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BILATERAL “PRICING” FOR CONSULTATION COMPANIES’ COMPETITION
CONSIDERING CUSTOMERS’ SWITCHING BEHAVIOR

JUNCHANG LI, JIANTONG ZHANG* AND HONGZHEN SONG

Abstract. Customers are either eager or obliged to switch from a physical consultation firm to an
online consultation platform. Considering customers’ switching behavior and competition effect on
bilateral users, the paper developed a three-echelon Stackelberg game framework where two consultation
companies decide bilateral “pricing” (the service price and the wage), and the servicer decides service
investment. In four scenarios combining two salary strategies (Employment or Sharing Strategy) and
two game sequences (firm as leader or follower), stakeholders’ optimal decision-making and revenue were
proved. We then theoretically analyzed the influence of some parameters on the equilibrium status and
the gap between them and numerically simulated the joint effect of switching rate and parameters
on the equilibrium revenue of stakeholders. It is deduced that in the consultation service market: (a)
there is equilibrium status in all four scenarios when the switching rate, the servicer’s sensitivity to
current revenue, and the service cost coefficient on the firm satisfy certain conditions; (b) the servicer’s
potential market and the service investment cost coefficients negatively affect the optimal fixed wage
set by the two companies and the servicer’s revenue; (¢) two consultation companies can achieve greater
revenue when both adopt Sharing Strategy; (d) servicer with higher perceived service cost are incented
to devote more to servicing when both employ Employment strategy.
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1. INTRODUCTION

As a tertiary sector, the service sector has attracted increased funding and attention because it is a significant
contributor to most countries’ economic and social development. The broad adoption of Internet information
technology, particularly mobile technology, has recently led to substantial changes in the traditional consulta-
tion services industry as well as new channels and customer touchpoints. Because of the advantages of infor-
mation technology, many platforms in the healthcare (Good Doctor Online), legal (Lawyer 365), accounting
(hrblock.com), housing (Lianjia), and other consulting (support.com) industries play an essential role in daily
life. They are widely adopted by the general public [1]. The consultation platforms provide a virtual place
for convenient communication between servicers and customers at anytime and location. Due to the limited
resources of bilateral users, the physical consultation firm is experiencing intense competition in the market for
consultation services, where various consultation platforms feed into.
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FIGURE 1. The bilateral “pricing” structure of consultation companies under customers switching.

Real-time customer switching across service systems can increase service effectiveness and reduce service
capacity costs [2]. In fact, it’s interesting that some customers have switched from a physical consultation firm
to an online one due to the pricing differential between the two types of consultation companies, their exploratory
behavior, and other environmental considerations [1,3]. For instance, consumers are drawn to the lower prices
of online services and tend to terminate using services from a physical firm and switch to an online platform.
Under COVID-19, there were a number of unforeseen issues in physical hospitals, including a lack of medical
resources and cross-infection, which encouraged the use of healthcare platforms. As a result, physical hospitals
had to close temporarily. Patients must switch to the healthcare platform to get the necessary medical services,
such as consultation, diagnosis, re-examination, etc. [4,5]. The demand market for physical consultation firm is
obviously further diminished by customer behavior that switches from the firm to the platform.

Bilateral “pricing” is typically adopted by consultation companies (both the physical consultation firm and the
online consultation platform) to control service supply and demand to survive intense competition effectively.
Specifically, consultation companies compete for the servicer and consumer resources by paying salary and
charging service price, referred to as bilateral “pricing.” To attract servicer resources, consultation companies
often employ one of two salary strategies: the Employment or Sharing Strategy. With the Employment Strategy,
consultation companies pay a fixed wage for recruiting servicers for a set period (a month or a year) to guarantee
more reliable serviceability [6]. However, with the Sharing Strategy, consultation companies divide a portion
of the revenue from each service transaction among the servicers engaged [5], which can draw in a lot of idle
servicers. Additionally, motivated by wages, servicers devote time and experience to helping customers who
need guidance and assistance [7]. For example, physicians invest their time and expertise in the medical field to
provide medical services to patients who are impacted by contacting price, and they receive wages from medical
facilities; attorneys invest their time and expertise in the legal field to provide legal services to clients who are
impacted by charging attorney fee, and they receive a wage from law firms; accountants invest their time and
expertise in the financial sector to provide financial services to investors who are impacted by contacting price,
and they receive a wage from investment institutions; experts devote their own time and expertise to delivering
consultation services for callers who are affected by negotiating consultation fees, and they receive a wage
from consultation firms [1]. Figure 1 depicts two consultation companies’ bilateral “pricing” structure under
customers’ switching. Consultation companies should jointly decide on salary and service price to maximize their
revenue, and then servicers need to optimize service investment in consultation companies to pursue revenue.

Under the competitive consultation service market and customers’ switching behavior, bilateral “pricing” of
consultation companies has become a challenging issue. And questions arise: what is the optimal decision for
the two consultation companies and servicer in different market scenarios combing salary strategies and decision
sequences? How do crucial factors affect stakeholders’ optimal decisions, revenues, and differences? How does
customers’ switching behavior impact the ultimate revenue of stakeholders? To address these questions, we
develop a three-echelon Stackelberg game model for competitive bilateral “pricing” of the two consultation
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companies where customers switch from the physical consultation firm to the online consultation platform in
period 2. Considering two salary strategies (the Employment Strategy or the Sharing Strategy) and two decision
sequences (firm as the leader, platform as the follower, or platform as leader, firm as follower), the bilateral
“pricing” model for consultation companies’ competition is proposed in the study. We proved the optimal
decision-making and equilibrium revenue of stakeholders, compared the differences between them, and analyzed
the influence of crucial parameters, particularly the combined effect of customer switching behavior and relevant
factors.

The following are innovations in this paper: (a) we have complemented the relevant literature on service
pricing by studying bilateral “pricing” in the competitive consultation service market. (b) This study’s primary
concern is the impact of consumers’ switching behavior and salary strategy on the bilateral “pricing” of two
consultation companies. The study’s findings can be utilized as guidance for the operation optimization of two
consultation companies when deciding salary strategies and making bilateral price decisions. (¢) The optimal
decision-making and revenue of stakeholders (firm, platform, and servicer) and crucial factors’ impact were
studied in four market scenarios, which can provide stakeholders with a theoretical foundation and decision
assistance.

The remainder of the paper is laid out as follows. Section 2 reviews three streams of related literature.
Section 3 presents assumptions and defines the demand of bilateral users on two consultation companies with
different salary strategies. Section 4 theoretically analyzes the condition of the equilibrium status, the optimal
decisions, and the revenue of stakeholders in four scenarios. Section 5 carries out a comparative analysis from
the salary strategy and the game sequence. Section 6 numerically analyzes the combined effect of the switching
rate and some crucial parameters on stakeholders’ revenue. Finally, Section 7 highlights some of the findings
and discusses future research.

2. LITERATURE REVIEW

This section sheds light upon three streams of related literature: service pricing, bilateral “pricing” for service
companies, and customers’ switching between service companies.

2.1. Service pricing

There is extensive literature on service pricing that studies the optimal service price and equilibrium revenue.
Zhang et al. developed the price and quality equilibrium methods for data communication network services
when two rivals offer multiple classes of priority-based services [8]. Chun and Choi analyzed the optimal pricing
for cloud computing services from the standpoint of cloud computing service providers’ strategies: membership
and pay-per-use [9]. Based on the two-stage non-cooperative game model, Do et al. investigated the competitive
price between two heterogeneous cloud computing service providers. They determined the sufficient conditions
for the existence and uniqueness of the Nash equilibrium of the optimal price [10]. Considering drivers’ choice
of working hours, a bi-level optimization model of peak-hour pricing was constructed, and Zha et al. calculated
the optimal online riding service price [7]. Liu et al. presented the optimal prices of the basic service and the
additional service for the 020 platform, revealing key factors’ role in pricing decisions [11]. Tanwar et al.
studied the revenue-risk trade-off for a healthcare service provider under a fixed-price contract and showed
analytically that the optimal risk-adjusted model package prices reside between the efficient pricing interval
[12]. Considering the customers’ aversion to waiting and the server’s vacation(s), Tian and Wang studied the
equilibrium participation strategy of customers and the optimal service price of the single-server system [13].

Previous works on service pricing mainly concentrate on cloud computing and riding services; however,
they rarely mention consultation service and ignore price competition for customers’ resources. In addition,
little literature involves customers’ switching behavior and integrates the bilateral side competition. Our work
contributes to the stream’s literature by studying the bilateral “pricing” for consultation companies considering
customers’ switching.
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2.2. Bilateral “pricing” for service companies

An important stream of the service company operation literature is concerned with bilateral “pricing”: the
service price and the wage. Taylor researched how on-demand service platforms should set service price and
wage [14]. To provide the optimal service price and wage rate, Bai et al. developed a monopoly service platform
bilateral “pricing” model from the perspective of users’ utility [15]. Benjaafar et al. provided insights into how a
monopoly service platform makes service price and wage rate decisions when independent servicers decide how
much time to serve for the platform [16]. Under the registration fee and the transaction fee model, Li et al.
jointly optimized the fee for doctors entering the monopoly healthcare platform and the drug price for patients
and revealed that the registration fee model is superior to the transaction fee model in terms of the platform’s
revenue [5].

Considering the bilateral congestion effect, Bernstein et al. compared the equilibrium price, the wage rate,
and the revenue of ride-sharing platforms under drivers’ single-homing behavior and multi-homing behavior
[17]. Siddiq and Taylor considered the impact of autonomous vehicles’ ownership on the service supply, built
a two-stage bilateral “pricing” model of duopoly ride-hailing platforms competition, and suggested favorable
conditions for the platform benefits [6]. Given the duopoly service platforms competition, Bai and Tang adopted
a two-stage Stackelberg game model to select the equilibrium service price and wage rate and found that only
one platform sustains profitability when the two platforms are symmetrical [18].

The literature mentioned above has been carried out from the perspective of user utility and assumes that
service companies only adopt Sharing Strategy for the servicer side, but most ignore the servicer’s investment
decisions. As far as we know, there is rare research on bilateral “pricing” of consultation companies’ competition
taking servicers’ investment decisions into account.

2.3. Customers’ switching between service companies

Numerous studies about customers’ switching have examined the factors of customer switching in the power
market [19], telecommunication industry [20], retail bank [21], restaurant [22], and online takeout service [23] by
empirically analyzing general survey data. Taking banking services in China as an example, Lu et al. claimed
that elements such as motivators and the inhabit that influence consumers’ propensity to switch their usage
[24]. Meanwhile, there is a growing literature that studies referrals in the healthcare system [25,26] or demands
referrals in the online market [27,28].

However, scholars have paid little attention to customers switching between service companies. Li et al. used
a two-stage game to calculate the steady-state performance of a service system composed of two service queues
and investigate their service and pricing competition, in which customers can choose a service queue and switch
between queues based on the spot utility [2]. Cheng et al. studied the optimal bilateral “pricing” decision
of a monopoly video platform, further considering the multi-homing behavior of advertisers, and derived the
optimal pricing decision [29]. Regarding multi-homing behavior as switching behavior, Athey et al. analyzed the
impact of consumers’ switching behavior between publishers on publisher’s advertising price, profit, and content
strategy. They pointed out that consumers’ switching behavior reduces advertiser’s expectation of advertising
value [30]. Regarding the issue of expert service priced by a servicer, Ak¢ura and Ozdemir, and Yang et al. took
into account the behavior that customers switching to offline service after experiencing the online service and
studied the optimal online and offline service price and servicer’s revenue [1,31].

To our knowledge, the aforementioned research on customers switching between service companies is rarely
concerned with bilateral “pricing” issues. In our work, customers’ switching behavior is emphasized. Meanwhile,
we conduct our study with the competition between the online consultation platform and the physical consul-
tation firm. We try to figure out how the customers’ switching behavior affects the two consultation companies’
bilateral “pricing” decision-making and revenue.
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3. ASSUMPTIONS AND MODELLING

This section presents basic assumptions and constructs the bilateral pricing model.

3.1. Assumptions

(a) To simplify our model, two consultation companies(the physical consultation firm and the online consul-
tation platform) only operate the same single type of paid consultation service in the market, referring to
[1].

(b) Both consultation companies who are homogenous ex-ante and ex-post adopt the same salary strategy to
carry out bilateral “pricing” competition at the same period. And the bilateral “prices” remains unchanged
in two-period operations.

(¢) Customers and servicers in the competition consultation service market are homogeneous. And all servicers
pursue revenue maximization by devoting themselves to consultation companies.

(d) The unit invested by servicers can provide unit consultation service on the online platform or physical firm,
which is indifferent to customers.

(e) All stakeholders, including the online platform, the physical firm, and the servicers, are risk-neutral and
have complete consultation service market information in the decision-making process.

3.2. Modeling

3.2.1. Consultation service demand

Consultation service demand for customers is divided into two periods considering customers’ switching from
the physical firm to the online platform. In this context, let f and m denote the physical consultation firm and
the online consultation platform, respectively.

In period 1, customers’ service demand on i, € {f, m} consultation company is a linear function of potential
customer market Q(Q > 0), service price, and prices competition [6,32], noted as g;1.

qr1 = nQ — apy + Bpm,
dm1 = (1 - U)Q — Qpm + 6pf7

where 1 (0 < 1 < 1) is the consumer’s preference for the physical firm [33,34]. «, 8 (0 < «, ) represent the
elasticity coefficients of the consultation service price and price competition, respectively.

In period 2, partial b (0 < b < 1) customers’ service demand on the physical firm flows into the online
platform. Consumers’ service demand on ¢ consultation company is noted as ¢;s.

qr2 = (1 —ayr)gp — bgy,

dm2 = (]- - am)le + bqfla
where af, anm (0 < af, am < 1) represent the customer churn from the physical firm and the online platform,
respectively.
3.2.2. Consultation service provision

To attract servicer resources, both consultation companies provide a fixed wage for the servicers when adopt-
ing the Employment Strategy while sharing the revenue of each service transaction with the servicers when
adopting the Sharing Strategy.

(1) Employment Strategy

Under the Employment Strategy, the provision of servicers devoting to 4,4 € {f, m} consultation company
is a linear function of potential servicers” market M (M > 0), service investment (Tf,T,, > 0), fixed wage
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FIGURE 2. The frameworks of four Stackelberg game scenarios. (a) Scenario 1: the physical firm
as the game leader, following the online platform, and the servicer as the final gamer under the
Employment Strategy; (b) Scenario 2: the online platform as the game leader, following the
physical firm, and the servicer as the final gamer under the Employment Strategy; (c¢) Scenario
3: the physical firm as the game leader, following the online platform, and the servicer as the
final gamer under the Sharing Strategy; (d) Scenario 4: the online platform as the game leader,
following the physical firm, and the servicer as the final gamer under the Sharing Strategy.

(wg, wpy, > 0), and wage competition. When both consultation companies adopt the Employment Strategy, the
servicers’ provision on ¢ consultation company is noted d? -B dEZ=E respectively.

d?_E = oM +ywy — pTf — oWy,
dEF = (1 —v)M + ywp, — pTm — owy,

where v(0 < v < 1) is the servicer’s preference for the physical firm. v, p, (0 < v, p, o) represent the elasticity
coefficients of fixed wage, service investment, and wage competition, respectively.

(2) Sharing Strategy

Under the Sharing Strategy, the provision of servicers devoting to i,i € {f,m} consultation company is a
linear function of potential servicers’ market M (M > 0), service investment (T, T, > 0), sharing revenue
(Orpy, Ompm > 0) [7], and sharing revenue competition. When both consultation companies adopt the Sharing
Strategy, the servicers’ provision on % consultation company is noted d?‘s, d5=5 respectively.

d?is =uM + )\prf — pr — Uempma
dy % = (1= v)M + Mypm — pTr — 00spy,

where 0y, 0,, represent the sharing rate of each consultation service transaction declared by the firm and the
platform, respectively. A (A > 0) is the elasticity coefficient of sharing revenue.

In reality, both consultation companies disclose wages, sharing rates, and other information before recruitment
servicers and represent service prices for customers in advance. Therefore, the physical firm or the online platform
first sets bilateral “prices” to maximize their total revenue, and servicers finally make service investment decisions
on the two companies. There are four game scenarios by combing two decision sequences (the physical firm as
game leader, the online platform and servicers as game followers, the online platform as game leader, the physical
firm and servicers as game followers) and two salary strategies (Employment Strategy and Sharing Strategy),
as Figure 2 shows.
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4. THEORETICAL ANALYSIS

We theoretically proved the optimal decisions and the revenue of stakeholders in 4 Stackelberg game scenarios.
Meanwhile, the effect of some parameters on equilibrium status is analyzed.

4.1. Employment strategy
4.1.1. Scenario 1

In scenario 1, both consultation service companies adopt the Employment Strategy for attracting servicers.
The physical firm initially set the consultation service price py and fixed wage wy for bilateral users. Then, the
online platform, as the follower charges bilateral “prices” p,,, w,, to compete with the firm. Servicer finally
decides how much to invest T%, T},, in the two consultation companies.

The total service investment cost of the servicer on consultation company 7 is a quadratic function of service
investment [16,32]. In scenario 1, the servicer’s revenue is denoted as

CfTJ% CmTyi
2 2

E-E
Tg = Wy +wWs —

(1)

where ¢; (¢; > 0) represents the service investment cost coefficient on consultation company ¢, which is impacted
by the company’s operational environment. The total service investment cost of the servicer on consultation
company ¢ is %

Customer demand can bring benefits, while hiring servicers is the operating cost for two consultation compa-
nies. Without loss of generality, the other costs of the two companies are assumed to be 0 [5,6,30]. In scenario

1, the revenue of both consultation companies are

77 = (qp +ap)py —wdf (2)
ﬂ-yEr‘LiE = (qml + QmZ)pm - wdeLiE (3)

Proposition 1. If 0 < b < min{by, 1} and 2v* > o2 (condition 1), there is an equilibrium in scenario 1. The
optimal bilateral “pricing” decisions of the physical firm are

1 _ QUAR10%n — A1 820+ 0B(2am (1 —n) + (4+b)n — 4))
Ps 4a(2Ama® + baf — A 2) ’
cmp* (27 — 0) Az (492 4 270 — 0?)
1 ey (20 Ame — e M (292 — 02) (4072 + 2(1 — v)yo — vo?))
Y= 16¢cmcry?(o? — 272)? ’

where by = —A"glﬁ — 7214%1&7 Ap1 = -24a, <0, Ape =2y 40 > 0.
The optimal bilateral “pricing” decisions of the online platform are
1 _ Q(2Am1a + (4 - 2am B b)aﬂ + Amlﬁn)
P = T  (A0? § 260 — 24,0)32
L mpPo(49? + 2v0 — 0?) + depy (V0P Ame + e M (2(v — 1)y — v0) (292 — ¢?))
w = .
8cmepy(o? — 272)2

m

The optimal service investment of the servicer on two consultation companies are

p_ PWP 20 -0%) L p2y+o)
f 8cpyd —depyo? T T deyy? — 20,02
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In scenario 1, by substituting the optimal decisions of stakeholders into equations (1)—(3), the optimal revenue
of the physical firm, the online platform, and the servicer are obtained as follows.

1| 16(2 = ay — b)(24,1QaB + Q(44m102 + (4 — 24y, + b)aB — (A1 %))’

= _—
I~ 956 (24,102 + baf — Ay 52)°
(cmp?(2y — 0) Az (492 + 270 — 0?)
+cp7 (1920 Ama — emM (292 = 02) (4092 + 2(1 = v)y0 — v0?)))’
GG (=207 + 02! |
(cmeU(Zlny + 2vy0 — 02)
2
w=1 +4es7 (192 Amz + e M(2(v = 1)y = v0) (29% = 02)))

3
2 64c2 c?c (293 — ~vo2?)

m

Q*(2Ama — (—4 + 2y, + b)an + Ay On)°
40&(2Am1042 + baﬂ - Aml/BQ) 7

11 Cmp? (02 —4y% — 270)2 + 4cf7('yp2A$n2 — QCmM(2’y2 — 02) (472 + 2vo — UU2)) '
32¢mer(yo? — 273)?

Please see Appendix A.1 for the proof of Proposition 1.

Corollary 1. In scenario 1, if max{bs,b3,bs} < b < min{l,bs5}, v; < v < min{l,v2}, 0 < M < M;, 2y > o
(condition 2), then it can characterize the impact of key parameters on the optimal bilateral “pricing” where

(D

(IT)

_ A (2a(1 —n) + Bn) _ 2420 —1)

by = ;o bg=——,
an n
A1 (2 -1 1 — 4a?
o o]
o — Y(emM (492 — 202) — p? Apo) by — 2v(2y — o)
LT e M2y — 0)(29% — 02) T 82— 4y — o2’
M, — V0?0 Ama _

cm (2792 — 02)(dvy? — 2(v — 1)yo — vo?)

For consultation service pricing, the customers’ potential market (@), the service price competition coeffi-
cient (3), the churn rate of the platform (a,,), and the customers’ switching rate (b) have a positive effect
on the optimal service price of two consultation companies. Customer’s sensitivity to service price («) and
preference for the firm (7)), however, negatively affect the optimal service price set by the platform.

For fixed wage, the servicer’s sensitivity to service investment (p) positively affects the optimal fixed
wage provided by two consultation companies, while the servicers’ potential market (M) and the service
investment cost coefficients (cy, ¢;,,) have a negative effect. The servicer’s preference for the physical firm
(v) has the opposite effect on the optimal fixed wage provided by the firm and the platform, respectively.
The former has a negative relationship, whereas the latter has a positive one.
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(ITII) The customers’ potential market (@) plays a positive role in the equilibrium revenue of two consultation
companies. The churn rate of two consultation companies (ay, a,,) and the service price competition (3)
negatively affect the firm’s equilibrium revenue. The switching rate (b) and the preference of customers (7)
for the firm negatively influence the platform’s equilibrium revenue. Moreover, the servicer’s sensitivity to
service investment (p), the service investment cost coefficients (¢, ¢, ), and the servicers’ potential market
(M) have the same impact on the stakeholder’s equilibrium revenue as it has on the optimal wage set by
the platform.

Please see Appendix A.2 for the proof of Corollary 1.

Corollary 1 shows that, the bigger service cost coefficients mean the servicer invests more in service com-
panies when there is an equilibrium status in scenario 1, where the customers’ switching rate and the scale of
potential servicers who prefer the firm are moderate. To attract servicers, the two consultation companies need
to compensate servicers by increasing the fixed wage. Due to the increased potential of the servicers, the service
supply is essentially sufficient, and the two companies can hire the servicers at a lower wage. Faced with great
potential demand, consultation companies tend to charge higher service prices to achieve higher operational rev-
enue. At the same time, the influence of these factors on bilateral “pricing” will be transmitted to the revenue
of two companies through bilateral market operations. It is interesting noting that although factors such as the
service price competition, the churn rate in the platform, and the customers’ switching rate have a favorable
impact on the optimal service price set by two consultation companies, they have the exact opposite effect on
the equilibrium revenue of the two firms. This indicates that raising service price arbitrarily by adjusting these
factors cannot boost operational revenue.

Corollary 2. Based on scenario 1 and Corollary 1, with the increase of service investment cost coefficients
(cf,em), the optimal service investment gap between two consultation companies will widen. The price gap is
positively widened by the churn rate of the platform (an,), switching rate (b), and customers’ potential market
(Q). The servicers’ potential market (M) and preference for the firm (v) positively widen the fixed wage gap,
while the service investment cost coefficient on the platform (c,,) plays a negative role. Moreover, the churn rate
of the firm (ay) has a positive impact on the equilibrium revenue gap.

depy® p—demy? pt2csypo—2¢mYPo+Cm po®

Proof. Based on scenario 1 and Corollary 1, with 70}, — T]} = Semcy 1P —domcy o

, we derive

or,, — T} _ p(4y? + 270 — o) Ty, — T} _ pAms -

e 4¢3 (273 = v0?) ’ dcy 2¢2 (+02 — 272) '

. —Am1B2n+aB(—4+am (2—4n)+(8+b)n)+20° (4+ (b—8)n+am (4n—2 )
Wlth p11'n - p}‘ = Q( S ( 4a(f4mlgz7(2147”17;)271)&5() ( )77 ( i ))) > 0, we Obtaln

Orm =Py _ bQaQRa—B)(B+an=pn) _ Om=P; _ AmQa(2a - B)(B+an - Bn)

Oam  22Ami0% +bafi— Ay 2>~ 0b 2(2Am10% +baf — Ay 32> T
O =Py A1 20— 202 (4 + (b — 8)n + am(4n — 2)) + aB(4 — (8 + b)) + am(4n — 2)) ~0
aQ n 424,102 + baf — A1 5?) '

Cmp? (127202 —ot —16’}/4)+4Cf"/(’yp2 (472 —o? ) +cm M(2'~/2 —02) ((8U—4)'y2+(2—4v)'yo—1102))

: 1 _ 1
With wy,, —w; = T6crc, (ro?—270)?

, we determine

wy, —wp  p*(o? - 49?) Qwy, — Wy (8v — 41y + (2 — 4v)yo — vo?

<0,
dem 42, (02 — 292)° oM 873 — dyo?
dw,, — wy _ M (8v* — 4yo — o)
ov 83 — 402

>0,

> 0.
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. _ Q*(2Ami1a—(—4+2am+b)an+Am1 Bn)? 1
With 7T 8a(2Am1a2+baf—Anm162) + 1286?C3n(2’)/3770'2)3

4 = 20)? + 163 (VPp* AN+ enpAme((AM(p — 1) — 2y — (1 + 2Mp)o)(2p® —
%)+ AM@e*-2v*)*42+Mrv-1)*)y* + 401 -M@w-1v)ye + v(Mv-2)o?)) —
dememyp? (492 + 270 — 02)(=2vp%0 Ama + cm (292 — 02)(492% + 2(1 4+ 2M — 2Mv)yo + (2Mv — 1)0?))), we
calculate

(2 plo2(o? —

1 1 —
m 7Tf -

Omp — ) (245 Q0B + Q(4Am10* + (b — 241)0 — Ay 5)n)”

5 > 0.
day 160(24m10% 4 ba3 — A1 3?)

O

Corollary 2 reveals that, when there is an equilibrium status in scenario 1, there are significant differences
in the optimal bilateral “pricing” and equilibrium revenue between two consultation companies. The service
investment gap between the two companies widens as the platform service environment improves, while the
wage gap provided by the two companies narrows. Thus, it suggests that the consultation platform should fully
leverage its performance advantages to improve competitiveness.

4.1.2. Scenario 2

Like scenario 1, two consultation companies adopt the Employment Strategy to recruit servicers. Nevertheless,
the online platform initially set the consultation service price p,, and the fixed wage w,, for bilateral users.
Then, the physical firm as the follower, charges bilateral “prices” p¢, ws to compete with the platform. Servicer
ultimately decides how much to invest T, T}, in the two consultation companies.

Proposition 2. If max{b;,0} < b < min{—A”ga,l} and 2v* > o2 (condition 3), there is an equilibrium
status in scenario 2. The optimal bilateral “pricing” decisions of the online platform are

Q(—24p10*(4+ am(n—1) + (b —4)n)

) +aB(34m1b(1 —n) +242,,0 — b®n) + A1 822 — am + (am + 30— 2)n))
P 2(Amm10 + 0B)(2Am102 + b0 — A1 B2) ’
dem 2 p2oAma + cpp? (27 — 0) Ame (4’)/2 + 2vo — 02)

e My (292 — 02) (4(v — 1)7% = 2vy0 + (1 — v)o?)
16¢mcpy?(o? — 272)?

w2, =
The optimal bilateral “pricing” decisions of the physical firm are

Q(QAmlan + /B(am — amn + (2 + b)77 - 2))

2 _

s = 4A 102 + 2600 — 24,05 ’
s PA(8em® +4(cs + cm)y2o + 2¢py02 — cpo?) N M(v —1)o — 2Muvy

wr = :
! depcry(292 — 02) (472 — 202) demery(292 — 02) (492 — 202)

The optimal service investment of the servicer on two consultation companies are

T2 PAm s P(47* + 270 - 0?)
s 4epy? — 2cf0?’ 8cmy3 — 4eyyo?

m

In scenario 2, by substituting the optimal decisions of stakeholders into equations (1)—(3), the optimal revenue
of the physical firm, the online platform, and the servicer are obtained as follows.

(=2 — ay — D)Q(2Am10m + B(=2 + am — amn + (2 + b)))°
8(Am1a —+ bﬂ)(2Am1a2 + baﬂ - Amlﬁz)

2 _
7Tf—
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N (—4em 2 p? Az + deme My (20 + 0 — v0) (292 — 02) + cppPo(0? — 492 — 270))2
128c7c2, (29 — vo?)?
Q*(24m102(4 + 2am(n — 1) + (b — 4)n)

)

2

o1 +af(3Anm1b(n — 1) — 242,17+ b?n) + Ap1 82 (Am1 — (Apr + 3b)n))
"2 8(Am1a +8)(24,102 + baf — Ayt 32)°
(4em2p?0 Az + cpp?(2v — 0) Az (492 + 270 — 0?)
e My (292 — 02) (4(v — 1)9% = 2vy0 — (v — 1)02))2
128¢2, ¢33 (02 — 272)* ,
o dem 2 PP A2y + cpp?(o? — 492 — 270)2 — 8¢mer My (272 — 02) (492 + 270 + (v — 1)0?)
= .

32¢mcp(yo? — 2’y3)2

Please see Appendix A.3 for the proof of Proposition 2.

4

Corollary 3. In scenario 2, if max{b67b7,—A’"[}a} < b < min{bs, by, 1}, > 3,2y > 0, and My < M < Mj

(condition 4), then it can reveal the impact of key parameters on the optimal bilateral “pricing” where

(D)

A —1) -2« 24,1«
b6: 1(/8(77ﬂ’r]) 77)7 b7:Am1_ ﬂl ,
A ((20° + %) (n — 1) — 4apn) A1 (28 — 3a)
bg = g by = Lmalsl T o)
B*n B
Mo — p* (873cm +4(cm + cf)y30 + 2cpy0? — chB)
T 4emesy(2uy + 0 —vo) (292 — 02) ’
Y p2(2y + o) (4emy?o + cf (873 — dyo? + 03))

57 depepy(02 — 292) (492 — 02) (v — 1) — 2vy0)

Similar to scenario 1, the customers’ potential market ( Q), the churn rate of the platform (a,,), and the service
price competition («) have afavorable impact on the optimal service price of the firm. The optimal service prices
of two consultation companies are positively impacted by the customer’s preference for the firm (7) since the
demand for consultation services of two companies rises due to the customers’ switching behavior.

The effect of the servicer’s sensitivity to service invested (p), the potential market (M), preference for the
physical firm (v), and the service investment cost coefficients (cy, ¢,) on the optimal fixed wage in scenario
1 is the same as that in scenario 2.

The bilateral users’ potential market (@, M) and the service investment cost coefficients (cy, ¢,,) have
the opposite impacts on the equilibrium revenue of the two companies, respectively. The former has a
positive relationship, while the latter has a negative one. The churn rate of the platform (a,,) and the
bilateral users’ preference for the firm (7, v) play a positive role in the firm’s equilibrium revenue. The
firm’s equilibrium revenue will decrease as its churn rate (ay) rises. The servicer’s preference for the firm
(v) harms the servicer’s equilibrium revenue. The effect of other parameters is transmitted through the
wage provided to the servicer’s revenue.

Please see Appendix A.4 for the proof of Corollary 3.

Corollary 3 shows that, when there is an equilibrium status in scenario 2, the customers’ switching rate and the
servicer’s potential market are moderate, and the bilateral “price” competition is less intense, two consultation
companies’ revenue exhibits different evolutionary trends with the increase of bilateral users’ potential market



1658 J. L1 ET AL.

and service cost coefficients, and the effect of critical parameters on the optimal wage is the same as in scenario
2. It indicates that although the change in game sequence significantly affects stakeholders’ decision-making, it
does not affect the sensitivity of the optimal wage to crucial parameters.

Corollary 4. Based on scenario 2 and Corollary 3, the service investment gap between the two consultation
companies will narrow when the service investment cost coefficients (cy,cm) increase. Customers strongly prefer
the firm (n), which widens the optimal service price gap. The servicer’s preference for the firm (v) and the
service invested cost coefficient on the firm (cy) positively expand the optimal fized wage gap. Moreover, the
customers’ potential market (Q)), the sensitivity to service investment (p), and the churn rate of the firm (ay)
play a positive role in the equilibrium revenue gap.

dcpy? p—demy® pt2csypo—2cmypo—cypa®

Proof. Based on scenario 2 and Corollary 3, with T2, — T)% = T e , we derive
Ty, — T} _ p(2y+0) “0 Ty, — T} ~ p(0? =497 — 2y0) “0
Jem 263202 - 0?) ’ dcy 42 (293 — yo?) '
Am1Q(4Am10® + (3b — 2Am1)aB — (Am1 + 2b)3%) + Q(—2Am1(4Am1 + b)a?
. 9 o (445 — 9Amb —b*)aB + (4 + aj, — 2b(5 + b) + am(5b — 4)) 3%)n .
With py, —py = 1A ot B2 A0 +baB— A1 %) » we obtain
ap?n _p? _ —(Aml + b)Q (2Am1 - b)Qﬂ B SAmIQa >0
on 4A a0+ 403 4A102 + 2bafS — 24,182 '
. 2 2 4cm,72p2(02—472)+4cm,CfM’y<2’y2—<72)((81)—4)72—0—(2—41))'\/0—(1)—1)02)+cmp2(16’y4—127202+04)
With wy, —wy = 16emes (107—277)2 , we
determine
dwy, — w} p?(4y* — o?) dwy, —wi M (8y* — dyo — o?)
0 T 12 (02 2z = p) - 83 _ 42 > 0.
Cy 4c(0? — 292) v g Vo
. 9 o 1/Q%(24m102 (4420, (1—1)+ (b= 1)) +aB(3Am1b(n—1)—2A4% | n+20)+ A1 B2 (A1 — (Am1+3b)7) )
With T — Ty = 5( 8(Am1a+b8)(Am1B2—2Am102—bap)? *
cfpzAan p? (02—4’y2—2'y0)2 —4cm'y2p2Am2+4CfcmM'y(Qv'y+n—va)(272—02)+Cfp20(02—4'y2—2’ya)
(dcpy2—2cy02)? + cm (873 —4v02)? + dcpemy(02—272)2
4cmfyzp2<TAm2+(:fp2 (2y—0)Am2 (4'yz+2fyo—02)+4(:fcmM'y(2'yz—02)(4(1)—1)'\/2—21)70—(11—1)02) +

8cy cm('y<7272’y3)2
2
(4cmfy2p2z7Am2+Cfp2(27—0)Am2 (472+2’ya—02)+40fcmM'y(272—02)(4(1}—1)72—21170—(11—1)02))

1280? c2 y3(02—2~2)%

Q(2A4m10*(4 + 2am(n — 1) + (b — 4)n)

) , we calculate

Oy — 77 +aB(3Am1b(n — 1) — 242,10 + 6°n) + Am1 0% (Am1 — (Am1 + 3b)7))” 0
0Q —8(Amic + bB3)(2A4m102 + b — Ay 32)? -5
4p(87%cm + 4(cs + cm)y?o + 2v0%cy — oPcy)
oy, — 3 1 (—47%0* (27 + 0)cm + demes My(2vy + 0 — vo) (29° — 0°) + cpp’o (0 — 49° — 270))
op  128cied, (29% — v02)®

2p(27 + o) (dem?p°0 (2 + o) + cpp? (472 —°) (4’y2 + 2y0 — 0'2)
+emer My (272 = %) (4(v — 1)(v* — 0°) — 2070)) (demy’o + cf (87% — 4yo” + o))

7 (02 = 292)*

>0,

871'72,1 — 7Tj2c _ Q2(2Am1a7] =+ B(Aml — am7") + (2 + b)’?))Q

day T 8(Amia+b8)(24m102 + baf — Am13?) > 0.
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Corollary 4 reveals that, when there is an equilibrium status in scenario 2, there are significant differences
in the optimal bilateral “pricing” and revenue between two consultation companies. Moreover, the gap between
two companies’ revenue will widen with the increase in bilateral potential markets and the churn rate in the
firm.

4.2. Sharing Strategy
4.2.1. Scenario 8

The decision sequence in scenario 3 is the same as in scenario 1. However, the physical consultation firm
and the online consultation platform adopt the Sharing Strategy for attracting servicers in scenario 3. Two
consultation companies need to jointly make the service price and the sharing ratio decisions to maximize their
revenue.

In scenario 3, the servicer’s revenue is denoted as

— CfT2 I T2
7T§ S _ OmDm T + OrpsTy — 5 f m2 m )
The revenue of the two consultation companies are [15]
777 = (ap +ap2)ps — OppsTydf =", (5)
Tr;s;L s (qml + Qm2)pm - ommedeLiE (6)

Proposition 3. If 0 < b < min{b1g, b11, b12,1}, ¢ > max{ﬁ + 2A§f027% + QApi(cljn_(Co'T;ié)\?) }7 and 202 > o2

(condition 5), there is an equilibrium status in the scenario 8. The optimal bilateral “pricing” decisions of the
physical firm are

s _ QUAmA®n = AmiBPn+ afRam(l—n) + (4+b)n=4)) 5 F}
Ps 40(2Am102 + baf — A1 2) SRR Ve
g - v— o} - v— A7n 2 2
where by = 2 — aj — T¢(pTs+0PmOm —M ﬁkpfféz\(ptﬂTﬁ- PnOm—M 2>\Pf9f) bii = - 1(i5 20%) +
0%, T (22*—0?) 1 2 2 2 2
5 b2 74pfna6>\(2>\2—02) (M*Ta(2(1 —v)A+vo)” + Thap®(2ANL, +0Ty)” —

8apTnOmpm (2T A + oT) (2/\2 o)+ 4p2 (23 — 0?) (A (Am1 (202 — B%) 4+ 6aX02, T) — 300?02, T,,)  +

2MTpo(2(v — DA —vo) (p(2Tm A + 0T¢) + 40,0 (02 — 207))), F?' = Ma(2Am10% +baf — A1 3%)(p(40A% +

2(1=v)A—v02) (4Ap+cm (02 —4XN2) ) +4Acs (e (2A2 —02) (4uX2+2(1—v) Ao —va?) +Ap(2(v—1) Ao +3va? —8vA?)),

M2 = 2Q(4A,17~ Ayt 521+ 0B (1 —1) + (44 B0~ D)AEA — 0) (AN ey — p)Aem — p) +m(p— 2Aep)o?).
The optimal bilateral “pricing” decisions of the online platform are

3 _ Q(2Am1a - (2Am1 + b)an + Amlﬁn) 93 — _ Fﬁll
Prm A4, 0% + 2baf — 24,32 0 ™ M2
where F2l = MQ2An10% +bafB — Api3?)  (Acr(2(v — DA —v0)(2N%¢, — Ap — 02cm) + p(8(v — 1)A?

(p — 2Xcm) + 40N Aem — p)o +6¢, (v — D)Ao? —vadey,)), M2 =2Q (a(4 + 2am(n —1) + (=4 +b)n) — AmiBn)
(202 = 0%) (1A(Aes — p)(Acm — p) + Cmlp — 2ep)0?).
The optimal service investment of the servicer on two consultation companies are
M (4vX(p = Aem) + 2¢m (v — 1)Ao + volep,)
8A(Aey — p)(Aem — p) + 2¢m(p — 2¢pN)02
o MR- D(es — p) —voey)
" ANy = p)(Aem — p) + em(p — 2Acy)o?

3 _
Tf—
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In scenario 3, by substituting the optimal decisions of stakeholders into equations (4)—(6), the optimal revenue
of the physical firm, the online platform, and the servicer are obtained.
Please see Appendix A.5 for the proof of Proposition 3.

Corollary 5. In scenario 3, if max{bi, b, bio,b11} < b < min{l,bs}, max{p1, p2,p3} < p < Acy (condition 6),
then it can characterize the impact of key parameters on the optimal bilateral “pricing” where

Am1 (202 — 32)(2a(n — 1) — Bn) A ((40® +2a8%) (n — 1) — 60281 + 5°n)
a(daf(l—n)+2a%n+ )~ T (B2 — 2a2)n ’

Vo 1 1 o? o?
= A =—cpl4N+2(-—-1 - —, =cm| 22— — |.
mee( ) megen(Br2(Go1)r- %) meen(n- %)

(I) The service investment cost coefficients (cy, ¢p,) respectively have a positive and negative impact on the
optimal sharing rate of the firm. In contrast, the impact on the platform is just the opposite.

(IT) The servicers’ potential market (M) and the churn rate of the firm (ay) negatively influence the equilibrium
revenue of the firm. The servicers’ potential market (M) positively affects the equilibrium revenue of
the platform. The firm’s and the platform’s equilibrium revenue are impacted in opposite ways by the
customers’ potential market (@) and the churn rate of the online platform (a,,), respectively. The former
has a positive relationship, while the latter has a negative one. The service investment cost coefficients
(¢, cm) hurt the equilibrium revenue of the servicer.

bio =

Please see Appendix A.6 for the proof of Corollary 5.

Corollary 5 suggests that, when there is an equilibrium status in scenario 3, the customers’ switching rate and
the servicer’s sensitivity to service investment are moderate, and the service investment cost coefficients on the
two consultation companies have the opposite effect on their optimal sharing rate. Still, both are detrimental to
the revenue of the servicer. Meanwhile, potential bilateral markets have opposite effects on the two companies’
revenue. It indicates that, the competitive impact between the two companies is more pronounced under the
Sharing Strategy.

3 2
Corollary 6. Based on scenario 3 and Corollary 5, and if 0 < p < m% is satisfied, the service

investment cost coefficients (cy, ¢ ) negatively affect the optimal service investment gap between two consultation
companies. The servicers’ potential market (M) and the service investment cost coefficient on the platform (c.,)
positively expand the optimal sharing rate gap between the two companies, while the customers’ potential market
(Q) and the service investment cost coefficient on the firm (cy) mitigate the sharing rate gap. Moreover, the
customers’ potential market (Q), the churn rate of the platform (a.,), the sensitivity of customers to service
price (), and their preference for the firm (n) negatively affect the equilibrium revenue gap.

Proof. Based on scenario 3 and Corollary 5, and if 0 < p <
M(4/\(Cf(’Uf1))\+C"L’U)\+p72vp)72(67n(’Ufl)*FCf’U))\O'fC"L’UO'z)
8A(cfA—p)(cmA—p)+2cm (p—2cFA)o?

Cf(4)\3—2)\0'2> . . . 3 3
ANTF oo —o02 1S Satlsﬁed, with Tm — Tf =

, we obtain

oT3 — T})’ _ MA(4vA(emA = p) + 2¢m (1 — V)AT = €pv0o?) (e (202 — 02) — p(2A + 0)) <0
ocy (X (e A — p)(emA — p) + cm(p — 2cf/\)0'2)2 7

Ty, — T} ~ MX2(v = 1)(cpA — p) — cpuo) (4N (cp X — p) — 2Xpo + (p — 2¢5N)0?) -0
ocw —(4A(efA = p)(emA = p) + em(+p — 2¢;0)02)? '
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Based on the optimal sharing rate and revenue of the two consultation companies, we derive

B L S S Rt O T S
m T oM T T e, 0 0 0 o
O~} _ QU2Aw1 +b)an = 2Ama = AmBn)® _
oQ da(2410% + baf — A1 5?)
Q*(Am1Bn — a4 + 245 (n = 1) + (b — 4)0)) (A1 80 + 20 5(2b(1 — 1) — Ayurn)
omy, — —af2(4+ 2am(n — 1) + (b—4)n) + (8 + dam(n — 1) — 2(4 + b)n)) <0
O, 8a(24m102 + bafl — Ay 32)° ’
AleQ(_A’mlﬂn + Oé(4 + 2am(77 - 1) + (b — 4)77))( - 6A7n10¢2ﬁ77 + Amlﬂgn
o3, —7rf B +203(4 + 2am(n — 1) + (b — 4)n) + aB*(4 4 am(n — 1) — (44 b)n)) <0
oo 8a2(24m102 +baf — A1) 52)2 ’
aﬂ' 77Tf _ QQ((QAml +b)a— mlﬁ)(2z4 10— (2A 1 +b)0477+14m1ﬂ77) <0
an 4a(2Am102 + baff — A1 B?) .

O

Corollary 6 implies that, when there is an equilibrium status in scenario 3 and the servicer’s sensitivity to service
investment is less than a certain threshold, there are significant differences in the optimal bilateral “pricing” and
equilibrium revenue between two companies. Meanwhile, the gap between two consultation companies’ revenue
narrows as potential demand in the firm increases.

4.2.2. Scenario 4

Similar to scenario 3, both consultation companies adopt the Sharing Strategy for attracting servicers in sce-
nario 4. However, the decision sequences in two scenarios are different. The online platform sets the consultation
service price p,, and the sharing rate 6, for bilateral users at first. Then, the physical firm as the follower,
charges bilateral “prices” ps, 85 to compete with the platform. Servicer finally decides how much to invest 7%,
T, in the two consultation companies.

Proposition 4. If 0 < b < min{bl,blg,bm, _Ag'lo‘,l}, max{asi,ar2} < ay, cy >

2\p AX(emA—p)p 2 2 .. . g .
max{ Dyl T vy e vl and 2)\* > o2 (condition 7), there is an equilibrium status in the

scenario 4, where

T (M (v — 1) = 6X01pm + pTon + 00spy)

N2 T, — aAp aAmi (M(v—1) = 2X0pm + pTo, + 005py)
b13 — —7 b14 = + )
B B 48\pZ,
B A<(2 — ) (24,102 + ba S — A1 B2) + 2T (A + w)e;A) — TH(Amia + b3)620>
an = (2A,102 1 baf — A B ’
G
afo = _G727

G1 = (A + bB) (MPTy (20N + 0 — v0)? + p*Ti (2T} + 0T0m)” — 8p0;Typy(2XTy + 0Tr,) (202 — 02)

1% (23 = 02) (A((=2 4 5) (2401 + 0B — Ay 52) + 6T (A + bA)IN) = 3Ty (A + bB)630?)
* Ao+ 0D
— 2MTy(2vA + 0 — vo) (p(2AT s + 0Ty) + 40, T f(—2X% + 0%))),
Gy = 4p7 (2Am10° + baf — A1 B7) A (20 — 07).
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The optimal bilateral “pricing” decisions of the online platform are

s Q24 (4 + am(n — 1) + (b— D) + aB(3Amib(1 — ) + 24210 — 5*n) + A1 B ((Amz + 3b) — A1)
= A( Ao+ bB)(2Am1a2 + baf — A1 57) ’

Fo,
M3’
Fy = M(Amio + bp) (2Am1a2 + baf — AmlﬂQ) (4xp(4(1 — V)X (2Xem — p) 4+ 20A(Aem — p)o + (v — 1)(BAem — p)02)
+cp(4(v — DA —20o — (v — 1)02) (8)\3cm —4X°p —4XoPem + pUQ))7
My, = 2Q(2Am10° (4 + 2am(n — 1) + (=4 + b)n) + aB(3Amb(—1 + 1) — 247,17 + b™n)
+ A1 B (Am1 — (Am1 + 300N (22 — 0%) (4X(Aey — p)(Aem — p) + cp(=2Xem + p)o’).

The optimal bilateral “pricing” decisions of the physical firm are

Q(2Am1a7] + 6(am — QN — 2+ (2 + b)ﬁ))
4Am10[2 + 2[)0&5 — 2Am1,82 ’

P} =
s I}
w M
F}l = M (24,10° + baB — A1 B2) (BuA*(2Acy — p)(Aem — p) + 4(1 — v)A(2N%cpepm — (cf
+ em)Ap + p2)o + 2¢vA(3p — depN)o? + (v — 1) (4Aey, — p)o?),
M} = 2Q(=2Anm1an + B2 + anm(n — 1) = (2+b)1) (2A* = o) (4A(Aes — p)(Aem — p)
+cp(p — 2Xem)a?).

The optimal service investment of the servicer on two consultation companies are

M (4vX(p — Aem) + 2¢m (v — 1) Ao + vo?ey,) 3 MA(2(v —1)(Acy — p) —vocy) .
8A(Acy — p)(Aem — p) + 2em(p — 2¢X)02 7 T AX(Aep — p)(Aem — p) + em(p — 2Aep)o?

3 _
Ty =

In scenario 4, by substituting the optimal decisions of stakeholders into equations (4)—(6), the optimal revenue
of the physical firm, the online platform, and the servicer are obtained.
Please see Appendix A.7 for the proof of Proposition 4.

—1+v

Corollary 7. If 0 < b < min{bg, 1}, ¢;n > max{cm1, Cma, cms}, and p > icf (4/\ — 2vo _ "72) (condition 8),
then it can characterize the impact of key parameters on the optimal bilateral “pricing” where

p(8uA2(2cs A — p) + 4(1 — v)A(cf A — p)o — bcpvAa? + cp(v — 1)0?)

Cml = AN20A + 0 —v0)(2¢, A2 — Ap — ¢f0?) ’
_ p(4rp(o = 2X) + ¢; (16A% — 4X\?0 — 6X0? + 03)) B 2up
cm2 = AN2X — 0)(2¢s X2 — Ap — cf02) UL Wy Ip——

(I) The customers’ potential market (@), the preference for firm (n), and the churn rate of the platform (a,,)
positively affect the optimal sharing rate set by the firm. However, the servicer’s potential market (M) and
the preference for the firm (v) have a negative impact.

(ITI) There is a positive relationship between the equilibrium revenue of two consultation companies and the
bilateral users’ market size (M, @). The servicers’ potential market (M) contributes positively to the
equilibrium revenue of the servicer, whereas the service investment cost coefficients (cy,c,,) contribute
negatively.
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Please see Appendix A.8 for the proof of Corollary 7.

Corollary 7 shows that, when there is an equilibrium status in scenario 4, the customers’ switching rate is
below a certain threshold, the service cost coefficient on the platform and the servicer’s sensitivity to service
investment are larger, the supply and demand of consultation service in firm has the opposite effect on its
optimal sharing rate, but both are beneficial for two consultation companies’ revenue.

3— 172 —
Corollary 8. Based on scenario 4 and Corollary 7, and if max{%mm ()\4—(12;’)‘7)} < p <

e (222 =02 . . . . . . .
%, the optimal service investment gap between two consultation companies are tmpacted negatively
by the service investment cost coefficients (cy, ¢y,). The equilibrium revenue difference between two consultation
companies decreases with the increase of customers’ potential market (Q).

. . e (AX3 —2X02 v 2 (202 =52
Proof. Based on scenario 4 and Corollary 7, and if max{W,cm ()\ + (12;)‘7)} <p< %’

(4>\(Cf(v—1))\+cmv)\+p—2vp)—2(cm(v—1)+Cfv))\cr+Cf(1—1))02)
8A(cFA—p)(cmA—p)+2cs(p—2¢cmA)o?

M
with T — T;} = , we derive

T — T}l MA(4X2 (A = p) — 2Xp0 + (p — 2¢;AN)02) (¢ (20X + 0 — vo) — 20p)

— 5 <0,
deg (A — ) emh— p) + 1 (p — 2emN)?)
oT? — T;} _ 7M/\(4(v = DA(efA = p) = 2cpvAo + cp(1 = v)o?) (cf (2X2 — 02) — p(2A + 7)) “0
derm (AN A — ) (emA— p) + 1 (p — 2emN)0?)?
Based on the revenue of two consultation companies, we determine
Q(24m10%(4 + 2a,(n — 1) + (b—4)n)

2

87‘('74n — W;lc _ Jraﬂ(SAmlb(n —1)—2A42 0+ an) + A B2 (Am1 —(Ap1 + Sb)n)) -0

Q —8(Amr + bB)(2Am102 + baf — Ay 32)°
O
Corollary 8 indicates that, when there is an equilibrium status in scenario 4 and the sensitivity of servicer to
service investment is moderate, there are significant differences in the optimal bilateral “pricing” and equilibrium

revenue between two companies. Meanwhile, the revenue gap between two consultation companies narrows as
customers’ potential market increases.

5. COMPARATIVE ANALYSIS

In this section, we compare the differences in the optimal decisions of stakeholders under two game sequences
or two salary strategies.

Proposition 5. The bilateral “price” differences of two consultation companies under the two game sequences
are compared when the salary strategy is the same. If 0 < b < min{l, _A"“B, _Ag‘la, _2’%””0‘ + —A&n15}7 then

[e3

we can conclude that

Compared to scenario 1 with 2, the customers’ potential market (@) and the service price competition
coefficient (/) favorably impact the optimal service price gap charged by the platform but harm that by the firm.
The customer’s preference for the firm () negatively affects the optimal service price gap for two consultation
companies. The servicer’s preference for the firm (v) and the service investment cost coefficient on the firm (cy)
play a positive role in the optimal fixed wage gaps for both two consultation companies, whereas the service
investment cost coefficient on the platform (c¢,,) plays a negative role. As the customers’ potential market (M)
increases, the optimal fixed wage gap set by the online platform decreases; nevertheless, the optimal fixed wage
gap also widens for the physical firm.
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Proposition 5 reveals that, when the customers’ switching rate is less than a certain threshold, the same salary
strategy is adopted by the two consultation companies, and there is an equilibrium status in the game system,
there are significant differences in the two companies’ optimal bilateral pricing under different decision-making
sequences. If the consultation company decides as the follower, it tends to charge a higher service price because
of the advantage of market information. Additionally, the wage gap under different decision-making sequences
may widen as firms’ service circumstances improve.

Proposition 6. When the game sequence is the same, the optimal service investment gap by the servicer under
two salary strategies is compared. The elasticity coefficient of wage () negatively affects the optimal service
investment gap in the platform or the firm under two salary strategies. The optimal service investment under
the Employment Strategy is higher than that under the Sharing Strategy. The potential servicers with a preference
for the firm (M,v) play a positive role in the optimal service investment gap when the service investment cost
coefficients (cf, c) exceed a certain threshold or the servicer’s sensitivity to service investment (p) is moderate.
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Proof. Based on the optimal service invested by servicers in four scenarios, we derive
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Proposition 6 shows that, when the decision-making sequence is the same, different salary strategies are
adopted by the two consultation companies, and the game system has an equilibrium status, the service invest-
ment gap between the two consultation companies will be reduced accordingly if the servicer pays more attention
to the salary provided by the current company. In addition, when the service circumstance of the two compa-
nies is harsh, and the servicer is sensitive to investment cost, the increase in potential service supply in the
firm will exacerbate the service investment gap, which implies that the two companies should improve service
circumstance to maintain service consistency for customers.

6. NUMERICAL ANALYSIS

The numerical calculation method is utilized for simulation analysis to analyze the joint effect of crucial
parameters and consumers’ switching rate (b) on stakeholders’ revenue. Combined with the relevant studies
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TABLE 1. The values of critical parameters.

Parameter Value Parameter Value Parameter Value

n 0.7 Q 100« 0.6
3 055  af 0.1 am 0.2
b 015 v 0.4 M 50
v 0.9 p 012 o 0.5
A 0.8 ¢y 015  cm 0.12

grgrgremgnt

(a) (b)

F1curE 3. The joint effect of n and b. (a) The joint effect of n and b on the firm’s revenue. (b)
The joint effect of n and b on the platform’s revenue.

[1,35] and the model assumptions, the key parameters’ values are shown in Table 1. The value range of b is
[0,1].

(1) The joint effect of n and b

The value range of 7 is [0,1]. The joint effect of n and b has no direct impact on the equilibrium revenue
of servicer, and the combined effect on the equilibrium revenue of two consultation companies are shown in
Figures 3(a) and 3(b), respectively. It can be seen from the figure that the physical firm obtains the most
considerable equilibrium revenue in scenario 4, and the online platform achieves the most considerable equi-
librium revenue in scenario 3, regardless of consumers’ preferences for the firm and the switching rate change.
The consumers’ switching rate (b) has a positive effect on the equilibrium revenue of two companies in four
scenarios. Consumers’ preference for the firm (n) has a positive impact on the firm’s revenue but a negative one
on the platform’s revenue. The reason is that more consumers prefer the consultation firm, and more consumers
flow into the firm, which can bring more benefits to the firm in the consultation market with a certain scale of
potential consumers.

(2) The joint effect of @ and b

The value range of 1 is [0,200]. The joint effect of @@ and b has no direct impact on the equilibrium revenue
of servicer, and the combined effect on the equilibrium revenue of two consultation companies are shown in
Figures 4(a) and 4(b), respectively. Figure shows that the equilibrium revenue of both consultation companies
is more sensitive to the customers’ potential market in four scenarios. The equilibrium revenue of two companies
is positively impacted by the joint effect of @ and b, which is strengthened with the increase of the values of @
and b. It indicates that two consultation companies can benefit from the booming demand market.
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FIGURE 4. The joint effect of @ and b. (a) The joint effect of @ and b on the firm’s revenue
and (b) the joint effect of @ and b on the platform’s revenue.
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FIGURE 5. The joint effect of ay and b. (a) The joint effect of ay and b on the firm’s revenue
and (b) the joint effect of a; and b on the platform’s revenue.

(3) The joint effect of ay and b

The value range of ay is [0,1]. The joint effect of ay and b has no direct impact on the equilibrium revenue
of servicers, and the combined effect on the equilibrium revenue of two consultation companies are shown in
Figures 5(a) and 5(b), respectively. It is for this reason that in markets where the churn rate from the firm
is higher, some drawbacks lead to a decrease in the firm’s revenue. The platform’s competitiveness can be
indirectly enhanced by the increase in the churn rate of the firm.

(4) The joint effect of v and b

The value range of v is [0,1]. The joint effect of v and b on the equilibrium revenue of the physical firm,
the online platform, and the servicers are shown in Figures 6(a)—-6(c), respectively. Seen figure, the equilibrium
revenue of the platform, the firm, and the servicer is less sensitive to the servicer’s preference for the firm in
scenarios 1 and 3. The joint effect of v and b has a U-shaped impact on the equilibrium revenue of servicers in
scenarios 2 and 4. The combined effect negatively affects the firm’s equilibrium revenue, and the intensity of
the effect decreases at first and then increases with the servicer’s preference for the firm. In contrast, the joint
effect positively affects the platform’s equilibrium revenue. The intensity of the impact increases at first. Then
it decreases with the increase of the servicer’s preference for the firm.
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100 grgrgregnr

FIGURE 6. The joint effect of v and b. (a) The joint effect of v and b on the firm’s revenue, (b)
the joint effect of v and b on the platform’s revenue and (c) the joint effect of v and b on the
service’s revenue.

At the same time, some theoretical conclusions in the study are verified by the numerical analysis.

7. CONCLUSION AND IMPLICATIONS

This study develops a three-echelon Stackelberg game model to investigate the bilateral optimal “pricing”
for consultation companies’ competition, taking into account customers switching from the physical firm to
the online platform. Two consultation companies charge the consulting service price for customers and hire the
servicers by adopting Employment Strategy or Sharing Strategy. The servicer attracted by revenue makes service
investment decisions in two consultation companies. Under combinations of two consultation companies’ game
sequences and two salary strategies, we prove stakeholders’ optimal decision-making and equilibrium revenue
and theoretically analyze the effect of some parameters on the optimal decisions and the gap between them in
four game scenarios. Moreover, the numerical analysis simulates the joint impact of customer switching behavior
and other parameters on stakeholders’ equilibrium revenue. Some notable and practical managerial insights have
been summarized as follows.

(1) When the customers’ switching rate is moderate, no matter who makes the decision first, the customers’
potential market (@) and the churn rate of the online platform (a,,) have a positive effect on the firm’s
optimal service price, whereas customers preference for the firm (n) hurts the optimal service price of
the platform. Moreover, the customer’s preference for the firm (1) negatively affects the optimal service
price gap for two consultation companies compared to scenario 1 with scenario 2. The service price can be
indirectly affected by adjusting the customers’ potential demand in the consultation service competition
market.

(2) Under the Employment Strategy, the servicer’s sensitivity to service investment (p) positively influences
the optimal fixed wage provided by two consultation companies when the servicer’s potential market is
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moderate, and the servicers’ sensitivity to the current revenue is more than half of the wage competition.
Nevertheless, the servicer’s potential market (M) and the service investment cost coefficients (¢, ¢,,) harm
the optimal fixed wage set by the two companies and the servicer’s revenue. The servicer’s preference for
the physical firm (v) respectively plays a negative and positive role in the optimal fixed wage set by the
two companies. Compared to scenario 1 with 2, the servicer’s preference for the firm (v) and the service
investment cost coefficient on the firm (cy) play a positive role in the optimal fixed wage gaps for two
consultation companies. In contrast, the service investment cost coefficient on the platform (c,,) plays a
negative role.

(3) Expanding customers’ potential market (@) can promote the physical consultation firm’s revenue in four
scenarios and benefit the online consultation platform’s revenue in scenarios 1, 2 and 4. In most scenarios,
the churn rate of the firm (am) harms its revenue. Interestingly, the servicers’ potential market (M) plays
a positive role in the equilibrium revenue of the platform when two companies adopt Sharing Strategy
simultaneously. The churn rate of the firm (ay) has a positive impact on the equilibrium revenue gap
between the physical firm and the online platform when both companies utilize Employment Strategy;
however, the customers’ potential market (Q) negatively affects the equilibrium revenue gap when both
companies utilizing Sharing Strategy.

(4) The service investment cost coefficients (cy, ¢;,) have a positive impact on the optimal service investment
gap between two consultation companies in scenario 1, but scenario 2, 3, and 4 show a negative one.
Comparing the optimal service investment under two salary strategies indicates that Employment Strategy
can motivate servicers to raise service investment when the servicer’s perceived service cost is higher.
Meanwhile, expanding potential servicers in the firm can strengthen this incentive effect. It also partly
explains the phenomenon that the servicers typically experience greater pressure when working in the
physical firm, usually adopting Employment Strategy.

(5) In the competition circumstance, there is an equilibrium status in all scenarios when the consumers’ switch-
ing rate is moderate, the service investment cost coefficient in the firm is greater than a certain threshold,
and the servicers are more sensitive to the current revenue provided by the firm or the platform. The two
companies’ revenue is positively impacted by the joint effect of customers’ potential market (Q) and the
switching rate (b) but negatively by the combined impact of bilateral users’ preference for the firm (the
churn rate of the firm) and the switching rate play an opposite role. It also suggests that two consultation
companies can achieve more significant revenue when both adopt Sharing Strategy.

It’s deserved to study the bilateral “pricing” issue of service companies by relaxing or eliminating some
model assumptions in the paper. There are directions for further research in the future. Firstly, for bilateral
“pricing” strategies, service companies may adopt different salary strategies simultaneously, even utilizing mixed
or service price strategies. Secondly, for the matching ability, some novel and practicable insights may be derived
considering the effective service transaction and the network externality in service companies. Thirdly, for the
data validation, it is better to verify the model’s validity and conclusions using the actual operation data of
service companies.

APPENDIX A.

A.1. Equilibrium status in scenario 1

In scenario 1, the Jacobian matrix of the physical firm’s revenue function is

E-E _ 2(af+b—2)04 0

The corresponding values of the principal minor sequence are H fl_E =2(a;+b—2)a < 0, H ]?Q_E =
4(2 —ay — b)ay > 0, respectively. Thus, there is an optimal solution P} w;‘c to maximize the revenue of the
physical firm.
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Thus, there is an optimal solution pj,, w;, to maximize the revenue of the online platform.
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The Jacobian matrix of the servicer’s revenue function is

E—E —cy 0
HE :{ o _Cm}

The corresponding values of the principal minor sequence are
HSEliE =—cr < 0, HSEQiE = Cfcp > 0.

Thus, there is an optimal solution T}‘, T to maximize the revenue of the servicer.
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By substituting T}‘, T into p;., wk, p}i, w;‘c, Proposition 1 is proven.

A.2. Sensitivity analysis in scenario 1

Based on Proposition 1, we derive
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Thus, Corollary 1 is proven.

A.3. Equilibrium status in scenario 2

In scenario 2, the Jacobian matrix of the online platform’s revenue function is
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fo<b< {—%7 1}, the corresponding values of the principal minor sequence are
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Thus, there is an optimal solution p},, wy, to maximize the revenue of the online platform.
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are

(a +b—2) (2Am1a2 + baf — Am1ﬂ2)
Ao+ bg

E—FE
Hfl = <0,
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(2 = ay — b)(24,m10% + baf — A1 ) (242 — 02)
(Apia+bB3)y

E—-FE
HE P = > 0.

Thus, there is an optimal solution P}, w} to maximize the revenue of the physical firm.

2
omy _ 0 ph = QRAm1an+B(Am1—amn+(2+b)n))
. opy f 4Am1a?24+2baB—2A,,1032 : :
Solving ¢ 274 , then e M(u—1)op (3T oo ~2Mvy 1S derived.
J Wy = 2 2
Owy f 4~v2 —-20

The Jacobian matrix of the servicer’s revenue function is

HE-F — <acf Ocm>.

The corresponding values of the principal minor sequence are
Hﬁ_E = —cy <0, HSEQ_E =crem > 0.
Thus, there is an optimal solution T]’é‘, T to maximize the revenue of the servicer.

o _ 0 T]’f — pzAmz .
Solving ¢ 7% , then 46(7 v 2) s derived.

or? p(4V’+2y0—0o
0T, m 8Cm Y3 —4cmyo?
By substituting T, T, into py,, wy,, p}, w}, Proposition 2 is proven.

A.4. Sensitivity analysis in scenario 2

Based on Proposition 2, we derive

; _ bQB(a—an+ B o F _ 2Amon+ B(Au — amn + (24 )n)

aam 2(2Am1a2 + baﬂ — Am162)2 ’ 6@ 4Am1a2 + QbO‘ﬁ - 2Am162

W; _ QRAma+ (b= Am)B)
on 4A,,102 + 2baf — 24,152
% 14m1Q(214mlOéz(1 - 77) + 4Am10467] + BQ(Aml —amn + (2 + b)’l’}))

>0,

>0,

= > 0,

o8 2(24,m102 + baf — Ay 52)°

ap?n - _ (Aml + b)Q Ale(ﬁ - a) > 0

on 4A,1 a0+ 4b38  4A102 + 2baff — 2A,,1 32 ’

6w} _ p20(0'2 —4y? — 270’) <0 Bwj% _ —p2 Ao 610; _ (v — D)o — 20y o
Ocm — 8c2y(0% = 272)° C o0 22(—22+0?)? 0 OM T 4y? 207 :
aw? — M(O — 2"7) <0 810? _ p(SCm'V?’ + 4(Cf + Cm)’}/20' + QCf’yO'2 — cfo'3) >0

v 4220 7 p demepy(0? — 292)2 ’
dwy, _ p2 (o — 27) A2 (492 + 2y0 — 02) ~0 ow?, _ — 020 Ao
dcn, 16¢2,72(02 — 292)? T ey 4c3(~292 + 02)? ’
(9w72n_1 —14v  2(y—vy+wo) <0 awfn_M(glfYZfomiaz) .
oM 4 ~y 02 — 272 oo 8y3 — 4vo? ’
ow?, _ pAma (demyio + cf (8 — 4yo? + 0%))

>0,
dp 8cmcf(yo? — 273)?

O} Q*(2Aman + B(Am1 — amn + (2+ b)n))?

Oay 8(Amia+b8)(Am1 5% — 24,102 — baf)

<0,
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b(2 —af— b)Q2ﬂ(ﬂ(3Amla2 + 2b0‘ﬂ - Amlﬂz) + (a - /8)2(2Am1a + (Aml + b)ﬁ)n)

2
67Tf _ (2Am1a77 + /B(Aml — amn + (2 + b)ﬁ))
aam 8(Am1a + bﬂ)2(2Am1a2 + b()éﬁ — Am152)2 > 07
, (2uy+ o0 — va)( +4depe, My(2uy + 0 — vo) (272 — 02)
% _ tcpp?o(o? — 4y* — 2v0) — demy?p? (27 + 0))
oM 16¢cfem(yo? — 273)? >0,
M(2y — o) (4csem My (2vy + 0 — vo) (272 — 02)
ons teppto(o? — 492 — 2y0) — 22
omy 1020 (02 — 4y* — 290) — depy?p? (27 + 0)) 0
v 16¢fcm (yo? — 273)? -0
2
o} _ (2—ay —b)QRAmian + B(Am1 — amn + (2+b)n))*
20 K Amra + bB)2An10? + baf — Ay 7 >0,
) p?(2y + o) (4epem My (207 + 0 — vo) (297 — 02)
oy +cppio(o? — 4y* = 2y0) — dewmy?p* (27 + o)) 0
. > U,
dcy 16ctemy(27? — o2)
20 (49% 4 290 — 0?) (4cpen My (207 + 0 — vo) (292 — o2)
or? terplo(o? — 4n2 — _ 2 2
I crpio(o 7% = 270) — demy?p? (27 + o))
e, 64crcd, v3 (22 — 02)3 >0,
2
oy (2—ay —b)Q°(2Amia + (b — A1) B) (2Am1an + B(Am1 — amn + (2 + b)n))
an 4(Apra + b5) 2An102 + baf — Ay 52) =0
Q(2Am10*(4+ 2am(n — 1) + (b — 4n) + af(3Am1b(n — 1) — 242,11 + b*n)
aﬂ%l _ +Am1/62(Am1 - ( m1 T 36) ))
0Q 8(Amia+ b0)(2 m1a2 + baf3 — Am152)2 <0,
(4(v — 1)v* = 2vy0 — (v — 1)0?) (4emr?p 27+0 + csp? o2 2 2
102 (4= 0%) (1% + 2y0 0
or2, _ +cremMy (292 — o )(4(v — 1)y = 2070 — (v — 1)0?)) )
oM 32¢remy2 (292 — 02)° <0,
, M (472 — 2v0 — 02) (cmy? P20 (27 + 0) + cp* (49 — 02) (49* + 2v0 — o?)
Omy, +crem My (292 — 02) (4(v — 1)7% — 2vy0 — (v — 1)0?))
v 32cremy? (272 — o2)? >0,
) p(2y + o) (4cm’£2p20(2v +0) 4 cpp?(49% — 02) (492 + 270 — 0%) + dcyen, My (292 — 0?)
o2, N (4(v = 1)7% = 2vy0 + (v — 1)0?) ) (4emy?o + cf (87% — 4yo® + 0%))
9 64cic2, (02 — 242)" 0
20(27 + o) (demV?p?0 (27 4 0) + cpp? (492 — 02) (492 + 270 — 0?)
or? +epem My (29?2 — 0?) (4(v — )72 — 2
mo_ rCm My (2y 0)( (v—1)y 21}70+(1—1})U))
dey 32¢hemy(0? — 272)* <0
2 (g2
, p?(49% — 0?) (42 —|—22'yo —0?) (4em?p%0(2y + o) + cp* (497 — 02) (492 + 270 — 0?)
omp, +cren My (292 — 0%) (4(v — 1)7% = 2vy0 + (v — 1)0?))
dem 128¢5¢3 73 (+02 — 242)* <0
2
871-52 —p?(0? — 47? —270) 6W§ZM<O om?  1(—1+v  2(y+vy+o)
e, 32¢2,42(—292 + 02) Ocy 80?(02 _ 272)2 TOM 4 v —272 + o2 )’
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or? Mo? on? p(40m72 (2v+ 0)2 tey (02 . 2’70)2>
t= 2 <0, = 5 5 > 0.
v dyo® — 8y dp 16¢m,cr(yo? — 273)

Thus, Corollary 3 is proven.

A.5. Equilibrium status in scenario 3

In scenario 3, the Jacobian matrix of the physical firm’s revenue function is

( 2ap +b—2)a—2007Ty T¢(Ttp + 00mpm — Mv—4)\0fo))
Ty(

55 _
Tip+ 00mpm — Mv — 4)\9fo) —2)\Tfpf

f
If 0 < b < min{byq, 1}, the corresponding values of the principal minor sequence are
2(af +b—2)a — 2)07Ty <0,
HJ:‘;Q_S =Ty (4(2 —ay — b)oz/\p? + T (pTy + 08P — Mv — 6X0ps)(Typ + 00mpm — Mv — 2/\0fpf)) > 0.

Thus, there is an optimal solution p%, 0;5 to maximize the revenue of the physical firm.

a'"'f -0 Pt = Bpm+Qn
Solving 6Z§ , then g — f(prJrggmpm o) 18 derived.
a0 ¢ I (Bpm+Qm)A
The J acobian matrix of the online platform’s revenue function is

2 02 T, (c2—2)2 T (2M (v—1)A=M AT, 40T ) +460 .1 prm 2_2)2
2Am1a 4 bﬁ _ Am;ﬁ 4 m (‘;\ ) ( ('U ) vo+p( )\+U f)+ p (+J ))
T (2M (v—1)A—Mvo+p(2A T +0T ) +40,mm (23 +07)) T,,Lpin(za%z,\?)
2X Y

If 0 < b < min{by1, by2, 1}, the corresponding values of the principal minor sequence are
mlﬂ (U B 2)‘2)
A
1
Sy T (M? aTm(za — VA +00)? + ap* T (2AT + 0T5)* — 8apPm Oy Ty (AT,
+0Ty) (20 — 0%) 4+ 4p2, (2X% — 02) (24102 A + bafBA — A1 B2A + 3002, T, (20° — 07))
+2MaT,,(2(v — 1)A — vo) (p(2ATyy, + 0T) + 40,mpm (02 — 2A%))) > 0.

Thus, there is an optimal solution p},, 8", to maximize the revenue of the online platform.
a3, pr o= Q(RAm1a—(2Am1+b)an+Am1Bn)

3 m 4Am1a2+2baﬁ 2A,162
SolVlng{ p: 2Am10’ +baB—Am1°)(2M (v=1)A—=Mvo+p(2ATrm+0Ty))

HS-5 —

m

<0,

HS7S = 24,100+ b6 —

S-S __
Hm2 -

is derived.

then { . (
0 = O = = QA BT a (G Zam (I F (D) AT —a7)
The Jacobian matrix of the servicer’s revenue function is

p Ap po
HS*S _ 2X + 2A2—02 cr 2\2—02
S - po 2\p .
Cm

22 —02 02222

If ¢y > max{ o + 2/\2)‘5'02, x+ 2)\pi(cp_(i\r(;i)2A2) }, and 2)%2 > o2, the corresponding values of the principal

minor sequence are

A AAAes — p)(Aem — m(p — 2Xcp)o?
HSS— Ly M oo S - (Acy = p)(Aem — p) + cm(p — 2X¢f)o
— O

2)\ 2)2 4AN3 — 2)0?

Thus, there is an optimal solution T, T, to maximize the revenue of the servicer.
_ (41})\(/) Aem ) +2¢m (v— 1)>\o+cmvo )

on

=0 T* =

Solving{ g:g , then f* BA(ACI{/[ f())((ﬁcni)(ﬁ)('j2i)n)l(pvn?‘?§f) is derived.
0Ty, =0 T = 4)\()\Cf p)()\cm p)+em(+p—2Acy)o?

By substituting 77, T, into py,, wy,, pf, wf, Proposition 3 is proven.
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A.6. Sensitivity analysis in scenario 3

Based on Proposition 3, we derive

39? - —derMa(2Am102 + baf — Api %) AN2p0 (2(v — 1) (Acy — p) — vocy) <0
Ocm  Q(4Am102n — A1 821+ af(2am (1 — ) + (4 + ) — ) (AN = p)(Aem — p) + cmlp — 2Xcp)a?)”
379;3 _ Ma(?Am1a2 + baf — Am162)p(4v)\(p —Aem) + 2¢m (v —1) Ao + vo%m) (4)\,0 + Cm (02 — 4)\2)) >0
0cr  QMAAm1a®) — A1 820+ aB(2am (1 — 1) + (4 + b)n — 4))(4A(Aes — p)(Aem — p) + em(p — 2Xep)0?)®
003, AM (24102 + baf — A1 %) A2 (e — p)p(2(v — 1) (Aey — p) — vocy)

Fem ~ QUa(d+ 2am(n— 1) + (b — A1) — A Bn)(IAOs — p)hm — ) + emlp — Drep)o?)?

903, _ —cmM(2Am1a2 + baf3 — Amlﬂz))\pa(élv)\()\cm —p)+2cm(1 —v)Ao — cmvoz)

0~ Qlald+2am(n— 1)+ (b= 41) = A P)(ANACs — )N — ) + e = 2Acr)?)

o K

87\/_); = fi <0,

K3 = —(3M?(40A(Aem — p) + 2¢n (1 — v) A0 — cvo®) (16X (p — 2Xcp) (p — Ac)
+8(1 = 0)A*(2emep A’ = (cf + em)Ap + p°)o
—40A(p — 3¢ A)(p — 2¢mA) 0% + 26, (1 — V)N (p — 4ep N0 + cpv(dep X — p)04)2),
Ky = 128X (02 — 2X%)° (4N (e A = p)(emA — p) + em(p — 2¢,0)0%)°,
ot (2 ay — H)Q(4Am10%) — Aw1 1 + aB(2am (1 — 1) + (4 + b)y — 4))°

2Q 8(2Am102 + bafl — Ay 32)° >0
Om} _ b2 —ag ~D)Q*aB(f + an — ) (4400 — A + 0BRan(1 —m) + (4 +bn—4)
dam 4(2Am102% + baf — Ay 32)° ’
or’ (24,1Qa8 + Q44,102 + (b — 24,1)a8 — A1 7))
day 160:(2Am102 + boB — A1 32)? <0
3M2(2(v — 1)(Aey — p) —vocy) (4hep(2(v — 1)A — vo) (2X2cp, — Ap — 0%cpy)
oms, +p(8(v — 1)A%(p — 2Xcm) + 4vA(Aep, — p)o + 6 (v — 1)Ao? — ¢ va3))2 =0
oM 32(2X2 — 02)(4A(Aes — ) Aem — p) + cm(p — 2X¢f)a?)? ’
Omy _ QR2Amia — (2Am + b)an + Ay Bn)° “0
oQ da(Apm1 82 — 24102 — baf) ’
Q*(Am1Bn — a(d+ 2am(n — 1) + (b — 4)n)) (A1 8% + 20 3(2b(n — 1) — Apn)
o3, —afB(4+ 2am(n—1) + (b—4)n) + a®*(8 + 4am(n — 1) — 2(4 + b)n))
Dam 8241 + b — Ay 32)2 <0
ard = M2N2(2(1 —v)(Aes — p) +wacy)’
dem 2(4MAes — p)(Aem — p) + em(p — 2X¢p)02)” ’

ord  MZ?(4uA(p — Aem) + 2¢m(v — 1)Ao + cmv02)2

S

dcy 8(4XAes — p)(Aem — p) + em(p — 2X¢p)02)?

Thus, Corollary 5 is proven.
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A.7. Equilibrium status in scenario 4
In scenario 4, the Jacobian matrix of the online platform’s revenue function is

HS_S _ 2(Am1a + b,@ — )\engm) Tm(M(U — 1) 4>\9mpm + pT + O'efpf)
m Tm(M(U - 1) - 4>‘0um + me + Uafpf) 72>\Tmpm

If 0 < b < min{b;3, b14, 1}, the corresponding values of the principal minor sequence are
HS7S =2(Amia+ b8 — M2, Ty) <0,
HS5% = —T0, (492, (Ay + bB)N + Ty (M (v — 1) — 6M0Dy + T + 005ps) (M (v — 1) — 2)
OmDm + pT + 0bspy)) > 0.

Thus, there is an optimal solution pJ,, 6 to maximize the revenue of the online platform.
Oy _ « _ bapfwAmlpﬁQ( m1=(Am1+b)n)

+2b63
. ) 9* o (A!YL1a+bﬁ)( (3 1)+pT7n+0'0fpf)
=0 U = Grat A 5= QU(Am +0)1—Ami )X
The Jacobian matrix of the physical firm’s revenue function is

(ap+b—2)(24m10°+baB— A1 87) + 03T (02 —2X%) T (2X(pTf—Mv—AaX0pps)+M (v—1)0+po Ty +40>0spy )
HE-E _ Aot B D) 22
f Ty (2X(pTy —Mv—4X0 )+ M (v—1)o+po T +40204py ) Typ}(0®—227)
2X Py

Ifo<b< mm{blg, é"lo‘ 1} 20% > o2, and max{afi,afe} < ay, the corresponding values of the principal
minor sequence are

ps—s _ (as +b— 2)(24m10% + baf — A1 %) N 03Ty (o2 — 2)2) 0
n Amloé + bﬂ by )
HS S _ 4)\2 ST (= M2Ty(20) + 0 — v0)* — Ty p* 2Ty + 0Tr)? + 80, Ty p(20Ty + 0T,,) (202 — 02)

4p7 (202 — 02) (A((af + b = 2) (24m10® + baff — A1 5°)
+6T(Apria + bﬂ)Q?)\) —3T¢(Apmia + bﬂ)@?oQ)
A1+ bg
+ 2MTy (20X + 0 — v0) (p(2ATy + 0T,,) + 407ps (0 — 2X%))) > 0.

Thus, there is an optimal solution p},@}i to maximize the revenue of the physical firm.

oy _ 0 x _ Q2Am1on+B(Ami—amn+(2+b)n))

oy Py = 44, 021 2baf 24,102

or; 0% — (24102 +baf—Am1 %) (M (20A+0—v0)—p(2ATs +0Trm))
0y Q(FB(2+am(n—1)—(2+b)n) —2An1a1)(2A2—02)

The Jacobian matrix of the servicer’s revenue function is

2Mp po
HS*S — 22 —o2 Cf 22 —g2
S - po P + Ap —e .
2X2—0o2 2 2X\2—o2 m

2Ap AX(cmA—p)p . . .
If ¢f > max{ TNT—571 Te N AN peBen AT po? [ the corresponding values of the principal minor sequence are

_ 2\ _ AN(cfX = p)(emA — p) + cf(p — 2cm\) 0>
5-S _ P 5-5 _ AT PI\CmA — P f\p m
Hsl —2)\2ﬁ—c‘f<07 HSQ = 4)\3_2)\0_2 > 0.
Thus, there is an optimal solution T, T to maximize the revenue of the servicer.

aﬂ_zz 0 T; - MX2vp+em(v—1)o—2¢, V)

. 9T, — T A(cfA—p)(cmAr—p)tcr(p—2cmA)o? . .
Solving { 87?‘2 _o’ then e _ M(4f(v—1)/\(Cf,\—p)—£Cfv/\a+Cf(1—u)02) is derived.
Ty, — m T 8A(cpA—p)(cmA—p)+2cf(p—2cmA)o?

By substituting 77, 1.7, into p},, w;,, p’}, wl*f7 Proposition 4 is proven.
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A.8. Sensitivity analysis in scenario 4

Based on Proposition 4, we derive

(24102 + b3 — A1 52) (8uA?(2¢p A — p) (e — p) + 4(1 — v)A(2cremA? = (¢f + cm)Ap + p?)o

207 +2¢,vA(3p — 4emA)o? + cp(v — 1) (dep A — p)o?)
OM = 2Q(F@ + am(1— 1) — (2 + b)) — 2Aman)(2X2 — 02 (AN(er ) — P)(emh — ) + ¢5(p — 2emN)?)
<0,
M(QAml +baf — Ay 52 (4)\(cm)\ —p)ploc —2X)
207 +cremA(2X — o) 82)\2 —0%) = crp(16A* — 4X?0 — 6)0? + 0°))
B0 = QL@+ am(7— 1) — 2+ 1) — 2Amran) B2 — a)(AN(erA — p)(emh — p) + 1 (0 — ZemN)?)
<0,
M (24,102 + baB — A1 B2) (A% (2¢4 X — p)(emA — p) +4(1 — v)A(2crcmA? = (cf + em)Ap + p?)o
579;1« _ +2¢,vA(3p — 4emA)o? + cp(v — 1) (dep A — p)o?)
9Q " OQRB@ + am(n— 1) — @+ D)) — 24 an) (2R — o) (AN (er = p)(en — p) + ¢5(p = 2emN)?)
>0,
bM B2 (v — am + Bn) (BuA2(2¢s X — p)(emA — p) + 4(1 — V)X (2¢mer A2 = (cp + cm)Ap + p?)o
a0 _ +2¢,0A(3p — 4emA)o? + cp (v — 1) (dep A — p)o?)
Oam — 2Q(B(2+ am(n — 1) — (2+ b)) — 2Am10m)* (22 — 02)(4\(cp A — p)(cmA — p) + c5(p — 2emA)02)
>0,
MQ2Amia+ (b— An)B) (2Am1a2 + baf — AmlﬁQ) (81})\2(ch)\ —p)(csA—p)
579;1« B +4(1 = v)A(2cremA? = (cf + cm)Ap + p?) o + 2cvA(3p — depA)o? + (v — 1) (e A — p)o?)
0 " 2Q(AR+ am(— 1) — 2+ 5)n) — 2Amran) (232 — 02 (AN(esA — p)(emh — p) + e (p — 2emA)o?)
>0,
3M?(8vA%(2¢s A — p)(cmA — p) + 4(1 — v)A(2cremA? = (5 + cm)Ap + p?)o
577# B +2¢£vA(3p — demA)o? + cp(v — 1) (e — p)a3)2(cm(2v)\ + 0 —vo) — 2up)
oM 32(02 = 2X2) (4N (cp A — p)(cf A — p) +c5(p — 2emA)o2)?
>0,
Or7 _ (2= ag —b)QRAmon + f(An1 — amn + Amn)” _
oQ 4(Apmra+ b08)(2Am1 02 + baf — A 2) ’
om2 K
= 0

K1 = 3M?(4(v — D)A(efA — p) — 2cpvAo + ¢4 (1 — v)o?)

(4Xp(4(1 = V)N*(2emA = p) 4 20A (e A — p)o + (v — 1) (3emA — p)o?)

+ e (4(v — DA% = 20A0 + (1 — v)0?) (8enA* — 4X2p — dep Ao? + p02))2,
Ky =128\ (0” — 2)\2)2(4)\(cf)\ —p)(emA —p) +cs(p— QCm)\)O'Q)s,

Q24102 (4 + 2am(n — 1) + (b —4)n) )

a’/Tan o +066(3Am1b(77 - 1) - 2A?n17] + b2,,7) + AmlﬂQ(Aml — (Aml + 3b)’l7))
aQ —8(Amia + bB) (2Am102 + baf — A 52)?

>0,
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M(Cf (4(1 — U))\2 + 2vAo + (v — 1)02)2

+4A (cm)\(2v)\ + 0 —v0)% + pA? ((8(1 —v)v —4) +4(v — vro + (v — 1)202>>>

omr2?

oM BA2NZ — 02) (AN — p)(emh —p) + (0 — 2emN)o?)
>0,

on?2 _ M2(4(1 = v)A(cfA = p) + 2cpvA0 + cf (v — 1)02)2 “0

Do BANerA—p)enh—p) el 20Nt

on2? —M2X2(¢,n (20X + 0 — v0) — 20p)°

< 0.

ey 2(4XM(ef A — p)(emA — p) +cp(p — 2emA\)o?)?

Thus, Corollary 7 is proven.
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