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OPTIMAL PRICING STRATEGY FOR NEW PRODUCTS CONSIDERING
REFERENCE PRICE EFFECT IN ADVANCE SELLING

WEN ZHANG!, YAN ZHANG?**®, XUJIN PU! AND ZHENZHEN WANG!

Abstract. Previous research has shown that retailers’ operations and consumers’ purchase choices
are significantly influenced by reference prices. This study explores a retailer selling some new products
to strategic consumers in advance selling, and addresses the impact of reference price effect on the
advance selling strategy and corresponding pricing decisions. Consumers’ choices are determined by
their purchasing utilities which are dependent on the selling price in current period and the reference
price. We first drive optimal selling prices and corresponding profits of the retailer under the scenarios
of no advance selling, advance selling without considering the reference price effect, and advance selling
with considering the reference price effect, respectively. We find an advance selling strategy is not always
beneficial for the retailer. Besides, results present that the retailer benefits from considering reference
price effects only if the positive reference effect is relatively high. Finally, numerical studies show that
dynamic pricing is dominated by price commitment, which reaches the maximum when positive and
negative reference effects parameters are both the highest.
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1. INTRODUCTION

With the development of online retailing, advance selling has been widely used by retailers selling products,
such as, fashion products or consumer electronics, to increase sales. Prior researchers defined advance selling as a
marketing strategy, which implies that before the time of consumption, consumers have opportunities offered by
retailers to make purchases [32,40]. This strategy can benefit the retailer by reducing demand uncertainty and
updating the demand forecast [24]. In China, “Double 117, characterized with advance selling, is increasingly
becoming popularity as a selling format. In 2022, Alibaba disclosed that in just four hours from 20:00 to 24:00
on October 24, Taobao Live produced 130 livestreaming rooms whose sales with advance selling are more than
10 million yuan. The number of viewers in Li Jiaqi’s livestreaming room reached 460 million®.

However, from the point view of consumers, consumers cannot realize the precise valuation of the product
in the first period (i.e., advance selling period) due to the first launch or limited information. Thus they may
choose to wait until the second period (i.e., regular selling period) during which their valuation uncertainty
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disappears. As a response, a retailer may offer an advance purchase discount to encourage them to purchase
in advance. Simultaneously, two kinds of pricing strategies, namely, price commitment and dynamic pricing,
respectively, are often used to discourage the consumer’s strategic waiting [22]. Under such circumstances, the
price difference between the two periods will lead the gain-loss utility to consumers, which can be understood
as the reference price effect. This effect will greatly influence the consumers’ purchase behavior and then the
retailer’s strategic decisions [8, 19, 25].

The retailer’s decisions and consumers’ behavior are different under different pricing strategies. Specifically,
with dynamic pricing strategy, the retailer sequentially announces two selling prices at the start of each period.
In the first period, consumers are not impacted by the reference effect due to no historical price. In the second
period, after knowing the advance price, consumers will form a reference price. But in the price commitment
strategy, the retailer simultaneously offers two prices before the advance selling period. Thus consumers will
form reference prices in two periods. With an advance price discount, consumers purchasing from the first period
perceive a gain and obtain positive transaction utility in their mind, but consumers purchasing later feel a loss
and obtain negative transaction utility.

However, it is unclear that which of the pricing strategy should be chosen by the retailer to obtain the
maximum profit. As mentioned above, retailers usually offer price discounts to attract consumers to buy products
early. Thus in the dynamic pricing strategy, although the retailer has the flexibility to change the price in the
second period, consumers’ purchasing decisions are negatively effected by the reference price, leading to less
regular demand. In the price commitment strategy, the retailer faces a tradeoff between the expected profits
from both periods, also resulting from the positive and negative effects of reference prices.

By incorporating aspects of consumer’s reference effect behavior into the retailer’s advance selling strategies,
three research questions are presented. Firstly, we explore the optimal selling prices and ordering quantities with
different pricing strategies under the scenarios with or without considering consumers’ reference price effect.
Next, should the retailer make decisions taking the reference effect into consideration? Finally, how do the
factors such as the procurement cost and reference price effect parameters affect the retailer’s strategy choice
and corresponding optimal decisions?

Based on these questions, we present a two-period model in which consumers who are informed of pre-
order options compare expected utilities from two periods and make the best choices. Remaining uninformed
consumers with knowing their precise product valuations decide whether to purchase in the second period.
Besides, we focus on the following three scenarios: the scenario of no advance selling, that is, as a benchmark;
and scenarios of advance selling with and without considering consumers’ reference price effect.

The main contributions of this study are as follows. Firstly, our research is constructed on the background
of advance selling, in which consumers face product valuation uncertainty and need to decide which period to
purchase (i.e., advance or regular selling period). Furthermore, we explore the impact of reference price effect,
which results from the price difference between the two periods, on the retailer’s decisions and consumers’
purchasing behavior. Through analysis, the results show that taking consumers’ reference price effect into
consideration is not always beneficial for the retailer. Next, the previous literature on reference price effect
mainly focuses on dynamic pricing strategy. However, price commitment is a common used pricing strategy
for retailers operating advance selling. Under these two pricing strategies, the impact of reference price effect
on consumers’ choices, the retailer’s decisions including pricing and ordering quantity, and the corresponding
expected profit are different. By comparison, we find that the retailer gets more profit from choosing the price
commitment strategy no matter whether the retailer takes the consumer’s reference effect into decisions or not.
In summary, the combination of advance selling and reference price is not well explored in the previous literature.
Finally, with respect to methodological approach, we formulate a game between a retailer and consumers, and
derive optimal results using the utility theory. Furthermore, we characterize consumers’ total expected utilities
that are the combination of economic surplus and transaction utility resulted from the reference price effect.

In the following, some related literature and problem settings are presented, respectively. Next, we investigate
the retailer’s decisions under no advance selling, advance selling without considering the reference price effect,
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and advance selling with considering the reference price effect, respectively. We then discuss the effect of the
reference effect parameters and obtain the retailer’s optimal strategy choice. The final section is conclusions.

2. LITERATURE REVIEW

There are two streams of literature, namely, advance selling and reference price effect, which are closely
related to this paper.

A substantial body of literature has focused on the advance selling strategy [16,36,40,41]. The main benefit
of advance selling is price discrimination. Xie and Shugan (200 pointed out that valuation uncertainty exists
when consumers buy new products in the advance selling period, which increases the profit of the firm. On
the contrary, Zhao et al. [42] focused on a decentralized supply chain including a supplier and a retailer and
discussed the impact of the retailer’s advance selling function. They showed that the profits of both the retailer
and the total supply chain decrease in advance selling. Cachon and Feldman (2017) showed that advance selling
under the context of competition is less beneficial and may be harmful. Besides, several pricing strategies are
chosen by retailers who provide advance selling options, including price commitment, dynamic pricing, and
price guarantee. Taking both consumer demand and valuation uncertainties into consideration, Pang et al. [22]
compared above mentioned three strategies. They found that the optimal pricing strategy is depending upon
consumer valuation and demand uncertainties. When either uncertainty is relatively high in the advance selling
period, a pre-order price guarantee should be adopted by the retailer. Besides, Pang et al. [22] showed that
the retailer prefers dynamic pricing rather than price commitment when the retailer is able to decide whether
or not to offer a price guarantee under dynamic pricing optimally. Xiao et al. [31] considered that advance
selling has several new features (e.g., consumer awareness and product quality). By comparing dynamic pricing
with price commitment strategies, they found that price commitment dominates dynamic pricing when the
consumer’s awareness is high but the consumer fitness differentiation is low in advance selling. With respect
to price guarantee, Peng et al. [23] studied the benefit of this pricing policy for a seller who sells products in
advance and takes the preorder-dependent social learning into consideration. In contrast, our study considers
the impact of reference prices on consumers’ purchasing behavior and then analyzes and compared two pricing
strategies under the framework of advance selling.

The second stream of related studies is reference price effect, which has been extensively studied in both
empirical and analytical modeling literature [5,6]. The concept of reference price originates from the adaptation
level theory [7], which stated that the consumer’s response to the current selling price of a product comes from
comparing it with the reference point in the consumer’s mind, which depends on the consumer’s past experience
with the product price. Here, we only review analytical modeling literature, which mainly focused on dynamic
pricing strategy and simultaneously considered the effect of reference price [2,20]. Assuming that the demand
has relations with reference price and real price, Kopalle et al. [13] developed optimal policies of dynamic
pricing considering a monopoly retailer and oligopoly retailers, respectively. Hu et al. [10] studied under what
conditions a firm should choose the skimming pricing or high-low pricing strategy. Besides, some studies also
focused on strategic consumers. When these consumers form reference prices via past experiences, Wu et al. [30]
characterized the properties of the optimal ordering and markdown decisions in a multi-season setting. Based
on consumers’ purchasing behavior, Zhao et al. [43] explored the optimal pricing decisions and corresponding
revenue of a retailer by taking the effects of reference price and price-matching into consideration. Their results
showed that the retailer’s profit always decrease even if using a price matching strategy when considering the
reference price effect. Chen et al. [3] considered that a firm sells products to strategic consumers over two stages
by adopting two dynamic pricing polices. They found that the consumer strategic behavior harms the firm’s
profit, and the reference price effect benefits (harms) the firm when consumer strategic behavior is low (high).
Other papers include inventory strategy [1,29], assortment strategy [28], advertising strategy [17], preservation
technology investment [4], positioning [19], green-product problem [9], durable goods [40], and supply chain
[15,37-39]. Our study is different from the above literature in the following sides. Firstly, besides uninformed
consumers, we focus on a particular group of consumers who are informed pre-order options and thus referred
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TABLE 1. Notation.

\% Consumer valuation

X The product price in the first period

Ny Number of consumers who are informed of pre-order options
Ds The first period’s demand

Us  Expected utility from advance purchases

P The product price in the second period

Ny Number of consumers who are not informed of pre-order options
D> The second period’s demand

Uw  Expected utility from purchasing later

Q Ordering quantity

I The total expected profit

to as informed consumers. They will time their purchases between both periods. Secondly, different from the
case that consumers can always perceive the precise valuation of the product, we consider that consumers
face uncertainty in their valuations during the advance selling period. Thirdly, under each pricing strategy:
price commitment and dynamic pricing, the impacts of reference prices on consumers’ purchasing decisions are
discussed. Finally, we simultaneously analyze and compare two different pricing strategies to find the optimal
operational strategy of the retailer.

In summary, this paper firstly incorporates the aspect of consumer’s reference effect behavior into the retailer’s
advance selling strategy, and then explores which of the pricing strategy (i.e., two common used strategies:
dynamic pricing and price commitment) should be chosen by the retailer. The results show that retailers’
operations are significantly influenced by reference price effect. On the other hand, in the background of advance
selling, this study constructes a two-period model in which consumers cannot realize the precise valuation of
the product in the first period (i.e., advance selling period). They may choose to wait until the second period
(i.e., regular selling period) during which their valuation uncertainty disappears. Considering the reference price
effect, consumers’ behaviors are different under two pricing strategies, which leads to the research gap about
studying the retailer’s decisions.

3. MODEL

3.1. Retailer settings

A retailer (called, “he”) sells new products to consumers (called, “she”) in advance selling during two periods,
which are also called as advance selling period and regular selling period, respectively. For the retailer, his unit
procurement cost is ¢ and the selling prices of two periods are X and p, respectively. To increase the number
of pre-orders from consumers, many retailers usually provide a pre-order bonus, that is, a price discount (i.e.,
X < p). When the regular selling period starts, these advance-orders are fulfilled. In this paper, we assume that
the stock-out risk does not exist in the period of regular selling because of enough capacity of products. All
parameters are summarized in Table 1.

Two decisions should be made by the retailer. Firstly, whether or not he should choose an advance selling
option? If so, he needs to choose a pricing strategy between dynamic pricing (referred to as “DP”) and price
commitment (referred to as “PC”). More specifically, when the retailer adopts DP, then he needs to announce
the selling price sequentially at the start of each period. when he chooses PC, then he should announce selling
prices X and p simultaneously before the first period starts. Besides, the retailer decides the ordering quantity
(i.e., Q) including both the advance sales and the regular demand.



OPTIMAL PRICING STRATEGY FOR NEW PRODUCTS CONSIDERING REFERENCE PRICE EFFECT 2049

3.2. Consumer settings

Depending on whether consumers are informed of information about the product in advance selling or not,
consumers are divided into two types, which are referred to as the informed and uninformed consumers, respec-
tively. Number of consumers of each type is N7 and N, respectively. In order to focus on the effect of reference
price, we assume that N7 and N, are deterministic and Ny = Ny = N, where N is an exogenous parameter.
This assumption is consistent with the previous literature e.g., [31,32,42]. For both types, each consumer who
has bought one will leave the market.

With respect to consumer valuation, we assume that product valuations for consumers are uncertain during
the first period. The reason is as follows. When the retailer launches a new product, consumers lack enough
information to grasp all the features of the product, including product reviews or description. For analytical
tractability, we assume that consumers’ valuations V' follow a uniform distribution from 0 to 1 [12, 14, 26].
Informed consumers’ actual valuations are not realized until they receive products during the regular selling
period, implying that consumers are ez-ante homogeneous but ez-post heterogeneous (i.e., different realized
valuations). This assumption is also consistent with the previous literature e.g., [11,33,42].

From a psychological perspective, when consumers observe different prices in each period, they will compare
them to make choices, which is called the reference price effect. Based on this, for an advance discount strategy,
all consumers who make purchases in the second period usually take the selling price in the first period as
the reference price. When the regular price is larger than the reference price, they feel that they suffer a loss
and obtain negative transaction utility in their mind. Similarly, informed consumers usually take the second
period’s selling price as the reference price, and obtain positive transaction utility. For each type of consumer,
there exists a same reference dependence coefficient r (0 < r < 1), which means the sensitivity coefficient of
the difference between the actual selling price and the reference price. Specifically, we define r; as the gain
reference dependence coeflicient and 79 as the loss reference dependence coefficient. Under uncertain conditions,
all consumers are more sensitive to loss compared to gain (i.e., r2 > 1) [21]. Besides, we assume that the
transaction utility of consumers is linearly dependent of the difference of selling prices in each period.

With respect to consumer surplus, if a consumer has an opportunity to purchase in advance, her surplus
is V — X. But if this consumer decides to wait and purchase in the following period, her surplus is V — p;
otherwise her surplus is 0 if she doesn’t buy anything. Therefore, if a consumer purchases in the second period,
the surplus is max{V — p, 0}. For uninformed consumers, they only make purchases and the surplus v > p under
the condition of realized valuations in the second period; otherwise, they don’t buy anything. With respect
to expected utility, when facing uncertainty, consumers obtain the total utility which is the combination of
economic surplus and transaction utility resulted from the reference price effect, which is also depending on
the pricing strategy the retailer chooses. In specific, we let the subscript A represent that a consumer places a
pre-order, and the subscript W represent that a consumer purchases in the latter period. Therefore, when the
retailer chooses DP, a consumer’s expected utility is

1
URT = EBv(V=-X)=5-X, (1)

if purchasing in advance. Otherwise, if waiting for the next period and then realizing valuations, consumers
make purchases and the corresponding expected utility is

1
Uhr = / = p—ralp— X)* +r1(X — p)*]do. ()
p+ra(p—X)t—ri(X—p)*

Next, when the retailer chooses PC, an informed consumer buys a product in the first period or second period
and obtains the expected utility

UEC = By(V = X) 4 malp— X) = 3 — X +ralp— X), 3
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or

ro_ [ o X dy — LT P20 = X))
o= [ e X : , (W

respectively.

When the retailer announces the pricing strategy, informed consumers strategically decide when to purchase
and they prefer the first period if U} > Uy}, where j € {DP, PC} [27]. In the following period, all remaining
consumers make choices according to the relative size between the realized valuation and the selling price p.

4. MODEL ANALYSIS

This section first examines the scenario in which the retailer does not adopt the advance selling strategy, that
is, as a benchmark. Then equilibrium results with and without considering consumers’ reference price effect
under the strategy of advance selling are derived and compared to show the impacts of the reference price effect
and the advance selling strategy on the retailer’s decisions and profit. For presentation convenience, we let the
superscript “NAS” represent the scenario of no advance selling option, and superscripts “ASDP” and “ASPC”
represent the scenarios when the retailer sells with dynamic pricing and price commitment strategies in advance
selling, respectively. Let superscripts “WR” and “NR” represent the scenarios with or without considering
reference price effect, respectively.

4.1. Benchmark: no advance selling

We first consider the scenario in which all consumers have realized their product valuations and decide whether
to buy new products or not during the regular season. In general, those consumers will choose to purchase if
and only if their valuations are not less than the selling price p. Thus total demand is Dy = 2N - (1 — p) and

the profit of the retailer is given by IInyas = 2(p — ¢)(1 — p)N. Evidently, the optimal decision is pj 4¢ = %;
the ordering quantity is Qi 4¢ = (1 — ¢)N, and consequently ITx 4o = (1_3)2N.

4.2. Advance selling without considering reference price effect

4.2.1. Dynamic pricing strategy

If the retailer adopts the advance selling strategy, informed consumers can purchase early, and then unin-
formed consumers arrive in the regular selling period. Under the DP strategy, the retailer decides the prices of
new products at each period separately. Using the approach of backward induction, we first study the optimal
regular selling price, followed by the analysis of AS price.

In the regular period, consumers whose realized valuations is not less than the selling price will choose to
purchase. Thus this period’s demand is Ds = N - (1 — p). Similar to the benchmark, the optimal regular selling
price is p) &% p = 14< and the regular period’s profit is %.

During the advance selling period, each informed consumer anticipates the optimal regular price p¥ &5 » and
compare expected utilities from purchasing in advance and from waiting. If purchasing in advance, the expected

i o 77DP 1 i qii s 77DP _ (1—phEhp)? . .
utility is Uy + = 5 — X. If waiting, the expected utility is Uy = S . Thus to induce more pre-orders,

N2
the advance selling price should satisfy X < % — %. The total expected profit in advance selling is written as

2
oy = (X —c¢)- N+ w. The optimal advance selling price should maximize ITY&, , while motivating
more informed consumers to purchase with pre-orders; otherwise, two types of consumers choose to wait, leading
to the same results in the benchmark. Then Lemma 1 follows.

Lemma 1. Without considering consumers’ reference price effect, when the retailer adopts DP, his optimal

p— 2 p—
prices, total ordering quantity, and expected profit are XXSBBP = % -a 86) , pgggp = %, gé%gp =8 2C)N,

NRx _ (2=10c+5)N
and T 4spp = —F5——.
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Lemma 1 presents that prices in different selling periods are only contingent on the procurement cost ¢ and
increasing in it, indicating a negative effect on the retailer’s expected profit. Besides, we find that the advance
selling price is lower than the regular price, indicating that the retailer should not charge a low regular price
even if he has the flexibility to change in the second period.

4.2.2. Price commitment strategy

Under the PC strategy, the retailer should announce the price X in the first period and the price p in the
second period simultaneously before the starting of the advance selling. For informed consumers, they consider
the selling price p as the reference price and decide whether to purchase early or to wait, depending on comparing
their corresponding expected utilities. If purchasing in advance, the expected utility is UY¢ = % — X. If waiting,

2
the expected utility is UVI‘D,C = %. Regarding the uninformed consumers, they make purchases only if

their surpluses are nonnegative, that is, v > p. To encourage more consumers to purchase early, the retailer
_ (1-p)?
2

maximizes the total expected profit IT AVSRPC while the advance selling price should satisfy X < % , where
IYE, . = (X —c¢)N + (p—¢)(1 — p)N. Therefore, the following lemma presents the pricing decisions under the
PC strategy.

Lemma 2. Without considering consumers’ reference price effect, when the retailer adopts PC, his optimal

. . . _c i-—¢)N

prices, total ordering quantity, and expected profit are X &% = 55 + £+ 5, pfpe = 22, QN = ( Sc) ,
NR+ _ (2—8c+4)N

and I 1550 = ~—F%——-

Lemma 2 shows that, similar to Lemma 1, the higher the procurement cost of the retailer, the higher the
prices of the two periods and the lower the expected profit of him.

Next, we compare the retailer’s pricing decisions and expected profits without considering reference price
effect under no advance selling, dynamic pricing strategy in advance selling, and price commitment strategy in
advance selling. Then Proposition 1 follows.

Proposition 1. In equilibrium,

(i) the advance selling price satisfies X Y&, < XYL 5

(ii) the regular selling price satisfies Py ag = Phehp < PAEpos

(iii) the total ordering quantity satisfies Q' 4g < QNErc < QNES p;

(iv) the retailer’s expected profit satisfies IINEs, < ITNEs - if ¢ € (0, @), NI > IT% 4g; otherwise,
e < i as-

When the retailer uses the dynamic pricing strategy to sell products in advance selling, informed consumers
will face the future price risk, compare to that under the price commitment strategy. It may induce them to
hesitate to purchase early. To retrieve this situation, the retailer can charge a relatively low advance selling price
to attract informed consumers to purchase in advance. Simultaneously, when entering into the regular selling
period, the retailer still has the opportunity to adjust the price and then charge a relatively low regular selling
price, which is the same as that in the scenario of no advance selling, to maximize the regular selling profit.
Therefore, relatively lower selling prices in both periods lead to higher total demand of products. In addition, the
retailer has to offer a price discount to counteract consumer waiting behavior and thus all informed consumers
prefer to purchase in advance under the price commitment strategy. According to Proposition 1 (i) and (ii), a
relatively higher regular price makes the retailer obtain less profit from the regular season. However, the regular
loss can be compensated by more advance profit (i.e., extracting more surplus from informed consumers) by
charging a relatively higher advance selling price. Thus the retailer obtains more profit when adopting price
commitment, compared to dynamic pricing strategy. Finally, comparing advance selling with price commitment
with no advance selling, we find there exists a threshold about the procurement cost which determines the
retailer’s decision. Intuitively, a lower procurement cost favors advance selling strategy for retailers.
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4.3. Advance selling with considering reference price effect

4.3.1. Dynamic pricing strategy

In this scenario, informed consumers make purchase choices depending on the announced advance price
and anticipated selling price in the second period. They are not influenced by the reference effect. However,
uninformed consumers view the advance price as the reference plrice. Thus, if an uninformed consumer purchases
in the second period, her obtained expected utility is: UDY = fp+r2(p7X)+fr1(X7p)+ [v—p—ra(p—X)T+ri (X —
p)T] dv, which is as follows:

pp [17p7r22(p7X)]2 if p>X
Uw' = [l—p—ri(p=X)> . (5)
" i p<X

Similar to Subsection 4.2, consumers prefers to buy new products in regular period if she gets nonnegative

utility from purchase, i.e., UV[[),P > 0. Then the demand from this selling period is as follows:

Jl=p=ralp=X)IN if p>X
N2_{[1—p+n(X—p>]N if p<X. (6)

Denote ITVJY, 1, as the expected profit from sales in this period. Thus the retailer solves the following problem:

(p—c)-[L—p+r(X—pIN if p<X.

By solving this problem, the optimal regular selling price and the regular profit of the retailer are as follows:

E {(p—C)-[l—p—Tz(p—X)]N if p>X -

(X+c)ra+1+c f X < 14ctrac

2(1+72) 297,
Pt = { X i o Cx < g ®
and s
IidEpy = (X —o)(1 = X)N if 1550e < x < hetne 9)

[(Xfc)r1+1fc]2N 1+c+r c.
1(1+1) if XZ o

When products are sold with pre-orders, each informed consumer will compare expected utilities of purchasing
between two periods and place a pre-order if and only if Uf P> UV?/P , where

1 [1—p*—r2(p*—X))? l+etrac
2 X - , 2 if X< 2+r22
DP DP' _ )1 1-X 1 {dedric
UP — Uk §_X_( 2) ) ZfM<X<%TTC (10)
1 l—p"—ri(p"—X)] 14ctric
2 X - 2 if X = 2+r11

Based on above analysis, the following lemma illustrates the retailer’s pricing decisions and the corresponding
total expected profit.

Lemma 3. With considering consumers’ reference price effect, when the retailer adopts DP, his optimal prices,
total ordering quantity, and expected profit are as follows:

eridcera+2/(1 =203 + (2—2c)rg +4 — 1y — 4

Xidbp = 5 : (1)
T2
W ERr cri+erg+24/(1—20)r3 + (2 —2¢)rp +4 -2
Paspp = ) (12)
7’2(1 + 7’2)
N ro+ /(1 =2¢)r2 + (2 —2¢)ro +4 — 2
QK\VSPbP = \/( ihd ) "N, (13)

T2
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and

W Rs [4—2(1—r2)/(1—2¢)r3+ (2 —2¢)ra +4 —crd — (c+3)ra] - N
Tyspp = 2 ’ (14)
r3(1+7r2)

It can be concluded from Lemma 3 that the retailer’s price and ordering decisions, and the corresponding
expected profit are affected by both the procurement cost (¢) and loss reference dependence coefficient (r3).
Next, we turn to compare the optimal advance selling price and regular price in the dynamic pricing strategy,
as shown in Theorem 1.

Theorem 1. Through comparing the optimal advance selling price and regular price, we have X ¥dtp < pW&sp.

Theorem 1 suggests that the retailer should offer an advance price discount to attract more informed demands
in advance selling. Besides, a relatively low advance price will prevent informed consumers behaving strategic
behavior, under which informed consumers may choose to wait until their uncertain valuations realize, that is,
the regular selling period. Our findings differ from the literature on dynamic pricing facing strategic consumers,
for example, [3], who showed that the seller always uses the pricing strategy of high-low path, that is, the selling
price announced by the retailer in the first period is higher than that in the second period. The reason behind
this is that pre-ordering consumers have to face fitting risk. They cannot experience and check products and
thus may realize a negative surplus. Therefore, the retailer has to offer an advance discount to obtain profits
from informed consumers.

4.3.2. Price commitment strategy

Under the PC strategy, the retailer will simultaneously announce the selling prices of each period when the

product launches into the market. We assume that the pre-announced prices are credible. For each informed
. _ 2
consume, she prefers to place a pre-order if and only if UY¢ = 1 — X +r(p—X) > UFC = M Simi-

larly, the retailer make a decision about advance price to get the maximum total expected profit; simultaneously,
this price can result in more pre-orders, that is, the highest advance selling price is

WR _ V@471 +72)[(1+ 71 +72) = 2pro] +73p —ro(l —p) — 11 — 1
ASPC r2

(15)

When entering into the regular selling period, the uninformed consumers who obtain nonnegative utility will
purchase. Thus, the total expected profit ITWdb, for the retailer under the price commitment strategy is as
follows:

I§Fe = (XAdhc —¢) - N+ (p— o)1 —p —ra(p — XAJPe)] - N, (16)

here, two terms denote the profit of the retailer in each period, respectively.
With respect to the regular price p, by solving the retailer’s objective function, we have

wae _ C(r3+rira4ra)+ (ri4r2)? +r1+ro 4 (ro—r1)J

= 17
Paspc 37"2(1 +7r+ 7”2) ’ ( )

1 —7"2—&-\/4(7"%-&-7"1 o +r§)—6c(r§ +rire+re)+12(r1+r2)+9
3 .
Finally, we substitute equation (17) into equations (15) and (16) and get the optimal advance selling X V&,

total ordering quantity (i.e., N+[1—p—ra(p— X b))  N), and total expected profit ITYd5. Accordingly, we
conclude that both prices are affected by gain and loss reference dependence coefficients (r; and r3). Furthermore,
it can be found that the optimal decisions under the PC strategy are complex such that we will discuss the
impacts of key parameters and compare different strategies in the following numerically.

where J =
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FIGURE 1. The effect of r;. Note: ¢ =0.2, 7o = 0.5, N = 1.

5. NUMERICAL ANALYSIS

In what follows, we first compare dynamic pricing with price commitment, and then study the impacts
of parameters (r; and rg) from the reference price effect on the selling prices in each period, total ordering
quantity, and the retailer’s expected profit, respectively. Then, we use numerical examples to conduct strategy
comparisons with respect to key model parameters. It’s should be noted that the change of parameter ¢ will not
affect the main results.

5.1. Sensitivity analysis

5.1.1. Impact of r1 on prices, ordering quantity, and expected profit (DP vs. PC)

We now explore the impact of the gain reference dependence coefficient (r1) on the optimal selling prices in
each period, total ordering quantity, and the retailer’s total expected profit, as shown in Figure 1 (i.e., red line
represents dynamic pricing and blue line represents price commitment).

From Figure 1, we find that the selling prices of the product and the profit are always increasing in the gain
reference dependence coefficient (1) under the PC strategy, but remain unchanged under the DP strategy. The
total ordering quantity also remains unchanged in the DP strategy but increases with r; in the PC strategy.
The reason is that the positive reference price effect only exists in the first period when the retailer chooses the
price commitment strategy with an advance discount. Thus, when informed consumers are more sensitive to
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F1GURE 2. The effect of r5. Note: ¢ =0.2, 71 = 0.4, N = 1.

gain (i.e., the gain reference dependence coefficient becomes larger), they feel more utility from purchasing in
advance. Simultaneously, the retailer can raise the regular selling price to extract more surplus from uninformed
consumers. Relatively high prices lead to the decreasing of ordering quantity. In summary, the positive reference
price effect is beneficial to the retailer.

5.1.2. Impact of ro on prices, ordering quantity, and expected profit (DP vs. PC)

Next, the impact of the loss reference dependence coefficient (1) on the optimal selling prices in each period,
total ordering quantity, and the retailer’s expected profit is shown in Figure 2 (i.e., red line represents dynamic
pricing and blue line represents price commitment). We find that optimal prices and the retailer’s profit are
decreasing in ro no matter what kind of strategy is adopted, dynamic pricing or price commitment. Regarding
the total ordering quantity, it increases with ry in the DP or PC strategy. The reason behind this is that the
negative reference price effect exists in the second period where uninformed consumers regard the product price
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FiGURE 3. The impacts of r; and ry on prices and profits. Note: ¢ = 0.2, N = 1.

of the first period as a reference price. Thus uninformed consumers feel less utility when they are more sensitive
to loss (i.e., the loss reference dependence coefficient becomes larger). As a response, the retailer will decrease
the selling price in the second period to attract them to buy products.

Next, the explanation of the effect of negative reference effect on the advance selling price is different under
different strategies. When the retailer chooses the PC strategy, he has to offer a higher advance discount to
attract more pre-orders due to the decreasing of the regular selling price. When the retailer turns to adopt
the DP strategy, the decreasing of the advance selling price is unintuitive because the purchasing decisions of
informed consumers are not influenced by the reference price in the first period. If informed consumers are
more sensitive to loss, the expected utility of waiting becomes smaller. Thus the retailer can charge a relatively
higher price to make informed consumers purchase early. However, actually, the expected utility of waiting may
not be low even if the loss reference dependence coefficient (r2) is relatively high. As for the reason, under
such circumstances, the regular price and the difference between the advance price and regular price are both
becoming small. Therefore, the retailer still offers a lower advance price to mitigate the negative reference price
effect. Relatively low prices lead to the increasing of ordering quantit. However, the impacts of the parameter
7o on selling prices are larger than that of the ordering quantity. Finally, it leads to that the negative reference
price effect is detrimental to the retailer.
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5.1.8. Impacts of r1 and ro on prices and expected profit (DP vs. PC)

Here, we explore the joint impacts of reference price effects parameters r; and ro on the optimal selling
prices in each period, total ordering quantity, and the retailer’s expected profits, as shown in Figure 3 (i.e., red
curve represents dynamic pricing and blue curve represents price commitment). In Figures 3(a), (b), and (c),
the selling prices of two periods under the DP strategy are only influenced by the parameter r» and decrease
with it. But the total ordering quantity increases with ro. However, under the PC strategy, both the reference
effect parameters will impact the advance selling and regular selling prices. Specifically, the advance selling price
is the largest when the gain and loss reference dependence coefficients are both relatively higher. The regular
selling price is the largest when the gain and loss reference dependence coefficients are both relatively high or
low. A special case should be mentioned that the selling price in the first period is increasing with the loss
reference dependence coefficient ro when the gain reference dependence coefficient r; is zero. Recall that with
a positive value of r1, the advance selling price decreases with ro under the PC strategy in Figure 2(a). The
reason is that the positive reference price effect will disappear if the value of 1 is zero. The retailer can increase
the selling price of the product in the first period if the negative reference effect is becoming large because
informed consumers are more sensitive to loss and thus discouraged to wait until the next period. Besides, the
total ordering quantity is the largest when the gain and loss reference dependence coefficients are relatively low.

Figure 3(d) illustrates that under the DP strategy, the expected profit of the retailer is only decreasing in the
negative reference effect parameter o, but his profit under the PC strategy is both affected by the parameters
r1 and 79 and increases with 1 and decreases with ro. Besides, the retailer’s expected profit is the highest when
the positive and negative reference effects are relatively large under the PC strategy but the highest when the
positive and negative reference effects are relatively small under the DP strategy. In summary, the impacts of
reference price effect parameters on the retailer’s expected profit is dependent of the strategy he chooses when
implementing advance selling. In specific, in the case of considering consumers’ reference price effect, the retailer
benefits less if consumers are more sensitive to loss under the dynamic pricing strategy. However, the retailer
can benefit more from the price commitment strategy if consumers are more sensitive to gain and loss. Two
reasons can explain this difference. First, it’s no doubt that the retailer can benefit from the increasing of the
positive reference effect because informed consumers obtain more utility from purchasing in advance. Second,
under the positive impact of the reference price effect, the selling price of the product in the first period is
higher but the selling price in the second period stays the same if the negative reference effect is extremely
strong compared to those if the negative reference effect is extremely weak. The increased advance profit results
from the increasing of the negative reference effect is higher than the decreased regular profit. Thus the retailer’s
expected profit reaches the maximum value when the gain and loss reference dependence coefficients are highest.
According to the result, the retailer should reduce consumer awareness of price differentiation between the
advance selling and regular selling periods when he adopts the dynamic pricing strategy, and improve their
awareness of price differentiation when announcing both prices before the advance selling period, that is, price
commitment strategy. A common measure of a firm that releases a new product is remaining the product price
for a certain period before a post selling period starts in practice. For example, Huawei smartphones, as a kind
of electronic products, the release prices remain unchanged for months.

The influences of reference prices on the retailer’s prices and profit are dramatically different from previous
literature when simultaneously considering consumer valuation uncertainty and strategic behavior. With the
assumption that consumers are myopic, Zhang et al. [38] considered a supply chain comprised of a manufacturer
and a retailer, and found that the reference price effect will increase the selling prices in two periods and the
supply chain performance. Ma et al. [18] concluded that the consumers’ reference price effect benefits the
seller. When the parameter on reference price is relatively small, the seller’s profits increase quickly. With an
assumption that consumers are strategic, Zhao et al. [43] found that the reference price effect always harms the
retailer and Chen et al. [3] also presented this trend when consumer strategic behavior is high (i.e., consumers
can obtain relatively high utility from the second period). By contrast, in our work, consumers face valuation
uncertainty. The retailer needs to offer an advance discount to make pre-purchases. Thus the positive reference
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FIGURE 4. The comparisons of the expected profit. Note: ¢ = 0.2, r1 = 0.4, 7o = 0.5, N = 1.

price effect is gone during the regular selling period in a dynamic environment. The negative reference price effect
is detrimental to the retailer due to the decreasing of the selling prices in each period. However, the reference
price effects will always increase the revenue of the retailer when he chooses to adopt the price commitment
strategy.

5.2. Strategy comparison

This subsection first analyzes the optimal profits of the retailer under no advance selling, dynamic pricing
strategy in advance selling, and price commitment strategy in advance selling considering the consumer’s ref-
erence price effect. Next, we answer the question that “Should the retailer make decisions taking consumers’
reference price effect into consideration?” by comparing the expected profit between the scenarios with or
without considering reference price effect.

Remark 1. From Figure 42, we find that the retailer will benefit the most from choosing the price commitment
among the above mentioned strategies. Comparing no advance selling with the dynamic pricing strategy, the
retailer prefers the latter only if the loss reference dependence coefficient r, is relatively small.

With respect to the price commitment strategy, the retailer faces a tradeoff between the expected profits
from both periods. On one hand, under the price commitment strategy, the retailer can make more profit from
advance demand by setting a relatively high selling price in this period (also called the positive effect of reference
price). On the other hand, due to the negative effect of reference price, which results from that the selling price in
the second period is larger than the advance price, less uninformed consumers choose to buy products. Thus the
retailer obtains less profit from the regular season. Our result demonstrates that this negative effect of reference
price is dominated by the positive effect, leading to more expected profit for the retailer when adopting price
commitment rather than dynamic pricing strategy.

Informed consumers will face price risk under the dynamic pricing strategy. In this paper, the negative
reference price effect can be regarded as the degree of risk of loss. When consumers are less sensitive to loss
(i.e., less risk-averse), informed consumers may be encouraged to purchase in advance and uninformed consumers
are also preferring to buy products in the second period. Thus this situation allows the retailer to charge different
prices for consumers with different valuations, also called achieving price discrimination. In practice, the retailer
prefers to adopt the dynamic pricing strategy when consumers want to be the first to access new products, but
not focusing on price differentiation in advance selling. That is to say, the negligible effect of reference price on
consumers’ purchasing behavior improves dynamic pricing performance in the setting of advance selling.

2Red represents dynamic pricing, blue represents price commitment, and black represents no advance selling.



OPTIMAL PRICING STRATEGY FOR NEW PRODUCTS CONSIDERING REFERENCE PRICE EFFECT 2059

F1GURE 5. The comparisons of the expected profit between the scenarios with or without
considering reference price effect.

Remark 2. From Figure 5%, we find that the retailer may not always benefit from making optimal decisions
considering the reference price effect; it is beneficial to the retailer only if the gain reference dependence coefficient
r1 is relatively high.

Remark 2 tells us that the retailer should take consumers’ reference price effect into consideration only when
consumers focus on the difference of the selling prices in each period and are more sensitive to gain. The reason
is that the positive effect of reference price will increase the product’s valuation of consumers. In practice,
during the Double 11 festival, a large number of merchants (e.g., apparel and cosmetics industries) on different
platforms (e.g., Tmall, JD) offer deep discounts to consumers during the pre-sale period. During Double 11,
consumers can receive the highest discount from purchases; simultaneously, most of merchants also obtain a
considerable part of the annual revenue from the sales of this shopping festival?. As an important e-commerce
platform in China, Tmall’s sales reach 54.03 billion CNY in 2021°.

6. CONCLUSION AND MANAGERIAL IMPLICATIONS

This paper investigates that a retailer sells new products with advance selling to consumers in the market
who arrive sequentially in two selling periods. The consumers’ total utilities of purchasing include two parts:
economic surplus and transaction utility resulted from the reference price effect. We specifically consider two
pricing strategies. The first is the dynamic pricing strategy, under which the retailer offers two prices sequentially
at the beginning of each period. The second is the price commitment strategy, under which he announces the
product prices in each period simultaneously before the advance selling starts. Taking the consumer’s reference
price effect into consideration, we have found several interesting results about the retailer’s policy.

Firstly, we show that the retailer cannot benefit from selling products in advance selling if the procurement
cost is relatively high. Regading to consumers’ reference price effects, our results present that the retailer may not
always obtain more profit from making optimal decisions taking these effects into consideration; it is beneficial
to the retailer only if the positive reference effect is relatively high. Secondly, we examine how the selling prices
in each period and the retailer’s expected profit are affected by the reference price effect. We find that under the

3Red represents dynamic pricing with considering reference price effect, blue represents price commitment with considering
reference price effect, and black represents price commitment without considering reference price effect.

4https ://www.chinainternetwatch.com/tag/double-11/

5https ://new.qq.com/omn/20211113/20211113A00AKJ00 . html
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dynamic pricing strategy, the product prices in each period and the expected profit are only decreasing the loss
reference dependence coefficient. That is to say, when consumers are more sensitive to loss, the retailer obtains
less profit. However, the selling prices in each period and the retailer’s expected profit are increasing the gain
reference dependence coefficient but decreasing the loss reference dependence coefficient under the strategy of
price commitment. When considering both positive and negative effects of reference price, relatively higher gain
and loss reference dependence coeflicients will induce the retailer to charge relatively higher selling prices in each
period, leading to the increase of the expected profit. Besides, a relatively higher regular selling price will also
be announced when the gain and loss reference dependence coefficients are both lower. Thirdly, regarding the
question of which strategy the retailer should choose between dynamic pricing and price commitment strategies,
we suggest that the retailer offer an advance selling discount when facing strategic consumers with reference
price effects. Furthermore, through numerical studies, we find that the retailer can always get the most profit
from choosing the price commitment among the above mentioned strategies.

Based on the above findings, we believe our study has important implications for academics, practitioners,
and policy makers. With respect to theoretical research, how reference price affects the retailer’s operations
in the context of advance selling has not been fully explored. This paper firstly incorporates the aspect of
consumer’s reference effect behavior into the retailer’s advance selling strategy, and then studies which of the
pricing strategy (i.e., dynamic pricing and price commitment) is optimal for the retailer. The result shows
that the retailer considering an advance price discount should take consumers’ reference price behavior into
consideration if and only if the positive reference effect is relatively high. This suggests that when consumers
are more sensitive to a price discount from purchasing in advance, retailers should implement an advance
selling strategy based on consumers’ psychology. Furthermore, the retailer should not emphasize a deep price
discount, but increase the advance selling price to extract consumer surplus. This result provides important
managerial insights to retailers that engage in advance selling activities during the Double 11 festival. During
this period, because consumers mainly focus on price discounts, retailers provide them with a great quantity
of discounted products. Besides, when some products are firstly released by retailers, such as smartphones or
video games, consumers usually prefer to enjoy and experience them firstly rather than focus on price. Under
such circumstances, retailers should adopt a dynamic pricing strategy to obtain profits from these consumers.
However, the reference price behavior of consumers will hurt the profit of retailers. As a response, retailers
should slow down the speed and range of price discounts even if receiving a soft market response when the
advance selling period finishes.

For future research, during the two periods, we assume that the supply of new products is sufficient. However,
if consumers face stock-out risk, what are the optimal pricing decisions and the total expected profit? Secondly,
we can further consider the case that the number of each type of consumers are stochastic and correlated. Lastly,
because competition exists in the market, the scenario that two firms sell products in advance selling can be
studied.

APPENDIX A. THE EFFECT OF UNIT PROCUREMENT COST IS ¢

As shown in these figures, the change of parameter ¢ will not affect the main decisions. We conclude that the
main conclusions still hold.

APPENDIX B. PROOFS

B.1. Proof of Lemma 1

Without considering consumers’ reference price effect, when the retailer adopts the dynamic pricing strategy,
2
the expression of his expected profit is 1T ,qusRD p=(X—-¢c)-N+ W. Obviously, it is monotonously increasing
the advance selling price X.
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In order to obtain more advance sales, the selling price in the first period should meet the requirements

2 2
of X < % - %. Thus the optimal advance price and regular selling price are X 1]4\755 p = % - % and

P&y p = 15<, respectively.
Finally, substituting optimal prices into the demand functions and the profit function of the retailer, we have
NRx _ (3=¢)N d IINRx  — (?—10c4+5)N
ASDP — P} an ASDP =5 -

B.2. Proof of Lemma 2

Without considering consumers’ reference price effect, when the retailer adopts the price commitment strategy,
the expression of his expected profit is IT{d% = (X — ¢)N + (p — ¢)(1 — p)N. Obviously, it is monotonously
increasing the advance selling price X.

In order to obtain more advance sales, the selling price in the first period should meet the requirements of

X< %7%. Thus the profit function of the retailer is rewritten as I3 &, = [1 7%70} -N+(p—c)(1—p)N.

Then with respect to p, differentiating the retailer’s profit expression, we have

e
ZASPC _ (94 ¢ —3p). N B.1
op (2+c—3p)- N, (B.1)
and
PN

Saare = 3N, (B.2)

NR
Because the second partial derivative is less than zero, by letting ang% = 0, we obtain the optimal regular

selling price plY 2%, i.e., pN I, = 2'§'C.
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Finally, by substitution, we obtain the selling price in advance is
2
—c c 4
X = —+ -+ -, B.3
AsPc = g Tg Ty (B.3)
the optimal total ordering quantity is
N Rx (3 — C)N

ASDP =~ 5 (B.4)
and the profit of the retailer is
. (c? —8c+4)N
mfs, = S (B.5)

B.3. Proof of Proposition 1

Firstly,
* * 1—c)? —c? c
X,%%DP*X%%PCZ%*Q*( 18 +§+%)
—5(1—c) (BG)
= —5 <0.
Then,
pNR* _pNR* — 1+c _ 24c
ASDP — PASPC = "2 7 73 (B.7)
=<0
Next,
N Rx NRx _ (3—oN (4—c)N
Aspp — Quspe = "3 N (B.8)
= U=9N 5,
and . ) o . v
Aspc — Qhas = —3 (1-0¢) (B.9)
_ (A+42¢)N :
- # > 0.
Lastly,
JINRx _ [[NRs _ (2=10c+5)N _ (c*—8c+4)N
ASDP ASPC — 8 6 (B 10)
_ —(1-0o*N 0 )
= 24 <V,
and
JINR:  _ 7* _ (P—8c+4)N _ (1-0)’N
ASPC NAS o (172c672(:2)-N 2 (Bll)

6 Y

thus when ¢ € (0, ‘/52*1), OYEs > IT% 4 5 otherwise, T < IT% 4.

B.4. Proof of Lemma 3

In the strategy of dynamic pricing, if purchasing early, the expected utility is UP? = % — X for each informed
. . e 1
consumer; if purchasing later, the expected utility is U5E = fp+r2(p—X)+—r1(X—p)+ [v—p—ro(p—X)T +r (X —

p)*] dv, which can be changed to

[l—p—ra(p=X)]*
Ubr = { ifp>X (B.12)

2
[1*P*T12(P*X)]2 if p<X.

For uninformed consumers, if they obtain nonnegative surplus, that is, v —p —ra(p — X)* + (X —p)* >0,
they will choose to buy products. Therefore, the demand function of regular selling period is

Ny = {[1—p—T2(p—X)]N if p>X (B.13)

1—p+r (X —p)N if p<X.
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The profit function in this period is

(p—c)-L=—p—r(p-X)IN if p>X
Hisors = {(p—C)'[l—p+T1(X—p)]N if p<X. (B.14)

Then with respect to p, differentiating the retailer’s profit expression, we have
OYshpy _ J1=2p+c+r(X+c—2p)IN if p>X (B.15)
Op M—2p+c+r(X+c—2p)|N if p< X ’

and

PV, b _ —2(14+ro)N if p> X (B.16)
Op? —2(1+r)N if p<X. ’

92mWE . . .
As % < 0, the profit expression is a concave function of price p.
Because

lp—o = [1 + ¢+ (X + ¢)]N > 0, (B.17)
=le— 147X +c—2)N <0, (B.18)
_x- =[1+4c—2X +ri(c— XN, (B.19)
_x+ =[14c—2X +ry(c— X)N, (B.20)

BHWR BHWR
and ry < ry, 2Mdsbra| o < OMispra)

Therefore, the optimal regular selling price and the regular profit are as follows:

(X+c)ra+1+c . 14-c+rac
sty X <

Pt = X i M <X < e (B21)

(X+c)r1+1+c 14ct+ric
2(+r1) f X > 550

and ,
Sy i X< e
I{Epy = { (X )1 = X)N if HEetne < x < Medne (B.22)
[(X=c)ri+1—¢]’N : 1tcdr
f'L(q+r1)c if X = zirllc'

For informed consumers, they will compare expected utilities of purchasing between two periods, namely

|
el
|

[1—p*—r2(p*=X)]> l4+ctrac

e L . e i

(1-X)2 2 Zf 1+c+rzc2+<TzX < 14+ctric (B 23)

L—p* =y (o =X et s .
—p —rmi(p — ; l4c+ric

2 if X > 2+r11 ’

DP DP
UA - UW -

N= D= =

In the following, we discuss it in three cases:

1+c+rac
i) if X < =5772¢, we have

(B.24)
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We observe that the expression of UYT —UR? is decreasing in X and UYY —UR” |, _ Lietrpe = —% <0.
By letting UYT — UV?,P be equal to zero, the optimal advance selling price is obtained, that is,
wre Cratera+2/(1—-20)r3+(2—2¢)ra+4—ry—4
Xaspp = ) ’ (B-25)
2
By substituting X Y%, into the expression p'Vd¥,, = %ﬁm, we then have
2 2
. ery +ero+2/(1—2¢)r3 +(2—2c)ra +4 -2
ity = TEr T2V~ 20 - (320

7'2(1 —+ 7'2)

Noted that with considering consumers’ reference price effect, when the retailer adopts the dynamic pricing

strategy, the expected profit of the retailer is I1Yd5p = (X —c)- N+ W

product prices into the demand and profit functions, we have

. Thus substituting optimal

1 —2c)r2 2—-2 4-2
WRe T2 + /(1 —20)r3 :'2( c)ra + N, (B.27)

and

TWRe _ [4—2(1—72)/(1=2¢)r3 + (2 —2¢)rg + 4 — cr? — (c + 3)r2) N
ASDP 7”%(1 +7“2)

(B.28)

i) if % <X < %ﬁ:lc, leading to UYY — URPY < 0, informed consumers will not buy products in

advance. Thus the retailer’s decision is same the scenario of no advance selling.

ii) if X > %, we observe that the expression of UPF — URF is decreasing in X and UPF —

N N2
URr| o ltetrie = —% < 0, implying that no informed consumers purchase in the first period. Thus no
T 247

equilibrium results exist in this case.

B.5. Proof of Theorem 1

Because

YWRe _ WRe _ 2/(1-20r3 +(2-20)ry +4—4—(1-c)r — (3= )y
ASDP — PASDP 2
r3(1 4 rg)

due to [24/(1 —2¢)r3 + (2 — 2¢)ra +4]2 — [4+ (1 — )2 + (3 — ¢)ro]® = —12[16 + (1 — )73 + (2¢® — 8¢+ 6)r3 +
(c? — 6c+ 13)ra] < 0, we have X Wi, < pWis .

, (B.29)
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