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GRAPHS WITH UNIQUE MINIMUM VERTEX-EDGE DOMINATING SETS

B. SENTHILKUMAR!, M. CHELLALI?, H. NARESH KUMAR!
AND YANAMANDRAM B. VENKATAKRISHNAN!*

Abstract. A vertex u of a graph G = (V, E), ve-dominates every edge incident to u, as well as every
edge adjacent to these incident edges. A set S C V is a vertex-edge dominating set (or a ved-set for
short) if every edge of E is ve-dominated by at least one vertex of S. The vertex-edge domination
number is the minimum cardinality of a ved-set in G. In this paper, we investigate the graphs having
unique minimum ved-sets that we will call UVED-graphs. We start by giving some basic properties of
UVED-graphs. For the class of trees, we establish two equivalent conditions characterizing UVED-trees
which we subsequently complete by providing a constructive characterization.
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1. INTRODUCTION

Let G = (V, E) be a simple graph with vertex set V' and edge set E. The order of a graph G denoted by n is
the number of its vertices |V|. For every vertex v € V, the open neighborhood N (v) is the set {u € V | uv € E}
and the closed neighborhood of v is the set N[v] = N(v)U{v}. The degree of a vertex v of G is dg(v) = |Ng(v)|.
A vertex of degree one is called a leaf and its neighbor is called a support vertex. If P is a path in G with
endvertices x and y such that x is a leaf and y is a vertex of degree two in G and is the only vertex of P adjacent
to some vertex z of V(G) — V(P), then z is said to be adjacent to P. A trivial graph is a graph containing only
one vertex. A star of order n > 2, denoted K ,_1, is a tree with one distinguished vertex of degree n — 1, and
the remaining vertices are all of degree one and are adjacent only to the distinguished vertex. A subdivided star
is obtained from a star K , (p > 2) by subdividing each edge by exactly one vertex. A path joining two vertices
x and y is called a (x,y)-path. The distance dg(z,y) between two vertices z and y in a connected graph G is
the number of edges in a shortest (z,y)-path. The diameter of a connected graph G, denoted diam(G), is the
maximum distance between two vertices. A diametral path of a graph G is a shortest path whose length is equal
to diam(G). In Section 4, we consider rooted trees distinguished by one vertex r called the root. For a vertex
v # 1 in a rooted tree T, the parent of v is the neighbor of v on the unique (r,v)-path, while a child of v is
any other neighbor of v. A descendant of v is a vertex w # v such that the unique (r, w)-path contains v. The
mazximal subtree at v denoted by T, is the subtree of T induced by v and all its descendants. The depth of v is
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the largest distance from v to a descendant of v. If G = (V, E) and v € V, then the subgraph obtained from G
by removing v and all edges incident with v is denoted by G — v. Also, if e € F, then the spanning graph of G
resulting from the removal of e will be denoted by G — e.

A vertex u € V is said to ve-dominate an edge vw € E if: (i) u = v or u = w, that is, u is incident to vw or
(ii) wv or uw is an edge in G, that is w is incident to an edge that is adjacent to vw. In other words, a vertex
u ve-dominates the edges incident to vertices in N[u]. A set S C V is a vertez-edge dominating set (or simply
a ved-set) if for all edges e € E, there exists a vertex v € S such that v ve-dominates e. The property for a
subset of V' to be ved-set is super-hereditary, that is, every superset of a ve-dominating set is a ve-dominating
set. A ved-set S is minimal if, for every vertex v € S, S — {v} is not ved-set in G. The minimum cardinality of
a ved-set of G is called the vertez-edge domination number v,e(G). A ved-set of G with cardinality ~,.(G) is
called a 7y,e(G)-set. It is noteworthy that if D is a v,.(G)-set, then the set V(G) — N[D] is independent, that
is no two vertices of V(G) — N[D] are adjacent. Also, a ve-dominating set of a graph G need not to contain
vertices of degree 0 nor to ve-dominate them, and therefore the graphs considered in this paper are assumed to
be without isolated vertices. The concept of vertex-edge domination was introduced by Peters [13], and further
studied in [2,10-12,15].

Our goal in this paper is to investigate the graphs having unique minimum ved-sets and call such a graph a
UVED-graph. We start by giving some basic properties of UVED-graphs. Restricted to the class of trees, we
establish two equivalent conditions that characterize UVED-trees. Moreover, a constructive characterization of
UVED-trees is also provided. It is worth noting that Gunther et al. [8] were the first to study such graphs with
respect to the domination number and who also gave a characterization of the trees having unique minimum
dominating sets. Subsequently, the graphs having a unique set for some domination parameters have been
studied for several classes of graphs (for example, see [1,3-7,9,14]).

2. PRELIMINARY RESULTS

Before presenting the main results of this section, we give some additional definitions. A vertex v € S C V
has a private edge e = uw € E (with respect to a set .S), if: (i) v is incident to e or v is adjacent to either
w or w, and (ii) for all vertices z € S — {v}, x is not incident to e and x is not adjacent to either w or w. In
other words, v ve-dominates the edge e and no other vertex in S ve-dominates e. Let pe(v, .S) denote the set of
private edges of v with respect to S.

The following result on the minimality of ved-sets was given in [2].

Proposition 1 ([2]). Let S be a ved-set of a nontrivial connected graph G. Then S is a minimal ved-set if and
only if every verter v € S has at least one private edge with respect to S.

Since every 7,.(G)-set S is minimal, by Proposition 1, every vertex v € S has at least one private edge. But
such a private edge is incident with either v or a vertex adjacent to v. Consequently, as defined in [2], a vertex v
in a v,.(G)-set is said to be of Type-1 vertex if all its private edges are incident with v, and is of Type-2 vertex
for otherwise. Therefore, we can consider pe; (v, S) as the set of all private edges of v with respect to S that are
incident with v and let pes(v,S) =pe (v, S)—pe;(v,S). Moreover, for every vertex v € S, let Ag(v) be the set
of vertices in N (v) that are incident with edges in pes(v, S). Clearly a vertex v in a v,.(G)-set S is of type-2 if
and only if Ag(v) # 0.

The first result we establish gives a necessary condition for UVED-graphs.

Proposition 2. If G is a graph with a unique v,.(G)-set D, then for every vertexv € D, |Ap(v)| > 2.

Proof. Assume for a contradiction that D contains a type-1 vertex v. Since D is minimal and v is of type-1,
all private edges of v with respect to D are incident with v. Hence all edges (if any) incident with N(v) but
pe1(v, D) are ve-dominated by D — {v}. Therefore for any vertex « € N(v), the set {x} U D — {v} is a second
Yve(G)-set, a contradiction. Hence no vertex of D is of type-1, that is for every vertex v € D, |Ap(v)| > 1. Now
if |Ap(v)| = 1 for some vertex v € D, then Ap(v) U D — {v} is a second 7,e(G)-set, a contradiction, which
completes the proof. O
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Note that the converse of Proposition 2 is not true as it can be seen by considering the complete bipartite
graph Ky 3 with partite sets X = {x1, 22} and Y = {y1, y2, y3}. Then each {y;} is a v, (G)-set with Ay, (y:) =
{z1, z2}, and thus each {y;} satisfies the property of Proposition 2, however G does not have a single 7, (G)-set
but three.

Proposition 3. Let D be a v,.(G)-set of a graph G. If vye(G — v) > Y4 (G) for every vertex v € D, then D is
the unique vy (G)-set.

Proof. Assume that D is not the unique 7,.(G)-set, and let D’ be a 7v,.(G)-set different from D. Let = be a
vertex of D — D’. Since D’ ve-dominates G, it also ve-dominates G — z. Therefore, |D'| > v,.(G — ) and since
Yoe(G — &) > Ype(G), we obtain that |D’| > v,.(G), which leads to a contradiction. O

We note that the converse of Proposition 3 is not true as it can be seen by the graph G obtained from a cycle
Cs whose vertices are labeled in order x1,xs,...,xs by adding a new vertex y and edges yx1, Y4, T422 and
x426. One can easily see that G has a unique 7,.(G)-set D = {x4} while 1 ve-dominates all edges in G — 4.

In the following we will see the effect of the deletion of any vertex on the ve-domination number of a graph
G having a unique 7, (G)-set.

Proposition 4. Let G be a graph with a unique Y,o(G)-set D. Then for every & D, vye(G — ) = Y4 (G).

Proof. We first note that removing any vertex ¢ D also leads to the removal of all edges incident with x, and
thus D remains a ved-set of G — x. Therefore, v,.(G — ) < Y,(G) for every z ¢ D. To get equality as desired,
let us assume that v, (G — ) < 7,e(G) for some vertex = ¢ D. Hence all edges in G — x are ve-dominated by a
set of vertices D' with |D’| < 4,e(G). But then D' U {x} is a v, (G)-set different from D which contradicts the
uniqueness of D. Consequently, 7,e(G — ) = Y,e(G) for every x ¢ D. O

Proposition 5. Let G be a graph with a unique v,.(G)-set D. Then for every x € D, vye(G — ) > Ype(G).

Proof. Notice first that the uniqueness of D implies that every vertex in D is incident with at least two edges.
Now, suppose to the contrary that v,e(G — ) < Ype(G) for some vertex € D. Since all edges in G — z are
ve-dominated by a set of vertices D" with |D’| < v,.(G), it follows that for any neighbor y of z in G, D' U{y} is
a Yye(G)-set different from D which contradicts the uniqueness of D. Therefore, v,.(G — ) > 7,¢(G) for every
z e D. (I

3. EQUIVALENT CONDITIONS FOR UVED-TREES

Our aim in this section is to show that the two conditions given in Propositions 2 and 3 characterize unique
minimum ved-sets in trees. Since we are dealing with trees, the following observation is essential.

Observation 6. Every UVED-tree T has diameter at least four.

Proof. If T has diameter one or two, then any vertex of T' forms a minimum ved-set of T', and if T has diameter
three, then any support vertex forms a minimum ved-set of T. Any case contradicts the fact that T' is a UVED-
tree. (I

As a consequence of Observation 6, the path on five vertices is the smallest UVED-tree. Now we are ready
to state and prove the main result of this section.

Theorem 7. Let T be a tree of order at least 5. Then the following conditions are equivalent:

(i) T has the unique vy (T)-set D.
(ii) T has a vype(T)-set D such that for every vertex v in D, |Ap(v)| > 2.
(iil) T has a Yyye(T)-set D for which vype(T — v) > Yo (T) for every vertex v € D.
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Proof. (i) = (ii) follows from Proposition 2, and (iii) = (i) follows from Proposition 3. To complete the proof
we will show that (i) = (iii) and (ii) = (i).

(i) = (iii): Assume that T has the unique v, (T)-set D, and let us show that v,e(T — v) > Y, (T) for every
vertex v € D.

By Proposition 2, every vertex v € D satisfies |[Ap(v)| > 2. We fix some vertex € D, and let Ap(z) =
{z1,29,...,2p} and Bp(z) = N(z)—Ap(z) = {y1,v2,...,y+}, where p > 2 and t > 0. For each z;, let T, be the
the component of T'—x containing x; and let T}, be defined similarly for each y;. Moreover, let D,, = DNV (Ty,)
and D,, = DNV (T,,). Of course,

P ¢
Yoe(T) = DI =14 ) Do+ D 1Dy, |- (1)
i=1 i=1

Let z; € Ap(z) for some i. Assume first that T, is a tree such that D,, = @. Then T,, must be a star
centered at x;. In this case, it is quite clear that v,e(Ty,) = 1 > |Dy,| = 0. Hence we can assume that Ty, is a
tree for which D,, # 0, that is T}, is not a star. Note that every vertex z € D, satisfies ‘AD } > 2 but Dy,
does not ve-dominate all edges of T}, since at least one edge incident with x; belonged to pesg (:U D). Moreover
Yoe(Tz;) > |Dg,| (otherwise for any vy (T%,)-set, say D/, the set (D — D,,) U D, would be a ved-set of T
smaller than D). We claim that v,e(T%,;) > |Da,| + 1. Suppose to the contrary that Yoe(Tw;) = | Dy, |, and let
D! be a vyo(Ty,)-set. As mentioned above, since at least one edge incident with x; belonged to pes(x, D), i
follows that Dy, # D,,. But then (D — D,,) U D} would be a second 7,.(T)-set, contradicting the uniqueness
of D. Hence in either case, Vye(Ty;) > |Dy,| + 1 for every i € {1,...,p}.

Now, let y; € Bp(x) for some 4. If V(Ty,) = {y;}, then v,.(Ty,) = 0 = |D,, (Ty,) # {v:}, then using the
same argument as above we can see that v,e(Ty,) > |Dy,|. Consequently and by using (1) we get
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since p > 2.

(ii) = (i): Let T be a tree having a v,.(T")-set D such that every vertex v in D, |Ap(v)| > 2. To prove the
uniqueness of D, we will use an induction on the order n of T. By Observation 6, the base case is the path Ps.
Let T be a tree of order n and assume that the result is true for every tree of order less than n. Let T be a
tree having a 7,.(T)-set D such that for every vertex v in D, |Ap(v)| > 2. Assume first that D contains two
adjacent vertices x and y. Let T}, and T, be the components of T' — xy containing = and y, respectively. Note
that since zy € E(T), no edge incident Wlth x or y is a private edge of any vertex of D. Also since |Ap(v)| > 2
for every v € D, each of T, and T}, has order at least 5. Let D, = DNV (T) and Dy = DNV (T,). If D, is not a
Yoe (T )-set, then for any 7y,e( gc)—set Sz, Sz UD, would be a ved-set of T of size |S UD,| < \D |U|D,| = |D|,
a contradiction. Hence D, is a 'yve(Tx)—set and likewise D, is a vye(T})-set. In addition, each v € D, (resp.
D,) satisfies |Ap, (v)| > 2 (resp. ‘AD )‘ 2). By the induction hypothesis on T, and T}, leads that D, is
a unique vy (Ty)-set and D, is a unique v, (T}, )-set, respectively. To show that D is the unique vy (T')-set,
suppose that T" has a second 7,¢(T)-set D', and let D' N V(1) = D;, and D' N V(T,) = D;. If z,y € D', then
the uniqueness of D, and D, implies that D’w = D, and D; = D,. Thus D' = D contradicts D" # D. Assume
now that x,y ¢ D’. Then D! is a ved-set of T, but not a v,.(T})-set because of the uniqueness of D,. Hence
|D| > |Dz| + 1. Likewise, Dy is a ved-set of T, but not a 7,.(Ty)-set because of the uniqueness of Dy, and thus
|Dy| > [Dy| + 1. It follows that

|D'| = |D;| + |Dy| = |Do| + Dyl +2 > | D],
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a contradiction. Finally, we can assume, without loss of generality, that ¢ D’ and y € D’. Thus = ¢ D/, and
y € D). Then D), is a ved-set of T, and so |D},| > |D,|, since D, is a v,c(T,)-set. Notice that D/, can be or not
a ved- set of T, and this depends on whether or not the vertex x belongs or not to Ap/(y). Consequently, the
uniqueness of D, with the fact that € D, imply the following: if D/, is a ved-set of Ty, then |D.| > |D,| + 1,
while if D! is not a ved-set of Ty, then by item (iii) (already proved) Yye(To—2) > Yve(Ty), that is | D} | > |Dy|+1.
In either case, we obtain that

\D| = D] +|D}| > |Da| + D, | = |,

a contradiction. Therefore, D is the unique 7, (T)-set.

From now on, we can assume that no two vertices of D are adjacent. Since the result is true when |D| = 1,
we can therefore assume that |D| > 2. Hence the distance between any two vertices of D is at least 2. Moreover
there must exist in D two vertices, say u and w at distance at most 4, for otherwise some edge of T is not
ve-dominated. Three possible situations are to be considered.

Case 1. dp(u,w) = 3.

Let 2 and y be two adjacent vertices such that x € N(u) and y € N(w). Hence z,y ¢ D and the edge xy is not
a private edge of neither u nor v. Let T}, and T}, be the components of T' — xy containing = and y, respectively.
Each component of T'— zy has order at least five, since each vertex v of D has |Ap(v)| > 2. Let D, = DNV(T,)
and D, = DNV (Ty). Then D, is a ved-set of T, and likewise D, is a ved-set of T},. Moreover, if T, has a ved-set
D} smaller than D,, then D} U D, would be a ved-set of T' smaller than D, a contradiction. Hence D, is a
%e(T )-set and similarly D, is a %G(Ty)—set. In addition, each vertex v € D, (resp. D,) keeps in T, (resp. T})
the property |Ap, (v)| > 2 (resp. |AD | 2). By the induction hypothesis on T, D, is a unique 7y (1% )-set
and Dy is a unique 7,¢(Ty)-set. To show that D is the unique v,e(T)-set, let us assume that D’ is a second
Yve(T')-set. Let D) = D' NV (T,) and D, = D" NV (T,). Suppose that x € D;. Then from the uniqueness of
D, with the fact that z ¢ D, we deduce that |D;| > [D.|+ 1. Now, if D} is a ved-set of T, then |D}| > Dy,
while if Dy is not a ved-set of T, then as x ve-dominates all edges incident with y, Dy is a ved-set of T'—y. But
for the latter case, the uniqueness of D, yields by (T, — y) > Ype(Ty) = |Dy|. Hence
in either case, we have ‘D’} > |Dy|. Therefore |D'| = |DL| + ‘D’! > |D |+ 1+ |Dy| > |D|, a contradiction.
Hence z ¢ D; and by symmetry y ¢ D, . Since D’ is assumed to be different from D, we must have either
D! # D, or D # D,. Without loss of generahty, let D! # D,. The uniqueness of D, leads again to the fact
|D.| > | Dy H—l. Consequently, |D'| = |D}|+ |Dj}| > |Dy|+1+|Dy| = |D|+1, a contradiction, which completes
this case.

Case 2. dr(u,w) = 4.

We will assume in addition that the (u,w)-path contains no other vertex of D, for otherwise each of u and
v will be at distance 2 from some vertex in D, and this case will be considered subsequently. Hence let utxyw
be the such a path joining the vertices u and w. Observe that z,y ¢ D, N(y) N D # 0 and the edge xy is
ve-dominated by w. We can assume further that N(z) N D = (), for otherwise for any vertex z € N(z) N D, we
have dp(z,w) = 3 which leads us to the previous case. Now, consider the subtrees T, and T, of T defined as
follows: T}, is the component of T' — zy containing x and T, is the component containing y obtained from 1" by
removing all edges incident with = except zy. Note that x belongs to each of T, and T, and z is a leaf in T,,.
Let D, = DNV (T;) and D, = DNV (Ty). Then D, (resp. D,) is a ved-set of T, (resp. Ty). Moreover, if T}, has
a ved-set D* smaller than DI7 then D* U D, would be a ved-set of T' smaller than D, a contradiction. Hence
D, is a Yye(Ty)-set. A similar argument shows that D, is also a 7y,e(Ty)-set. On the other hand, each vertex
v € Dy (resp. Dy) keeps in T, (resp. T,) the property |Ap,(v)] > 2 (resp. ‘ADy (v)‘ > 2). By the induction
hypothesis on T, D, is a unique ~yye (T} )-set and similarly D, is a unique 7,¢(Ty)-set. Notice that « ¢ D, and
N(z)N D, = 0. To show that D is the unique 7,.(T)-set, let us assume that T has a second 7y (T)-set D’. Let
D'nV(T,)= D, and D'NV(T,) = D,

Suppose that z or any neighbor of x except y belongs to D', and thus particularly to D’. Then D, is a
ved-set of Ty, and since the edge zy has been chosen such that x ¢ D and N(z) N D = (), we deduce from the
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fact D, is a unique v,¢(7%)-set that | D} | > [D.[+ 1. Moreover, D; ve-dominates all edges of T}, except possibly
the edge xy. More precisely:

(a) * € D' or y € D" and thus x € D, or y € D,. Then using the fact that neither x nor y belongs to D, and
thus to Dy, we deduce from the uniqueness of D, that |Dj}| > |D,|+ 1.

(b) z ¢ D' and y ¢ D" but N(y) N D" # 0, and thus N(y) N D, # 0. Then D; is a ved-set of T, and so
|Dy| 2 1Dy -

(c) ¢ D"and y ¢ D" and N(y) N D’ # (), and thus N(y) N D; # 0. Then D; ve-dominates all edges of T,
except zy, that is all edges of T}, — z. Hence 7y, (T — ) < |D;| Now, since D, is a unique v, (T, )-set and
x ¢ Dy, by Proposition 4, v,e(Ty, — ) = Yve(T}), and therefore | D}, | > |D,|.

Note that the vertex = can be counted twice if (a) occurs, once in D/, and once in D, . But regardless the
situation (a), (b) or (c) that occurs, we have |D'| = |D}|+|D; | > |Dy|+1+|D,| > |D| yielding a contradiction.

In the following, we can suppose that neither x nor any neighbor of  other than y is in D!. Then D; is a
ved-set of T" and so |D§I| > |D,|. However, because of the uniqueness of D, with the fact that y ¢ D,, the
inequality ‘D?’!‘ > |Dy| becomes strict if y € D;. Consider the two cases depending on whether y belongs to D
or not.

Firstly, suppose that y € D;. Then |D;‘ > |Dy| + 1. Since all edges incident with x are ve-dominated by v,
we conclude that D! ve-dominates all edges of T, — x, and thus ~,.(T, — ) < |DZ|. Using the uniqueness of
D, and the fact that x ¢ D,, Proposition 4 implies that v,(T; — ) = Ype(T:) and so |D| > |D,|. Therefore
|D'| = |D,| + |D;| > |Dz| + |Dy| 4+ 1> |D|, a contradiction.

Secondly, suppose that y ¢ D;. Recall the assumption that neither x nor any neighbor of x other than y
is in D},. This assumption with the fact y ¢ D; imply that D; is a ved-set of T, and the edge xy cannot be
ve-dominated by no vertex of D; . It follows from this fact that D] is a ved-set of T,,. Since D’ is assumed to be
a Yye(T)-set different from D, we must have either D!, # D, or D; # D,. The uniqueness of D, and D, leads
to have |D/,| > [Dg| + 1 or |D}| > |D,|+ 1. In either case, we obtain |D'| = |D/,|+ |D}| > |Dy| + |Dy| = |D|, a
contradiction.

Case 3. dp(u,w) = 2.

Let ¢ D be a be a common neighbor of u and w. Observe that no edge incident with z is a private edge of
any vertex of D and so z belongs to no Ap(v) for any v € D. To avoid the previous case, we can assume that
every neighbor of z not in D (if any) is a leaf. Let N(x) N D = {uy,us,...,u}, where t > 2. Delete all edges
zu,; of T and let T,,, denote the component containing u,; and let 7, be the remaining component containing x.
Note that T}, is either a tree of order one or a star of order at least two. Also each T, has order at least five
(since each vertex v of D satisfies |Ap(v)| > 2). Let D; = DNV (T,,) for each i € {1,ldots,t}, and notice that
D, =DnV(T,) = 0. Then each D; is a ved-set of T,,. Moreover, if T,,, has a ved-set D} smaller than D;, then
DyU(D— D;) would be a ved-set of T smaller than D, a contradiction. Hence each D is a 7,¢(T;)-set containing
in particular u;. On the other hand, each vertex v € D; keeps in T,,, the property |Ap,(v)| > 2. By the induction
hypothesis on each T,,, D; is a unique 7y (7%, )-set. It remains to show that D is the unique 7, (T")-set. For
this purpose, assume that T has a second 7, (T)-set D’. Let D, = D' NV (T,,) for each i € {1,ldots,t} and
D!, = D'NV(T,). Since |D.| < 1, we will assume that « € D/, if D, # (.

Suppose first that « € D.. If u; € D}, then D} is a ved-set of T,,,, and thus |D}| > |D;|. The minimality of D’
implies that for some index j, u; ¢ D} (otherwise D" — {x} would be a ved-set of T'). Now if D’; ve-dominates
Ty, , then ’D;‘ > |Dj |. If D;» does not ve-dominates Ty, then it is a ved-set for T, —u; and thus the uniqueness

of D; yields by Proposition 5,
that |D;| > |D;| for every i € {1,...,t}. It follows that

D;’ > Yoe(Tu; —u5) > Yoe(Tu,;) = |Dj|. Therefore in either case, we can assume

J

t t
ID'| =1+ |Dj| > 1+ |D;| =1+|D],

i=1 i=1
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a contradiction. Hence we can assume that « ¢ D/, and so D/, = (. Since each Dj is a ved-set of T,,,, we have
|Di| > |D;| for every i. Moreover, since D' is assumed to be different from D, we must have D} # D; for some

j. The uniqueness of D; implies that |D;’ > |D;| + 1. It follows that

t t
D'l =3 IDi| =1+ |Di| =1+ D],
i=1 i=1
a contradiction too. Therefore D is the unique 7,.(T')-set and the proof is complete. (I

4. CONSTRUCTIVE CHARACTERIZATION OF UVED-TREES

Our aim in this section is to provide a constructive characterization of the UVED-trees. For this purpose, we
introduce the family H of trees T' = T}, that can be obtained as follows. Let T be the path Ps with center vertex
. If p > 2, then T;4; can be obtained recursively from T; by one of the operations defined below. Moreover,
for each tree T; three sets will be defined, namely Ro(T;), Ri(T;) and Ro(T;), starting with Ro(T1) = {z},
R1(Ty) = N(x) and Ro(Th) = V(T1) — N[z]. For ease of presentation and if no confusion arises, we will simply
write Ry, R} and R} instead of Ro(T;), R1(T;) and Ra(T;), respectively.

e Operation O;: Assume w is a vertex of R U Ri. Then T, is obtained from T; by adding a new vertex v
and the edge wv. Let Ri™ = Ry, Ri™" = R} and either Ry = Ry U {v} if w € R} or Ry = R} if w € RY.

e Operation Oy: Assume w is a vertex of R} adjacent to two paths P,. Then T, is obtained from T} by
adding a path Py : uv and the edge wv. Let RGT = Ry, Ri™ = R} U {v} and RE™ = R U {u}.

e Operation O3: Assume w is a vertex of R. Then T}y, is obtained from 7T; by adding a path P; : abed and
the edge wa. Let R,™ = R) U {b}, Ri™" = R U {a,c} and Ry™" = Ry U {d}.

e Operation O4: Assume w is either a leaf or vertex of Ri. Then T}, is obtained from T; by adding a path
Ps : abede and the edge wd. Let R5™ = R U {c}, R = R, U {b,d} and R5™ = Ry U {a,e}.

e Operation O5: Assume w is a vertex of Rjy. Then T}, is obtained from T; by adding a path Ps : abcde and
the edge we. Let Ry = Ri U {c}, RYT™ = R, U {b,d} and R5T = R U {a,e}.

e Operation Og: Assume w is a vertex of T;. Then T;, is obtained from T; by adding k& > 1 disjoint paths
Ps : ajbjcjdje; and a new vertex y and the edges yw, yc; for every j. Let RE'JH = RjU{cy,...,cp}, R =
RiU{y,b1,dy,....,by,dy.} and Ry™ = Ry U {ay, €1, ..., ap, ex}.

We note that from the way a tree T' € H is constructed, the set Ro(T') is a ved-set of T. Also the sets
Ro(T), R1(T) and Ry(T) are disjoint. Moreover, every support vertex in T belongs to Ro(T) U Ry(T), while
every leaf in T belongs to Ra(T) except for those added by Operation O; and attached to the vertices of R}
which do not belong to the set R; for any j € {0, 1,2}. Finally, for all ¢, no vertex in R} has a neighbor in Rj.

Observation 8. If T' is a tree of diameter at least two, then there exist a 7,e(T")-set which contains no leaves.

In the rest of the paper, we shall prove the following. But for the sake of presentation we will split the proof
into two propositions.

Theorem 9. A tree T is a UVED-tree if and only if T € 'H.
Proposition 10. If T € H, then Ro(T) is the unique v, (T')-set.

Proof. Let T € 'H. Then T can be obtained from a sequence T4, T, ..., T, (p > 1) of trees, where T3 is the path
Ps, T =1T,, and, if p > 2, T4 can be obtained recursively from 7} by one of the six operations defined. We use
the terminology of the construction for sets R}, Ri and R} as well as the same designation of the vertices used
in the definition of each operation. If p = 1, then T'= P5 and R (71) is the unique ~,.(T")-set. This establishes
our base case.
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Let p > 2 and assume that the result holds for all trees T' € H that can be constructed from a sequence of
length at most p — 1, and let 7" = T,,_;. Applying our inductive hypothesis to T’ € H shows that Ro(Z"”) is the
unique vy, (T")-set. If T' is obtained from 7" using Operation O1, then v, (T) = Ve (T") and Ro(T") = Ro(T) is
the unique 7,.(T")-set. Hence let us examine the following five cases.

Case 1. T is obtained from 7" using Operation O,.

Since w € Ro(T"), Yue(T) < Yue(T"). The equality vpe(T) = Ype(T”) follows from the fact that T has a
Yve(T)-set that contains w and neither v nor v. Now if T has a 7,.(7T)-set S containing u or v, then w ¢ S
and thus replacing u or v in S by some neighbor of w in T” provides a v,.(T")-set different from Ry(T"), a
contradiction. Hence no +,(7")-set contains u or v and so w belongs to every 7,.(T)-set. Since Ro(T") is the
unique vy (T")-set, Ro(T) = Ro(T") is also the unique 7, (T)-set.

Case 2. T is obtained from T using Operation Os.

Since Ro(T") U {b} is a ved-set of T, ype(T) < Ype(T”) + 1. The equality Y4e(T) = pe(T”) + 1 follows from
the fact that there is a 7, (T)-set that contains b and no vertex of {a,c,d}. Hence Ro(T) = Ro(T') U {b} is a
~ve(T')-set. Now, suppose that D is a second v, (T)-set different from Ry(T). Then |D N {a,b,c,d}| € {1,2}.
If |IDN{a,b,c,d}| = 2, then certainly the set Dy = {b,w} U (D — {a,b,c,d}) is also a y,.(T)-set. In this case,
Dy NV(T) is a Yye(T")-set different from Ro(T"), since it contains w, which contradicts the uniqueness of
Ro(T"). Hence |D N{a,b,c,d}| = 1. If b € D, then obviously D — {b} = DNV(T") is a vyye(T')-set. But since
b€ Ry(T) N D, it follows that D NV (T") # Ro(T") yielding a second ~,.(T")-set for T”, a contradiction. Thus
let b ¢ D. Then a ¢ D, else the edge cd is not ve- dominated by a, and thus {c,d} N D # (. Whatever the
vertex of {c,d} belonging to D, w or one of its neighbors in 7" must be in D to ve-dominates the edge aw.
Since neither w nor its neighbors in 7" are in Ry(1”), we deduce that D NV (T”) is a v, (T")-set different from
Ry(T"), a contradiction. Therefore Ry (T') is the unique v, (T)-set.

Case 3. T is obtained from T using Operation O,.

The inequality Y4e(T) < Ype(T”) + 1 is obtained from the fact that Ro(T”) U {c} is a ved-set of T, and the
equality vue(T) = Ype(T") + 1 follows from the fact that there is a v,(7T')-set that contains ¢ and no vertex of
{a,b,d,e}. Hence Ro(T) = Ro(T")U{c} is a Yye(T)-set. Now, let D be a second vy, (T')-set different from Ry (7).
Then |D N {a,b,c,d,e}| € {1,2}. If |D N {a,b,c,d,e}| = 2, then the set D1 = {c,w} U (D —{a,b,c,d,e}) is also
a Yye(T)-set. In this case, D1 NV (T") is a e (T")-set different from Ry(T"), since it contains w, contradicting
the uniqueness of Ry(7”). Hence |D N {a,b,c,d,e}| = 1. If ¢ € D, then since ¢ € Ro(T) N D, we must have
DNV(T") # Ro(T"), which leads again to a contradiction with the uniqueness of Ro(7T"). Therefore, let ¢ ¢ D.
Then to ve-dominate the edge ab, we must have {a,b} N D # ), and thus w € D to ve-dominate the edge de. It
follows that DNV (T”) is a Y, (T")-set different from Ry (T"), since it contains w, a contradiction. Consequently,
Ry (T) is the unique 7ye (T')-set.

Case 4. T is obtained from T’ using Operation Os.

The equality Yye(T) < Ype(T”) + 1 follows from the fact that Ro(T) = Ro(T") U {c} is a ved-set of T. To show
the equality, suppose that v,e(T) < Ype(T”) + 1, and let S be a v, (T)-set that contains ¢ and neither a, b, d nor
e. Notice that such a set exist. If Np/[w] NS # 0, then S — {c} is a ved-set of T’ and thus by our assumption
we get

,YUE(T/) S |S| -1= Vve(T) -1< Vve(Tl)a

a contradiction. Hence N [w] NS = @. Let w* be a neighbor of w in T”. Then the set S’ = {w*} US — {c} is a
ved-set of T' and thus by our assumption we get

7ve(T/) < |Sl| =[5 = 1e(T) < ’YUE(TI) +1,

which leads to the fact that S’ is a v,.(7”)-set containing w* but not w, contradicting Ro(7”) is the unique
Yoe(T")-set. Therefore v, (T) = Voo (T') + 1 and thus Ro(T) = Ro(T") U{c} is a vy (T)-set.
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To show that Ro(T) is the unique 7y (T')-set, let D be a second 7,e(T')-set. As seen in the previous cases, if
|DN{a,b,c,d,e}| > 2, then we can construct a 7,.(T”)-set different from Ry (7") which leads to a contradiction.
Hence |D N{a,b,c,d,e}| = 1. To ve-dominate the edges ab and de, we must have ¢ € D. Now, if w € D, then
since ¢ € Ro(T) N D, we must have D NV (T") # Ro(T’) implying that D NV (T") is a yye(T")-set different
from Ry(T"), a contradiction. Hence we assume that w ¢ D. Since ¢ ve- dominates all edges of 7" incident with
w, we deduce that DNV (T") is a ved-set of T' — w, and thus |[D NV (T")| > vyue(T’ — w). Now since T” is a
UVED-tree, by Theorem 7, Yy (T" —w) > e (T”). Consequently, |[D| = 1+ [DNV(T")| > 1+ 5e(T") = Ye(T),
a contradiction. Therefore Ry (T') is the unique v, (T)-set.

Case 5. T is obtained from 7" using Operation Og.

The equality Yye(T) < Ype(T”) + k follows from the fact that Ry(T) = Ro(T")U{c1,...,cr} is a ved-set of T.
On the other hand, since T" has a v,.(T')-set that contains each ¢; and neither y nor any a;, b;,d; and e;, such
a set by removing ¢y, ..., ¢ is a ved-set of T" and 80 Ve (T") < Ywe(T") — k. Consequently, Yy (T) = Yo (T7) + k
and Ro(T) = Ro(T") U{c1,...,cx} is a ype(T)-set.

To show that Ry(T) is the unique 7, (7T')-set, let D be a second 7,¢(T)-set. Then |D N {a;,b;,c;,dj,e;}| > 1
for every j. Once again, as we have already seen in the previous cases, if |D N {a;,b;,¢;,d;,e;}| > 2 for some
J, then we can easily construct a v,e(T")-set different from Ry(7"). Hence |D N {a;,b;,c;,d;j,e;}| =1 for every
Jj, which implies that every ¢; is in D (to ve-dominates the edges a;b; and d;e;). Now if y ¢ D, then certainly
DNV(T') is a second 7yye(T")-set different from Ry(1”), a contradiction. Hence we assume that y € D. Then
replace y in D by w if w ¢ Ro(T"). Further if w € Ro(T"), then we have to replace y in D by a neighbor of w
which is not in Ro(T"). In either case, the resulting set D by deleting ¢y, ..., cx would be a second 7, (T")-set,
a contradiction too. Therefore Ro(T) is the unique 7, (T)-set.

Through all the previous cases, we conclude that Ro(T) is the unique 7y, (T)-set and T is UVED-tree. [

Proposition 11. If T is a UVED-tree, then T € 'H.

Proof. We will proceed by induction on the order n of T'. Since there is no UVED-tree T' with diameter at most
three (by Obs. 6), let diam(7") > 4. The smallest UVED-tree with diameter at least four is the path P; and
Ps € H. Let n > 6, and assume that any UVED-tree T” of order n’ < n is in ‘H. Let T be a UVED-tree of order
n with the unique v, (T)-set D.

If any support vertex, say u, of T is adjacent to two or more leaves, then let T” be the tree obtained from
T by removing a leaf adjacent to u. Then u is still a support vertex in 7", and since every ved-set of T' is a
ved-set of T, we deduce that D is the unique 7,.(7T")-set. Hence T” is a UVED-tree of order n’ > 5. Applying
our inductive hypotheses to T/, we have that 7" € H and thus u € Ro(T") U R1(1”). Since T can be formed
from T' by using Operation O1, T € H. Henceforth, we can assume that every support vertex of T is adjacent
to exactly one leaf.

Let vivy ... v (k > 5) be a diametral path in T' chosen so that dr(vs) is as large as possible. Root T' at vy.
Clearly, dr(v2) = 2. Since there is a 7, (T')-set that contains vs, the uniqueness of D implies that v3 € D. Hence
vy,v2 € D. If vz is a support vertex with leaf neighbor z, then let 7 = T — 2. The unicity of D implies that
z ¢ D and thus D remains a ved-set of T". Moreover, every ~,.(T")-set D’ containing vs is a ved-set of T. Hence
Yoe(T") = Yue(T). Now if D’ # D, then D’ would be a second ~,.(T)-set, a contradiction. Therefore D' = D
and thus D is the unique 7,.(7”)-set. Applying our inductive hypothesis, we have that T’ € H. Consequently,
D = Ro(T") and v3 € Ro(T”). Therefore, T can be obtained from 7" using Operation Oy, and so T € H. In the
following, we can assume that v3 is not a support vertex, that is, every child of v3 is a support vertex of degree
exactly two. Consider the following two cases.

Case 1. dr(vs) =2.

Since dr(v3) = dr(v2) = 2, Theorem 7-(ii) implies that v4s € Ap(vs), and thus D N N(vg) = {vs}. It follows
that any child of v4 except vs (if any) has to be a leaf. Since T has no support vertex with at least two leaves,
we conclude that dr(vy) = 2 or vy has degree three and exactly one leaf. Now, let T/ = T — T,,. Note that if
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T’ is a trivial tree, then n = 6 and vertex v4 has to be a support vertex with two leaves which contradicts our
earlier assumption. Hence we can assume that 7” is a nontrivial tree. First assume that dr(vs) = 2. Then, since
|Ap(vs)| > 2 (by Thm. 7), we deduce that pea(vs, D) = {viv2,v4v5}, and thus Npus] N D = 0. It is easy to see
that Yye(T) = Ype(T')+1 and thus DNV (T”) is a vy, (T")-set. If T” has a second 7, (T")-set, then such a set plus
vz would be a 7,.(T)-set different from D, a contradiction. Hence D NV (T") is the unique v, (T”)-set. By the
inductive hypothesis, we have that 77 € H with vs € Re(T”) (since Ny+[vs] N D = ). Thus, T can be obtained
from T” using Operation O3, and so T € H. Second, assume that vy is a support vertex of degree 3, and let w be
the leaf neighbor of vy. Then wvy €pes(vs, D). As before one can see that Yye(T) = Ype(T7) + 1 and the unicity
of D implies that D N V(T") is the unique 7,.(7")-set. By the inductive hypothesis, we have that T’ € H. If
v4v5 €Epea(vs, D), then Nr[vs] N D = §) and thus vs € Ro(T"). In that case, let T” be the tree obtained from 7"
using Operation Q3. Then T” € ‘H with vy € R1(T"). Now since T' can be obtained from 7" using Operation
O1, we have T' € H. Assume now that vqvs ¢pes(vs, D). Since the edge vyw must belong to pes(vs, D), we
deduce that vs ¢ D. Thus Nr(vs)ND # ) (since vqvs is not a private edge of v3) and vs € Ry (T”). In that case,
T can be obtained from T” using Operation Oy, and hence T € H. Therefore, in either case, T € H.

Case 2. dp(vs) > 3.

First assume that dr(vs) > 4. Note in this case that all children of v3 are support vertices of degree two, that
is T, is a subdivided star of order 2dr(vs) — 1. Let 77" = T — {v1,v2}. Since vy1,vs ¢ D, D is a ved-set of T and
50 Yoe(T") < Yue(T"). The equality follows from the fact that any 7,.(7”)-set containing vs is a ved-set of T.
Now assume that D N V(T”) is not the unique 7,.(7")-set, and let D’ be a second v,.(T")-set. If v3 € D’ then
D’ would be a second v, (T")-set which leads to a contradiction. Hence v ¢ D. Since T} is a subdivided star
of order at least 5, we deduce that |D'N'V(T},)| > 2. Then for any y € D' NV(T},), the set {vs} UD’ — {y}
is a Yy (T)-set different from D, a contradiction. Therefore D NV (T”) is the unique 7,.(7")-set. Applying our
inductive hypothesis, we have that T’ € H with vz € Ro(T"). Since T is obtained from T” using Operation Os,
we deduce that T € H. From now on, we can assume that dr(vs) = 3. Let v be the second child of vs and v}
be the leaf neighbor of v5.

Suppose that vy € D. Then dr(vs) > 3 (for otherwise, replacing v4 with vs in D provides a second v, (T')-
set). Let TV = T — T,,. Since D — {v3} is a ved-set of T”, we obtain that Y,e(T") < ype(T) — 1. Also, if D’ is
a Yye(T")-set, then D’ U {vs} is a ved-set of T, implying Vue(T) < Y4e(T") 4+ 1. Therefore v, (T) = Yo (T") + 1.
As above, one can see that the uniqueness of D leads that D NV (T”) is the unique 7,.(7")-set. Applying our
inductive hypothesis, we have that 77 € H with vy € Ro(T"). Since T is obtained from T” using Operation Os,
we deduce that T € H. In the following, we may assume that vy ¢ D.

Assume that dr(vs) = 2, and let T/ =T — Ty,,. If T" is trivial, then T is a subdivided star of order exactly
7 and thus T € H since it can be obtained from 7T} = P5 by using one or more times Operation Q0. Hence we
can assume that 7" is a nontrivial tree. It is easy to see Yye(T') = Ype(T”) + 1 and the unicity of D implies that
DNV(T) is the unique 7, (T")-set. Applying our inductive hypothesis, we have that T” € H. Now since T' can
be obtained from T” using Operation Og, we conclude that T' € H.

Assume now that dp(v4) > 3. Let y be any child of vy different from v3. Then y cannot have a depth one, for
otherwise v4 may belong to D to ve-dominate the edges incident with y which contradicts our assumption that
vs ¢ D. Hence y is either a leaf or, according to the situations treated above, T}, is a subdivided star centered
at y. Notice that if y is not a leaf, then the uniqueness of D implies that y € D which yields that dr(y) > 3
(for otherwise replacing y in D with its child provides a second 7,.(T)-set). In that case, by our choice of vs,
3 =dr(vs) > dr(y) > 3, and thus dr(y) = 3, that is T, is a path Ps centered at y. Let 7" = T' — T, and recall
that v4 can also have a child which is a leaf. Note that T” cannot be trivial for otherwise we would have either vy
as a support vertex with two leaves or a longer shortest path between two vertices in T;,. Hence we can assume
that 7" has order at least two. Let C’(v4) be the set of children of vy of degree three, and let ¢ = |C(v4)].
Then dr(vs) —2 < t < dp(vs) — 1, and if the lower bound is achieved then w4 is a support vertex. It is easy
to see Yye(T) = Yue(T7) + t. Moreover, if D N V(1”) is not the unique v, (7”)-set, then any other v,.(1")-set
plus C’(vy) would be a 7, (T')-set different from D, a contradiction. Hence DNV (T") is the unique v, (T")-set.
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Applying our inductive hypothesis, we have that T/ € H. Now since T can be obtained from 7" using Operation
Og and possibly Operation O; (if vy is a support vertex), it follows that T' € H. O

According to Propositions 10 and 11, we have proven Theorem 9.
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