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ON SPECTRAL PROPERTIES OF DIGRAPHS ABOUT MAXIMUM DISTANCE

LEyou Xul®, SHILIN WANG? AND Bo Zuoul*

Abstract. The maximum distance matrix of a strongly connected digraph is a symmetric matrix whose
rows and columns are indexed the vertices, the entries of which correspond to the maximum directed
distance between the vertices. In this paper, we determine the digraphs that uniquely minimize the
largest eigenvalue of the maximum distance matrix in some classes of strongly connected digraphs, and
the n-vertex strongly connected digraphs for which the maximum distance matrices have an eigenvalue
with multiplicity n — 1.
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1. INTRODUCTION

Let D be a digraph with vertex V(D) and arc set E(D). Digraphs are understood to be finite loopless digraphs
in which two vertices may be joined by at most one edge in each direction. A digraph D is strongly connected
if there is a (directed) path from w to v in D for any u,v € V(D). A digraph D is symmetric if (v,u) € E(D)
whenever (u,v) € E(D) for any {u,v} C V(D). The length of a (directed) path of D is the number of arcs in
the path.

Let D be a strongly connected digraph on n vertices. Let u,v € V(D). The length of a shortest (directed)
path from u to v in D is called the directed distance from u to v in D, denoted by dp(u,v). Note that it is not
possible that dp(u,v) = dp(v,u) for all vertices u,v if D is not symmetric. So, in general, directed distance is
not a metric though it is the standard distance in digraphs.

Chartrand and Tian [4,6] proposed the maximum distance (max-distance for short) as a metric on strongly
connected digraphs. For u,v € V(D), the max-distance between u and v in D is defined as

mdp(u,v) = max{dp(u,v),dp(v,u)}.

Definitely, this choice ignores the intrinsic asymmetry of digraphs. It was used to describe structural properties
related to centers, medians and peripheries [4, 6].

The maximum distance matrix (max-distance matrix for short) of D is the n x n matrix D™**(D) =
(mdD(um))u,veV(D). As far as we know, there is no references on the spectral properties of the max-distance
matrix of a digraph, which we propose to study. As D™*(D) is symmetric, its eigenvalues are all real. Denote by
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p1(D) > pa(D) > -+ > p,(D) the eigenvalues of D™#*(D), which are called the maximum distance eigenvalues
(max-distance eigenvalues for short) of D, and the largest max-distance eigenvalue is said to be the max-distance
spectral radius of D.

In this paper, we study the spectral properties of strongly connected digraphs, regarding the max-distance
matrix. We characterize the digraphs that uniquely minimize the max-distance spectral radius in some families
of strongly connected digraphs by giving some parameters such as order, dichromatic number and connectivity,
and we show that an n-vertex strongly connected digraph has a max-distance eigenvalue with multiplicity n — 1
if and only if it is a complete digraph or an all-kings tournament.

2. PRELIMINARIES

For a digraph D with § # .S C V(D), denote by D[S] the subdigraph of D induced by S. If S C V (D), let
D —S:=D[V(D)-S]. For S’ C E(D), D — S’ denotes the subdigraph obtained from D by deleting the arcs in
S’. Particularly, we write D —v for D—{v} if S = {v} and D —e for D —{e} if S’ = {e}. For St C V(D) x V(D)
with St N E(D) =0, D + ST denotes the digraph obtained from D by adding the arcs in ST, and we write
D+ ffor D+ {f}if ST ={f}.

A digraph is complete if both (u,v) and (v, u) are arcs for any pair u,v of distinct vertices. The complete
digraph on n vertices is denoted by Iz} .

A digraph is acyclic if it has no (directed) cycle. For a digraph D, subset S of V(D) is acyclic if its induced
subdigraph D[S] is acyclic. The dichromatic number of a digraph D is defined as the minimum number k that
is required to partition V(D) into k acyclic sets [13].

For a digraph D that is not complete, a separating set is a subset S C V(D) such that D — S is not
strong, and the (vertex-strong) connectivity of D, denoted by (D), is defined to be x(D) = min{|S]| :

S is a separating set of D}. Define m(lz}) = n — 1. Similarly, an arc cut of a digraph is a subset S’ C E(D)
such that D — S’ is not strong. The arc(-strong) connectivity of D, x'(D), is defined to be x'(D) = min{|5’| :
S’ is an arc cut of D}. See, e.g. [2,15].

A tournament is a digraph in which, for every pair of distinct vertices, there is exactly one arc connecting
them.

A vertex u of a tournament T is a king if dp(u,v) = 1,2 for any v € V(T') \ {u}. A tournament in which
every vertex is a king is called an all-kings tournament. Maurer [10] showed that for all integers n > 2 there
exists an all-kings tournament of order n if and only if n # 2,4.

Let M be an irreducible nonnegative matrix. The spectral radius of M is the maximum modulus of all its
eigenvalues, which is denoted by p(M). By Perron-Frobenius Theorem (see [11], Thm. 4.1 in p. 11 and Thm. 4.3
in p. 14), p(M) is a simple eigenvalue of M and there is precisely one positive unit eigenvector associated with
p(M), which is called the Perron vector of M. Note that p;(D) = p(D™**(D)) for any strongly connected
digraph D. As D™®*(D) is an irreducible nonnegative matrix, we have py (D) > pa(D).

Denote by I,, and J,, the identity matrix and the all ones matrix of order n, respectively.

For nonnegative matrices A and C of the same size, if A is entrywise bigger than or equal to C and A # C,
then we write A > C.

The following lemma is a restatement of Corollary 2.2 in p. 38 from [11].

Lemma 2.1. For an irreducible nonnegative matric A and a nonnegative matriz C, A > C implies that
p(A) > p(C).

Lemma 2.2. Let u,v be two distinct vertices of a strongly connected digraph D. Let x be the Perron vector of
D™*(D). If there is an automorphism ¢ such that ¢p(u) = v, then z, = .

Proof. Let P = (puv)u,vev(p) be the permutation matrix of order n, where p,, = 1 if and only if ¢(v) = u.
Obviously, PP = I,,. Then D™2%(D) = PTD™(D)P. So

p1 (D) — XTDmax(D)X _ XTPTDmax(D)PX — (PX)TDmax(D) (PX),
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implying that Px is also the Perron vector of D™#*(D), and by Perron—Frobenius Theorem, Px = x. O

For a symmetric matrix N of order n, denote by p1(IN) > --- > p,(IN) the n eigenvalues of N. Raylegh’s
principle (or relation) provides a tight lower bound for p; (N): p;(N) > x " Nx for any n-dimensional unit vector
x, and equality holds if and only if x is an eigenvector of N associated with p; (IN).

Lemma 2.3 ([8], Thm. 4.3.28). IfN is a symmetric matriz of order n and B is its principal submatriz of order
D, then pn_pri(N) < p;(B) < pi(N) fori=1,...,p.

For an arc e = (u,v) of a digraph D, the reverse of e, denoted by e, is the arc (v, u).

3. DIGRAPHS MINIMIZING THE MAX-DISTANCE SPECTRAL RADIUS

In this section, we characterize the digraphs with minimum max-distance spectral radius over some classes
of strongly connected digraphs.

Lemma 3.1. Let V(IT,Z) ={v1,...,0n}, € = (v1,v2), f = (v3,vs4) and h = (vy,v3). Let Dy = Iz —e— f and
<«

Dy =K, —e—h. Then pl(DQ) > pl(Dl)

Proof. Let p = p1(D1) and x be the Perron vector of D™ (D;). By Lemma 2.2, x,, = Ty,, Ty, = Ty, and

Xy = Ty for u,v € V(Dq) \ {v1,v2,v3,v4}. Denote by x1, 22 and x5 the entry of x corresponding to vertices in
{v1,v3}, {v2,v4} and V(D1) \ {v1,v2,v3,v4}. From px = D™?*(D;)x, we have

pr1 =3x0 + 21+ (n—4)x3
and

pTo =31 + 22 + (n — 4)zs.
So (p+ 2)(x1 — x2) =0, i.e., x1 = 2. Thus

pr1 =4z + (n — 4)xs. (3.1)

Evidently, Dy = D; — (v1,v3) 4+ (vs,vs). Note that mdp, (v1,v3) = mdp,(v1,vs) — 1, mdp, (vs,v4) =
mdp,(vs,vs) + 1 and mdp, (u,v) = mdp, (u,v) for every (u,v) # (v1,vs), (v3,v4). As D™**(Dy) is symmetric,
we have

p1(D1) = x D™ (D)x = 2 Z mdp, (U, V) Ty Ty
{u,v}CV(Dy)
By Rayleigh’s principle,

p1(D2) > 2 Z mdp, (U, V) Ty Ty.
{u,v}CV(D2)

So we have

p1(D2) — p1(D1) = 2(mdp, (v1,v3) — mdp, (V1,V3)) T, Tu,
+ 2(mdp, (v3,v4) — mdp, (V3,V4))Tys Ty,
= 2Ty, Ty — 2Ty Ty,
= 233% — 2:5%
=0.
Then p(D2) > p1(D1). Suppose that p1(D3) = p1(D1). Then x is also the Perron vector of D™**(Dy). From

px = D™2*(Dy)x, we have
pxr1 = br1 + (n —4)zs. (3.2)

Now it follows from (3.1) and (3.2) that 21 = 0, which is a contradiction. So p1(D2) > p1(D1). O
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Theorem 3.2. Let D be a strongly connected digraph on n vertices, where n > 2.

(i) p1(D) > n —1 with equality if and only if D = I(?n)
(ii) Ifn >3 and D 2 K<—)n, then for some e € E(I(?n}), p1(D) > pl(z—e) with equality if and only if D =2 Iz}—e
OTD%E—S—(%;) «— — —
(i) Ifn >4 and D 2 K,, — e, K,, —e — e~ for some e € E(K,,), then p1(D) > p1(K,, — e — f) with equality if
(‘ﬁd onlyifD%Iz)feff orD%I(?n)fefe*ff OTD%I?nfefe*ffff*, where [ is an arc of

K,, — e with no common vertex with e.

Proof. Assume that V(D) = V(IT,:) ={v1,..., v}

First, we prove (i). Note that Dma"(lz) = J, —L,. Suppose that D 2 K. Then there exist u,v € V(D) with
u # v such that (u,v) ¢ E(D), so mdp(u,v) > dp(u,v) > 2, implying that D™**(D) > J, — L, = Dmax(m).
By Lemma 2.1, one gets p1(D) > p1 (E) Now (i) follows by noting that p(z) =pJ,-I,)=n—-1.

Next, we prove (ii). Suppose that D is a digraph with minimum max-distance spectral radius over all strongly
connected digraphs on n vertices except Iz) Then n > 3. As D & [?L, there are two vertices, say v; and v,
such that e = (u,v) ¢ E(D). Note that Dm"”‘(}?n> —e) = Dmax(?n —e—e )=J,—1,+ X, where X is an
n X n matrix with precisely two nonzero entries in (1,2) and (2,1) positions, which are equal to 1.

Suppose that D 2 I?L —eand D 2 I?n —e—e¢ . Then n > 4 and (w, z) ¢ E(D) for some {w,z} C V(D)
with {w, z} # {v1,v2}. So mdp(w, z) > dp(w,z) > 2> 1. As e € E(D), we have mdp(v1,v2) > dp(v1,v2) > 2.
Thus, D™*(D) > J,, — I, + X. By Lemma 2.1, p;(D) > p1 (I?n — e), a contradiction. It thus follows that
D Iz) —eor D= I?n) —e—e~. Now (ii) follows.

In the following, we prove (iii). Suppose that D is a digraph with minimum max-distance spectral radius
over all strongly connected digraphs on n vertices except Iz, Iz} —e and Iz) —e—e . Then n > 4. Assume
that e = (v1,v2). Note that D 2 K<—)n, I(?n} —e, I(?n) —e—e . So (w,z) ¢ E(D) for some {w,z} C V(D) with
{w, z} # {v1,v2}. There are two cases.

Suppose first that {w,z} C V(D) \ {v1,v2}. Assume that w = v3, z = vy and f = (v3,v4). Let

<
Dy =K,—e— fa
/ 7 —
Dy =K,—e—e —f,
n__ — _
Di=K,—e—e —f—f".
It is easy to see that D™2*(D,) = D™**(D}) = D™x(DY). If D 22 D;, D}, DY, then g = (z,y) ¢ E(D) for
some I,y € V(D) with g 7é e7f7e_af_7 S0 {l',y} 7& {Ul,’l}g}7{’l)3,’l}4} and mdD(%Zl) >2>1= mle((E7y)7
implies that D™**(D) » D™2*(D;), so we have by Lemma 2.1 that pi(D) > pi(D1). Thus p1(D) > p1(D1)
with equality if and only if D = Dy, D}, DY.
Suppose next that |[{w, z} N {v1,v2}| = 1. Assume that w = vy, z = v3 and h = (v1,v3). Let
<~
Dz = Kn — € — h,
e d
Dy=K,—e—e —h,
R d
Di=K,—e—e —h—h.
It is easy to see that D™**(Dy) = D™**(D}) = D™*(DY). As above, if D 2 Dy, D}, DY, then we have by
Lemma 2.1 that py(D) > p1(D2). So, by Lemma 3.1, we have p1(D) > p1(D2) > p1(D1).

Combining the above two cases, we have p; (D) > p1(D1) with equality if and only if D & D;, D}, D{. This
proves (iii). O
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The vertices of an acyclic digraph D of order n can be labeled as v1,...,v, so that if (v;,v;) is an arc of
D, then we have 1 < i < j < n, see Proposition 2.1.3 in [2]. If an acyclic digraph is a tournament, then it is
transitive.

Let D be a strongly connected digraph on n vertices with dichromatic number k with 2 < k < n. Then V(D)
can be partitioned into k disjoint acyclic subsets Vi,..., V. If (u,v), (v,u) € E(D) for any u € V; and v € V;
with 1 <4 < j <k, then we say D is proper. If ||V;| —|V}|| <1 for all 4 and j with 1 <14 < j <k, then we say
the acyclic subsets are balanced.

For a positive integer k, let [k] = {1,...,k}.

Theorem 3.3. For integers k and n with 2 < k < n and n > 3, a digraph D minimizes the max-distance
spectral radius over all strongly connected digraphs on n vertices with dichromatic number k if and only if D is
proper and the acyclic sets of D are balanced.

Proof. Suppose that D is a strongly connected digraph on n vertices with dichromatic number k that minimizes
the max-distance spectral radius.

As the dichromatic number of D is k, V(D) can be partitioned into k disjoint acyclic subsets Vi,..., Vi. Let
n, = |Vl fori=1,...,k Fori=1,...,k, as D[V;] is acyclic, the vertices in V; can be labeled as v; 1, ..., v;n,
so that each arc of D[V;] is of the form (v; ,,v;4) for some p and ¢ with 1 <p < ¢ <n;,.

Claim 1. D is proper.

Suppose to the contrary that D is not proper. Then there exist vertices u € V; and v € V; with 1 <i < j <k
so that (u,v) ¢ E(D) or (v,u) ¢ E(D). Adding all possible arcs between the acyclic subsets, we form a
proper digraph D’ on n vertices with dichromatic number k. For any two distinct vertices w and z of D, it
is easy to see that mdps (w,z) = 2 if they lie in the same acyclic subset and mdp/(w,z) = 1 otherwise. As
(u,v) ¢ E(D) or (v,u) ¢ E(D), one gets dp(u,v) > 2 or dp(v,u) > 2, so mdp(u,v) > 2 > 1 = mdp (u,v).
Thus D™**(D) » D™(D’). By Lemma 2.1, p;(D) > p1(D’), contradicting the choice of D. This confirms
Claim 1.

By Claim 1, D is proper. Assume that ny > -+ > ng.

Claim 2. n; —n, < 1.

Suppose that this is not true. Then n; — ni > 2. Denote by Dy the digraph obtained from D by deleting all
possible arcs with both end vertices in the same acyclic subset. It is possible that D = Dy. Then D™**(D) =
Dmax(DO)'

Let

Dy = Do — {(v1,n1,Vk.t), (Vk,ts V1my) 0t €[]} — {(V1,00,010), (V16 V10, ) 2 E € [1 — 1]}

Then V(D{) can be partitioned into k disjoint acyclic subsets V{,...,V{, where V/ =V, if t = 2,...,k — 1,
Vi =Vi\{vin, } and Vj =V U {v1,, }. Rename vy, be v . It is evident that Dy is a strongly connected

digraph on n vertices with dichromatic number k. Let n} = |V’ | fori=1,... k.
Let p = p1(Dj{) and let x be the Perron vector of DmaX(Do). Denote by x; ; the entry of x corresponding to
vijfor 1<i<kandl<j< n;. By Lemma 2.2, ;1 = -+ = Tin for i € [k]. Hence, from now on, we denote

by x; the entry of x corresponding to the vertex in V; for i € [k]. Note that

pr1 = 2(n 71x1+anJ

and

pxr =2(n —133;€+anj.
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So
p(z1 — xp) = (ng — 2) (21 — zx) + (] — 1)1
Let 1,, be the all ones column vector. By Rayleigh’s principle, we have
1 T yymax /
p2 v 1 D(Do)ln

n-—-n

1 k
=D nj(n+nj—3)
j=1

> nj, — 2.
It thus follows that x1 > x. So,

p1(Do) = p1(Dpy) = x"D™™(Dg)x — x ' D™ (Dg)x
=2(ny — V)zy2) — 2np2s
>2(ny — 1 —ng)zs

>0,

implying that p1(D) = p1(Do) > p1(D}), which is a contradiction. This completes the proof of Claim 2.
By Claim 2, n; — ng = 0, 1. That is, the acyclic sets of D are balanced. O

The Turdn graph Tj(n) is the complete k-partite graph on n vertices such that the k partite sets are are
as equal in cardinality as possible. Denote by tx(n) the number of edges of Ti(n). It is known (by a direct

calculation) that
n 1in n
te(n) = <2> 55l Cr k3] )

Let Ty(n) the digraph obtained from Tj(n) by replacing edge uv with two arcs (u,v) and (v,u). Then

—

|E(Tx(n))| = 2|E(Tk(n))| = 2tx(n).

Corollary 3.4. For integers k and n with 2 < k < n and n > 3, let D be a strongly connected digraph on n
vertices with dichromatic number k that minimizes the maz-distance spectral radius. Then

21 < [E(D)| < o) + ()

—>
with left equality if and only if D = T (n) and with right equality if and only if D is proper, the acyclic sets of
D are balanced and the subdigraph induced by any acyclic set is a transitive tournament.

>

Proof. By Theorem 3.3, Tj(n) is a spanning subdigraph of D. So

>

|E(D)| = |E(Tk(n))| = 2tx(n)
>
with equality if and only if D = Ty (n)
Note that V(D) can be partitioned into & disjoint acyclic subsets Vi, ..., V;. By Theorem 3.3, adding an arc
in D[V;] does not change the max-distance spectral radius for each ¢ = 1,..., k. So, if |E(D)| is maximum, the
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vertices of V; can be labeled as v; 1, ... ,v; », so that there are all the possible arcs (v; ;,v; ) with 1 < j < £ < mn;.
In this case, D[V;] is a transitive tournament. So we have by Theorem 3.3 that

—
LN

|E(D)| < |E(Tk(n))| +é (H;i') = 2ty(n) +§; (";) = tr(n) + (Z)

with equality if and only if D is proper, the acyclic sets of D are balanced and the subdigraph induced by any
acyclic set is a transitive tournament. a

A strongly connected component of a digraph is a maximal induced subdigraph of the digraph that is strongly
connected. If D is a digraph with ¢ strongly connected components, then these strongly connected components
can be labeled as D1,...,D; such that there is no arc from D; to D; unless j < 4, see p. 17 in [2]. Such
an ordering is called an acyclic ordering of the strongly connected components of D. A strongly connected
component of D that has no entering (leaving, respectively) arcs is called an initial (terminal, respectively)
strongly connected component of D.

If D is a strongly connected digraph on n vertices with k(D) =n — 1, then D 2 I(?n)

For positive integers m,k and n with 1 < m < n —k — 1, let D, 1, be the set of digraphs for which the
vertex set can be partitioned into Vo U V3 UV, so that [Vo| =k, [Vi| =m, [Va| =n—k—m, Vo UV; and VU Vs
induce Ky, and K,,_,, respectively, and there is no arc (v,u) for any u € V5 and v € V5.

Theorem 3.5. For 1 < k < n — 2, a digraph D minimizes the maz-distance spectral radius over all strongly
connected digraphs on n vertices with connectivity k if and only if D € Dy, g withm =1,n -k — 1.

Proof. Suppose that D is a strongly connected digraph on n vertices with connectivity k that minimizes the
max-distance spectral radius.

Denote by Vy a separating set of D of cardinality k. Then D — Vj is not strongly connected. Let D; be the
initial strongly connected component in an acyclic ordering of the strongly connected components of D — Vj.
Let Vi = V(D;) and Vo = V(D) \ (Vo U W}).

We claim that D[V, U V;] is complete for each ¢ = 1, 2. Suppose that this is not true. Assume that D[Vy U V]
is not complete. By adding all possible arcs between vertices in VU V4 and all possible arcs between vertices in
Vo U Vi, we form a digraph D’ on n vertices with connectivity k. As D[V, U V;] is not complete, there are two
vertices u, v € Vp U Vi so that (u,v) € E(D), so mdp(u,v) > 2> 1 = mdp/(u,v). Thus D™**(D) = D™**(D").
By Lemma 2.1, p1(D) > p1(D’), a contradiction. So D[V, U V] is indeed complete for each i = 1, 2.

Let m = |V1]. Then D € D,, k. Note that all digraphs in D,, k., have equal max-distance matrix.

Case 1. 1 <m < |25E].

Let D' € D, 1 so that Vg U VY U V] is a subset partition of V(D') as above with V/ = {w} and there is
an arc from w to any vertex in V3. Let p = p1(D’) and x be the Perron vector of D™#*(D’). By Lemma 2.2,
Xy = T, for any u,v € V/ for ¢ = 0,2. Denote by z; the common entry of x at any vertex in V/ for i = 0,1,2.
From px = D™**(D")x, we have

pr1 =kxo+2(n—k—1)as

and
pro = kxo+2x1 + (n — k — 2)xs.
Then
(p+2)(z1—22)=(n—k—2)x2 >0
and

21 = p(x2 — 1) + (n — k)zg < (n — k)xa,

so 21 > x and 221 < (n — k)za.
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Suppose that 2 < m < L%J Let
D*=D"—{(v,u) :v e VZ\Uue U} + {(u,w) :ue U},

where U is a subset of Vi with m — 1 vertices. Then D* € D,, 1, ., and D™®*(D*) = D™*(D). So by Rayleigh’s
principle, one gets

p1(D*) = pr(D') > x " (D™™(D*) = D"™(D'))x
=2(m—1)(n—k—m)z2 —2(m — 1)z129
=2(m — Das((n — k —m)xes — 1)
>2(m — 1)z (n ; kxg — x1>

0,

\%

implying that p1(D) = p1(D*) > p1(D’), a contradiction. It follows that m = 1.
Case 2. |[%5* | <m<n—k—1.

In this case, we write D as Dy, . As D™®*(Dy, ,,,) and D™®*(Dy, ,,_i_p,) are permutation similar, p1(D) =
P1(Dkn—t—m)- As1<n—k—-—m< L"T”“J, we have by the conclusion of Case 1 that n — k —m = 1. That is,
m=n—k—1.

The result follows by combining Cases 1 and 2. (]

Corollary 3.6. For 1 < r < n — 2, a digraph D minimizes the maz-distance spectral radius among strongly
connected digraphs on n vertices with arc connectivity r if and only if D € Dy .y withm =1,n—7r —1.

Proof. Suppose that D is a strongly connected digraph on n vertices with arc connectivity r that minimizes the
max-distance spectral radius. Let k be the connectivity of D. From Corollary 5.4.3 in [2], we have k < r.

We claim that k = r. Suppose that k& < r. Let D’ be the digraph in D,, 1 so that V, UV; U V5 is a partition
of V(D') as in the proof of Theorem 3.5 with V4 = {u}, and there is an arc from u to any vertex in V2. By
Theorem 3.5, p1(D) > p1(D’). Let W C V5 with |[W| = r — k. Let D" = D' + {(w,u) : w € W}. Then
D" € D,, ;.1, and the arc connectivity of D" is . By Lemma 2.1, we have p;(D’) > p1(D"). Therefore, we have
p1(D) > p1(D"), which is a contradiction. So k = r and the result follows from Theorem 3.5. O

4. PROPERTIES OF OTHER MAX-DISTANCE EIGENVALUES
In this section, we consider the max-distance eigenvalues different from the max-distance spectral radius.
Lemma 4.1. Let D be a strongly connected digraph on n vertices, where n > 2. Then
p2(D) > —min{mdp(u,v) : {u,v} CV (D)}

and
pn(D) < —max{mdp(u,v) : {u,v} C V(D)}.

Proof. Let u,v € V(D) with u # v. It is evident that B = (mdDO(u ) mdDo(u’v)) is a principal submatrix of
D™#*(D). By Lemma 2.3, we have

pn(D) < pa(B) = —mdp(u,v) < p2(D)

for any w,v € V(D) with u # v. O
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Corollary 4.2. Let D be a strongly connected digraph on n vertices. Then p,(D) < —1 with equality if and
R
only if D =2 K.

Proof. By Lemma 4.1, p,(D) < —max{mdp(u,v) : {u,v} C V(D)} < —1 with equality if and only if
R

mdp(u,v) =1 for any {u,v} C V(D), that is, D = K. O

For a digraph D with vertex u € V(D), let Np'(u) = {v € V(D) : dp(u,v) = i} and Npi(u) = {v €
V(D) : dp(v,u) = i} for i = 1,...,n — 1. It is evident that N} '(u) = 0 (Np’(u) = 0, respectively) if
1> max{dp(u,v) : v € V(D)} (i > max{dp(v,u) : v € V(D)}, respectively). It is easy to see that a tournament
T of order n with [N (u)| = [Nz ' (u)| = 252 for every u € V(T) is an all-kings tournament.

Theorem 4.3. Let D be a strongly connected digraph on n vertices, where n > 2. Then D has a maz-distance
<~
eigenvalue with multiplicity n — 1 if and only if D =2 K,, or n # 2,4 and D is an all-kings tournament.

Proof. As Dma"(}?n)) =J, —I,, we have pl(I?n) =n—1> pi(}?n)) =—1fori=2,...,n. If D is an all-kings
tournament with n # 2,4, then for every u,v € V(D) with u # v, we have dp(u,v) = 1,2, so mdp(u,v) = 2,
and D™#(D) = 2Dma"(l(?n})7 implying that p1(D) > p2(D) = -+ = p,(D). In either case, D has a max-distance
eigenvalue of multiplicity n — 1.
Conversely, suppose that D has a max-distance eigenvalue of multiplicity n—1. By Perron—Frobenius Theorem,
we have p1(D) > pa(D) = -+ = pp(D). By Lemma 4.1,
max{mdp(u,v) : {u,v} CV(D)} < —pp(D)

= —p2(D)
< min{mdp(u,v) : {u,v} C V(D)}.

So max{mdp (u,v) : {u,v} C V(D)} = min{mdp(u,v) : {u,v} C V(D)}. That is, there is some constant integer
r, mdp(u,v) = r for any {u,v} C V(D).

Claim. r < 2.

Suppose that r > 3. Let (v,u) € E(D). Then dp(u,v) = mdp(u,v) = r. Let u...v'v be the (directed) path
of length r from u to v. As (v/,v), (v,u) € E(D), one gets dp(v',u) <2 < r and dp(u,v’) =r—1 < r, implying
that mdp(u,v") < r, a contradiction. It follows that r < 2.

By the above claim, r =1, 2.

If r =1, then dp(u,v) =1 for any {u,v} CV(D), so D = I?n)

Suppose that r = 2. Then for any (u,v) € E(D), (v,u) € E(D). Let u be any vertex in V(D). Then
V(D) = {u} UNL (u) U NL*(u) = {u} UN, (u) UNp2(u). So Np?(u) = Nyt (u) and Np%(u) = N (u). Tt
follows that D is a tournament. As dp(u,v) = 1,2 for any v € V(D) \ {u}, u is a king of D. By the arbitrariness
of u, D is an all-kings tournament. By Maurer’s result [10], we have n # 2, 4. O

5. CONCLUDING REMARKS

For strongly connected digraphs, the (directed) distance matrix, defined as (dp(u,v))y vev(p) for a strongly
connected digraph D, is the standard distance matrix for digraphs. This matrix, however, is not symmetric
unless the digraph considered is symmetric, in this case, it corresponds naturally to the distance matrix for
undirected graphs. The spectral radius of the directed version received due attention [14], while the undirected
version has been extensively studied, on both the spectral radius and the other eigenvalues [1].

In this paper, we investigate the spectral properties of strongly connected digraphs, regarding the maximum
distance matrix. The entries of this matrix correspond to the maximum distance between the vertices, which
constitutes a metric on the vertex set of the considered digraph. This choice makes the matrix symmetric,
allowing the use of linear algebra tools.
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In the literature, endeavours are made to associate symmetric (or Hermitian) matrices to digraphs. For
example, the Hermitian matrix of a digraph was studied in [7,9,12]. Another is the sum-distance matrix [16]
that is defined as (dp(u,v) + dp(v,u)), vev(p) for a strongly connected digraph D, based on Chartrand and
Tian’s another suggestion [6]. The max-distance matrix is a new try. So the systematic study of this matrix is still
in its early stages. We note that the complete digraph uniquely minimizes the spectral radius of both matrices
among all strongly connected digraphs on n vertices. In other cases, the extremal digraphs are different. For
example, the digraphs uniquely minimizing the spectral radius of sum-distance matrix are parts of the digraphs
that minimize the spectral radius of max-distance matrix among strongly connected digraphs on n vertices with
given (arc) connectivity k& (1 < k < n — 2). It was shown in [16] that the directed cycle uniquely maximizes the
spectral radius of the sum-distance matrices among all strongly connected digraphs on n vertices. However, the
corresponding problem for max-distance matrix remains unsolved.
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