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ALLOCATING THE FIXED COST AS A COMPLEMENTARY INPUT IN
TWO-STAGE SYSTEM: A DEA APPROACH

X1 JiN', FENG L2, QIWEI XIE®> AND YONGJUN L1t*

Abstract. The existing research on fixed cost allocation (FCA) in two-stage system data envelopment
analysis (DEA) models typically regards the fixed cost as an additional input for each decision-making
unit (DMU). However, these models overlook the prevalent real-world scenario where fixed costs act as
complementary inputs in production processes. This study proposes a general two-stage network DEA
model that incorporates the fixed cost as a complementary input to optimize the allocation scheme.
First, we construct a functional relationship between the efficiency scores of DMUs and their allocated
fixed costs using a modified super-efficiency DEA model, which effectively classifies DMUs and solves
infeasible solutions within the variable returns to scale (VRS) framework. Then, we propose a fair
and unique allocation model based on fairness and efficiency maximization principles. Specifically, we
allocate fixed costs based on the operational scale for inelastic DMUs while equitably increasing the
efficiency scores for elastic DMUs. Finally, a numerical example and an empirical study on subsidy
allocation among 30 provinces demonstrate the rationality and acceptability of our approach.
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1. INTRODUCTION

Fixed cost allocation (FCA) is a prevalent concern in business decision-making and operational management
[17]. Once an organization establishes a shared platform, it is necessary to equitably allocate the incurred fixed
cost across all departments [2]. For example, a manufacturer allocates advertising expenses among retailers [5],
while a central bank charges its branches for platform management fees [40]. An appropriate FCA strategy not
only encourages inter-departmental cooperation but also enhances overall operational efficiency [12]. Hence, it
is crucial to propose a suitable approach to address the FCA problem.

Data envelopment analysis (DEA), a non-parametric mathematical programming technique proposed by
Charnes et al. [8], has been widely used in addressing the FCA problem [49]. DEA’s strength lies in its ability
to evaluate the relative efficiency of homogeneous decision-making units (DMUs) with multiple input-output
indicators [8], without subjective weight setting or any assumptions about production functions. Since Cook
and Kress [16] first applied the DEA approach to solve the FCA problem, it has catalyzed the development of
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various DEA-based allocation models [37]. Current DEA-based FCA research can be broadly categorized into
two types based on two main principles. The first category is the efficiency invariance principle proposed by
Cook and Kress [16], which means that the efficiency of all DMUs remains unchanged after allocating fixed
costs. Building upon this principle, Jahanshahloo et al. [29] proposed a model to address the computational
challenges of Cook and Kress [16] method. Cook and Zhu [17] extended the work of Cook and Kress [16] and
proposed a fair FCA model. Lin [45] contributed theoretical amendments to Cook and Zhu [17] method and
provided an approach for setting cost targets based on the fixed cost shared by each DMU. Jahanshahloo et al.
[30] proposed a FCA method based on the principles of efficiency invariance and common weights. Other works
following this principle include Mostafaee [50], Lin and Chen [46], and Li et al. [43].

The second category is the efficiency maximization principle, which means that all DMUs achieve DEA
efficient after the allocation. Beasley [5] first introduced this principle and used a set of common weights to
maximize efficiency across all DMUs. However, the optimal allocation scheme based on this principle may
not be unique. Consequently, some scholars have added additional constraints to ensure a unique and optimal
allocation scheme. For instance, Si et al. [53] proposed a FCA model by minimizing differences in allocation
costs among DMUs. Li et al. [37] introduced the concept of satisfaction and proposed a max-min method to
determine the final FCA scheme. Du et al. [24] adopted the cross-efficiency method to allocate fixed costs
by progressively improving DMUS’ efficiency. Li et al. [41] proposed a DEA cooperative game cross-efficiency
evaluation method to allocate fixed costs. Dai et al. [21] allocated the fixed cost using a DEA non-cooperative
game cross-efficiency evaluation method. Chu et al. [13] proposed a fair FCA scheme based on the principles
of efficiency maximization and individual rationality. Yang et al. [59] proposed a FCA model that considers
both individual efficiency guarantee and collective preference objectives. Xu et al. [57] introduced the concept
of fairness concern disutility and allocated the fixed cost from optimistic, pessimistic, and mixed perspectives.

Note that the aforementioned studies focus on single-stage systems, treating DMUs as black boxes, which
makes identifying inefficiency sources challenging. In response to this limitation, scholars have extended tra-
ditional DEA models to network structures, particularly two-stage systems, to model the internal production
processes of DMUs [23]. This two-stage network structure enables the assessment of both the overall system
efficiency and the efficiency of each stage [27], making it more applicable in real-life production processes. Sev-
eral studies have explored the FCA problem in two-stage systems. Yu et al. [61] proposed an approach based on
a two-stage network DEA model and the concept of cross-efficiency. Zhu et al. [65] discussed the FCA problem
using a two-stage network DEA model and proposed three procedures to obtain a fair cost allocation scheme
based on different objectives. Ding et al. [22] proposed a FCA method based on the two-stage model and the
concepts of satisfaction and fairness. Nevertheless, the allocation schemes developed in these studies are not
unique. To tackle this issue, Li et al. [40] considered the operation size of each DMU, while Chu et al. [11]
proposed a leader-follower model to generate a unique and optimal allocation scheme. An et al. [1] proposed a
unique FCA plan based on the principle of efficiency invariance for both cooperative and noncooperative game
relationships between two sub-stages. Xu et al. [56] introduced the concept of fairness into both cooperative and
noncooperative modes and explored the FCA problem in a two-stage network structure by maximizing fairness
utility through a maximum-minimum model.

In the above FCA studies, the fixed cost is typically treated as an additional input. However, when DMUs
already have a cost measure in their performance evaluation system, and the allocated cost complements this
cost measure, these methods may become inapplicable [35]. Indeed, the scenario where fixed costs as comple-
mentary inputs is common in actual production mechanisms, especially in mature organizations or departments
[35]. For example, consider an automobile manufacturer with a two-stage production process. The first stage
involves purchasing and distributing parts and materials from suppliers, while the second stage entails assembling
these parts into finished vehicles. Both sub-stages require substantial investments in machinery and equipment.
Suppose the company invests in new machinery for production, the fixed cost associated with this investment
complements the initial equipment expenditure as both expenses impact output equally. Similarly, suppose a
cloud computing service headquarters builds a data service center for its affiliated units, the construction cost
and management fee will be borne by these units after the platform is established. Obviously, these fixed costs
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complement the expenses that subsidiaries pay for daily business activities. Moreover, combining these two
variables can reduce the number of indicators, thereby improving the discrimination of the DEA model [31].

Currently, some researchers have treated the fixed cost as a supplementary input in a single-stage system.
For example, Li et al. [35] used a DEA super-efficiency model to discuss the relationship between allocated
fixed costs and efficiency scores for each DMU, and proposed a FCA model that maximizes DMUs’ efficiency
improvement. Dai et al. [20] extended Li et al. [35]’s work to the assumption of variable scale returns (VRS). Lin
and Chen [48] also explored the FCA problem in this situation, and proposed a modified additive DEA model to
generate a unique allocation scheme. More recently, Chu et al. [12] proposed a dual-objective model aiming to
maximize DMUSs’ efficiency improvement and enhance the balance of FCA results. However, these methods are
not applicable to the FCA problem of DMUs with a two-stage network structure in actual production activities.

To bridge these research gaps, we propose a DEA-based allocation approach that considers the fixed cost as
a complementary input in a general two-stage network structure. We first investigate the functional relationship
between DMUSs’ efficiency values and their allocated fixed costs under the VRS framework by proposing a
modified super-BCC model. We categorize DMUs as either elastic or inelastic based on whether their efficiency
values vary with the allocated fixed costs. We then design a reasonable and unique FCA scheme based on fairness
and efficiency maximization principles. Specifically, for inelastic DMUs, we allocate the fixed cost of each stage
based on their operational scale. However, for all elastic DMUs, we formulate an allocation scheme to equitably
increase their efficiency values. Finally, we elucidate and validate our approach through a numerical example
and an empirical study.

This study makes three contributions to the FCA research. First, we consider the scenario where fixed costs
serve as supplementary inputs in a general two-stage system, which enriches the existing FCA literature. Second,
we construct the functional relationship between DMUS’ efficiency values and their allocated fixed costs and
solve the infeasibility problem of the super-DEA model under the VRS assumption using a modified super-BCC
model. Third, we differentiate DMUs and propose a fair and unique FCA model based on their types, which
offers decision-makers an appropriate strategy for addressing FCA issues.

The remainder of this paper is organized as follows. In Section 2, we present our proposed FCA models. In
Section 3, we elucidate our method through a numerical example. Section 4 conducts an empirical study to
verify our approach. Section 5 concludes our study.

2. MATERIALS AND METHODS

In this section, we first introduce a two-stage network DEA model that incorporates the fixed cost as a
complementary input. Then, we construct the relationship between DEA efficiency scores of DMUs and their
allocated costs. Finally, we propose a fair and unique FCA model. To enhance clarity, Table 1 provides an
overview of notations used in this study.

2.1. Efficiency evaluation with allocated costs and two-stage structures

Suppose there are a set of homogeneous DMUs, each DMU;(Vj € J = {1,2,...,n}) consumes m inputs
z;;(Vie I ={1,2,...,m}) to produce s outputs y,;(Vr € S ={1,2,...,s}).The total fixed cost R is allocated
among DMUs, with R; being allocated to each DMUj;. The relative efficiency score after allocation for any
given DM Uy (subscript d denotes the focal DMU) is calculated by solving the following BCC model [4]:

UrYrd + Uo
E; = Max
iTid + voRq

S
>
r=1
m
>
=1
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TABLE 1. An overview of notations.

Symbol Meaning

Parameters:

n Number of DMUs

m,q,l,s Number of first-stage inputs, intermediate outputs, second-stage inputs and outputs
S1, 52 Number of outputs in the first and second stage, respectively

i, ] Indexes of inputs, outputs, and DMUs, respectively

p.t. f,g Indexes of intermediate outputs, second-stage inputs, first and second-stage outputs
R The total sum of allocated costs

Tij The i*" observed input of DMU

Yrj The r'" observed output of DMUj

2pj The pth observed intermediate output of DMU;

hyj The " observed input of DMUj in the second stage

yjlcj The fth observed output of DMUj in the first stage

3/3]‘ The gth observed output of DMUj in the second stage

R; Cost allocated to DMU,

Ryj, Ry Cost allocated to the first and second stages of DMUj, respectively

M A relatively large number

aj, B The operation scale parameters for the first and second stages, respectively

Decision variables:

The weights assigned to the rth output and ith input, respectively

Uy, V;
Pp, Wt The weights assigned to the pth intermediate output and th second-stage input
'LL}‘, ug The weights assigned to the fth first-stage output and gth second-stage output
o1, Aj, V) The variables of super-BCC model

EJTSB, EfSB The maximum and minimum original super-BCC efficiency values, respectively
F;, E; The maximum and minimum efficiency values, respectively

7 The satisfaction degree of DMU;

s;', s]_ Slack variables

M

UrYrj + Uo

L <1,Vjeld

s.t.

Mz(;

v;iTij + vo R

<
Il
—

M:

R;=R

1
Ur,v; > 0,00 > 0,R; > 0,Vr € S,Vi € I,Vj € J,upforfree

<.
1

where u, and v; are unknown weights of the r'" output and i*" input, respectively. vy is a positive weight
assigned to the fixed cost R; for DMU;. Note that vg > 0 means the fixed cost R; should be considered in
efficiency evaluation. The constraint 2;21 R; = R with R; > 0 implies that the total fixed costs borne by all
DMUs must equal R, and the fixed cost amount R; allocated to each DMUj is a non-negative number. The
optimal objective function E is defined as the BCC efficiency score of DMU, after allocating the fixed cost
R};. B ranges from 0 to 1, with Ej = 1 indicating that DMUj; is efficient. The parameter g is used to disclose
the returns to scale property [20]. Specifically, ug > 0, up = 0 and ug < 0 represent increasing, constant and
decreasing returns to scale, respectively. We assume variable returns to scale (VRS) for all models.
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FIGURE 1. Two-stage network process of DMUj.

Model (1) regards DMUs as black boxes without modeling their internal systems. Various network struc-
tures have been proposed to model DMUSs’ internal operational processes, including series, parallel and hybrid
structures [6]. Yet, the two-stage system is most commonly used [19]. In this structure, inputs are processed by
the first subsystem to produce intermediate outputs, which are then fed into the second subsystem to generate
the final outputs of the whole system, Herein, we adopt a general two-stage network structure as described in
Figure 1.

In Figure 1, the allocation cost R; of each DMUj is assigned between the first stage with R;; and the second
stage with Rp;. In the first stage, the original inputs of DMU; are x;; and zp; that needs to be put together
with the fixed cost Rq;. The outputs of the first stage include intermediate variables z,;(¥p € P = {1,...,q})
and outputs y}j (Vfe F={1,...,s1}), where outputs y}j are no longer added to the production process. In the
second stage, all intermediate outputs z,; and additional inputs h,;(Vt € T = {1,...,{}) are used to produce
final outputs ygj (Vg € G=A{1,...,s2}), with input hg; being combined with allocated cost Ra;.

According to Chen et al. [10], the overall efficiency scores E; of DMU,; can be obtained by weighting the
efficiency of each sub-stage, defined as w1 F14 + w2 E24. Here, E14 and Foq are the efficiency values of each stage
of DMU,, m and 7 represent the proportion of resources consumed in each sub-stage [9]. Specifically:

> ViTiqg + vo(Toa + Riq)
i=1

m =
m q 1
Viid + Y, Ppipd + 2 wihig + vo(Toq + hoa + Rig + Raq)
i=1 p=1 t=1
q l
> ©pZpd + Y wihig + vo(hoa + Raa)
p=1 t=1
Ty =

m q !
Yo viia + Y Ppipd + 2 wihia + vo(xoq + hod + Ria + Raa)
i=1 =1 i=1

Therefore, we present the following model to calculate the overall efficiency of DMU,.

q S1 So
Zl PpZpd + fZ u}y}d + Zl Uﬁyﬁd + @o + uo
p= =1 9=

Ej =Max— . ;
Yo viTia + Y PpZpd + Y wihiq + vo(xoq + hoa + Ria + Raq)
i=1 p=1 t=1

q
> PpZpi T u}y}j + %o
1

<1,VvjelJ
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2 2 9
D, UgYgj + U
g=1

Es; = <1,VjelJ

q l
Z PpZpj + Z wthtj =+ ’Uo(hoj + jo)
p=1 t=1
Y (Rij+Ry) =R (2)
j=1
u}c,uﬁ,@p,vi,wt >0,Vfe FNge G,Vpe PYiel,VteT
Rij, Raj > 0,v9 > 0,V5 € J, o, upfor free.

In Model (2), vi, @y, u}, Wi, ug are unknown weights of each input and output, where ¢, links each stage

together. Additionally, the allocated costs of each stage R;; and Ry; should be combined with the inputs xg;
and ho; to participate in production activities, respectively. vy is a common weight for allocated costs and inputs
since they play similar roles in production activities. Fq; and Ey; are the efficiency values of DMUj in the first
and second stage, correspondingly. E7 is the overall efficiency of the DMUyg being evaluated.

Model (2) is a fractional programming that can be transformed into a linear Model (3) by C-C transformation
(7). Let 7 = 1/[>;%4 UixidJFZZ:l Sopzpd+zi=1 wihig+vo(xoa+hoa+Ria+Raa)l, u} = Tu}, pe = TuZ, ¢p = TPy,
vy = TU;, Vg = TV, Wy = Twy, flo = TUg, Ppo = To. Besides, let 71; = vgR1; and r3; = vgRa;, then Model (2)
can be rewritten as Model (3).

q Ss1 s92
E; :Maxz DpZpd + Z HFYfa + Z 1ayad + ¢o + o

p=1 f=1 g=1

q s1 m
s.t. Z(ﬁpzm + Zu}y}j - Zvixij —vozoj +¢o —711; < 0,Vje S
p=1 f=1 i=1
ED) q l
HoYa; — Z Pp2pj — Zwthtj —vohoj + po —12; <0,Vj € J
p=1 t=1 (3)

g=1

m q l
Z ViTid + Z PpZpd + Z wihig + vo(xod + hea) + r1a + 120 = 1
i=1 p—1 =1

n

> (r1j +7r2;) = voR

Jj=1
[fs oy bpy iy, we > 0,Yf € F,Vg € G,Vpe PYi€ IVt T
r15,725 > 0,09 > 0,Yj € J, ¢o, po for free.

For DM Uy, the optimal solution (u}’ﬂ ﬂg*, s Ut Wi T, 155, UG, 93, [15) can be obtained by solving Model (3).
The post-allocation relative efficiency Ej equals Y30 @5 2pa + D501 w7 ypg + 2000 17 Yoq + ¢4 + 115 Then a
feasible allocation scheme (R7; = Ugj R = U(*)j , RS = Rj,; + R5;,Vj € J) by maximizing the efficiency value of
DMU, can be obtained from DMU,’s perspective.

* *
™1 T2

2.2. Relationship between DEA efficiency and cost allocation

Before proposing our allocation method, we examine the relationship between DEA efficiency and allocated
cost. Suppose a fixed cost kg for DMU,, with k14 and koy for each stage, where kg ranges from 0 to R and
kq = k1q + koq. We introduce these parameters into Model (3) to calculate efficiency scores at different kg4 levels.
Clearly, DMU, exhibits both maximum and minimum efficiency values within the interval [0, R], neither of
which exceeds 1. This implies that if the minimum efficiency value of DMU,; equals 1, its maximum efficiency
value is also 1. In this case, one may infer that the efficiency of DM U, remains constant despite cost allocation
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variations. Consequently, the BCC model fails to distinguish the impact of allocated cost on efficiency scores
for efficient DMUs. To address this issue, we employ the super-BCC model, which yields efficiency scores over
1 by excluding the evaluated DM U, from the reference set. For inefficient DMUs, the super-BCC model and
the BCC model evaluate identical efficiency values. The original super-BCC model [3] is expressed as follows:

q S1 s2
E7%P (ka) = Max ) $pzpa+ D 1pyia+ D Halga + b0 + po

p=1 f=1 g=1

q S1 m
St Y pzps+ Y HFYF — Y Uiy — voo; + o — 115 < 0,V5 € T\ {d}
p=1 f=1

=1

S2

q l
HoYa; — Y bpzps — Y wihes — vohoj + pro — ra; < 0,¥j € J \ {d}
p=1 t=1

g=1

m q l
Z ViTiq + Z DpZpd + Z wihia + vo(zoa + hoa) + 1 +1r2a =1 (4)
i=1 p=1 t=1

n
Z(T’lj +725) = voR
j=1

T1d = Vo X K1d,T2d = Vo X kag
Wiy Moy dpy Vi, we > 0,Yf € F,Yge G,Ype PYice IVt €T
T15,725 Z 07 vo > O,VJ € J7 (ﬁo,/j,ofOT’fT'ee.

The distinction between Models (4) and (3) is the exclusion of the evaluated DMU, from the constraint
conditions, denoted as DMU;(Vj € J \ {d}). By setting k4 as a parameter within the interval [0, R] and
incorporating it into Model (4), we can obtain the efficiency value EE[SB (kq) for each kgy.

However, Model (4) may face infeasibility issues when evaluating efficient DMUs [52]. In order to investigate
the relationship between allocated costs and efficiency values, we must address the infeasibility problem of
Model (4). To deal with the potential infeasibility issues of the super-efficiency DEA model under the VRS
assumption, Cook et al. [18] modified the original super-efficiency DEA model by switching all extreme points
causing infeasibility into non-extreme projections. Subsequently, Dai et al. [20] extended this method to the
single-stage FCA model. Drawing inspiration from their approaches, we propose the following Model (5) based
on a two-stage system by treating allocated cost as a complementary input.

Min o+ M xn
st Y Ny = (L=n)ya,Vf €F
j=1
i#d
> e = (1 =n)ysa, Vg € G
j=1
jd
> (v = Aj)zp; < 0zpa,¥p € P
Jj=1
jd

ZA]'{EU S (1 + O')Cbid,Vi S I
J=1

JAd
> Nj(@oj + Ruy) + Y vi(hos + Ray) < (14 0)(w0a + hoa + Ra) (5)
=1 j=1

j#d j#d
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> ey < (1+ 0)hea,VEET
=1

=
jAd

n n
Jj=1 Jj=1

JAd JAd

n

Z(le + R2j) =R
j=1

)‘j7’yj77] > O7VJ € J\{d}
Ry, Ro; > 0,V5 € J,oforfree.

In Model (5), o, n, A; and ~y; are unknown variables, and M is a relatively large number usually set to
10°. The optimal solution is denoted as (o*,7*, AT ’yj*) The super-BCC efficiency score of DM U, is defined as

Eji(kq) = 0% + 1_177* when the allocated cost is kg .

Model (5) is a nonlinear programming due to the product of two variables (i.e., AjR1j, vjR2;). To linearize
Model (5), we transform the variables Ri; and Rg; into a set of parameters. Consequently, we formulate
Model (6) to identify a feasible allocation plan when DM Uy bears a cost allocation of k4. Model (6) is presented

as follows (see Appendix A for the derivation process).

s1 ED) m !
Max Z [Yfa + Z [oyad — Z Vifiq — szhm — vo(zoa + hod) — ra + ¢o + po

f=1 g=1 i=1 t=1
s1 q m

St D BRYH Y bpzp — Y Vi — vomo; — 115 + o < 0,5 € J\ {d}
f=1 p=1 =1

s2

q l
Hoyai — > bpzps — D wihe; — vohoj — T2; + o < 0,¥j € J \ {d}
p=1 t=1

g=1 =
q m 1
Z PpZpd + Z ViTiq + Zwthtd + vo(oqd + hod) + 14 =1 (6)
=1 i=1 =1
s1 s2
11 2 2
> upyra+ Y maysa <M
f=1 g=1
> (ri+725) = woR
j=1

T1d = Vo X K1d,T24 = vo X kag
s My bpy Vi we > 0,V € F,Yg € G,Npe PYi € LVt €T
r15,725 > 0,00 > 0,V € J, o, po for free.

When the fixed cost kq is allocated to DM Uy, we can obtain an optimal allocation scheme (R14 = k14, Rog =
ri

koa, RY; = vaj 15 = :fg ,Vj € J\{d}) from the perspective of DM Uy, by solving Model (6). Then we substitute
this allocation scheme into Model (5) to get the optimal solution (o*,7*,A},7}). Based on the definition of
efficiency values E%(kq), we can obtain the efficiency value corresponding to the fixed cost kq. The maximum

and minimum efficiency values are denoted as F; and E}‘ This leads us to derive Theorem 1.

Theorem 1. Ej(kq) is a monotone non-increasing function of kq, kq € [0, R].
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Proof. See Appendix B for details. O

Theorem 1 establishes a monotone non-increasing relationship between DMUs’ allocated costs and efficiency
scores. This suggests DMUs must compete with each other to obtain as little cost as possible for maximizing
their efficiency values. To describe this relationship, we introduce the following two definitions.

Definition 1. If the super-BCC efficiency value of DMUq remains constant as the allocated cost kg increases,
then DMUy is considered inelastic. The set of inelastic DMUs is defined as Jinelastic = {3|E;‘ =FE;,VjeJ}.

Definition 2. If the super-BCC efficiency value of DMUqy varies with the allocated cost kq, then DMUq is
considered elastic. The set of elastic DMUs is defined as Joastic = {]|EJ* < E;,Vj € J}.

2.3. Models for fixed cost allocation of two-stage network structures

By examining how efficiency values relate to allocated fixed cost, we can classify DMUs based on the aforemen-
tioned definitions. In this sub-section, we propose a FCA approach to obtain a reasonable and unique allocation
scheme. In the case of inelastic DMUs, their efficiency values keep constant regardless of the allocated fixed
cost. While these DMUs can bear more fixed costs without affecting their own efficiency values, it is important
to consider their operation scale to ensure fairness. Logically, DMUs are more likely to endorse a scheme that
allocates higher costs to those with larger operation sizes and lower costs to those with smaller scales. The
operation scale parameters [40], measured by current input usages and output productions in each stage, are
formulated as follows:

&= q. 51 o mo no 4 [N 52 o (7)
2 (20 2+ yf]) Do+ 20 (20 Zpi + ) hej) Ygi
j=1 p=1 f=1 =1 j=1 p=1 t=1 g=1
. [N s2.
(Zl Zpj + tzl he;) - 21 Ygj
_ p= = g=
/Bj_n a. N mo no4a L. 2, (8)
2220 2 + yf]) o Tig+ 20 (X0 Zpi+ X hej) Ygj
j=1 p=1 f=1 =1 j=1 p=1 t=1 g=1
n . . . P T;j s Zpj
where Y j:l(aj + ;) = 1. The normalized input-output variables are denoted as &;; = i fl‘ij7 i = v P; EE
1 2
S S 7 R W 77 S S Yqi ; :
yfj_ Z?:ly}j7htj - ;LZlhtj?ygj_ Z_’;’:lygj’vz’p’f’t’g’]'

For elastic DMUs, there exists a one-to-one correspondence between their efficiency and allocated fixed cost,
and the function curves are monotonically decreasing. These DMUs aim to minimize their cost allocation to
maximize their own efficiency. However, it is unattainable due to the fixed total cost allocation. Hence, an
allocation principle is required to find the optimal efficiency value within the efficiency range. Khodabakhshi
and Aryavash [34] suggested that a fair allocation scheme should ensure equal satisfaction for each DMU with the
final allocation plan. We adopt the concept of satisfaction proposed by Li et al. [37] and define the satisfaction
of elastic DMUs with the optimal scheme as:

E*(R;) - E°
6j = ]—(#jvj S Jelastic (9)
E; - Ej

where §; € [0,1], E}(R;) is the efficiency function of DMUj, E; and E} are the maximum and minimum
efficiency values, respectively. Following the fairness principle, each elastic DMU is equally satisfied with the
optimal scheme. The FCA model is formulated as follows:



3880 X. JIN ET AL.

Max §
E} (R;) — E*
s.t. 6 = %7] S Jelastic
E; - Ej
le = ijR, R2j = ﬂjR,] S Jinelastic (10)

n

Z(le +R2;) =R

Jj=1

0<0<1,Rij,R2; >0,VjEeJ

where a; and 3; are the operation scale parameters for the first and second stages, respectively. d is an unknown
parameter within the [0, 1] interval. The maximum super-BCC efficiency E; and minimum super-BCC efficiency
E7 are obtained by solving Model (5) and Model (6). E(R;) is the super-BCC efficiency function corresponding
to R;. In Model (10), each inelastic DMU is allocated a fixed cost of a;R in the first stage, and ;R in the
second stage. Meanwhile, elastic DMUs efficiency scores are equitably maximized.

Next, we outline the process for formulating the optimal FCA scheme in Algorithm 1.

Step 1. Initialize | = 0, ,qc = J = {1,2,...,n}, O ociic = 0, and R® = R.
Step 2. Suppose the allocated cost of the evaluated DMUy(d € J} ;) at each stage is k14 and kaq. By solv-

ing Model (6), we can obtain an optimal allocation scheme (R1y = k14, R2q = kzgd,R‘fj = %,jo =

i Vi € Jlsie \ {d}). We then substitute it into Model (5) to obtain the efficiency value E%(kq4),

5
Yo

the maximum efficiency value E]* and minimum efficiency value E;‘ for all DMUs. Based on Defini-
tions 1 and 2, we divide the set Jélastic into Jelastic and Jinelastics If Jinelastic = @, then go to Step 3.

Otherwise7 let I =1+ 17 Jelzlastic = JEIaStiC7 Jilnelastic = Jilr;e%astic + JinelaStiC’ Rl =R- ZjEJilnelastic Rj’ then
go back to Step 2 with renewed J!, ;. and R'.
Step 3. Solving Model (11) to obtain the optimal solution R;,Vj € J.
Max §
E}(R;) — E%
s.t. 0= 731*]) :J Vi € Jllastic
E; - E;
Ry = iR, Roj = B R,Yj € Jinetastic (11)
> (Ri+Ry) =R
jeJt

elastic

0<6§<1,Ryj,Re; >0,Vj€J

The flowchart for Algorithm 1 is depicted in Figure 2.

By searching § from 0 to 1 with a step size, we can obtain an allocation plan. To quickly solve Model (11),
we employ the binary search algorithm. This algorithm, a commonly used rapid search technique, continually
partitions the solution space and excludes half of the space with each iteration until a solution is found or the
solution space is sufficiently reduced. Its time complexity is O(logn), where n represents the number of elements
[51]. The procedural steps of Algorithm 2 are outlined as follows:

Step 1. Initialize §; = 0,52 = 1.

—%
Step 2. Let § = 214%2. The efficiency value E*(R;) = 6(E; — E})+ Ej can be calculated for DMU;(j € JY,ye)-
We can obtain R;(j € J!,..;.) based on the correspondence between the cost allocation R; and the

efficiency value E7(R;).
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1= 0 Jougic = I Iictastic = 8. B = B

‘ run Model (6) to determine an allocation scheme |

[ run Model (5) to obtain Bg(ka) |

Jhtastic = Jelastic

run Model (11) to obtain the optimal allocation scheme |

FIGURE 2. Flowchart of Algorithm 1.

Step 3. If | Zje]z Rj — R'| < ¢ (e is a small positive number, we set ¢ = 10~° in this study), then algorithm

>lastic

terminates. Otherwise, if ZJEJélaﬁtic Ry > R!, let §; = 4, then go back to Step 2, if ZieJimm R; < R,
let do = 4, then go back to Step 2.

Theorem 2. The optimal solution of Model (11) used in Algorithm 1 is unique.

Proof. See Appendix C for details. O

After allocating a unique allocation plan R; for each elastic DMU, we proceed to allocate the fixed cost for
their two subsystems. This is because DMUSs’ efficiency scores remain consistent regardless of how the cost is
allocated between its two stages. Considering differences between the two subsystems, we introduce the concept
of leader-follower [11]. For instance, suppose the first stage is the leader, decision-makers may prioritize its
efficiency by maximizing its efficiency value while limiting that of the second stage. With this assumption, we
propose the following model to allocate the fixed cost in each stage.
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Min Z s;-' + sj_

jeJt

elastic
d & 1,1 2 2, 2
> Ppzpi T 20 HpYsi D0 Hglgs o + o
p=1 f=1 g=1 .
s.t. po- p . < E;7V.7 € Jélastic
vitij + X PpZpi + 2 wihej + vo(oj + hoj + R;)
= p=1 t=1

1=1

q 51
> Ppzpi t+ fZ N}y}j + o + S;—
p= =1

Elj = = 17V] € Jellastic

viTij + vo(woj + Raj) — 85

fan

o

s
Il
-

S

V)

1#31/33' + o

By = q : 1 <LVje Jélastic (12)
> opzpi + > wihej + vo(hoj + Ra2j)
p=1 t=1

Rij 4 Roj = R},Yj € Jljastic

0 < Rij < Ry, Vi € Jotastic

F, 1o, pyviswe, 81,85 > 0,Yf € F,¥g € G,Vp € P,Vi € I,Vt € T,Vj € Jhastic
v > 0, o, po for free.

In Model (12), s;r and s; are two slack variables introduced to maximize the efficiency of the first stage

Ey;(Vj e Jélastic). R7 is the cost allocation of DMUj, and E7 is the efficiency value corresponding to R}. The
constraint 0 < R;; < Ry; ensures that the cost allocation R;; assigned to the first stage should not exceed the
cost allocation Ry; of the second stage when decision-makers prioritize enhancing the first stage’s efficiency. By
solving Model (12), we obtain the cost allocation scheme of each stage for elastic DMUs.

3. NUMERICAL ILLUSTRATION

In this section, we use a numerical analysis to clarify our model. Table 2 presents a numerical example wherein
the production activities of DMUs are modeled as a two-stage system. In the first sub-stage, two inputs (X7, X»)
are consumed to produce an intermediate product (Z) and a final output (Y'!). In the second sub-stage, the final
output (Y?2) is produced by consuming the intermediate output (Z) and an additional input (H). Specifically,
both X5 in the first stage and H in the second stage should be combined with allocated cost in each stage. The
total amount of fixed cost allocation is R = 10. The post-allocation BCC efficiency values for each DMU are
presented in the last column of Table 2.

As shown in the last column of Table 2, the BCC model identifies DMUs, DMUy, DMU; and DMUg as
efficient when maximizing their own efficiency. It is remarkable that the efficiency values of these DMUs may
not necessarily remain constant with changes in allocated fixed cost, as the BCC efficiency value is capped at
1. This constraint limits its ability to distinguish between DMUs types. Thus, we use the super-BCC model to
investigate the relationship between cost allocation and efficiency values.

We take DM Uj; as an example for the sake of illustration. In Table 3, we set k3 = € x t, where ¢ ranges from
0 to 200, and € = 0.05. By substituting various values of k3 into Model (4), the corresponding efficiency values
are attained as shown in Table 3. Apparently, the efficiency value ET 9B (k3) decreases as k3 increases.

In line with the aforementioned approach, we set the cost allocation of DMUy(d = 1,...,8) as parameters
varying within the interval [0,10]. These parameters are then incorporated into Model (4) to obtain optimal

. . . . - . —TSB
efficiency values for the given cost allocation. The maximum traditional super-BCC efficiency values E; " and
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TABLE 2. Sample dataset and BCC efficiency score after fixed cost allocation.

DMU X; X Z Y' H Y? BCC efficiency
1 205 35 28 81 5 651 0.7769
2 142 28 41 90 21 243 0.7937
3 208 14 29 12 7 227 1.0000
4 13 16 26 91 3 512 1.0000
5 147 28 43 63 212 0.7910
6 246 28 13 9 19 583 0.5993
7 196 21 36 27 14 883 1.0000
8 102 27 13 54 4 292  1.0000

TABLE 3. Relationship between DEA efficiency of DM Us and cost allocation.

t k3 =0.05 xt E1%8(ks)

0 0 1.2857

1-20 0.05-1 1.2815-1.2045
21-40 1.05-2 1.2007-1.1304
41-60 2.05-3 1.1269-1.0625
61-80 3.05-4 1.0593-1.0000
81-100  4.05-5 0.9960-0.9266
101-120  5.05-6 0.9233-0.8632
121-140  6.05-7 0.8600-0.8015
141-160  7.05-8 0.7986-0.7438
161-180  8.05-9 0.7411-0.6897
181-199  9.05-9.95 0.6871-0.6414
200 10 0.6389

TABLE 4. Efficiency scores based on different DEA models.

*

DMUs E, © ETSB E; E!

1 0.8427 0.6649 0.8427 0.6649
2 0.7937 0.7937 0.7937 0.7937
3 1.2857 0.6389 1.2857 0.6389
4 Infeasible Infeasible 2.2531 1.2677
5 0.7910 0.7546 0.7910 0.7546
6 0.5993 0.4982 0.5993  0.4982
7 Infeasible Infeasible 1.2706 1.0584
8 1.1078 1.1078 1.1078 1.1078

3883

the minimum values EjTS B are presented in the second and third columns of Table 4. We find that DM U3 and
DMUsg, deemed efficient under the BCC model, have maximum efficiency values exceeding 1 in the super-BCC
model. Moreover, these two DMUs exhibit distinct characteristics. Specifically, the efficiency of DMUj5 varies
with changes in cost allocation, while the efficiency of DM Ug remains unaffected by such changes. Notably, the
efficiency of DMU, and DM U7 exhibit infeasible solutions.

To discuss the impact of allocated cost kg on the super-BCC efficiency value E

function curves in Figure 3.

(k4), we depict the efficiency
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FI1GURE 4. Super-BCC efficiency function curves of DMUs.

As evident from Figure 3, the efficiency values of DMU,, DM U3 and DM Ug decrease monotonically as their
allocated cost kq increases, while DM Us’s efficiency initially decreases but stabilizes when the fixed cost exceeds
2.4. In contrast, the efficiency values of DM Uy and DM Ug remain constant. Despite both DM Uz and DM Uy
having efficiency values of 1 in the traditional BCC model, the function curves indicate a significant difference
between these two DMUs. Obviously, the efficiency value of DMUsj is highly influenced by the allocated cost.
Note that the efficiency function curves of DMU,; and DMU; are omitted from Figure 3 due to infeasible
solutions.

To calculate the modified super-BCC eﬂiciency value of DMU,, we substitute the optimal allocation plan
into Model (5) to get the optimal value o* and n*. Followmg the same calculation steps highlighted earlier,
we obtain the maximum super-BCC efficiency score E as well as the minimum score E* for each DMU. The
results are presented in columns four and five of Table 4. Notably, except for DMU, and DMU; which were
previously infeasible in the traditional super-BCC model, the results for other DMUs remain consistent. This
suggests that our proposed modified super-BCC model effectively addresses the issue of infeasibility.

To visually exhibit the relationship between the allocated cost ky and the super-BCC efficiency value, we
depict the super-BCC efficiency function curves for all DMUs in Figure 4.
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TABLE 5. The optimal allocation scheme for DMUs.

[=0,R* =10, 1=1,R"=7.6650,

—%

DMUs E; Ej E; Ej R1j sz Rj

1 0.6649 0.8427 0.6960 0.8512 0.3472  1.4547 1.8019
2 0.7937 0.7937 0.7937 0.7937 1.2983  0.3963 1.6946
3 0.6389 1.2857 0.7792 1.2539 0.3576  1.1770 1.5346
4 1.2677 2.2531 1.9386 2.5511 0.4429 1.3209 1.7637
5 0.7546  0.7910 0.7687 0.8586 0.2470 1.1348 1.3818
6 0.4982 0.5993 0.5185 0.5862 0.1739 0.7113  0.8852
7 1.0584 1.2706 1.3431 1.4610 0.0655 0.2468 0.3123
8 1.1078 1.1078 1.1078 1.1078 0.5249 0.1155 0.6404
Total 3.4572  6.5573 10

Compared with Figure 3, we observe that Figure 4 includes the efficiency function curves of DMU, and
DMU?~, both of which have efficiency values exceeding 1 and decrease as the allocated fixed cost k4 increases.
The remaining DMUs are consistent with Figure 3. We also find that DMUs identified as efficient by the BCC
model (i.e., DMUs, DMUy, DMU; and DMUg) have initial efficiency values exceeding 1 in Figure 4. The
efficiency values for DM Uz, DMU, and DMU; decrease with an increase in the allocated fixed cost, while the
efficiency value for DM Ug remains constant. This suggests our method effectively distinguish between DMUs
types.

Based on Definitions 1 and 2, DMU,; and DMUg are inelastic while the remaining DMUs are elastic. Thus,
we have Jinclastic = {2, 8}, Jolastic = {1, 3,4, 5,6, 7}. We now illustrate the entire cost allocation process with the
dataset given in Table 2. First, we initialize Jojastic = {1,2; - - -, 8}, Jinelastic = 0, and R = 10. The maximum and
minimum super-BCC efficiency values F; and E7 for each DMUj can be obtained by solving Models (5) and (6).
The results are shown in the second and third columns of Table 5. Next, we divide the DMUs into J!, .. =
{1,3,4,5,6,7}, Ji = {2,8}. The renewed value R' is calculated as R' = R — djen R; = 7.6650. We

inelastic nelastic
then solve Models (5) and (6) again with the updated values J!|, ;. and R' to obtain new EJ* and E7 for each
DMU;j. The results are shown in the fourth and fifth columns of Table 5. For the remaining elastic DMUs, we
obtain their allocation plan for each stage by solving Models (11) and (12). The optimal allocation scheme is
presented in columns 6 to 8 of Table 5. The satisfaction is § = 0.6984.

4. EMPIRICAL STUDY

In this section, we apply our approach to allocate subsidies for high-tech industries. Our research models the
innovation process as a two-stage network structure. The first stage is the technology research and development
process, which reflects the transformation of R&D inputs into R&D outputs. The second stage represents the
economic transformation process, which reflects the conversion of R&D outputs into economic outputs. In 2014,
the government provided a subsidy of 1785786 units (1 unit = 10 thousand Chinese Yuan (CNY)) to encourage
R&D innovation and technological advancement in high-tech industries. We assume a one-year lag period for
new outputs due to the inherent delay in the technology innovation process [28]. Following previous literature on
performance evaluation of high-technology industry [26], we use data from 2014 on R&D personnel, funding and
fixed assets as inputs, and data from 2015 on patents and new product development projects as first-stage R&D
outputs. For the second stage, we use data from 2015 on non-R&D investment and new product development
funding along with first-stage R&D outputs as inputs. Finally, we use data from 2016 on sales revenue from new
products and export loan value as final outputs. Given that national subsidies are intended to support R&D
innovation and technological advancement, it is necessary to combine them with R&D funds and new product



3886 X. JIN ET AL.

TABLE 6. Variables declarations.

Category Variable Units
Input R & D personnel (z1) Man-year
Fixed assets (z2) 100-million CNY
R&D funding (z3) 10-thousand CNY
Intermediate Patents (z1) Piece
Number of new product development projects (z2) Item
Additional Input  Non-R&D investment (hy) 10-thousand CNY
New development funding (h2) 10-thousand CNY
Output Sales revenue of new products (y1) 10-thousand CNY
Export loan value (y2) 100-million CNY

TABLE 7. Efficiency evaluation results among 30 provinces.

* *

Province EJ* Ej Province E; Ej
Beijing 0.7243 0.7243 Henan 3.6528  3.6528
Tianjin 0.6859 0.6859 Hubei 0.4615 0.4615
Hebei 2.0111 2.0111 Hunan 2.2521 2.2521
Shanxi 12.5593 17.0078 Guangdong 1.9349 1.9349
Inner Mongolia  1.6235 5.2743 Guangxi 3.6514  3.6514
Liaoning 0.7206 0.7206 Hainan 0.7045 2.2235
Jilin 2.0033 4.2945 Chongqging  2.8849  2.8849
Heilongjiang 0.5560 0.6077 Sichuan 0.6320 0.6320
Shanghai 1.5438 1.5438 Guizhou 0.8002 1.0168
Jiangsu 3.9961 3.9961 Yunnan 0.5874 1.1385
Zhejiang 0.8254 0.8254 Shaanxi 0.4750 0.4750
Anhui 2.3485 2.3485 Gansu 1.5257  1.5257
Fujian 0.8084 0.8084 Qinghai 7.1961  9.5259
Jiangxi 2.5875 2.5875 Ningxia 1.1594  4.6962
Shandong 0.5896 0.5896 Xinjiang 3.0366  21.2037

development funds, respectively. The data used in this study are collected from the China Statistic Yearbook
on High-Technology Industry from 2015 to 2017. Variable declarations are listed in the Table 6.

We first solve Models (5) and (6) to get the efficiency function curve for each province. After 10 iterations,
we obtain the maximum and minimum efficiency values for all provinces, as shown in Table 7. Based on
Definitions 1 and 2, we divide them into elastic and inelastic groups. The elastic group includes 10 provinces, such
as Shanxi, Inner Mongolia, Jilin, Heilongjiang, Hainan, Guizhou, Yunnan, Qinghai, Ningxia and Xinjiang. The
remaining provinces are inelastic. In inelastic group, we note that Heilongjiang consistently exhibits inefficient,
while Hainan, Guizhou and Yunnan can achieve efficient through a rational allocation of subsidies.

We then obtain the subsidy allocation schemes for each province by running Models (11) and (12). The results
are displayed in the first three columns of Table 8. We observe that in inelastic provinces, those with larger
operational scales (e.g., Guangdong and Jiangsu) receive more subsidies compared to provinces with smaller
scales (e.g., Gansu, Guangxi, Hebei, Liaoning and Jiangxi). This is due to the fact that the efficiency values
of these provinces do not increase with the subsidies. To maximize overall efficiency, decision-makers prioritize
provinces with the potential to enhance efficiency scores. To maintain fairness, subsidies are allocated to these
inelastic provinces based on their operational scales. On the other hand, we find that some elastic provinces,
such as Jilin, Yunnan, Hainan, Guizhou, Ningxia, Shanxi, Inner Mongolia and Xinjiang, also receive substantial
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TABLE 8. Comparative analysis results based on different methods.

Our approach Li et al. [40] Xu et al. [56]

Province Ryj Roj R; Ryj Raj R; Ryj Roj R;
Beijing 3441.52 2582.49 6024.01 34275.23 35495.75 69770.98 0.00  48137.73 48137.73
Tianjin 621.03 1070.27 1691.30 12645.18 55269.11 67914.29 0.00  72698.95 72698.95
Hebei 362.42 125.31 487.72 3885.71 8598.53 12484.24 0.00  55730.07 55730.07
Shanxi 14982.79 23851.55 38834.35 1266.03 4344.53 5610.55 0.00  63739.17 63739.17
Inner Mongolia 1069.94 31034.23 32104.18 0.01 6634.91 6634.92 0.00  62209.43 62209.43
Liaoning 431.76 199.00 32104.18 5515.42 8496.04 14011.47 0.00  53631.72 53631.72
Jilin 32267.31 68810.69 101077.99 0.00 5925.91 5925.91 0.00 59988.11 59988.11
Heilongjiang 208.91 1003.36 1212.27 5887.46 627.40 6514.87 0.00  55630.19 55630.19
Shanghai 9369.25 17293.12 26662.38 32008.27 12720.99 44729.26 0.00 41282.22 41282.22
Jiangsu 42141.76 85440.73 127582.50 67672.66 239406.91 307079.57  0.00 115695.50 115695.50
Zhejiang 42141.76 6822.15 14860.18 53201.63 44304.99 97506.62 0.00  48249.69 48249.69
Anhui 1078.23 767.61 1845.83 13854.37 24279.28 38133.65 0.00 60015.00 60015.00
Fujian 1415.58 2147.30 3562.88 15359.28 42557.02 57916.29 0.00  62593.70 62593.70
Jiangxi 485.55 174.03 659.59 3508.95 16260.48 19769.43 0.00  64359.67 64359.67
Shandong 9211.34 8240.07 17451.42 45510.10 47697.94 93208.04 0.00 44851.52 44851.52
Henan 923.38 1629.62 2553.00 0.58 122120.18 122120.76 0.00 114473.52 114473.52
Hubei 1583.43 845.24 2428.67 11937.77 6266.81 18204.58 0.00 39973.04 39973.04
Hunan 730.10 734.31 1464.41 7682.77 29818.33 37501.10 0.00  59689.09 59689.09
Guangdong 406409.97  747532.43 1153942.40 194329.02  425379.87  619708.89  0.00  7489.33 7489.33
Guangxi 36.17 18. 80 54.96 694.11 6543.65 7237.76 0.00 63528.94 63528.94
Hainan 20534.08 40748.11 61282.19 2936.03 2508.48 5444.51 0.00 60512.81 60512.81
Chongging 288.19 812.37 1100.55 7742.20 38450.61 46192.81 0.00  80834.46 80834.46
Sichuan 1723.39 1999.18 3722.57 19393.60 14199.39 33593.00 0.00  51817.97 51817.97
Guizhou 28276.42 30581.24 58857.66 7074.81 0.01 7074.82 0.00 55801.41 55801.41
Yunnan 20110.51 43094.58 63205.10 3133.98 0.00 3133.98 0.00  59053.13 59053.13
Shaanxi 606.38 422.28 1028.65 8902.19 0.03 8902.21 0.00 35362.49 35362.49
Gansu 7.02 2.06 9.08 1525.24 6267.21 7792.45 0.00 62164.24 62164.24
Qinghai 444.66 2230.69 2675.35 1508.48 5031.27 6539.75 0.00 61968.69 61968.69
Ningxia 19484.36 21189.29 40673.65 2309.11 5560.19 7869.30 0.00  61988.90 61988.90
Xinjiang 6589.94 11510.46 18100.40 1802.36 5457.64 7260.00 0.00 62315.33 62315.33

subsidies, especially Yunnan, Hainan, and Guizhou. Despite their smaller operational scales, the significant
difference between their maximum and minimum efficiency values indicates a pronounced impact of subsidies
on these provinces. As a result, they obtain relatively higher subsidies.

Next, we compare our allocation scheme with the actual subsidies received by each province. The findings
reveal that the government provides more substantial subsidies to inelastic provinces (e.g., Shanghai, Guang-
dong, Beijing, Shaanxi, and Liaoning), while offering fewer subsidies to elastic provinces (e.g., Qinghai, Xinjiang,
Inner Mongolia, Ningxia, and Shanxi). Our research emphasizes the principles of fairness and efficiency maxi-
mization when designing a subsidy allocation scheme. We suggest that government policies should favor elastic
provinces with the potential for efficiency improvement. Therefore, it is crucial to evaluate the performance
of each province before allocating subsidies. By investigating the relationship between subsidy allocation and
efficiency scores, government can distinguish which provinces have greater potential for further improvement
and which are unlikely to be affected by additional subsidies. This approach enables the government to maxi-
mize overall efficiency through more effective subsidy allocation. From this perspective, our experimental results
demonstrate that the proposed approach is reasonable and acceptable.

Finally, we compare our allocation scheme with the existing fixed cost allocation methods based on two-stage
systems. Table 8 presents the results of Li et al. [40] and Xu et al. [56]. Although our method is the only
one that considers the fixed cost as a complementary input in a two-stage network structure, we gain insights
by comparing it with other models. Previous research mainly obtains a unique and optimal FCA scheme on
an efficient allocation set by proposing principles, such as operational scale [40] and fairness concern [56]. In
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columns 5 to 10 of Table 8, we observe significant differences in the subsidies obtained by each province at
different stages. For example, in the method of Li et al. [40], provinces like Inner Mongolia, Jilin, and Henan
receive almost zero subsidies in the first stage, while provinces such as Guizhou, Yunnan, and Shaanxi receive
almost zero subsidies in the second stage. In the method of Xu et al. [56], we find that when the first stage acts
as the leader, the first-stage subsidies allocated to all provinces are zero. Furthermore, these methods tend to
allocate more subsidies to provinces less sensitive to subsidies. In Li et al. [40] results, inelastic provinces such
as Chongqing, Jiangxi, Liaoning, Hebei, and Shaanxi receive more subsidies. The same problem also exists in
the method of Xu et al. [56]. Provinces such as Chongging, Jiangxi, Guangxi, and Gansu receive more subsidies
while those with larger scales (e.g., Guangdong and Zhejiang) receive fewer subsidies. Our method distinguishes
types of provinces and adheres to the fairness principle by considering both operational scale and equal efficiency
improvement among provinces.

5. CONCLUSIONS

Our study addresses the FCA problem of fixed costs as supplementary cost input in a general two-stage
system. Specifically, we first propose a modified super-BCC model to explore the functional relationship between
allocated fixed costs and efficiency values under a VRS framework. This model not only distinguishes between
different types of DMUs but also solves infeasible solutions of super-BCC model under the VRS assumption.
We then divide DMUs into elastic and inelastic groups based on their relationship between allocated costs
and efficiency scores, and propose a fair and unique allocation scheme for each DMU based on the principles of
fairness and efficiency maximization. Finally, we verify the rationality and acceptability of our proposed method
through a numerical analysis and an empirical study.

This study contributes to the literature on the FCA problem in two-stage network structure DEA models by
proposing a fair and unique allocation model for DMUs with fixed cost as supplementary inputs. However, our
research has some limitations. First, our model involves a considerable computational burden, especially when
handling a large number of DMUs or allocating huge fixed costs. Second, the results are heavily affected by the
operational scale. While we use a widely adopted approach of measuring the operational size based on input
usages and output productions, this method may not be optimal. These two points will be addressed in our
future research.

APPENDIX A.
The input-oriented two-stage network super-BCC model without the allocated cost variable is as follows:
Min o+ M xn
st > Ny > (L=n)yja,Vf €F
j=1
é#d
< 2 2
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Z,\ _12%_1

J#d J#d
X, vi,n > 0,V5 € J\ {d},oforfree.

The dual model of Model (A.1) is as follows:

S1 52 m l
Z 15y fa + Z 1oYaa — Z Viliq — Zwthtd — vo(zod + hoa) + Po + po

f=1 g=1 i=1 t=1
S1 q m

St Y RpYr Y bpzps — D Uiy — voto; + ¢o < 0,5 € J\ {d}
=1 p=1 i=1

ED) q 1
HoYas — Y p2pg — O wihi; — vohoj + pro < 0,Vj € J \ {d}

g=1 p=1 t=1

q m l
> bpzpa+ Y vitia + > wihea + vo(oa + hoa) =1
p=1 i=1 t=1

S1 52

1 1 2 2
> upyra+ Y naysa <M
f=1 g=1

u},ui,d)p,vi,wt >0,v0 >0,Vf € F,Vg € G,Vp e P,Viec IVt eT,dpo,poforfree.

The Model (A.2) can be transformed to the following Model (A.4) after considering the fixed cost.

s1 ED) m l
Z 1yfa + Z Hayed — Z ViTid — Zwthtd — vo(zoa + hoda + Ra) + ¢o + po

f=1 g=1 i=1 t=1
51 q

s.t. Z#}y}j + Z¢PZPJ szm” — vo(wo; + R1j) + ¢o < 0,Vj € J\ {d}
= p=1

s2
/‘iygj Z‘Z}pzm Zwthtj —wo(hoj + Raj) + po < 0,Vj € J\ {d}

g=1 =

Z PpZpd + Z ViTiq + Zwthtd + vo(zod + hoa + Ra) =1

p=1 =1 =
Z [y ra+ Z Hyga < M
f=1 g=1

Z(Ru + Rej) = R

j=1

Wiyl by Vi we > 0,Vf € Vg€ G,Npe PYi € LVt €T
Ryj,R2; > 0,v0 > 0,V7 € J, @0, po for free.

Then Model (A.4) can be transformed to a linear Model (6) by setting ri; = voRy; and ro; = volRy;.

3889

(A.2)
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APPENDIX B.
Theorem 1. E}(kg) is a monotone non-increasing function of kq, kq € [0, R).
Proof. Given R1qy = kiq, Roq = koq, Ra = kq = ki1q + kog, we can obtain the optimal allocation scheme

(Ria, Raa, Ry;, R5;,Yj € J\ {d}) by solving Model (6). Substituting this into Model (5), we obtain the optimal
1

solution (A%,77,0*,1*) and define the corresponding super-BCC efficiency score as Ejj(kq) = o* + T

Suppose there exists another allocation scheme (R} ; = kia+Ak1(Aky > 0), Ry = kaa, Ry, Ry, Vi € J\{d}),
where kj; > kq. The solution (A}, 7, 0*,7n*) is still feasible for Model (5) since it satisfies all constraints. Thus,
the super-BCC efficiency scores for both allocation schemes are equal, i.e., Eq(k)) = Ej(kq). However, this
solution may not be optimal as it only satisfies the constraints without minimizing the objective function.

Suppose the optimal solution of Model (5) with allocation plan (R}, Ry,, R, Ry;,Vj € J \ {d}) is given by
(A}, 75,0",m"). The corresponding optimal super-BCC efficiency score that minimizes the objective function is
denoted by EJ(k/,), which is less than Eg4(k}). Thus, we have E}(k)) < E%(kq) since Eq(k) = Ej(kq).

In summary, Ykq € [0, R], E;(kq) is monotone non-increasing. O

AprPENDIX C.

Theorem 2. The optimal solution of Model (11) used in Algorithm 1 is unique.

Proof. Algorithm 1 terminates until the condition Jijelastic = 0 is satisfied. Since each inelastic DMU is allocated
with a; R and ;R, we only need to prove that the allocation among elastic DMUs is unique. In Model (11),

the constraint EY = E7 + 5(@; - E}),jeJ!

0. Since the inverse function R; = fj_l(EJf‘) = g,(0) is strictly monotone decreasing in ¢, there exists only one

¢ that satisfies the constraint ) L R; = R!. Therefore, the optimal allocation scheme for each DMU is
. elastic

unique. O

lastic indicates that the efficiency score £ is a linear function of
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