset U C V(G) such that iso(G — U) > %\U |, which is equivalent to
iso(G—-U) > %|U| + 5 We claim that iso(G — U) > 2. Otherwise, iso(G — U) = 1 implies |U| < ¢ — 1. If graph
G has only one vertex when removing subset of vertex U, then |V (G)| =1+ |U| < ¢, a contradiction. If G has

other components excepting U and the isolated vertex, then x(G) < |U| < ¢ — 1, also a contradiction. Thus, we
know that iso(G — U) > 2, and by the definition of I’(G) we have

Ul

I < |—

(@) < iso(G-U) -1
q-iso(G—=U)
iso(G-U)—1

_q-(iso(G-U)—-1)+¢q
B iso(G-U)—-1
- q
B +iso(GfU)71
< 2q.
Therefore, I'(G) < 2q. The proof is completed. O

Remark 2.3. Now, we will state that I'(G) > 2¢ in Lemma 2.3 is all the best possible. We construct a graph

M; = Ksgp V (2¢ + 1)K;. Firstly, this graph admits the condition that |V(Mi)| = 2¢> +2¢+1 > ¢+ 1

and k(M;) = 2¢®> > q. Let U = V(Ky,2). Thus, |U| = 2¢* and iso(M; — U) = 2¢ + 1. By the definition
2

of I'(My), we have I'(M)) = iso(IMllU—‘U)—l - (2q-2+q1)—1

({K1,::q9 <i<2g—1}U{Ka441})-factor since 2¢ + 1 = iso(M; — U) > |TU‘ = 2q.

= g < 2q. Moreover, it is obvious that M; has no
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Lemma 2.4. Let 2 < q (¢ Z%) and G be a graph. If bind (G) > ¢q, then G has a
({K1:q < i < 20— 1} U{Kagi1})-factor.

Proof. Assume that G has no ({K1,;: ¢ <14 < 2q — 1} U {Ka44+1})-factor, then we will show that bind (G) < g.
Because Theorem 2.1, we have a subset U C V(G) such that iso(G — U) > é|U| + i Let %1 be the set of

isolated vertices in G — U and || = ¢1. We can get iso(G — U) = ¢; > 5|U| + é Notice that ¢; > 1 and
[V(G)| > e1 +|U|. Let Y = V(G) \ U. Then Ng(Y) = V(G)\ V(%) # V(G).

[Ne(¥)| _ V(@) —a

bind (G) < =
Y| V(@) = U
‘U| — C1
V(@) = U]
SlJrCl'(‘Z*l)*l
C1
1
=q— — <4q.
a1
Therefore, bind (G) < ¢g. The proof is completed. a

Remark 2.4. For showing the tightness of bind (G) < ¢, we use the graph G} appeared in Remark 2.1. Let
Y C V(Gy) such that Ng, (Y) # V(Gg), then [YNV(K)| < 1. I |YNV(K)| =1, then |[YN(V(G)\V(K))| =0
since N, (Y) # V(Gr). Hence, we have M50 = WG o j 11 [y 0V ()| = 0, then Y C V(Gy) \ V().
Let k1 be the number of independent vertices in Y, i.e., |Y| = k1. Notice that 1 < ky < k41 and [Ng, (V)| = ¢k.
Therefore,

No, (V)| _ gk gk

Y kT k+1
When |Y| =k + 1, we have bind (Gy) = kq—_fl and kEToo bind (Gg) = q.

3. CONDITIONS FOR THE PRESENCE OF PATH FACTOR

Let 3 < g (€ Z%*). A spanning subgraph E of G is a {P,, Pa,41}-factor if all the components of E are
isomorphic to Ps or Py11. We also use four parameters to give the criterions of graph G to have a {Pa, Pag41}-
factor, see Theorem 3.1.

Theorem 3.1. Let 3 < q (€ Z1). G is a graph with |V(G)| > 2¢> +2¢ — 1 and x(G) > $¢* + 2. If G admits
one of the following conditions:

(i) t(G) = £¢%;

(ii) I(G) > 2¢° + 29 — 2;
(i) I'(G) = 2¢* + 49— 4;

. . 6

(iv) bind (G) > 8¢* +2¢ — 2,
then G has a { Py, Pagi1}-factor.

The rest part we will use four lemmas to prove Theorems 3.1 and 3.2 is very useful to our proof:

Theorem 3.2 (Egawa, Furuya and Ozeki [6]). Let 3 < ¢ (€ Z%) and G be a graph. If 3 ;< 1 c2i+1(G=U) <
%|U| for allU C V(Q), then G has a {Py, Pygt1}-factor.

Lemma 3.1. Let 3 < q (€ Z*) and G be a graph with |V (G)| > qu +2q — % If G satisfies t(G) > ng, then
G admits a {Py, Pag41}-factor.
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Proof. Assume that G has no {Ps, Psy41 }-factor, then by Theorem 3.2, there exists a subset U C V(G) such
that > oc;c, 1 2i41(G —U) > %|U| + é- Our aim is to show that t(G) < 2¢*. Recall the definition of
¢(G —U) and ¢9;41(G — U), we can obtain that

) 1
oG-U) = Z 02i+1(G*U)Z@|U|+@' (1)
0<i<g—1
Case 1. ¢(G—-U) >2
If ¢(G—U) > 2, then
|U] (G-U)—1 6, 1 6 o
t(GQ) < < 2P = 22
N e 5 o(G—U) =57 5-¢G_U) 57
Case 2. ¢(G—-U) =
By inequation (1), we have > 5, 1 ¢2i11(G—U) =1and 1 > 6qQ|U| + 6q2, that is, |[U| < S — - Let
c2541(G—U) =1for 0 <5< q—1, then |V(G)| = |U| + 25+ 1< ¢* +2¢ — & which is a contradlctlon.
Therefore, we proved t(G) < ng. O

Remark 3.1. We will give a kind of graphs to show that ¢(G) < qu is tight. Let Hy, = K'V (5k+1)Ky, i.e. Hy,
is a complete graph with order 6¢%k by joining 5k + 1 isolated vertices to each vertex of K’ for k > 1. Clearly,
Hy, has 10 {Py, Pagy1}-factor as 5k + 1= 3, 0,y coip1 (Hy = V(K')) = e1(Hy, — V(K')) > 3|V (K')| = 5k
If U is a vertex set satisfies ¢(Hy — U) > 2, then there must be V(K’) C U. Thus, we have |U| > 6¢*k and
c(Hy — U) = 6¢*k + 5k + 1 — |U|. Hence,

ol |U| . 6¢%k + 5k + 1 >6q2k
c(H,—-U) 62k +5k+1—|U| 6q2k +5k+1—|U| ~ 5k +1

Therefore, we have t(Hy) = ggfl and luf t(Hy) = %qQ.

Lemma 3.2. Let 3 < q (€ Z*) and G be a graph with |V(G)| > $¢®+2¢— 1 and k(G) > S¢*+2- If G satisfies
I(G) > $q* 4+ 2q — 2, then G admits a {Pa, Pag11}-factor.

Proof. Assume that G has no {Pg, Pyi1}-factor. Then, there exists a subset U C V(G) such that
> o<icqg1 C2i41(G—U) > 2 |U| + &= It is sufficient to show that I(G) < 2¢* +2¢ — 2.

Case 1. > i ;c, 1 C2i+1(G—U) > 2

Let boiy1(j) denote the number of elements with the minimum degree j for 1 < j < 2i in G2i41(G = U).
Clearly, we have Z?;l boi+1(4) = ¢c2i41(G — U). Let X; be the set of vertices which are adjacent to the vertex

of minimum degree in every elements of ¢5;11(G — U). Let X = U1 X; and Y = U U X. Therefore, we have
Y| =|U|+ 22;11 Z?Z:lj “bai1(j) and iso(G —Y) > > oo, C2i41(G — U) > 2. Notice that

qg—1 2¢

Z Z] bgﬁ,l Z 21 - Cgprl(G U) Z (2(] — 2) . Cgi+1(G - U)

=1 j=1 1<1<q 1 1<i<qg—1
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Hence,
1Y
1 =
(@) = iso(G-Y)
U+ 528 0 T b ()
T Docicg—1 2it1(G =)
< 2osi<e-1 30721 (G- U) + Eg:_ll Z?;j “b2iy1(J)
> o<i<qg1 C2i4+1(G —U)
2+ > Z?Llj “b2i11(7)
Zogigqq coit1(G=U)
7+ Do<i<q-1(24—2) - €2041(G—U) = (20— 2) - 4
Y o<icq1C2i41(G = U)
(2¢-2)-a
Zogigqq coit1(G=U)

A

< —q% + 29 — 2.
£ +2

Case 2. Zogigq—l coit1(G—=U) = 1.

Notice that 0 < |U| < ng — % since 1 > %|U| + $~ Without loss of generality, let coq—1 = 1. If |[V(G)| =
|U| 4+ 2¢ — 1, then contradict with |V(G)| > qu +2q — % Therefore, there are other components excepting S
and the above component with 2¢ — 1 vertices, that is to say x(G) < |U| < gq2 - %, also a contradiction.

Thus, we proved I(G) < 8¢% +2¢ — 2. O

Remark 3.2. To show that I(G) < £¢%+2¢—2 is tight. We construct a kind of graphs Fj, = K’V (5k+1) K241
for k > 1. K’ is a complete graph with order 6¢?k. This graph satisfies |V (F)| = 6¢*k + (2¢ — 1)(5k + 1) >
gq2+2q—% and x(F}) = 6¢°k > gq2+%~ Clearly, Fy, has no { P, Pyq41 }-factor as Zogigq—l Coit1 (Fr—V(K')) =
Coq—1(Fr—V(K')) > %W(K’)L Let U be a vertex subset such that iso(F—U) > 2, then all vertices in complete
graph K’ must be in U. Then, we have |U| > 6¢%k + (2¢ — 2) - iso(F}, — U) and iso(F), — U) < 5k + 1. Hence,

|U| S 6¢°k + (2q — 2) - iso(Fy, — U)

iso(Fy, —U) — iso(F, — U)
6q%k
= —2 —_—
24 +iso(Fk—U)
64k
>2q—2 .
=T R

Take U’ as V(K'), we have I(Fy) =2q— 2+ Sgikl and klilf I(Fp) =2q—2+ S¢*
— 100

Lemma 3.3. Let 3 < q (€ Z"). Let G be a graph with |V (G)| > 2¢*+2¢— 1% and k(G) > $¢*+ 3+ If G satisfies
I'(G) > 2¢> +4q — 4, then G admits a { P2, Pag41}-factor.

Proof. Assume that G has no {Ps, Pagy1 : g > 3}-factor, we will show that I'(G) < ng + 4q — 4. Because
Theorem 3.2, we obtained a subset U C V(G) such that 3, c2i41(G —U) > %|U| + %- The method
is the same as Lemma 3.2 that we should discuss two cases.

Case 1. > i ;c, 1 c2i+1(G—U) > 2.
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According to the proof of Lemma 3.2, we have
Y
r'G) < SO(G'_L)_I
U]+ 0 S5 5 baiga (4)
Y o<icqo1C2i41(G—=U) =1
D 0<i<q-1 S¢%c2i41(G-U) + S Z?’le boi1 ()
D o<icgo1 C2i41(G—U) =1
5 + 23;11 251:1] “bait1(4)
Y o<icqgo1 C2i+1(G—=U) —1
S+ (20— 2) - Ypcicgor C2ir1(G—U) — (20— 2) - &1
Zogigq_l coit1(G—=U) -1

S+ (2¢—-2)- (Zogigq_l cois1(G—U) — 1) 4+ (20—2)-(1—c1)

Zogigq_l coir1(G—=U)—1

82+ (29— 2)- (1 — 1)

D o<icgo1 C2i41(G—U) =1

12
sgq2+2q—2+(2q—2)~(1—cl)

<

IN

6
:5q2+2q—2—|—

12
< qu + 4q — 4.

Case 2. Eogigqfl CQH_l(G — U) =1.

In this case, we can obtain 0 < |U| < ng - % Then cyq—1 = 1 is one possible way such that

Yo<icg_1C2i+1(G—U) = 1. If [V(G)| = [U| +2¢ — 1, then contradict with [V(G)| > S¢*+2q — L. If there are
other components excepting U and the above component with 2¢ — 1 vertices, then k(G) < |U| < qu — %, a
contradiction.

From the above discuss, we finally get that I'(G) < Lsqu +4q — 4. O

Remark 3.3. Let us show that I'(G) > %qQ 4+ 4q — 4 in Lemma 3.3 is all the best possible. We construct a
graph My = Kg,2 V 6K. Clearly, My has no {Ps, Pag1}-factor as Zogigq—l cip1(My — V(Kgq2)) = c1 (Mo —
V(Keg2)) > 5o |V (Kgq2)|. Also, this graph G satisfies |V(G)| = 6¢> + 6 > 2¢* — 1 4+ 2¢ and &(G) = 6¢ >
8¢> — 1 + 1. Let U be a vertex subset satisfies iso(My — U) > 2, we have V(Kg,2) C U. Take U as V (Kgg2),

2
then I'(Ms) = racty—r = & < 2¢° +4¢ - 4

Lemma 3.4. Let G be a graph and 3 < q (€ Z%1). If G satisfies bind (G) > qu +2q — 2, then G has a
{Ps, Pygy1}-factor.

Proof. Assume that G has no { P, Pag41 }-factor, we have a subset U C V(G) such that Zogigq—1 coir1(G=U) >
%|U|. It is sufficient to prove that bind (G) < ng +2q — 2.
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If ¢; > 1, then we take Y = V(G) \ U. Notice that Ng(Y) = V(G) \ V(C1(G - U)) # V(G) and |V(G)| >
> o<i<q_1(2i+1) - c2i11(G = U) + |U|. Hence,

We(v)
Y]
_ V(@) —a
V(@) - U]
_Wl=e
V(G)| - U
Yocicq1 26 - c2ir1(G=U) — 1
Y o<icq1(2i+1) - c2i11(G = U)
+ 2 0<i<q-1 20720+ 1) - 21 (G - U) — D 0<i<q-1 2% i1 (G-U)—
do<icg_1(2i+1) 21 (G = U)
6 5 Docicg1 2470 c2i1(G—U)+cr
5 Y o<icqo1(2i+1) - c241(G = U)
6 5 ocicg1(2i+1) 21 (G —U) + Fogigor (B¥i =20 — 1) - c2ia(G - U) +
g Y o<icq1(2+1) 2141 (G = U)
Docicgr (B0 =20 1) c2001(G = U) + 1
D o<icg_1(2i+1) - c2i41(G = U)

Since ¢ > 3, it follows that > ., (2¢% — 2i — 1) c2i41(G—U)+c1 > 0. Thus, we can obtain bind (G) <
9¢? in this case.
If ¢; = 0, the following two cases are discussed further.

bind (G) <

<1+

=1

62
_5q

Case 1. Z2§i§q—1 coi+1(G—=U) =0.

Notice that c¢s > 1 since > 5o;<, 4 c2i41(G —U) > %|U| + # and > ;<. 1 c2i+1(G — U) must be an
integer. We firstly consider ¢ = 1. Let T be the component with 3 vertices and v be one of the vertices in T
Because Neg(v) C (T'\ {v}) UU # V(G), we have [Ng(v)| < |T\ {v}| +|U| < ¢ + 2. Thus,

N
{v}
The rest is to consider c¢g > 2. Let Y be a set of all vertices from c3 — 1 elements in €5(G — U). Obviously,
Y| = 3(es — 1). Because Ng(Y) CY UU # V(G), then we have

[Ne(Y)| _ [Y]+|U]
Y = Y|
U] 6q2cs — 1
T bl B T I T B
TS e D
6q%(c3 — 1) +6¢> — 1
15(cs — 1)

ol ©

<§2+
_5q

bind (G) <
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Case 2. ZZSiSq—l coit1(G—=U) > 1.

Notice that there must exist an integer s for 2 < s < g—1 such that co541 # 0 since 22<i<q71 c2i41(G=U) >
1. We can calculate the minimum degree of all elements in %5s41(G —U) and let Ty is the element with the least
minimum degree in $5541(G — U). Let v be the minimum degree vertex in Ts and Y = V(G) \ (S U N, (v)),
then dg(v) < 2s and Ng(Y) C V(G) \ {v} # V(G). We can easily get |Y| = |V(G)| — |U| — |Nr,(v)| and
NG (V)| < [V(G)| — 1. Hence,

|NG(Y)|
Y|
< V(@) -1
~ V(@) = |U| = [N, (v)]
|U| + [Nz, (v)] = 1
V(G)| = [U] — [Nz, (v)]
Do<icg 1 84° - c2ir1(G = U) + [Nz, (v)] = 1

bind (G) <

=1+

<1+ -
Eogigqfl(% +1) - 241(G = U) — |Nr, (v)]
8 Tosig B (G- U) — (3 +1) [N ()] 41
5 > 0cicq1(2i + 1) - c2i41(G — U) — [N, (v)]
T (IN2. ()] = Cocicgor 20 c2i1(G = U)) + N7, (v)] — 1
B > ocicg1(2i + 1) c2i41(G —U) — [N, (v)]
6
< 2¢*+ N5, ()]
6
< ng +2q — 2.

In the penultimate equality, we use the fact that [N, (v)| = <;c, 1 20 c2i41(G=U) < 0and 3 ;4 (2i+
1) - c2i+1(G = U) — [N, (v)] > 1.
Therefore, we have bind (G) < ng +2q — 2. O

Remark 3.4. We will show that bind (G) < ng + 2q — 2 in Lemma 3.4 is all the best possible. We construct

a graph M3 = Kggs V (5¢ + 1) K. By the definition of bind (M3), let Y be a vertex set that containing all the

independent vertices in Ms, then |Y| = 5¢ + 1. It is obvious that bind (M3) = w = ;’f—jl < % +2q—2.

Moreover, graph M3 has no {Pa, Pag41 }-factor since 5q + 1 = ¢1(Ms — V(Kggs)) > %|K6q3| = 5q.

4. CONCLUSION

In this contribution, we have shown some sufficient conditions of G for having
({K1,:9<i<2g—1}U{Ksgt1})-factor and {P,, Pyy41}-factor, respectively. But note that each remark
came after each lemma can only tell us that the value we obtained is the best upper bound when graph G has
no ({Ki,;:q<i<2q—1}U{Kog1})-factor and {Ps, Pag+1}-factor, respectively. Because the Theorems 2.1
and 3.2 are only the sufficient conditions.
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