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MINIMIZING THE MAXIMUM TARDINESS FOR A PERMUTATION FLOW
SHOP PROBLEM UNDER THE CONSTRAINT OF SEQUENCE INDEPENDENT

SETUP TIME

Oualid Elissaouy* and Karam Allali

Abstract. In this work, we will study a permutation flow shop scheduling problem under the constraint
of sequence independent setup time. In our case, each machine requires a certain setup time to process
all the different jobs assigned to it. Hence, this setup time will be independent of sequence of jobs, but
will depend only on the nature of machine. The optimization objective is to minimize the maximum
tardiness criterion. To solve this optimization problem, an exact method, heuristics and metaheuristics
are the three main resolution methods that we have used. The exact method is represented by the mixed
integer linear programming (MILP) model. In terms of the second category of resolution methods, we
have been focused on two methods, the first is a modified heuristic based on Johnson rule (HBJR) while
the second is based on the Nawaz–Enscore–Ham (NEH) algorithm. Finally, three metaheuristics have
been used, namely the iterated local search (ILS) method, the iterated greedy (IG) algorithm and the
genetic algorithm (GA). Our numerical results indicate that for the problems with small size instances,
the NEH heuristic outperforms HBJR approach, while for relatively large size instances, the developed
IG algorithm gives best results than both other metaheuristics ILS and GA.
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1. Introduction

In the current era of industrial development, characterized by both technical and organizational advancements,
scheduling in a manufacturing environment can be defined as allocating, over time, specific resources (machines,
raw materials, . . . ) to a sequence of tasks (jobs, operations, . . . ) in a certain order to have a timely optimal
product [1]. The objective of scheduling is then to determine a sequence of jobs that optimizes one criterion or
even more under various constraints that reflect the reality of the production environment, such as, processing
times, job arrival dates, deadlines, machine availability, resource preparation times, whether or not production
resources are shared, the limited capacity of machines, etc. Two primary characteristics are considered when
classifying scheduling problems. The first characteristic is related to the types of the used machines during
the production process, while the second is determined by the machines’ performance and their installation
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Figure 1. Flow shop problem with 𝑛 jobs and 𝑚 machines.

configuration (in parallel, in series or mixed) within the workshop. This classification system allows for the
identification of the three typical categories that are flow-shop, job-shop and open-shop.

The permutation flow shop scheduling problem (PFSP) is widely regarded as one of the most challenging and
complex optimization problems in the field of scheduling, particularly in the context of manufacturing. This
problem involves scheduling a set of tasks or jobs across multiple machines or workstations in a predetermined
order to optimize a given objective function while satisfying a set of constraints that reflect the practical
limitations of the production environment. In Figure 1, we have depicted a workshop that consists of 𝑛 jobs
that must be executed on 𝑚 machines following the same path, meaning that each job must go through all
machines from the first to the last one. In this paper, we will address the PFSP scheduling problem under
the sequence independent setup time (SIST) constraint. Incorporating this constraint in scheduling problems
leads to more accurate and realistic manufacturing environment models by considering real-world limitations
such as machine maintenance, changeover times, and production interruptions. By accurately modeling these
constraints, scheduling strategies can be developed to maximize production efficiency and avoid waste times.
The PFSP problem has been a subject of interest for numerous researchers in the manufacturing sector for
over six decades. Indeed, the first work in this field was developed by Johnson [2], who dealt with the two and
three machines flow shop scheduling problem to minimize the maximum of job completion time, also known as
makespan. The author considered setup time as part of the job processing time. According to the literature,
Yoshida and Hitomi [3] were the first to handle the flow shop problem with machine setup time separated
from job processing time. In fact, setup time is often described as the time spent for preparing resources (such
as machines and persons) to complete a task (e.g., job, operation). The two well-known types are SIST and
sequence-dependent setup time (SDST). The first is when the setup time depends solely on the job to be
processed, regardless of its previous job. SDST, on the other hand, which occurs when preparation time is
determined by both the job and the job before it [4].

Scheduling issues are commonly classified as NP-hard problems, it is very difficult to find the optimal sched-
uled solution even for moderate size instances [5]. As a result, the combinatorial optimization community has
developed various methods to solve these problems. These methods can be broadly categorized into two main
groups. The first group consists of exact methods, which aim to generate solutions that converge towards the
optimal solution. However, the optimality of these solutions cannot be guaranteed for the problems dealing
with relatively large size instances. On the other hand, the second group covers approximate methods that have
gained significant interest due to their ability to generate high-quality solutions in a shorter time. This group
can be further divided into two main approaches: heuristics and metaheuristics, both of which aim to efficiently
explore the research space to find a good solution.

The PFSP scheduling problem has been extensively studied by researchers, who have utilized various con-
straints and resolution methods to address it. These constraints include, for instance, SDST, no-idle, no-waiting
and no-permutation. Nonetheless, we will concentrate on the PFSP scheduling problem with SIST constraint,
which has attracted significant attention for scheduling researchers. The complexity of PFSP-SIST problem
poses a significant challenge, necessitating the development of efficient algorithms and heuristics to address
it. Therefore, this paper aims to contribute to the existing body of knowledge by focusing on this particular
problem. In order to contextualize our study, we present a comprehensive overview of the existing research and
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literature on the PFSP scheduling problem. We will examine the various utilized constraints, the involved opti-
mization criteria and the different approaches employed to solve this problem. Indeed, in [6], a hybrid approach
combining genetic algorithms with variable neighborhood search was proposed to solve the PFSP problem with
setup time. Similarly, Belabid et al. [7] employed mixed integer linear programming (MILP) and various heuris-
tics and metaheuristics to investigate the PFSP-SIST problem, aiming to minimize the makespan criterion. On
the other hand, to optimize the total flow time criteria, the work [8] compared Nawaz–Enscore–Ham (NEH)
algorithm and an heuristic based on Johnson rule (HBJR) to an exact method in the context of PFSP-SIST.
Besides, some works have considered bi-criteria objective functions, such as in [9], who developed a heuristic
to minimize the makespan and maximum tardiness of all jobs in a flow shop scheduling problem. In [10], the
authors investigated a multi-objective optimization distributed no-wait permutation flow shop (DNWPFSP)
scheduling problem under the constraint of SDST, using a MILP and a set of efficient meta-heuristics.

In this paper, we are interested in minimizing the maximum tardiness by solving the scheduling problem
PFSP under the SIST constraint. There are only a few papers in the literature that discuss the minimization of
this criterion in the context of a PFSP issue. In contrast, because achieving client deadlines is a major concern
for many production systems, optimizing this criterion seems very important. In this regard, we mobilize the
approaches mentioned above to solve our problem. First, we propose an exact method based on a mixed-integer
linear programming model. Next, we use two heuristics, the first is HBJR, while the second is based on the
NEH algorithm. Furthermore, we select three of the most effective metaheuristics in the literature, namely, the
iterated local search (ILS) algorithm, the iterated greedy (IG) algorithm and the genetic algorithm (GA).

The remaining sections of our paper are structured as follows: In Section 2, we will provide a review of the
literature on flow shop scheduling problems. In Section 3, the problem will be described. We present all of the
suggested resolution approaches in Section 4. A comparison study between the different methods of resolution
is discussed in Section 5. Finally, we conclude our study and summarize the results findings in Section 6.

2. Literature review

Scheduling plays a crucial role in the manufacturing sector as it ensures that the right resources are allocated to
specific tasks at the right time, resulting in optimal productivity and efficient use of resources. By scheduling the
tasks, manufacturers can better plan their production processes, ensure on-time delivery of goods to customers,
reduce downtime and minimize overproduction or underproduction associated costs. It also helps manufacturers
to manage their inventory levels, adjust production volumes based on customer demand and adapt to changing
market conditions. Therefore, scheduling is an essential decision-making process that enables manufacturers to
remain competitive in the constantly changing manufacturing industry [11]. In the past, scheduling was often
a manual process that required a significant amount of time and effort. However, with the introduction of
technological tools and software, scheduling has become more efficient and streamlined. The use of automated
scheduling systems has made it possible for organizations to schedule their operations more accurately and
quickly, leading to an increase of productivity and efficiency.

The flow shop scheduling problem is an optimization problem that has received significant attention in the
field of shop scheduling. This problem involves a set of machines that are arranged sequentially, with each job
follows the same production route, starting at the first machine and ending at the last one. When the production
lines are replicated, this leads to a more complex version of the problem, known as the distributed flow shop
scheduling problem (DFSSP), or the parallel flow shop [12–14]. There are also several extensions to the basic
flow shop scheduling problem. For example, when parallel machines are available in the same stage, this creates
a hybrid or flexible flow shop problem [15–18]. When this type of problem is duplicated, it results in a new
generation of scheduling problems known as the distributed hybrid flow shop [19–21]. Each of these different
types of problems may require unique and adapted resolution methods to find optimal or near-optimal solutions.
These methods may include heuristic algorithms, metaheuristics, mathematical programming and simulation
techniques, among others. Finding the best approach to solve each specific problem is crucial to achieving an
optimal outcome.
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In this regard, there is encouragement for both researchers and manufacturers to develop models that can solve
flow shop scheduling problem (FSP) and optimize the different criteria that are set by the industrial process.
It is important to mention that there have been several models created in the past decades of the previous
century to solve PFSP scheduling problems. The FSP is a complex problem that has been studied extensively
in the literature. In order to develop effective scheduling algorithms, researchers have considered a variety of
constraints, including SDST, SIST, no wait, no idle and blocking. SDST constraint, refers to the situation where
the time required to change the machine setup from processing one job to another depends on the sequence of
jobs being processed. Researchers often use this constraint to address various flow shop scheduling problems, for
example, the authors in [22] suggests using adaptive hybrid genetic algorithms to address the PFSP scheduling
problem with SDST constraint, with the ultimate goal of minimizing both the makespan and total weighted
tardiness. In [23], a novel method is proposed to tackle the multi-objective PFSP scheduling problem with
the constraint of SDST. This method, named MODABC/D, employs a multi-objective discrete artificial bee
colony algorithm with a decomposition strategy. Its main objectives is to optimize the makespan and total
flowtime of the scheduling problem. In the paper [24], two constructive heuristic algorithms are introduced to
tackle the permutation scheduling problem in a flow shop with SDST constraint, with the aim of minimizing
makespan. The first algorithm, named setup ranking algorithm, determines the sequence based solely on the job
setup times. The second algorithm, FJSRA, utilizes the concept of fictitious jobs to obtain the sequence. Other
researchers have worked on solving problems related to the FSP while considering the constraint of no-wait. This
constraint indicates that jobs cannot wait between two consecutive machines. Consequently, the initial start
time of a job at the first machine must be postponed to guarantee that it can complete the flow shop process
without any delays caused by waiting for machines. For instance, in [25], a new approach to solving no-wait
flow shop scheduling problems is introduced. The method utilized is a discrete differential evolution (DDE)
algorithm which is specifically designed to optimize a bi-objective function comprising of two criteria: makespan
and maximum tardiness. In [26], the primary goal is to present a solution strategy for the no-wait FSP scheduling
problem that utilizes hybrid differential evolution (HDE) and gives priority to minimizing makespan. In [27],
a novel hybrid ant colony algorithm is presented, which incorporates both crossover and mutation mechanisms
to tackle the no-wait FSP scheduling problem. The objective was to minimize the maximum completion time.
Another constraint, often used in manufacturing environments where the demand for efficient resource utilization
is high, is the no-idle constraint, which refers to the requirement that once a machine begins processing a job it
cannot remain idle until the job is completed. Here are some works that focus on addressing the FSP issues while
taking into consideration this constraint: The authors in [28] introduce a hybrid discrete differential evolution
(HDDE) algorithm designed to tackle the no-idle PFSP scheduling problem with the objective of minimizing
makespan. The work in [29] describes an optimization algorithm, known as invasive weed optimization (IWO),
which is designed to solve the no-idle flow shop scheduling problem (NFSP). The ultimate goal is to minimize the
maximum completion time. The article [30] discusses the minimization of makespan problem in flow shops with
no-idle constraint. The authors propose several polynomial time heuristics based on a geometrical approach,
which provide asymptotically optimal solutions for an increasing number of jobs and provide a review of relevant
results. The last constraint to be discussed in this section is the blocking, this occurs when a job cannot move
forward to the next production stage because the necessary machine is not available. This situation happens
when a machine is being used by a job that is not yet ready to move to the next stage, causing delays for
subsequent jobs until the machine becomes available. Several studies have addressed the problem of flow shop
scheduling under this constraint in the literature. In their work [31], the authors conduct an in-depth review
of research on flow shop scheduling with blocking conditions from 1969 to 2019, revealing that makespan was
the most frequently adopted objective function and that the majority of studies proposed heuristic or exact
solution methods. The paper [32] proposes a bi-criteria optimization model for a PFSP scheduling problem
that considers blocking and SDST constraints, aiming to minimize both makespan and total tardiness using
a weighting coefficient. The authors suggest a MILP approach and multiple metaheuristic algorithms, such as
genetic, iterated greedy, and iterative local search, to solve the problem. The work in [33] evaluates two variable
neighborhood search (VNS) methods for optimizing the makespan of FSP scheduling problem with a blocking
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constraint. The methods differ in their approach to changing neighborhoods during the improvement phase,
with the first randomly switching between swap and insertion neighborhoods and the second starting in one
neighborhood and then moving to the other.

We would like to draw attention to the fact that the scheduling literature contains a diverse optimization
problems that are commonly denoted using the notation 𝛼 | 𝛽 | 𝛾 with three distinct fields. This notation was
originally introduced in [34] and subsequently reviewed in [35]. Its purpose is to facilitate the identification of
the problem’s fundamental nature and defining characteristics. Specifically, the first field of the notation serves
to indicate the problem’s inherent nature, the second field represents the constraints that must be taken into
account and the final field specifies the optimization criteria that will be used to evaluate potential solutions.
In our case, the scheduling problem will be denoted by 𝐹𝑚 | permu, SIST | 𝑇max.

Minimizing the maximum tardiness (𝑇max) becomes crucial in manufacturing industry since it allows manu-
facturers to reduce the lateness in the product delivery. This aims to satisfy customers in such way to have their
commands completed in a desired time. The work in [36] seeks to address the optimization of a two-machine
flow-shop problem in a batch delivery system, with the primary objective of minimizing both the maximum
tardiness and the sum of delivery costs. To tackle this problem, the authors propose the utilization of a MILP
approach and a branch-and-bound (B&B) algorithm. Moreover, they introduce an upper bound (UB) heuristic
with a quick processing time. The authors in [37] have minimized the maximum lateness in a flow shop schedul-
ing problem with release and due dates. They used the B&B algorithm as method of resolution. Likewise,
in [38] we find the three optimization methods based on simulated annealing (SA), namely classical weighted
SA (CWSA), normalized weighted SA (NWSA) and FSA (fuzzy simulated annealing) are used to minimize
the maximum tardiness along with the makespan but in a no-wait two-stage flexible flow shop scheduling.
The consideration of the SIST constraint has received significant attention in the field of operations research
and scheduling literature. Numerous studies have been conducted to explore and address various scheduling
problems by incorporating this constraint. For instance, Allahverdi adopted this constraint in his work [39],
which addresses a two-machine flow shop problem with the objective of minimizing the mean flow time. Other
researchers [7] have incorporated the SIST constraint into a PFSP scheduling problem with the objective of
minimizing the maximum job completion time. Pranzo [40] tackled the problem of batch scheduling in a two-
machine flow shop with limited buffer by incorporating the SIST constraint, with the goal of minimizing the
makespan. The current work focuses on addressing the 𝐹𝑚 | permu, SIST | 𝑇max scheduling problem, by using
the MILP as exact method, HBJR and NEH as heuristics and ILS, IG and GA as metaheuristics in order to
find the right sequence minimizing the maximum tardiness.

3. Problem formulation

In this section, we will outline the PFSP-SIST scheduling problem that we aim to solve in this paper. we
recall that our optimization objective is to minimize the maximum tardiness 𝑇max in 𝐹𝑚 | permu, SIST |
𝑇max scheduling case. The PSFP-SIST problem is a well-known scheduling problem in which setup times are
separated from jobs processing duration and are depending on type of machine. In this problem, we consider
a set of jobs 𝑁 = {𝐽1, 𝐽2, . . . , 𝐽𝑛} which must be processed on a set of machines 𝑀 = {𝑀1, 𝑀2, . . . ,𝑀𝑚}. All
the jobs pass on all the machines in the same order {𝑀1, 𝑀2, . . . ,𝑀𝑚}, this is what we called, a flow shop with
permutation, in Figure 1, we describe the process of he PSFP-SIST scheduling problem. A job can start on
the last machine as soon as it finishes processing on the previous machine, all machines can only perform one
operation at a time. The processing time of the job 𝐽𝑗 on the machine 𝑀𝑖 is given by 𝑝𝑗,𝑖, setup time of the
machine 𝑀𝑖 is given by 𝑠𝑡𝑖, the due date is given by 𝑑𝑗 and 𝐶𝑗,𝑖 represents the end date of job processing 𝐽𝑗

on machine 𝑀𝑖, When the machine is not specified, the end date is noted 𝐶𝑗 . We denote by 𝜋 = {𝜋1, . . . , 𝜋𝑛} a
sequence of jobs, constituting a possible permutation when it is executed by all the machines.

One potential solution to the issue at hand entails the identification of an optimal job sequence that minimize
the maximum tardiness 𝑇max. This objective function can be defined using the equation (1):

𝑇max = max
{︀
𝑇𝜋𝑗

}︀
, 𝑗 = 1, . . . , 𝑛 (1)
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Table 1. The processing times of the four jobs on the three machines.

Job 𝑀1 𝑀2 𝑀3 𝑑𝑖

𝐽1 10 7 5 20
𝐽2 5 7 3 32
𝐽3 9 7 8 49
𝐽4 6 7 4 51
𝑠𝑡𝑖 4 3 2

where 𝑇𝜋𝑗 represents the tardiness of the job 𝜋𝑗 , which is defined as the time difference between completion and
due date and can be calculated using the following formula:

𝑇𝜋𝑗
= max

{︀
𝐶𝜋𝑗

− 𝑑𝜋𝑗
, 0
}︀
. (2)

It should be noted that when the completion time of a job is shorter than the due date, the job is reported
completed early.

Below, we present a set of equations that enable the calculation of the completion time 𝐶𝜋𝑗 ,𝑖 for each job 𝜋𝑗

on machine 𝑖. These equations play a crucial role in determining the value of the objective function considered
in this work, incorporating all the aforementioned assumptions.

𝐶𝜋1,1 = 𝑝𝜋1,1 + 𝑠𝑡1, (3)
𝐶𝜋𝑗 ,1 = 𝐶𝜋(𝑗−1),1 + 𝑝𝜋𝑗 ,1 + 𝑠𝑡1, 𝑗 = 2, . . . , 𝑛 (4)

𝐶𝜋1,𝑖 = max
{︀
𝑠𝑡𝑖, 𝐶𝜋1,(𝑖−1)

}︀
+ 𝑝𝜋1,𝑖, 𝑖 = 2, . . . ,𝑚 (5)

𝐶𝜋𝑗 ,𝑖 = max
{︀
𝐶𝜋(𝑗−1),𝑖 + 𝑠𝑡𝑖, 𝐶𝜋𝑗 ,(𝑖−1)

}︀
+ 𝑝𝜋𝑗 ,𝑖, 𝑖 = 2, . . . ,𝑚; 𝑗 = 2, . . . , 𝑛 (6)

𝑇max = max
𝑗=1,...,𝑛

{︀
max{𝐶𝜋𝑗 − 𝑑𝜋𝑗 , 0}

}︀
. (7)

Equation (3) is used to determine the completion time of the first job on machine 𝑀1. Equation (4) is used to
determine the end date of the other jobs on machine 𝑀1. Equation (5) is used to calculate the end date of the
first job in the other machines. Equation (8) is used to calculate the completion time of the other jobs on the
other machines. Equation (9) makes it possible to calculate the maximum tardiness 𝑇max.

To illustrate the 𝐹𝑚 | permu, SIST | 𝑇max scheduling problem, we provide an example of a workshop consisting
of four jobs {𝐽1, 𝐽2, 𝐽3, 𝐽4} that need to be executed using three machines {𝑀1, 𝑀2, 𝑀3}. Table 1 shows the job
processing time, due dates and machine setup times.

The Gantt chart for the sequence 𝜋 = {1, 2, 3, 4} is shown below in Figure 2, in this case, we can observe that
each job’s tardiness is recorded as follows: 𝑇1 = 26−20 = 6, 𝑇2 = 34−32 = 2, 𝑇3 = 51−49 = 2, 𝑇4 = 57−51 = 6
which implies that the value of the maximum tardiness is equal to 6.

From this numerical example and according to the Gantt chart, we notice that the four jobs were executed on
the first machine in a continuous way. On the other hand, the other two machines remain on standby during the
execution of the jobs, which leads to a loss of time and consequently a failure to respect the promised deadlines.

4. Resolution of problem

In this section, we propose three resolution approaches aimed at addressing the PFSP-SIST problem with the
objective of minimizing the maximum tardiness 𝑇max. The first approach involves formulating a mathematical
model referred to the MILP. Additionally, we present a set of heuristics as the second approach, including a
HBJR and an NEH heuristics. Lastly, the third approach encompasses a set of metaheuristics, including the
ILS, IG and GA metaheuristic.
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Figure 2. The Gantt chart for four jobs and three machines.

4.1. Mixed-integer linear programming model

Several researchers have utilized linear programming models to solve various problems in the field of scheduling
[41–43]. In the same context, many works have proposed MILP models as exact methods for solving PFSP
scheduling issues [44, 45]. This kind of model consists in minimizing an objective function under the various
constraints relating to the industrial problem considered.

We adopt and customize this model to tackle the PFSP-SIST problem investigated in this research paper.
We consider a set of jobs {𝐽1, 𝐽2, . . . , 𝐽𝑛} that must be processed on a set of machines {𝑀1, 𝑀2, . . . ,𝑀𝑚} and
we define the set of parameters and variables that are required to formulate our model.

𝑦𝑘,𝑗 =
{︂

1, if the job 𝑗 is assigned in the position 𝑘 in the sequence
0, otherwise, 𝑗, 𝑘 = 1, . . . , 𝑛,

𝐶𝑘,𝑖 = the end date of job processing in position 𝑘 on machine 𝑖, 𝑘 = 1, . . . , 𝑛, 𝑖 = 1, . . . ,𝑚. (8)

The objective is to:
Minimize 𝑇max. (9)

Under constraints
𝑛∑︁

𝑗=1

𝑦𝑘,𝑗 = 1; 𝑘 = 1, . . . , 𝑛, (10)

𝑛∑︁
𝑘=1

𝑦𝑘,𝑗 = 1; 𝑗 = 1, . . . , 𝑛, (11)

𝐶1,1 ≥ 𝑠𝑡1 +
𝑛∑︁

𝑗=1

𝑦𝑗,1 × 𝑝1,1, (12)

𝐶𝑘,1 ≥ 𝑠𝑡1 + 𝐶(𝑘−1),1 +
𝑛∑︁

𝑗=1

𝑦𝑘,𝑗 × 𝑝𝑗,1; 𝑘 = 2, . . . , 𝑛 (13)

𝐶𝑘,𝑖 ≥ 𝐶𝑘,(𝑖−1) +
𝑛∑︁

𝑗=1

𝑦𝑘,𝑗 × 𝑝𝑗,𝑖; 𝑖 = 2, . . . ,𝑚; 𝑘 = 1, . . . , 𝑛 (14)

𝐶𝑘,𝑖 ≥ 𝑠𝑡𝑖 + 𝐶(𝑘−1),𝑖 +
𝑛∑︁

𝑗=1

𝑦𝑘,𝑗 × 𝑝𝑗,𝑖; 𝑖 = 1, . . . ,𝑚; 𝑘 = 1, . . . , 𝑛 (15)

𝑇𝑘 ≥ 𝐶𝑘,𝑚 − 𝑑𝑘; 𝑘 = 1, . . . , 𝑛 (16)
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𝑇max ≥ 𝑇𝑘; 𝑘 = 1, . . . , 𝑛 (17)
𝐶𝑘,𝑖 ≥ 0; 𝑖 = 1, . . . ,𝑚; 𝑘 = 1, . . . , 𝑛 (18)
𝑇𝑘 ≥ 0; 𝑘 = 1, . . . , 𝑛 (19)
𝑦𝑘,𝑗 ∈ {0, 1}; 𝑗, 𝑘 = 1, . . . , 𝑛. (20)

The equation (9) represents the objective function of our problem, which consists in minimizing the maximum
tardiness, denoted 𝑇max. The constraints (10) and (11) make it possible to guarantee that each position of the
sequence will be occupied by a single job and that each job can have only one position. The constraint (12)
is used to determine the end date of the job occupying the first position in the first machine. The constraint
(13) calculates the end date of the job at position 𝑘, 𝑘 ≥ 2 in the first machine. The (14) constraint guarantees
that for a job at position 𝑘, the end date in machine 𝑖 is greater than or equal to the end date in the previous
𝑖− 1 increased its processing time on the machine 𝑖. The constraint (15) ensures that for two jobs of successive
positions, the end date in the machine of the one in position 𝑘 is greater than or equal to that in position
𝑘 − 1 plus the processing time and the preparation time. The constraint (16) identifies the delay of each job 𝑘,
𝑘 = 1, . . . , 𝑛 on the last machine 𝑚. The (17) constraint is used to determine the maximum tardiness criterion.
The constraints (18)–(20) guarantee that the end date of execution and the tardiness of each job on the last
machine 𝑚 are positive and that the assignment variables 𝑦𝑘,𝑖 are binary variables.

To illustrate our problem, we consider the same example treated above, where we considered a permutation
flow shop problem with four jobs and three machines. The processing time and the due date of each job as well
as the preparation time of each machine are presented in Table 1. We note that the MILP has been implemented
using the LINGO 18 software on a PC with an AMD Ryzen 5 3500U processor, 2.10 GHz and 8 GB of RAM.
Running our model, we find that the exact job sequence is 𝜋 = {3, 4, 2, 1} and the optimal value of the maximum
tardiness we want to minimize is equal to 6. We note that this example is only to illustrate the MILP model,
it concerns a small size instance. However, for medium and relatively large instances, we have reserved it for
numerical simulation purposes.

4.2. Heuristics

While there are several exact methods available to address PFSP problems, they may not always be feasible in
industrial reality due to the nature of flows and the complex arrangement of productive resources. In this context,
the use of heuristic methods represents a promising alternative for solving different optimization problems, also
representing a simple less expensive path that ensures good production and that allows to respect the due
dates promised by customers. In this section, we present two heuristic methods, the first is a heuristic based on
Johnson’s rule. The second is a heuristic based on the NEH algorithm.

4.2.1. Heuristic based on Johnson’s rule

Johnson [2] considers a two-machine flow-shop problem, the goal is to find an optimal sequence to optimize
the makespan. He proved a very important theorem, stating that a job 𝑗 must precede a job 𝑗′ in an optimal
sequence if min{𝑝𝑗,1, 𝑝𝑗′,2} ≤ min{𝑝𝐽′,1, 𝑝𝑗,2}, with 𝑝𝑗,𝑖 and 𝑝𝑗′,𝑖 are respectively the processing times of jobs 𝑗
and 𝑗′ in machine 𝑖 ∈ {1, 2}. Based on this theorem, Johnson’s famous algorithm was deduced. Several works
that have been proposed since the first study refer to Johnson’s algorithm. The general idea of this algorithm
can be expressed as follows, the jobs having the smallest processing times on the first machine will be executed
first; those with the smallest processing times on the second machine will be executed at the end.

In this article, we are interested in solving a permutation flow shop problem under the constraint of the setup
time independent of the sequence. The objective is to minimize the maximum tardiness criterion, to do this, we
propose a heuristic based on the modified Johnson algorithm. The Algorithm 1 presents the adopted heuristic
while taking into account the characteristics of our problem.

In this heuristic, we propose the modified Johnson algorithm. The idea is to build two virtual machines, by
combining the first 𝑖 machines where 1 < 𝑖 < (𝑚− 1) into a single virtual machine and the remaining (𝑚− 𝑖)
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machines into the second virtual machine. The processing time of a job 𝜋𝑗 on the first virtual machine will
be 𝑝′𝜋𝑗 ,1 which is equal to the sum of the processing times of the job 𝜋𝑗 on the machines forming the virtual
machine and their preparation times 𝑠𝑡𝑖.

Algorithm 1. Pseudo code of Johnson’s rule-based heuristics.
Inputs: 𝜋0 = {𝜋1, 𝜋2, . . . , 𝜋𝑛},% The initial sequence %
1: 𝜋* ← 𝜋0

2: Each machine of 𝑀 = {𝑀1, 𝑀2, . . . , 𝑀𝑚} has a setup time 𝑠𝑡𝑖.
3: for 𝑖 = 1 to 𝑚− 1 do
4: 𝑝′𝜋𝑗 ,1 ←

∑︀𝑖
𝑘=1(𝑝𝜋𝑗 ,𝑘 + 𝑠𝑡𝑘), 𝑗 = 1, . . . , 𝑛; 𝑝′𝜋𝑗 ,2 ←

∑︀𝑚
𝑘=𝑖+1(𝑝𝜋𝑗 ,𝑘 + 𝑠𝑡𝑘), 𝑗 = 1, . . . , 𝑛

5: 𝜋* ← Johnson’s Rule(𝜋*)
6: 𝑇max ← 𝑇max(𝑝

′
𝜋𝑗

, 𝑠𝑡′)
7: At each iteration, we retain the sequence 𝜋* and the value of 𝑇max.
8: end for
9: Retain the best sequence 𝜋* which gives a minimum 𝑇 *max.

Outputs: 𝜋*, 𝑇 *max

4.2.2. Heuristic based on the NEH algorithm

After the rule proposed by Johnson for solving a flow shop problem of two and three machines, several
algorithms have been proposed for scheduling a sequence of 𝑛 jobs on 𝑚 machines in order to optimize a given
criterion in the industrial context. In comparison with existing heuristics, Nawaz et al. [46] propose an algorithm
generates best sequences which minimize the makespan criterion. This algorithm, known as the NEH algorithm,
suggests that jobs with high processing time should be prioritized over jobs with lower processing time. Many
research works have adopted heuristics based on the NEH algorithm [47, 48] to obtain the best sequences that
minimize the various criteria to be optimized adopted. On the other hand, several works have been the subject of
comparisons of the NEH algorithm with modern complex heuristics, Turner and Booth [49] shows that NEH has
proven to be more efficient than other heuristics, Ruiz and Maroto [50] concluded that this heuristic algorithm
is the best in terms of PFSP problem solving performance.

The Algorithm 2 describes the steps necessary to obtain the sequence of NEH, to adapt the algorithm of
NEH to our problem, the setup time of the machines has been added to the sum of the processing times of
each sequence job, on the first step of the algorithm, we calculate 𝑇𝑗 =

∑︀𝑚
𝑖=1(𝑝𝑗,𝑖 + 𝑠𝑡𝑖). In the second step, we

rank the jobs in decreasing order of 𝑇𝑗 . We choose the best sequence of the first two jobs (𝜋1𝜋2, 𝜋2𝜋1) which
presents an 𝑇max minimum. Subsequently, at each iteration, the job 𝜋𝑗 , (𝑗 = 3, . . . , 𝑛) is inserted in the different
positions of the constructed sequence. We will retain the best sequence 𝜋NEH, at each iteration, the process is
repeated until all the jobs are completed.

Algorithm 2. Pseudo code of the NEH algorithm.
Inputs: 𝜋0 = {𝜋1, 𝜋2, . . . , 𝜋𝑛},% The initial sequence %
1: Each machine of 𝑀 = {𝑀1, 𝑀2, . . . , 𝑀𝑚} has a setup time 𝑠𝑡𝑖.
2: For each job, we calculate the sum of the processing time and the preparation time: 𝑇𝑗 =

∑︀𝑚
𝑖=1(𝑝𝑗,𝑖 + 𝑠𝑡𝑖)

3: Build the sequence 𝜋 = {𝜋1, 𝜋2, . . . , 𝜋𝑛} by sorting the jobs in descending order of 𝑇𝑗

4: Retain the best sequence of 𝜋1 and 𝜋2 which minimizes 𝑇max

5: for 𝑗 = 3 to 𝑛 do
6: Insert each job 𝜋𝑗 in the different positions of the current sequence and retain the best sequence 𝜋* which gives a

minimum 𝑇 *max.
7: end for

Outputs: 𝜋*, 𝑇 *max
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4.3. Metaheuristics

Metaheuristics are high performance methods used to solve complex optimization problems. Generally, they
aim to improve an initial solution that was generated by a heuristic. In our case, we concentrate on metaheuristics
based on the local search concept and the given current solution is constructed by the NEH algorithm discussed
in the previous section. We’ve chosen three metaheuristics which are some of the best utilized methods in the
literature. We’ll start with two metaheuristics based on local search concept, the ILS algorithm and the IG
algorithm then we move on to implement an inspired nature metaheuristic represented by GA.

4.3.1. Iterated local search

The ILS algorithm is considered among the best-known metaheuristics, theoretically simple and efficient.The
central idea of ILS algorithm is that the search for the solution should focus on a neighborhood set of the
current solution and retain the best value of the objective function by comparing with the current best value
of this function. This process must be repeated until the stopping condition is satisfied. Numerous researchers
have applied this metaheuristic approach to address various optimization problems, with a particular focus on
the PFSP issues. As far as we are aware, Stützle [51] is the first research that investigated how ILS can be
used to solve the PFSP scheduling problem. The authors in [52] examined some difficulties in implementing ILS
algorithms for the permutation flow-shop problem. In the local search phase of the ILS algorithm, M’hallah [53]
used a variable neighborhood descent. Along the same lines, another study by Dong et al. [54] proposed the use of
an ILS algorithm with multiple restarts for the resolution of a flow shop problem with permutation, the results
obtained demonstrate a better performance when compared to other metaheuristics, despite the approach’s
simplicity. Finally, an ILS algorithm is presented in [55], the choices of initial approach and perturbation strength
are discussed in depth, the results showed that the proposed algorithm is more efficient in comparison with other
adopted approaches. Algorithm 3 will be used to illustrate the required steps to develop this metaheuristic, while
considering the PFSP-SIST problem. The three major components of the proposed ILS metaheuristic are as
follows:

– Generate initial solution: the use of metaheuristics to solve optimization issues, as is well known, necessitates
the determination of an initial solution. Due to its key importance in the performance of the ILS metaheuristic
algorithm, the choice of the method that generates the starting sequence is an important issue. Because
random answers are often of poor quality, it is always desirable to mobilize high-quality solutions. To achieve
this, we used the NEH heuristic to obtain an initial solution for our ILS algorithm.

– Local search procedure: local search is a method that involves a neighborhood structure to construct a new
enhanced sequence from an initial permutation. There are three basic neighborhood exploration strategies
described in the literature: swap moves which consists of swaps of two neighboring jobs at positions 𝑖 and 𝑗,
interchange-moves is based on the exchange of jobs at the 𝑖-th and 𝑗-th positions and insertion-moves the
idea behind this method is to remove a job from the 𝑖-th position and replacing it in the 𝑗-th position.
For our metaheuristic ILS, we have chosen the neighborhood insertion method as a neighborhood search
procedure. The principle of this method is simple, consists of eliminating a job from position 𝑖 and inserting
it into position 𝑗 while avoiding sequence redundancy. it allows to generate (𝑛 − 1)2 neighbor permutation
with 𝑛 represent the size of the initial sequence.
In order to understand the reasoning behind this procedure, an illustrative example is presented as follows:
let 𝜋0 be an initial sequence made up of four jobs 𝜋0 = [1, 2, 3, 4] with 𝑇max = 14 is the value relative
to the maximum tardiness corresponding to the sequence 𝜋0. The objective is to identify the sequence
within the neighborhood of the initial sequence 𝜋0 that effectively minimizes the objective function. Given
that 𝜋0 represents a sequence of four jobs, it generates nine neighboring permutations. In Figure 3, the
neighbor permutations resulting from the insertion neighborhood approach are presented, along with their
corresponding 𝑇max values. According to the schema below, it is evident that the local search (LS) procedure
will return sequence 𝜋best = [2, 3, 4, 1] as the output since it displays the lowest 𝑇max value which is equal
to 8.
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Figure 3. Illustration of insertion neighborhood procedure.

– Acceptance criterion: this procedure decides whether the solution obtained as the new current solution is
approved or not. In the literature, various strategies have been explored for the benefit of the acceptance pro-
cedure. We opted for the choice of a simulated annealing type acceptance criterion, based on the Metropolis
condition. This criterion consists in always accepting the new solution obtained if it is better than the initial
solution, otherwise, this solution will be accepted if it satisfies the following Metropolis condition:

random ≤ exp
{︂
−
(︂

𝑇max(𝜋′′)− 𝑇max(𝜋0)
𝑇

)︂}︂
(21)

T called temperature depended on the processing times, setup times, the number of jobs and machines, and
another adjustable parameter 𝑇0:

𝑇 = 𝑇0 ×
∑︀𝑛

𝑗=1

∑︀𝑚
𝑖=1 𝑝𝑗,𝑖 + 𝑠𝑡𝑖

10× 𝑛×𝑚
(22)

and random is a random number between [0, 1].
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Algorithm 3. Pseudo code of the iterated local search.
Inputs: 𝜋0 = {𝜋1, 𝜋2, . . . , 𝜋𝑛}, % The initiale sequence %
1: 𝜋0 = NEH Heuristic
2: 𝜋best = 𝜋0;
3: while {the termination criteria not achieved} do
4: 𝜋′ = Local Search{𝜋0};
5: % Acceptance Criterion%
6: if 𝑇max(𝜋

′) < 𝑇max(𝜋
0) then

7: 𝜋0 = 𝜋′;
8: if 𝑇max(𝜋

0) < 𝑇max(𝜋
best) then

9: 𝜋best = 𝜋0;
10: end if
11: else if random ≤ exp{−(𝑇max(𝜋

′)− 𝑇max(𝜋
best))/𝑇} then

12: 𝜋best = 𝜋′;
13: end if
14: end while
Outputs: 𝜋best

4.3.2. Iterated greedy

The second approach mobilized to solve our problem efficiently is the IG metaheuristic. The standard version
of this used algorithm as described in [56] is based on the following principle: The IG algorithm begins with an
initial solution, which is typically generated using a heuristic approach. The algorithm then proceeds through two
main stages known as the destruction and construction phases. During the destruction phase, a predetermined
number of jobs is removed from the initial sequence through a uniform random selection process. These jobs are
subsequently re-inserted in the same order as they were removed during the construction phase. It is important
to highlight that the insertion of jobs was carried out according to the principle of the NEH algorithm. The IG
metaheuristic, along with its various extensions, has been widely used in the literature to optimize an objective
functions or even more in the context of scheduling problems. Numerous researchers have adopted this approach
and achieved promising results. For instance, Ruiz and Stützle [56] were the first to implement this metaheuristic
for a flow shop problem with permutation and the results demonstrate that the IG algorithm performs well.
In [57] the authors developed a metaheuristic IG algorithm addressing a two-machine flow shop scheduling
problem with urgent jobs and limited waiting times, the efficiency of IG was verified against MIP. The work
in [58] propose two new IG algorithms for a SDST flow shop problem, despite its simplicity, the IG algorithms
demonstrated a good performance for the objective functions to be minimized.

In order to apply the IG algorithm to the PFSP-SIST problem, we will outline the complete process and
describe the main steps required to generate an optimal sequence, the pseudo code 4 provides a detailed descrip-
tion of all these steps. Similar to the ILS metaheuristic algorithm mentioned earlier, the initial job sequence
for this metaheuristic is obtained using the NEH heuristic. Then the algorithm proceed to the destruction step
where two sequences 𝜋𝑅 and 𝜋𝐷 will be constructed by eliminating 𝑑 jobs chosen at random and without repeti-
tion from the initial sequence. We note that the sequence 𝜋𝑅 of size 𝑑 represents the sequence formed by the jobs
that have been deleted in the same order as they were removed and 𝜋𝐷 is the sequence of size 𝑛− 𝑑 composed
by the jobs of the initial sequence excluding the removed jobs. Then, during the construction step, each element
of 𝜋𝑅 is reinserted into the 𝜋𝐷 sequence using the same NEH heuristic principle. Which means that the first
job of 𝜋𝑅 is inserted in the 𝑛− 𝑑 + 1 possible positions of the sequence 𝜋𝐷, in order to generate 𝑛− 𝑑 + 1 sub
sequence which includes the job 𝜋𝑅(1). The sequence with the smallest objective function value will be selected
for the next iteration. The operation will stop, when there are no jobs in the sequence 𝜋𝑅 and the sequence 𝜋𝐷

return to the size 𝑛 again. It should be emphasized that in our specific case, we have incorporated a local search
procedure, called the insertion neighborhood, after the destruction and construction phases of the adopted IG
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algorithm. This additional local search procedure is aimed at improving the performance of the algorithm and
achieving more optimal solutions for our particular problem.

At every iteration of this algorithm, it is necessary to evaluate the obtained sequence 𝜋′′ by comparing it to
the current best solution 𝜋0. In other words, if 𝑇max(𝜋′′) < 𝑇max(𝜋0), 𝜋′′ replaces 𝜋0. Otherwise, we propose
using the concept of simulated annealing acceptance, which has been employed in a number of studies. The
replacement is accepted if the following condition is met.

random ≤ exp

{︃
−

(︃
𝑇max(𝜋′′)− 𝑇max

(︀
𝜋0
)︀

𝑇

)︃}︃
, (23)

where T named temperature depended on the processing times, setup times, the number of jobs and machines,
and another adjustable parameter 𝑇0:

𝑇 = 𝑇0 ×
∑︀𝑛

𝑗=1

∑︀𝑚
𝑖=1 𝑝𝑗,𝑖 + 𝑠𝑡𝑖

10× 𝑛×𝑚
(24)

and random is a random number between [0, 1].

Algorithm 4. Pseudo code of the iterated greedy algorithm with local search algorithm.
Inputs: 𝜋0 = {𝜋1, 𝜋2, . . . , 𝜋𝑛}, % The starting sequence obtained by the NEH heuristic %
1: 𝜋best = 𝜋0;
2: while the termination criteria not achieved do
3: 𝜋′ = 𝜋0; % Destruction phase %
4: for 𝑢 = 1 to 𝑑 do
5: eliminate one job at random from 𝜋′ and insert in 𝜋𝑅;
6: end for

% Construction phase%
7: for 𝑢 = 1 to 𝑑 do
8: retain the best permutation obtained by inserting job 𝜋𝑅(𝑖) in all possible positions of 𝜋′;
9: end for

10: 𝜋′′ = 𝐿𝑜𝑐𝑎𝑙𝑆𝑒𝑎𝑟𝑐ℎ 𝐼𝑛𝑠𝑒𝑟𝑖𝑜𝑛(𝜋′); % Local Search process%
11: % Acceptance Criterion%
12: if 𝑇max(𝜋

′′) < 𝑇max(𝜋
0) then

13: 𝜋0 = 𝜋′′;
14: if 𝑇max(𝜋

0) < 𝑇max(𝜋
best) then

15: 𝜋best = 𝜋0;
16: end if
17: else if random ≤ exp

{︀
−(𝑇max(𝜋

′′)− 𝑇max(𝜋
best))/𝑇

}︀
then

18: 𝜋best = 𝜋′′;
19: end if
20: end while
Outputs: 𝜋best

4.3.3. Genetic algorithm

In this paper, the genetic meta-heuristic (GA) algorithm was utilized as the last approach to enhance the
performance of an ineffective initial solution. The GA meta-heuristic algorithm belongs to a category of algo-
rithms that are inspired by the principles of evolution theory. It is a powerful and widely used method for solving
complex optimization problems, including the PFSP. In the process of the GA, the individuals possessing the
most desirable fitness function are selected for breeding to produce offspring for the succeeding generation. The
principle of this algorithm is relatively simple, Algorithm 5 provides a detailed description of the main steps
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required to implement it. These steps are executed until the designated stopping criteria are met. The main
phases of this meta-heuristic are selection, crossover and mutation. These phases and the other parameters of
the developed GA meta-heuristic can be defined as follows:

– Initial population: we employ the NEH heuristic to generate the first member of this population, while the
remaining 𝑁−1 members are generated randomly. Regarding the size of this population, a larger population
allows exploring a broader solution space but may require more computational resources. It is advisable to
start with a moderate population size and adjust it based on the complexity of the studied scheduling
problem. In our case, we established the initial population size at 𝑁 = 50.

– Fitness function: the adopted fitness function (denoted as 𝑓(𝑘)), can be defined by the following equation:
𝑓(𝑘) = 2 × 𝑘

𝑁 , 𝑘 ∈ {1, . . . , 𝑁} [59]. Here, 𝑁 represents the population size, while 𝑘 represents the position
of each individual in the population, sorted in decreasing order in terms of the maximum tardiness value
𝑇max. In other words, the position of the individual with the highest 𝑇max value is 1, while the position of
the individual with the lowest 𝑇max value is 𝑁 .

– Selection phase: this phase aims to maintain high-quality individuals while eliminating the less performing
ones in each generation. The selection of high-quality individuals is determined by a selection probability
defined as: 𝑝(𝑘) = 𝑓(𝑘)∑︀𝑁

𝑘=1 𝑓(𝑘)
, 𝑘 ∈ {1, . . . , 𝑁}. This means that the individual with a better fitness function (a

higher ranking) has a higher probability of being selected than the individual with the lowest fitness function
value.

– Crossover phase: in this phase, we have chosen two-points crossover method. As it is demonstrated in
Figure 4, the principle of this method is very simple. First, two crossover points are chosen randomly noted
𝑝𝑡1 and 𝑝𝑡2. Then, the first children, referred as 𝐶1, is generated by taking a section of the code from the first
parent 𝑃1 (from the beginning to the 𝑝𝑡1 and from the 𝑝𝑡2 to the end of the sequence 𝑃1). Any missing jobs
within the 𝐶1 sequence are then completed using jobs from the parent 𝑃2. A similar procedure is followed
for generating the second child 𝐶2, this ensures us the solution feasibility.

– Mutation operator: the adopted method in this phase consists on the following principle, a job is randomly
chosen from position 𝑘 and placed into a randomly selected position 𝑘′ within the current sequence. If 𝑘 is
less than 𝑘′, all jobs between positions 𝑘 and 𝑘′ are shifted to the left; otherwise, they are shifted to the
right. Figure 4 illustrates an example of the application of this approach.

– Crossover and mutation probabilities: concerning the probabilities of crossover and mutation, we have
explored a range of values. Specifically, we have tested the following crossover probabilities: 𝑝𝑐 = 1.0, 0.8, 0.7.
Additionally, we have investigated different mutation probabilities, including 𝑝𝑚 = 0.01, 0.05, 0.1, 0.15, as
reported in the existing literature [59–63]. It should be noted that we have chosen the values 𝑝𝑐 = 0.8 for
the crossover probability and 𝑝𝑚 = 0.05 for the mutation probability because they yielded the best results.

The GA metaheuristic is considered among the most often used methods for solving scheduling optimization
problems. As far as we know, the application of GA metaheuristic for minimizing makespan in PFSP was first
proposed in [64]. In this work, the author compared the performance of this algorithm to that of a simple neigh-
borhood search method. The GA metaheuristic and its extensions has been used in a number of works to solve
different optimization problems. A comparative analysis was carried out in [65] between the genetic algorithm
against other search methods such as local search, taboo search and simulated annealing revealed that the
genetic algorithm performed slightly worse. As a result, the authors investigated two hybrid algorithms: genetic
local search and genetic simulated annealing, in order to enhance the performance of the genetic algorithm. In
[66], an effective hybrid genetic algorithm (HGA) is suggested for a flow shop scheduling problem with a limited
buffer. Wang et al. [67] proposed an GA-TVNS, a metaheuristic that improves the exploration and exploitation
of the search space by combining GA and variable neighborhood search (VNS). The authors in [68], used the
GA metaheuristic along with the local search algorithm to solve the problem of scheduling a set of preventive
maintenance jobs to be executed on a set of machines. Their goal was to optimize the total preventive main-
tenance cost. Based on the computational findings, a significant proportion of solutions generated by the GA
metaheuristic exhibited superior performance compared to those produced by the local search algorithm.
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Figure 4. Example of the crossover and mutation approaches.

Algorithm 5. Pseudo code of genetic algorithm.
1: Generate an initial population 𝑃pop of solutions to start with.
2: Retain the best sequence 𝜋best from the initial population that minimizes 𝑇max.
3: while {the termination criteria not achieved} do
4: Apply the selection method to get the two parent sequences 𝑃1 and 𝑃2.
5: Apply the crossover procedure and retain the two children 𝐶1 and 𝐶2.
6: Apply the mutation method on the two children 𝐶1 and 𝐶2.
7: Evaluate the generated individuals and determine the new 𝜋best

8: Update the initial population 𝑃 and return to the selection step.
9: end while

Outputs: 𝜋best

5. Numerical simulations

In this section, the performance of the proposed algorithms is evaluated and examined through a comparative
study on randomly generated problem instances. This study is divided into two parts. On the one hand, a study
dedicated to the comparison between the proposed heuristics and the exact method, which in our case design
by the MILP method. On the other hand, a comparison between the three implemented metaheuristics.

We note that to generate the problem instances, processing times, setup times and due dates were generated,
as they are widely used in the literature. In fact, we distinguish two categories of instances for our numerical
simulation, the category of small and medium instances and the category of relatively large instances. Indeed,
the set of small and medium instances is composed of the combinations of jobs and machines (𝑛 ×𝑚) where
the number of jobs 𝑛 ∈ {10, . . . , 90} and the number of machines 𝑚 ∈ {5, . . . , 10} with 𝑝𝑗,𝑖 the processing
time of each job in each machine is uniformly distributed in [1; 49] and 𝑠𝑡𝑖 is the setup time of each machine
is also generated uniformly distributed in [1, 10]. For the set of relatively large instances, the number of jobs 𝑛
varies in {100, . . . , 400} and the number of machine varies in {10, . . . , 30} with 𝑝𝑗,𝑖 ∈ [50, 99] and 𝑠𝑡𝑖 ∈ [10, 20].
For the due dates we adopt the formula most used in the literature, the expression of this formula is as
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Table 2. Comparison between the MILP, NEH and HBJR algorithms in terms of the values
of the maximum tardiness, the CPU time and the RPD indicator.

Instance MILP NEH HJBR RPDNEH RPDHBJR

𝑛×𝑚 𝑇max CPU time 𝑇max CPU time 𝑇max CPU time

4× 2 4 1.76 4 0.0115 13 0.0054 0.000 2.250
4× 3 11 0.50 11 0.0022 29 0.0076 0.000 1.636
4× 4 15 1.76 15 0.0074 51 0.0029 0.000 2.400
4× 5 23 1.15 23 0.0038 65 0.0026 0.000 1.826
4× 6 30 0.96 30 0.0021 93 0.0030 0.000 2.100
4× 7 42 1.20 43 0.0022 125 0.0036 0.024 1.976
4× 8 45 1.33 45 0.0024 145 0.0026 0.000 2.222
4× 9 50 1.49 50 0.0022 181 0.0026 0.000 2.620
4× 10 53 1.78 55 0.0022 215 0.0031 0.038 3.057
8× 2 20 34.68 20 0.0030 22 0.0026 0.000 0.100
8× 3 27 56.88 27 0.0024 57 0.0029 0.000 1.111
8× 4 33 23.11 33 0.0022 86 0.0026 0.000 1.606
8× 5 47 25.01 47 0.0022 115 0.0031 0.000 1.447
8× 6 57 28.39 58 0.0038 173 0.0026 0.018 2.035
8× 7 64 44.41 70 0.0023 217 0.0026 0.094 2.391
8× 8 72 73.99 75 0.0022 252 0.0029 0.042 2.500
8× 9 78 28.17 82 0.0006 331 0.0026 0.051 3.244
8× 10 92 37.85 96 0.0022 370 0.003 0.043 3.022
12× 2 33 1895.40 34 0.0005 54 0.0026 0.030 0.636
12× 3 43 1185.39 44 0.0023 113 0.0026 0.023 1.628
12× 4 60 3283.77 60 0.0022 158 0.0027 0.000 1.633
12× 5 74 1190.07 74 0.0022 194 0.0026 0.000 1.622
12× 6 95 1066.30 95 0.0022 284 0.0028 0.000 1.989
12× 7 98 1172.52 102 0.0035 347 0.0026 0.041 2.541
12× 8 107 1356.50 111 0.0033 398 0.0027 0.037 2.720
12× 9 134 1252.20 134 0.0022 522 0.0026 0.000 2.896
12× 10 143 3486.88 143 0.0025 590 0.0025 0.000 3.126

follows:

𝑑𝑗 = 𝜌×

[︃
𝑚∑︁

𝑖=1

(𝑝𝑗,𝑖 + 𝑠𝑡𝑖)(1 + rand())

]︃
. (25)

5.1. Comparison between the heuristics

The first part of this comparative study looked at the evaluation of the performance of the adopted algorithms
through a comparative study between NEH, Johnson’s rule modified and the exact method designated by the
MILP method. This comparaison is performed using a usual performance measure which is known as relative
percentage of deviation (RPD). The following formula is used to calculate RPD:

RPD𝐻𝑖
=
[︂
𝑇𝐻𝑖

max − 𝑇 best
max

𝑇 best
max

]︂
× 100; 𝑖 ∈ {1, 2} (26)

where 𝐻1 represents the heuristic based on the modified Johnson algorithm, while 𝐻2 indicates the NEH
heuristic. It’s worthy to note that 𝑇𝐻𝑖

max represents the solution obtained by the heuristic 𝐻𝑖 and 𝑇 best
max represents

the solution found from the optimal solution generated by the MILP.
Table 2 shows the RPD𝐻𝑖

obtained for different (𝑚 × 𝑛) combinations, where 𝑚 represent the number of
machines and 𝑛 the number of jobs. A first reading of the this table shows that the results obtained by the
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Figure 5. The maximum tardiness’s values in the case of 𝑚 = 7.

Figure 6. The Relative percentage deviation’s values in the case of 𝑚 = 7.

NEH heuristic are extremely close to those obtained by the MILP approach. On the other hand, the difference
between the values of 𝑇max calculated by the modified Johnson rule and the results obtained by the MILP is
significant.

In addition, Table 2 presents the amount of time that each algorithm spends processing a specific instance
(CPU time) in units of seconds. The results indicate that the CPU time of MILP increases as the instances
become larger, with a significant increase occurring from instance 12×2 onwards. In contrast, NEH and HBJR,
both heuristic algorithms, do not require a substantial amount of CPU time. One can conclude that MILP is
effecient only for small instance sizes in terms of seeking the optimal solution.

For a combinations (𝑛×𝑚) with 𝑛 ∈ {4, 8, 12, 16} and the number of machine 𝑚 is equal to 7, we calculated
the value of the maximum tardiness using the three approaches MILP, NEH, and HBJR. The results are shown
in Figure 5. The value of 𝑇max clearly grows with the job values, and the graph also demonstrates the NEH’s
heuristic algorithm’s good performance as compared to modified Johnson’s rule outcomes.

In Figure 6 we can see clearly the large difference between the the relative percentage deviation given by
NEH and RPD given by the HBJR. This result has exactly confirmed the performance of the NEH algorithm
illustrated above. As a result, NEH can be used as an efficient approach to solve our scheduling problem.

Now, we consider the case where the number of machines varies, 𝑚 = {2, . . . , 10} and the number of jobs
remain constant, 𝑛 = 8. The maximum tardiness 𝑇max values are depicted in Figure 7. As we have already
noticed, 𝑇max is an increasing function of the number of machines. This means that the value of 𝑇max increases
when the number of machines increases. Furthermore, as compared to the adopted HBJR heuristic, the NEH
algorithm has a considerable performance advantage.
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Figure 7. The maximum tardiness’s values in the case of 𝑛 = 8.

Figure 8. The maximum tardiness’s values in the case of 𝑛 = 8.

The graphic in Figure 8 validates the performance of NEH heuristic. Its clear that the RPDHBJR given by
the HBJR is extremely large than the RPDNEH obtained by NEH algorithm. Which implies the efficiency of
this last approach for solving the permutation flow shop problems.

5.2. Comparison between the metaheuristics

To evaluate the performance of the proposed metaheuristics, we suggest in this part to calculate the RPI
(relative percentage increase) indicator to measure the deviation from the best solution given by the three
metaheuristics IG, ILS and GA.

The RPI is calculated using the following formula:

RPI =
[︂
𝑇max − 𝑇 best

max

𝑇 best
max

]︂
× 100. (27)

We highlight that computing is given for an average of five instances for each algorithm.
In Table 3, we present the values of the RPI obtained for the different combinations (𝑛×𝑚) with 𝑚 equal to 20

and 𝑛 ∈ {10, 20, 30, . . . , 90}. As previously stated, the RPI is an indicator that measures the convergence of 𝑇max

value towards the best solution among the solutions given by the three metaheuristics used. For all the evaluated
instances, the IG algorithm displays small values of the RPI compared to the two other metaheuristics ILS and
GA, this implies the good performance of the IG metaheuristic compared to the two other metaheuristics used.

In percentage points, Figure 9 illustrates the difference between the three metaheuristics, this difference
varies between 4.216 percentage points and 32.485 percentage points. These results have just confirmed the
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Table 3. A comparison between the RPI indicator values for the three meta-heuristics IG, ILS
and GA for medium instances.

𝑛×𝑚 RPIIG RPIILS RPIGA

10× 10 2.331 2.819 2.365
20× 10 2.941 3.160 3.168
30× 10 0.368 0.411 0.412
40× 10 1.174 1.206 1.274
50× 10 1.256 1.297 1.323
60× 10 0.468 0.483 0.509
70× 10 0.282 0.294 0.302
80× 10 0.294 0.312 0.321
90× 10 0.240 0.247 0.259
20× 20 1.900 2.105 2.190
30× 20 0.425 0.478 0.532
40× 20 2.176 2.316 2.501
50× 20 0.265 0.307 0.338
60× 20 1.293 1.345 1.400
70× 20 0.731 0.763 0.801
80× 20 0.299 0.324 0.339
90× 20 0.910 0.967 0.998

Figure 9. The gap between the three proposed metaheuristics in the case of 𝑚 = 20.

good performance of the IG metaheuristic on the one hand, on the other hand we notice that the difference
between the two algorithms IG and GA is significant and in comparison to the GA metaheuristic, the ILS
metaheuristic gives good results. The final point to take away from this graph is that the difference between
the three metaheuristics lessens as the size of the instance grows.

The results given in Table 4 represent the values of 𝑇max and the average percentage of deviation obtained by
each metaheuristic proposed for the case of large instances. In a set of 13 instances, the IG algorithm generates
10 best solutions, while the ILS algorithm yields just 2. As can be seen in the last three columns of Table 4,
the average deviation percentage obtained by the IG algorithm is lower than the ILS algorithm and the GA
algorithm displays low results compared to the two metaheuristics IG and ILS. As a result, the suggested IG
algorithm outperforms the ILS and GA algorithms in terms of performance.
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Table 4. A comparison of the maximum tardiness values and RPI indicator for the three
meta-heuristics IG, ILS and GA for relatively large instances.

Instance Best Metaheuristic Deviation
IG ILS GA IG ILS GA

100× 10 4703.200 5636.650 5630.150 5642.150 0.1985 0.1971 0.1996
150× 10 1120.650 1120.950 1123.800 1102.9000 0.0161 0.0164 0.0190
200× 10 13 231.500 13 239.500 13 259.000 12 496.000 0.0589 0.0595 0.0611
300× 10 23 752.000 23 755.000 23 755.000 22 744.000 0.0443 0.0445 0.0445
400× 10 31 233.000 31 231.000 31 254.500 30 892.000 0.0110 0.0110 0.0117
100× 20 1123.500 1484.450 1488.550 1577.650 0.3213 0.3249 0.4042
150× 20 5087.900 5601.800 5628.800 5680.300 0.1010 0.1063 0.1164
200× 20 11 830.000 11 988.500 11 948.500 12 042.500 0.0134 0.010 0.0180
300× 20 21 621.000 22 495.000 22 530.500 22 561.000 0.0404 0.0421 0.0435
400× 20 24 670.000 26 507.000 26 531.500 26 581.000 0.0745 0.0755 0.0775
450× 20 32 094.000 33 311.500 33 317.000 33 384.500 0.0379 0.0381 0.0402
500× 20 35 706.000 36 830.500 36 843.500 36 867.000 0.0315 0.0319 0.0325
600× 20 47 509.000 49 014.500 49 034.000 49 049.500 0.0317 0.0321 0.0324

Notes. Bold number signifies best value.

6. Conclusion

The current study aimed to tackle the PFSP under the constraint of SIST, with the objective of minimizing
the maximum tardiness criteria. To achieve this goal, we employed a set of resolution approaches, including
an exact method based on MILP, two heuristic algorithms, the first based on Johnson rule (HBJR) and the
second based on NEH algorithm. In other hand, three meta-heuristic algorithms were implemented such as IG,
ILS and GA. We have conducted an experimental evaluation on small, medium and relatively large instances,
in order to compare the effectiveness of these approaches. First of all, the two heuristics, namely, NEH and
HBJR heuristic were compared to the results of the MILP for small instances. Based on the results obtained,
it can be concluded that the NEH heuristic is a more effective approach than the HBJR algorithm for small
instances. Additionally, the NEH heuristic requires significantly less CPU time compared to the MILP approach.
Therefore, it is recommended to use this heuristic as a resolution approach for flow shop scheduling problems. In
other hand, for medium and relatively large instances, the IG algorithm showed better performance compared
to the other two meta-heuristics (ILS and GA). Overall, this study contributes to the existing literature on
PFSP by providing a thorough investigation of the different adopted approaches to solve the 𝐹𝑚 | permu, SIST
| 𝑇max problem with a specific focus on minimizing maximum tardiness. The proposed models and algorithms
demonstrated promising results and the findings can serve as a basis for future researches in PFSP problems
with SIST constraint.
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