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LINEAR FRACTIONAL OPTIMIZATION OVER THE EFFICIENT SET OF
MULTI-OBJECTIVE INTEGER QUADRATIC PROBLEM

ALl BENCHEIKH"* AND MUSTAPHA MOULAT?

Abstract. In this paper, we introduce an exact algorithm for optimizing a linear fractional utility
function over the efficient set of a multi objective integer quadratic problem. The algorithm is based
on the “Branch and Cut” principle, which combines the branching process to ensure decision variables’
integrity and efficient cuts built off the non-increasing gradients’ directions of objective functions to
eliminate inefficient integer solutions. The proposed approach accelerates the convergence to the efficient
solution that optimizes the utility function. After presenting and describing the algorithm, a detailed
didactic example is illustrated, followed by an experimental study to validate our approach and show
computational costs.
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1. INTRODUCTION

Multi-objective optimization (MOP) problems encompass multiple conflicting objectives that need to be opti-
mized simultaneously. Unlike single-objective problems, where finding the optimal solution is straightforward,
in MOP, it is almost impossible to find a single solution that optimizes all objectives concurrently. Therefore,
the goal is to find a set of compromise solutions that represent optimal trade-offs between given objectives. This
set of solutions is called efficient set or Pareto set.

Multi-objective optimization problems have broad applications in fields such as environmental analysis [26],
supply chain management [18], design networks [25], portfolio selection [2] and product planning [24]. But in
a wide range of MOP applications, restrictions are imposed on the decision variables (e.g., integer variables,
binary variables), on the objective functions (e.g non-linear, non-convex) and on the number of objectives to
be optimized (bi, tri, or general)-objective. These restrictions highlight the diverse classes of multi-objective
optimization.

The fact that finding all efficient solutions is crucial, but can poses two challenges: (1) the abundance of
solutions can confuse the decision maker (DM) in selecting the “best” solution from their decision-making
viewpoint, (2) as mentioned above, the restrictions and computational viewpoint make generating the complete
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efficient set challenging due to the required numerical efforts. Therefore, to overcome these issues, a utility
function that quantifies the decision maker’s preferences is associated to be optimized over the efficient set
of the MOP in order to target the best solution without generating the whole set of efficient solutions. This
approach is known in the literature as the “optimization over efficient set problems” and is classified as NP-hard.

A review of the literature indicates significant interest in this problem, despite the difficulty of quantifying
the utility function and the non-convexity of the efficient set. For the case of optimizing a linear function
over the efficient set of a linear multi-objective problem a number of studies have been conducted, such as:
[1,4,5,11,14,15].

Nevertheless, in many real-life scenarios, the utility function and/or the multi-objective problem may not
always be linear, thus complicating the solution process. Hence, only a few algorithms have been proposed so
far. We can quote for example: [20] proposed an algorithm to optimize a nonlinear function on the efficient set
of multi-objective integer linear problem (MOILP). Drici et al. [10] proposed an exact method to optimize a
linear fractional function over the efficient set of a (MOILP). Also, an exact method to optimize an indefinite
quadratic function over the efficient set of a (MOILP) was proposed by Moulai and Drici [17]. And more recently,
Chaiblaine and Moulai [8] where the authors proposed an exact method to optimize a quadratic function over
the efficient set of an integer linear fractional multi-objective problem (MOILFP). These recent advances have
motivated and inspired us, in this paper, to introduce an exact method to optimize a linear fractional function
over the efficient set of a multi-objective integer quadratic problem (henceforth denoted (LF/MOIQP)) that
has not been addressed yet.

To show the practicality of our proposed method, we find that in various optimization problems such as
in engineering and economics, (DM) consider the minimization of a ratio between physical and/or economical
functions, e.g., cost/time, cost/profit, cost/volume, or other quantities that measure the efficiency of a given
system [23]. This ratio, which constitutes a fractional function, can considered for minimization over an efficient
set of multi-objective problems where these objectives are modeled with convex quadratic functions. Through
our review of the literature, we found several real-life optimization problems in which the objective function
is modeled by a convex quadratic function: [7] gave modeling to the integer convex quadratic knapsack prob-
lem (QKP). Quadri et al. [21] considered the problem of integer convex quadratic multidimensional knapsack
problems (MDQKP). Djerdjour et al. [9] has treated the same problem and added an application in capital
budgeting. Gallo et al. [12] gave examples in hydro-logical studies and location problems. Shetty and Muthukr-
ishnan [22] have used a quadratic model in parallel projection for the multi-commodity network model. Hua [13]
proposed an approximate dynamic programming approach to convex quadratic knapsack problems (adQMP)
and mentioned several applications. Bretthauer and Shetty [6] has treated the quadratic resource allocation with
generalized upper bounds. Following these examples, we formulate the corresponding multi-objective problem
and put forward an application to optimize the DM linear fractional utility function over the efficient set of
multi-objective integer quadratic multidimensional knapsack problems.

> Pt t+a
miny(z) = 3217
2 4wy + 0
j=1

s.t: the efficient set of

LF/MOQMKP){ (.. no1 . ,
(LF/MQ ) Mm”fl-(x):(]glgdjxi—cjffj), i=1,...,r
Swgjr; < Wy, k=1,...,m.
j=1
lj<z; <wuy, j=1,...,n.

z; €24, andx; >0, j=1,...,n.
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where p; and ¢, and the scalars o and [ are coefficients of the (DM) utility function. The decision variable
is denoted as x;. The quadratic cost coefficients are represented by d;-, and we assume d;- > 0 to ensure the
convexity of the objective function. The linear cost coefficients are given by c;. The linear constraints coefficients
imposed on the decision variables are specified by wy; and Wj,. Without loss of generality, we assume that both
Wk > 0 and Wy > 0.

The principle of proposed method is based on the “Branch and Cut” technique where solutions are found
by exploring the branches of the solution tree. The iterative method solves more constrained fractional linear
programs in an augmented simplex table, once a solution is obtained, either a branching process is applied to
ensure the integrity of the variables, or the optimal solution is integer so it is subjected to an efficiency test to
maintain the efficiency. We then use the decreasing directions of the criteria from [19] to build efficient cuts that
eliminate non-efficient integer solutions, thereby accelerating convergence towards the optimal efficient solution
of the utility function. We also add optimal cuts to eliminate the solutions that do not improve the value of the
utility function.

The rest of the paper is organized as follows; Section 2 introduces the problem formulation and notations,
followed by the theoretical background and main results in Section 3. However, Section 4 provides a description
of the proposed algorithm, illustrated by a detailed example. In Section 5, experimental studies are presented.
Finally, the paper concludes with a discussion of perspectives.

2. PROBLEM FORMULATION & NOTATIONS

2.1. Problem formulation
Let be given r (r > 2) convex quadratic objective functions of the form:
1, .
filx) = 3% Qix+cix, i=1,...,r

and the set:
D=XNZ" where X ={xecR}|Az <b}

The multi-objective integer quadratic problem can be defined as follows:

“Min” fi(z), i=1,...,r
MOIQP ’ L
e
where
- Q; €Z™™, i=1,...,r are positive semi-definite matrices, and
c; €Z™, i=1,...,r vectors.

— A € Z™*™ matrix, b € Z™ vector.
— The set X is assumed to be closed, bounded and non-empty convex polyhedron.

The problem of optimization over efficient set of (MOIQP) can be stated as follows:
iny(z) pr ta
miny(r) = ——
(LF/MOIQP) @ 1B
T € Xegp
where:

— 9(x) is the utility function which is a linear fractional function
— p, q are real n-vectors
— «, (0 are arbitrary real constants
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— Xegr C D the integer efficient set of the (MOIQP).

Assuming the following conditions hold: ¢ (z) is not a strictly positive combination of linear parts of the objective
functions. The factor gz’ + 3 is positive for all € X, and X.g # D ensuring that the problem cannot be solved
straightforwardly.

Definition 2.1. A feasible solution x* is said to be efficient in (MOIQP) if, and only if # x € D such that
filz) < fi(z*), i=1,...,r and fi(z) < fi(z*) for at least one index i € {1,...,r}.

The adopted strategy aims to generate the optimal integer solution to the main problem (LF/MOIQP). It is
based on resolving a continuous, more constrained linear fractional problem sequence (LF P); at each iteration
I, where [ > 0. This sequence is defined as follows:

prt o

(LFP), min () gt + 6
T € Aj.

Xy = X and A} C & to be explored at iteration [.

2.2. Notations

To facilitate understanding of the theoretical results, we introduce the following important notations:
We denote the optimal solution of the problem (LFP); by z* | and we use B; and A; to denote the index sets
of basic and non-basic variables, respectively, of z(!). Simultaneously, Zopt Stands for the best efficient solution
known up to stage [, and op¢ is the corresponding value of utility function ¢ (z). Also, we denote:

th

— For utility function: 7; the j'* component of growth direction of the vector ¥ of the utility function 1 at

each iteration with:
- 2 21 1 22
Y =9 (pj — 25) — ¥ (g5 — )
where:
o 2! =pp B aj; 22 = qp,B; 'a; and a; is the j™ column of matrix A.

° wl _ pT.’E*(l) +a, wQ _ qTLE*(l) 4 6 and w _ ¢1/¢2.
— For objective functions: The functions f;, i = 1,...,r can be written at the neighborhood of z*() as:

filw) = fi(z*®) + Vfi(a* D) (@ — D) + eif|z — 2"

where Vfi(z*(l)) =Q;z*® 4+ ¢; and ¢; : R" — R.
The linear expression V f;(x())(x — 2(!)) determines the non-increasing criterion directions of the edges in
the relaxed feasible region, originating from the extreme point 2*().

~ In the optimal simplex table: For the basic variables x; in z, we have the relation
TE = by — Z?Zl ap(k);T5 where k € B;. Here: p(k) indicates the position of x; in x. Additionally,
ap(k); and l;p(k) represent the updated values in the simplex table of the elements from the constraint matrix
A and vector b respectively.

— Sets and Used cuts: We define: ;N {1,n} as the index set of non basic original variables, N;\{1,n} as
the index set of non basic surplus variables, and B; N {1,n} as the index set of basic original variables.
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The set H; identifies non-increasing directions of the criteria f;,i =1,...,7:

Hl = ] EM|E|’L€ {1,...77'}; Pj_ Z Vfl(ir*(l))kdp(k” <0
keBN{1,n}

U jE ./V”, pPi — Z Vfi(x*(l))k&p(k)j =0, Vi € {17 R ,r}

keBN{L,n}

where Vf;(z*®), is the k' coordinate of the gradient vector of criterion 4 in z*() and p; is defined as
follows:

Vi@ ®), it je Nin{ln}
770 if j € M\{T,n}-

Denote by:

fi=pj— Z Vfi(x*(l))k&p(k)j fori=1,...,r
keBiN{1,n}

Our method is based on Branch and Cut principle. We use the information to construct the efficient cut to
remove all non-efficient integer solutions for (MOIQP). An efficient cut is defined as follows:

Z T Z 1.
JEH,

Additionally, a second cut is defined to remove solutions that are worse than those already found, given by
the inequality:

Y(x) < Yopt.-
At the node [, the following subsets are defined:
Xg={reX| ) z;>1)
JEH,
X12+1 = {x € X | 1/1(.%) < 7vzjopt}

and
A = Xll+1 U X12+1~

3. THEORETICAL BACKGROUND & MAIN RESULTS

In this section, we provide some important definitions and theoretical results that are essential for under-
standing the subsequent sections.
The following theorem is presented:

Theorem 3.1. The feasible solution x*() is an optimal solution for the problem (LFP); if and only if the
vector vy is such that v; > 0 for all j € Nj. see [16]

Theorem 3.2. Supposing that H; # 0 at the current integer solution x*. If x # 2*®) is an integer efficient
solution in domain X\{z*®}, then © € Xy, 1.

Proof. Consider any = € X; such that, z # 2*(). Suppose that x ¢ X;, ;. Then = ¢ Xll-&-l and z ¢ Xl2+1'
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—ifz ¢ Xl1+1, then Zjem x; < 1 which means that z; = 0,Vj € H;, x being integer. However, when
considering only the n first variables of (MOIQP) of the solution z*() and x, we can calculate the following:
Vi@ D)z —2*®) = —Vfi(z*®)2*®D + V fi(a*D)z Vie {1,...,r}

Furthermore, from the current optimal simplex table at 2*(), we have the aforementioned equation: z; =

Ep(k) — Y Gp(p)jz; for all index k € B;. Now, we can write the following:
JEN

V fila W)z = Z Vfi(z™ D)y Ap(k Z p(k);5)

keB,N{1,n} JEN:
+ Z sz(x*(l))]xj Vi € {1,...,7"}
JENIN{1,n}
Vhi e =3 Vil )by
keBn{1,n}

= 2 (VHE D kyw; | 7
JEN | keB,N{Tn}

+ Z Vfl((ﬁ*(l))]fﬂj Vi € {1,...,7"}.
FJENN{1,n}

Besides, we have:
Y fi(z* )2 = Z Vfi(x*(l))kbp(k)

keBn{1,n}

Thus, we obtain:

Vi@ -2 W)y= 3" Vi) = Y Vi Dby, | 2

jeENIN{1,n} keBN{1l,n}
+ Z — Z Vfi(x*(l))k&p(k)j x; Vie {1,...,r}.
JENI\{1,n} keB,N{1,n}
Therefore:
Vi D@ - D) =>"1p = > fil@a™ gy, | 7 Vie{l,...,r}
JeN keBN{1,n}
Where:

V@ ®), i je NN {1,n}
P70 it j € N\\{1, 7}

Using the set H; as a subset of the N set, we can write:

Vi@ =)= dpi = D VA )iy, | @

J€H keBN{L,n}

+ Y - Y VA apw, | 2 Vie (L. )

JENI\H; keB,n{1,n}
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As it has been assumed that z; = 0, Vj € H;, then the last expression is reduced to:

Vi) (z — W) = Z i — Z Vfi(a:*(l))kdp(k)j x; Vie{l,...,r}

JENI\H, keBN{1,n}
According to the definition of set H;, for all index j € NV}\'H;, we have the following inequality:
pi— Y. V@ D)y >0 Vie{l,... r}

keBN{1,n}
with at least one strict inequality. Hence:

Vi) (@ -2y >0 Vie{l,...,r}
Then, we obtain the following inequality:

fila D) + V(2 O) (@ — D) > f;(x*V) Vie {1,...,7}.
From the previous inequality, we conclude that:
filx) = fi(a*W) Vie{1,...,r}h

Since there is at least one strict inequality, we deduce that f(z) is dominated by f(z*(®), implying that =
is not an efficient solution.
- Ifx¢ XZZH, then 9(x) > topt. Thus x is not optimal which contradicts the hypothesis.

Corollary 3.3. The constraint ZjEHZ x; > 1 defines an efficient cut.

Proof. Tt is clear that > jern, & = lisan efficient valid constraint according to the Theorem 3.2 since all integer

efficient solutions in the current domain X; satisfy this constraint. However, the current integer solution z*(*)
does not, since x; = 0 for all j € H;. Thus, the constraint ZjeHl x; > 1 effectively acts as an efficient cut. O

Proposition 3.4. If H; = () at the current integer solution x*1) | then X\{z*V} is an explored domain

Proof. H; = () means that 2*() is an optimal integer solution for each criterion and, consequently, an ideal point
within the domain Aj. Therefore, X;\x*(} contains no other efficient solutions. |

Theorem 3.5. The algorithm converges to an optimal solution of the problem (LF/MOIQP) if such a solution
exists, in a finite number of iterations

Proof. Since D the set of integer solutions of (MOIQP), is a finite and bounded within X, the cardinal-
ity of the efficient set X, is also finite. Throughout the algorithm’s execution, an optimal integer solution
z*® is found. If 2*(®) is not part of X.g, an efficient cut is added, or the search for an improved fop: is
discontinued. Thus, as stated in the previous theorem and corollary, at least the solution z*(®) is excluded
in the analysis of any subsequent sub-problem (LFP)y,k > I, ensuring that no integer efficient solution is
overlooked. g
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3.1. Efficiency Test

Let 2*(®) be an optimal solution of the program (LFP);, we test the efficiency of the obtained solution by
solving the following single objective mathematical program:

max ¢ = y.¢;
i=1
E((g*(l)) fi(ZE)—Fé}' < fz(ili*(l)) t=1,...,r
E; > 0
reD

the point z*(!) is efficient (i.e 2*() € X.g) for the original problem, if the objective function ¢ is null in E.(z*®).
Else, let £() be the optimal solution of E(z*®)) then () € X,z see [3].

4. DESCRIPTION OF METHOD

At each iteration [, we solve the program (LFP);. The corresponding node [ is fathomed when the program
(LFP), is infeasible or H; = (). However, if the optimal solution z*() is not integer, we let xT; = m;(l) represent
one fractional coordinate. Then, the feasible set &} is divided into subsets A}, and &}, by creating two nodes in
the search tree with the additional constraints : z; < [x;(l)J and x; > [a:;(l)] to construct the program (LF'P);,
and (LFP),, respectively, where [;, and Iy are greater than I.

In the case, z*() is integer, we solve the mathematical program E(z*(") to test its efficiency. If the solution
2*() is efficient, we update, if necessary, the value of utility function 1 () and the node [ is fathomed. Otherwise,
let &) be the efficient solution offered by the test E(z*("). An update in ¢ (z) is made if necessary. After that,
we use the non-increasing directions of criteria to define the set H; and construct the valid cut Zj en, T =1
to avoid exploring non-efficient regions.

The algorithm steps are detailed in the code below:

4.1. Illustrative example

To illustrate how the algorithm (LF/MOIQP) works, we provide an example to optimize a linear fractional
function over the efficient set of a Tri-OIQP problem.

-1+ 519+ 223+ 7

LLM' 7 e
m ’L/J(LL') X1 +31‘2+I3+5

(LF/MOIQP)
T € Xog

Where: Xeg is the efficient set of the following (Tri-OIQP):

“Min” f;(z) = $2'Qiz +cla i =1,3
(MOIQP){ Az <b
z€Z3

40 43 35
Q.= (435441
35 41 39

¢, = (9550 —79)

)

26 32 37
Q2= 324852, ¢ = (71 —90 —41)
37 52 59
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55 31 41
Qs= (311924 |, ¢k =(—40 —62 41)
41 24 38

977 26
A<839> xt:(xl :vag) b<21)

full example solution steps are detailed in Appendix A, while Figure 1 illustrates and summarizes the reso-
lution process

5. COMPUTATIONAL STUDY

In this section, we will conduct a computational study to test and validate the performance of the preceding
algorithm. The latter has been implemented in MATLAB 2019b and uses the IBM Cplex 12.8 optimization
packages for the quadratic solver. The computations were performed on an Intel (R) Core i7 @ 2.80 GHz
computer with 16 GB RAM, running Microsoft Windows 11.

Algorithm 1: A linear fractional optimization over integer efficient set of MOIQP (LF/MOIQP).

Ensure: optimal value of the utility function ¥opt, the corresponding efficient solution Zopt.
e Step 1l:Initialization:iopc = Inf, xopt = null,l =0, Xy = X.
e Step 2:Main Step:
if ((LFP);==infeasible) then
| the node [ is fathomed.
else
Let 2 be an optimal solution of (LFP); if (tops < ¥(z*?)) then
| the node [ is fathomed
else
if z*© is integer then
| go to Step 2a

else
| go to Step 2b
end

eStep 2a: Efficiency test Solve the mathematical program E(z*("))
end
if () is efficient then
| the node [ is fathomed. Update topt if necessary
else
‘ Let 2 be an optimal solution of the program E(m*(l)). Update 1opt if necessary, go to Step 2c
end

@

e Step 2b: Branching process choose one non-integer value from the component of z*() say 1:; and

divide the feasible set A} into two parts &, and A&}, by adding the constraint z; < Lx;(l)j to obtain the
program (LFP);,, and add the constraint z; > [a:;(”] to obtain program (LFP);,
e Step 2c: Efficient cut determine the set A, and the set H;
if (Hl = @) then
| the node [ is fathomed
else
add the efficient cut to (LF'P),
if necessary add the cut ¢¥(x) < topt and, go to Step 2
end
end
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(M) = = (%00

x> L%J x1 < L%J
/ \ ") =(2,0,0) ¢ Xeysy
@ 2 = (17 170) € Xeff
wopt - %
Infeasible
To+x3+x6 > 1, Y(x) < Yop

W 7¢($) é wopt T S L%J a'w(x) S ’l/)opt

1 2" = (1,0,0) ¢ Xy
3 £5=(1,1,0)€X6ff

xo > [£] To+ a3+ 19 > 1

*®) =(2,1,0) ¢ Xesy 29 = (1,0,1) ¢ Xegy
#® = (1,1,0) € X.sy 2 =(0,1,0) € Xegy

Infeasible

e +x10 > 1 To+ 9+ 210 >1

x*m = (1,1,0) (S Xeff
P x*(ﬂ) = Yopt

Infeasible fathomed

FIGURE 1. Search tree of the example.

The instances were randomly generated with the same distribution for experiments purposes with the follow-
ing scheme: For objectives, the coefficient of matrices @Q;, i=1,.. , are generated in the interval U ([1, 5] x [1, 5]),
which guarantees the generation of semi-definite matrices. For the vectors ¢; j—1,. ., the coefficients are in
U(]—1000,1000]). The coefficient of constraints ajx, j=1...n,k=1...,m and the right-hand side of constraints
bk, k=1...,m are in U([1,30]) and U([50,100]). For the utility function % (x), the vector p and the scalars «
we use the same distribution with the linear parts of the quadratic function, however the vector ¢ and the scalar
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TABLE 1. Computational results for the algorithms (LF/MOILP) and (LF/MOIQP).

Number of Instances CPU time(s) of CPU time(s) of

objectives  size LF/MOILP method LF/MOIQP method

r n X m Average [min, max] Average [min, max]

r=3 5%5 0.296 [0.021, 0.805] 0.281 [0.021, 0.822]
10 x 10 0.613 [0.0317 2.152] 0.511 [0 047, 1. 610]
15 10 4772 [0.119, 23.67] 5.384 [0.136, 25.69]
20 x 10 14.27 [0.0817 47,17] 27.64 [0 113, 100. 71]
30 x 15 61.03 [0.223, 163.57] 68.43 [0.621, 159.61]
30 x 20 27.33 [1.237, 101.02] 29.02 [O 229, 154. 57]
40 % 20 86.92 22.77, 189.19) 60.79 [4.788, 137.14]
40 x 25 84.91 [4.162, 189.61] 155.69 [0.534, 599.73]
50 x 25 230.27  [39.21, 495.81] 260.58  [8.260, 485.34]
50 x 30 337.43 [39.24, 1940.3] 202.17 [31.39, 395.57]

r=5 5x5H 0.051 [0.026, 0.119] 0.078 [0.026, 0.189]
10 % 10 0312 [0.031, 1.025] 0.642  [0.030, 2.622]
15 x 10 1.486 [0.046, 6.204] 0.580 [0.084, 3.202]
20 x 10 1.937  [0.051, 6.630] 3.606  [0.073, 10.65]
30 x 15 11.92 [0.095, 29.81] 34.56 [O 300, 101. 74]
30 x 20 9.712 [0.076, 22.23] 1877 [0.182, 87.93]
40 x 20 47.23 [0.102, 245.9] 47.32 [0.717, 133.68]
40 x 25 20.28 [0.821, 96.39] 38.65 [3.931, 228.49]
50 x 25 61.86 [1.617, 112.67] 61.52 [2.708, 275.53]
50 x 30 59.09 [6.670, 171.52] 87.27 [0.447, 261.31]

r="7 5X%x5H 0.163 [0.028, 1.335] 0.035 [0.029, 0.045]
10 x 10 0.088 [0.037, 0.238] 0.152 [0.051, 0.485]
15 x 10 0.199 [0.032, 0.913] 0.426 [O 038, 2. 491]
20 x 10 0.514 [0.052, 3.255] 1797 [0.053, 11.32]
30 x 15 1183 [0.092, 4.570] 2159 [0.269, 5.322]
30 x 20 0.853 [0.061, 6.272] 1.562 [0.149, 4.741]
40 x 20 4.368 [0.088, 12.71] 45.77 [0.118, 180.14]
40 x 25 5.322 [0.101, 24.82] 22.88 [0.377, 119.51]
50 x 25 17.29 [0.351, 62.50] 75.29 [0.767, 301.57]
50 x 30 11.18 [0.4927 27.65] 30.38 [0 681, 120. 24]

B such that (¢7x + 8) > 0 for all x € X are generated in U/(]0,1000]) and ¢([1,1000]). For each (n,m,r) we
solve 10 problems.

In the Table 1, we present the obtained numerical results from comparing our method (LF/MOIQP), and that
proposed by Drici et al. in [10] for optimizing linear fractional over (MOILP) efficient set denoted (LF/MOILP).
The same instances were generated for both methods, except that, we consider the matrices Q; j—1,..., null for
objectives for the second method. The performance of the proposed algorithms was tested with r € {3,5,7}
and different sizes problems, and we report the average CPU time (s), the minimum and the maximum for each
instance.

Based on the results presented in Table 1, we can notice that the proposed method is effective and performs
well. For » = 3 and r = 5, our method yields solution times that are comparable to the second method.
Moreover, for r = 7 with 50 decision variables and 30 constraints, the proposed method consistently achieves
the optimal solution in less than 1 minute on average. On the other hand, it is important to highlight that
applying the efficiency test on the obtained integer solutions during the algorithm process necessitates solving
a Mixed Integer Quadratically Constrained Problem (MIQCP) repeatedly. The non-linearity of the quadratic
constraints intensifies the computational complexity of the problem, contributing to the disparity in solution
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TABLE 2. Computational results: explored nodes and efficient cuts used for the algorithm

(LF/MOIQP).

Number of Instances Number of Number of

objectives  size explored nodes efficient cuts K

r nxm Average [min, max] Average [min, max] average

r=3 10 x 10 79.7 [3, 639] 16.3 [0, 144] 0.0910
15 x 10 276.8 [3, 1074] 47.6 [0, 207] 0.0831
20 x 10 566.8 (3, 2998 89.8 [0, 485] 0.0755
30 x 15 560 [4, 1712] 67.4 [1, 197] 0.0511
30 x 20 969.1 [9, 3319] 115.5 [0, 410] 0.0581
40 x 20 977.9 [1, 2970] 104.1 [0, 301] 0.0609
40 x 25 2724.4 (3, 17202] 358 [2, 2753] 0.0490
50 x 25 1351.9  [13, 7342] 98.3 (4, 473) 0.0410
50 x 30 661.4 [5, 2100] 52.2 [0, 177] 0.0385

r=5 10x 10 21 2, 137] 3.2 [0, 24] 0.0171
15 % 10 49.1 (3, 268 5.3 [0, 39] 0.0184
20 x 10 58.5 [1, 400] 5.7 [0, 51] 0.0115
30x 15 504. [2, 1736] 57.6 [1, 187] 0.0149
30 x 20 74.8 (3, 233] 9.2 [0, 38] 0.0171
40 x 20 541.9 [5, 1146] 54.3 [0, 109] 0.0226
40 x 25 396.3 (3, 1376] 34.5 [0, 151] 0.0203
50 x 25 1184.4 [4, 4409] 105.6 [1, 434] 0.0157
50 x 30 534.3 (28, 2085 29.7 (1, 116] 0.0177

r=7 10 x 10 13.1 2, 81] 1.1 [0, 6] 0.0099
15 x 10 21.2 2, 97] 1.2 [0, 8] 0.0069
20 x 10 107.3 [3, 743] 12.3 [0, 84] 0.0074
30 x 15 7.7 [3, 360] 8.7 [0, 37] 0.0041
30 x 20 194.1 [1, 1657] 18.5 [0, 170] 0.0043
40 x 20 298.8 (6, 862] 19.8 [0, 78] 0.0096
40 x 25 670.7 [4, 2224] 47.1 [1, 179] 0.0104
50 x 25 459.5 [5, 2171] 34.9 [0, 140] 0.0084
50 x 30 558.1 [13, 4778] 34.7 [0, 287] 0.0049

time observed for r = 7. However, one advantageous aspect is that the optimization package utilized in this
study has been specifically developed to efficiently handle MIQCPs. As a result, it significantly reduces the
computational burden associated with the problems addressed in this paper.

Furthermore, it is worth mentioning that both methods require less time to solve a larger number of objectives.
This efficiency can be attributed to the fact that when dealing with a greater number of objectives, the set of
efficient solutions expands. Consequently, the method requires fewer efficient cuts to reach the optimal solution.
In contrast, when the number of objectives is smaller, the method relies on a greater number of efficient cuts to
eliminate inefficient solutions. This necessitates the utilization of more additional variables and the creation of
more nodes, resulting in significantly increased time consumption. This observation can be seen in the results
presented in the Table 2.

In the Table 2, we present the average, minimum, and maximum number of explored nodes and number
of efficient cuts. Additionally, we introduce the parameter p = X.g /Xeoft, which represents the ratio of visited
efficient solutions (Xeg) over the total number of efficient solutions (X.g) of the (MOIQP). This ratio provides
insights into the algorithm’s convergence towards the optimal solution.

From the data in Table 2, it is apparent that fewer efficient cuts are utilized for a larger number of objectives.
The efficacy of these cuts is reflected in their ability to eliminate inefficient solutions. For instance, when
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TABLE 3. Computational results for the problem (LF/M QMK P).

Number of . . . Number of

objectives Dimensions CPU time(s) possible combinations

r nxm Average [min, max] Average [min, max]

r=2 5% 2 34.38 [5.41, 81.21] 395.8 49, 841]
5%5 12.94 [1.63, 36.81] 120.8 [24, 291]
10x 5 824.98  [35.29, 2113.57] 5521.2  [255, 14099]
15x 10 837.72 [256.48, 2324.63] 3960.6 [1195, 10863]
20 x 10 2780.30  [359.41, 9986.01] 9871.2 [1148, 35721]
20 x 15 8029.69  [1825.13, 20898.89] 21397 [6635, 50547]

r=3 5X2 20.49 [0.27, 58.91] 105.4 [2, 236]
5x5 64.07 [8.97, 125.75] 387 [38, 751]
10 x 5 725.33 [68.01, 1427.82] 2135 [207, 4031]
15 x 10 1046.16 [15.16, 2768.83] 3790 [60, 10498]
20 x 10 2847.85  [1073.43, 4840.91] 8054.8 [3647, 14983]
20 x 15 687.94 [324.87, 1447.86] 1789.6 [906, 3409]

r=>5 5x2 40.34 [6.381, 84.11] 493.2 [32, 1379]
5x5 8.884 [1.526, 22.45] 78.2 (17, 199]
10x 5 4017.45 [78.44, 14125.91] 21391.4 [490, 77472]
15 x 10 725.34 [101.28, 1246.56] 2146 [233, 4288]
20 x 10 2586.81  [297.54, 5096.56] 8779.2 [1237, 19950]
20 x 15 6940.33 [198.78, 28399.45] 18165.4 [503, 75055]

=7 5x2 28213 [7.003, 97.42] 525.8 (47, 1937]
5x5 7.711 [3.669, 18.97] 117.8 [43, 340]
10 x 5 511.07 [13.33, 1845.23] 3299.2 [103, 11669]
15 x 10 1011.54  [59.16, 2308.81] 5016 [295, 12386]
20 x 10 834.40 [164.43, 1342.87] 3056.8 [704, 5629]
20 x 15 1690.41 [245.89, 3409.47] 4858.4 [671, 9898]

considering r = 3, the ratio u does not exceed 6.08% from the total number of listed efficient solutions of
(MOIQP). Similarly, for » =5 and r = 7 it does not go beyond 1.72% and 0.73% respectively.

In Table 3, we present numerical results for the problem (LF/MQM K P), based on data from [9] and [21].
The instances tested were uniformly random and uncorrelated.

For the (MQMKP) objective functions, parameters are set as: d; € U([5,10]), ¢; € U([10,20]), w,i €
U([10,40]), Wi, € U([100,400]) with j = 1,...,n and k = 1,...,m. Decision variable bounds are [; = 0 and
u; = 10 for j = 1,...,n. For the utility function, p and « are drawn from U/([—20,20]), while ¢ and 3 are
from U([0, 20]) and U([1, 20]) respectively. The table also lists the number of objectives r € {2,3,5, 7}, knapsack
dimensions, CPU time in seconds, and combinations of integer nodes in the solution tree.

Based on the results presented in Table 3, it is evident that the algorithm requires significantly more time to
solve than what is observed in Table 1. This outcome is expected, given that the problem (LF/MQMKP), is NP-
hard. In certain instances, the solution time exceeds 5 hours, with over 75,000 potential knapsack combinations
explored. This implies that the efficiency test needs to be applied at least 75,000 times, thereby posing a
considerable challenge for the algorithm’s computational capabilities.

Nevertheless, it is noteworthy that, on average, the algorithm manages to provide an optimal solution within
a reasonable time-frame, especially considering the complexity of the problem, particularly for » = 7.
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6. CONCLUSION

Through this paper, we have introduced an exact algorithm designed to optimize a fractional linear utility
function over the efficient set of multi-objective integer quadratic problem. It is worth noting that this algorithm
is versatile and can be easily adapted to optimize a linear utility function with just a few essential modifications.
The algorithm can be easily modified to optimize a linear utility function by making a few necessary changes.
Looking forward, our goal is to enhance the algorithm’s efficiency in terms of computational time and its
robustness, particularly in the context of real-life applications. Moreover, we are committed to extending the
scope of our algorithm to address more complex decision problems, such as optimizing a quadratic utility
function, thereby contributing further to the field.

APPENDIX A. FULL EXAMPLE RESOLUTION STEPS

Initialization: we solve the program (LFP)o, the first optimal solution obtained z*(®) = (28,0,0). The
results are summarized in the following Table:

TABLE A.1. Optimal simplex table for node Ng.

Bl ) T3 x5 RHS
x 3/8 9/8 1/8  21/8
g 29/8 —25/8 —9/8 19/8
v, 59/2 195/8 32

TABLE A.2. Optimal simplex table for node Ns.

B2 w2 T3 T RHS

z1 O 0 1 2
Ty 7 7 -9 8
s 3 9 -8 5

v, 20 9 12
fi 136 -9 —175
f —26 33 19

f3 0 123 =70

As the solution 2*(?) is not an integer, we apply the branching process and, two nodes N; and N, are created

with the following constraints:

21
N1 LI Z |‘7‘|

8

21
N2 L X S I_gJ

For Ni: the added constraint 1 > [2] renders the augmented program (LF P); unfeasible; therefore, the node
is fathomed.

For Ny: the constraint z1 < L%lj is added to the Table A.1. Solving (LF P)s yields the Table A.2, which presents
the solution 2*(?) = (2,0,0) with ¢(z*®) =2 .
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TABLE A.3. Optimal simplex table for node Ns.

B3 X2 Ts5 7 RHS
@ —6/17  1/17 9/17 30/17
zs  11/17  1/17 —8/17  13/17
xs 96/17  —16/17 —25/17 81/17
ze 6/17  —1/17  —9/17  4/17

xs 7/153  13/153  236/153 373/153
v, 118/17 6/17 195/17

TABLE A.4. Optimal simplex table for node Ny.

By s T7 Tg RHS

1 0 0 —1 2
s  —1/6 —3/2 —17/6 2/3
s 1/6  1/2  11/6  1/3
zs 0 7 16 1

z6 0 0 1 0

zs  5/54 26/18 T/54  65/27
v, 5/3  74/3  59/3

The solution 2*(?) is integer, we test the efficiency by solving E(z*(?)). The solution is not efficient; however the
efficient solution generated by the test is 2(2) = (1, 1,0) with 1 ((?) = 11. We update ¢opt = %, Zopt = (1,1,0),
the set Ho = {2, 3,6}, the efficient cut z3 + x5 + 26 > 1 is applied With the cut ¥(x) < topt. The solution

G = = (23,0, 12). The results of resolution of (LF P)3 are shown in Table A.3.
The solution z*(®) is not integer, the branching process is also applied with the following constraints:

Ny:xy > [%] (%) < Yopt

30
N5 :x < LT7J (@) < Yopt-

After solving the corresponding problem (LFP)4 and (LF P)s, we obtain the following solution: z*(*) = (2, g, :1,))
with ¥(z*@) = ZL and 2*®) = (1,0,0) with ¢(z*®)) = 1, respectively. The result are shown in the
Tables A.4 and A.5.

As P(2*®)) < h(x*@)), we first explore the node Ns, the solution x*(®) is integer, we test its efficiency by
solving E(z*(®). The test yields the solution £(*) = (1,1,0) with ¢(£(®)) = L. the set H5 = {2, 3,9} is identified

and, we apply the efficient cut xo + 3+ x9 > 1
N6 o+ X3+ X9 > 1.

The results of (LF P)g are presented in Table A. 6

The obtained solution z*(®) = (1,0, 1) with 1 (2*(®) = 8. Since the solution 2*(%) is integer, it’s subjected to
the efficiency test E(x*()); the test offer the efficient solution #(®) = (0,1, 0) with ¢(2©®)) = 2
We define the set Hg = {2,9,10} and add the efficient cut xo + xg9 + 19 > 1.

N7:$2+$9+$102 1.

The results of (LF P)7 are summarized in Table A.7:
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TABLE A.5. Optimal simplex table for node Nj;.

Bs w2 T3 Tg RHS

z1 O 0 1 1
T4 T 7 -9 17
zs 3 9 -8 13
Te 0 0 -1 1
zr -1 -1 -1 0
zr  4/3 7/9  20/9 4/3
7 12 6 12

fi 93 —44 —135

fo —58 —4 45

fs =31 82 —15

TABLE A.6. Optimal simplex table for node Ng.

86 T2 T9 10 RHS
X1 0 1 0 1

3 1 1 -1 1

z4 O —16 7 10

r5s —6 —17 9 4

zs O -1 0 1

X7 0 0 —1 1

zs  5/9  13/9 7/9 5/9
¥ 5 9 6

i 139 —165 —5

fo —61  —47 55
fs =127 —176 120

TABLE A.7. Optimal simplex table for node N7.

By 9 T10 T11 b
z 1 0 0 1
z2 0 0 -1 1
z3 0 -2 1 0
zs —16 7 0 10
zs —11 15 —6 10
X6 -1 0 0 1
zr 0 -1 0 1
zs 8/9 2/9 5/9 0
7, 8 2 5

fi  —325 —153 150

fa 23 106 —58

fa =34 224 —118
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TABLE A.8. Optimal simplex table for node Ng.

Bs Te6 X7 x10 b

T 1 0 0 2

T2 0 0 —1 1

T3 1 —1 1 0

e —16 7 0 1

x5 —17 9 —6 2

zs 13/9 7/9 5/9  20/9
T9 1 0 0 0

Yj 10 10 10

fi =250 32 158
fo =98 85 —63
f3 —248 147 —128

The solution 2*(") = (1,1, 0) is optimal integer solution, and v (z*(") = opt- Hence, the node N7 is fathomed.
Back to exploring the node Ny: the solution z*(*) = (2, %, %) is not integer, the branching process generates the
constraints:

2
Ng:.’lﬁg Z ’—§—|

2
N9:x2 S I_gJ

In node Ny, the added constraints make the augmented Table A.4 infeasible, consequently the node Ny is
fathomed. However, for the node Ng after adding the constraint to the Table A.4, we obtain the solution
z*(®) = (2,1,0), the results of (LFP)g are presented in the following Table A.8:

The solution z*® is an optimal integer solution, thus it is submitted to efficiency test by solving E(x*(g)).
We obtain the efficient solution 2% = (1,1,0) with thep = f(2%) = 4.
The set Hg = {6, 10}, and we apply the efficient cut xg + x19 > 1

N10 1 X6+ T10 > 1.

In the node Njp the added constraints make the program (LF P);g infeasible, so the node Ny is fathomed.
All tree nodes are fathomed, hence no further improvement could be attempted. However z,,, = (1,1, 0) and

¢opt = %
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