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EXPECTED VALUE FOR THE 𝑘-DISTANCE DEGREE INDEX OF A GRAPH

Hamideh Aram*

Abstract. For a graph 𝐺, the 𝑘-distance degree index is

𝑁𝑘(𝐺) =

𝑑𝑖𝑎𝑚(𝐺)∑︁

𝑘=1

⎛

⎝
∑︁

𝑤∈𝑉 (𝐺)

𝑑𝑘(𝑤)

⎞

⎠𝑘.

In this article, we calculate the accurate formula of the expected value for 𝑘-distance degree index in a
random arranged polygonal string with 𝑚-arranged polygons. Finally, we determine the average value
of this index in the collection of all those arranged polygonal strings.
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Introduction

All over this paper, all the graphs are simple, finite and connected. A graph 𝐺 = (𝑉,𝐸) is with the vertex
set 𝑉 of order |𝑉 | = 𝑛 and the edge set 𝐸 of size |𝐸| = 𝑚. For two vertices 𝑤 and 𝑡 of 𝐺, 𝑑(𝑤, 𝑡) is the
size of the nearest path between them. For vertex 𝑥 ∈ 𝑉 and 𝑘 ∈ Z, the open 𝑘-neighborhood of 𝑥 in 𝐺,
𝑁𝑘(𝑥/𝐺) or 𝑁𝑘(𝑥), is 𝑁𝑘(𝑥) = {𝑦 ∈ 𝑉 (𝐺) : 𝑑(𝑥, 𝑦) = 𝑘} and the closed 𝑘-neighborhood of 𝑥 in 𝐺, 𝑁𝑘[𝑥/𝐺], is
𝑁𝑘[𝑥/𝐺] = 𝑁𝑘(𝑥/𝐺)∪{𝑥}. The 𝑘-degree of a vertex 𝑥 in a graph 𝐺, 𝑑𝑘(𝑥/𝐺) or 𝑑𝑘(𝑥), is 𝑑𝑘(𝑥/𝐺) = |𝑁𝑘(𝑥/𝐺)|.

A topological index of a graph 𝐺 is a numerical calculation based on the graph constructions. The topological
indices of the chemical structures create relationships among construction of a molecular structure and its
chemical properties. There are more topological indices [1–5,14] and several of indices are based on the distance
between molecules of a chemical structure. In 1947, the first topological index based on distance is Wiener index
[13] defined as

𝑊 (𝐺) =
∑︁

{𝑤,𝑡}∈𝑉

𝑑(𝑤, 𝑡).

In 1993, the Hyper-wiener index was defined by Randic [11] as

𝑊𝑊 (𝐺) =
1
2

∑︁
{𝑤,𝑡}∈𝑉

(𝑑(𝑤, 𝑡) + 𝑑2(𝑤, 𝑡)).
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Figure 1. A arranged polygonal string 𝑆𝐶𝑚+1 with 𝑚 + 1 arranged polygons.

In 1993, the Harrary index was defined by authors [6, 10] as

𝐻(𝐺) =
∑︁

{𝑤,𝑡}∈𝑉

1
𝑑(𝑤, 𝑡)

·

In 2018, the 𝑘-distance degree index or 𝑁𝑘-index was defined by Naji et al. [9] as

𝑁𝑘(𝐺) =
𝑑𝑖𝑎𝑚(𝐺)∑︁

𝑘=1

⎛⎝ ∑︁
𝑥∈𝑉 (𝐺)

𝑑𝑘(𝑥)

⎞⎠𝑘.

Recently, many authors investigated topological indices of some random polyphenyl string. Liu and Zhan [8]
computed expected values for Gutman index and Schultz index in random arranged polygonal strings. In this
paper, we compute this value for the 𝑘-distance degree index for these random graphs.

The random arranged polygonal string 𝑆𝐶𝑚+1 with 𝑚 + 1 arranged polygons consists of a new arranged
polygon 𝐺𝑚+1 connecting to terminal of a arranged polygonal string 𝑆𝐶𝑚 with 𝑚 arranged polygons, see
Figure 1.

Connecting the final arranged polygon 𝐺𝑚+1 to the front random arranged polygonal string 𝑆𝐶𝑚 can do
with 𝑘 methods. They can be defined as 𝑆𝐶1

𝑚+1, 𝑆𝐶2
𝑚+1, · · · , 𝑆𝐶𝑡−1

𝑚+1 and 𝑆𝐶𝑡
𝑚+1 sequentially, see Figure 2.

A random arranged polygonal string 𝑆𝐶𝑚 with 𝑚 arranged polygons could be attained by attaching a
arranged polygon at terminal of the string gradual. At every level 𝑟(= 3, 4, . . . ,𝑚), a random relation is formed
from a state of mentioned in below 𝑡 probable states:

– 𝑆𝐶𝑟 → 𝑆𝐶1
𝑟+1 with probability 𝑞1,

– 𝑆𝐶𝑟 → 𝑆𝐶2
𝑟+1 with probability 𝑞2,

and so on,
– 𝑆𝐶𝑟 → 𝑆𝐶𝑡−1

𝑟+1 with probability 𝑞𝑡−1,
– 𝑆𝐶𝑟 → 𝑆𝐶𝑡

𝑟+1 with probability 𝑞𝑡 = 1− (
∑︀𝑡−1

𝑖=1 𝑞𝑖),

the probabilities 𝑞1, 𝑞2, · · · , 𝑞𝑘−1 and 𝑞𝑘 are free of the level 𝑟.
If 𝑞1 = 1 and 𝑞2 = 𝑞3 = · · · = 𝑞𝑡 = 0, then meta-string 𝑀𝑚 could be attained. If 𝑞2 = 1 and 𝑞1 = 𝑞3 = · · · =

𝑞𝑡 = 0, then orth-string 𝑂1
𝑚 could be attained. If 𝑞3 = 1 and 𝑞1 = 𝑞2 = 𝑞4 = · · · = 𝑞𝑡 = 0, then orth-string 𝑂2

𝑚

could be attained. If 𝑞𝑡−1 = 1 and 𝑞1 = 𝑞2 = · · · = 𝑞𝑡−2 = 𝑞𝑡 = 0, then orth-string 𝑂𝑡−2
𝑚 could be attained. If

𝑞𝑡 = 1 and the other 𝑡− 1 probabilities be 0, then para-string 𝑃𝑚 could be attained.

The 𝑘-distance degree index for the random arranged polygonal string

The random arranged polygonal string 𝑆𝐶𝑚+1, can be obtained from 𝑆𝐶𝑚 by connecting the vertex 𝑢𝑚 (𝑢𝑚

is 𝑥1, see Fig. 1) of graph 𝑆𝐶𝑚 to a new final arranged polygon 𝐺𝑚+1. It is clear that, for every vertex 𝑤 of
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Figure 2. The 𝑡 models of partial regularity of arranged polygonal strings.

𝑆𝐶𝑚,

𝑑(𝑤, 𝑥𝑖) =

{︃
𝑑(𝑤, 𝑢𝑚) + 𝑖− 1, 1 ≤ 𝑖 ≤ 𝑡;
𝑑(𝑤, 𝑢𝑚) + 2𝑡 + 1− 𝑖, 𝑡 + 1 ≤ 𝑖 ≤ 2𝑡.

Recently, some authors studied the expected values of several indices in random graphs [7, 12]. In this paper,
we compute the expected values for 𝑘-distance degree index in the random arranged polygonal strings.

Theorem 1. For 𝑚 ≥ 1 and the random graph 𝑆𝐶𝑚, 𝐸(𝑁𝑘(𝑆𝐶𝑚)) is

𝐸(𝑁𝑘(𝑆𝐶𝑚)) =
𝑚3

3
(2𝑡− 1)2

(︃
𝑡−1∑︁
𝑖=1

(𝑖− 𝑡)𝑞𝑖 + 2𝑡

)︃
−𝑚2(2𝑡− 1)

[︃(︃
𝑡−1∑︁
𝑖=1

(𝑖− 𝑡)𝑞𝑖 + 2𝑡

)︃
(2𝑡− 2)− 𝑡2

]︃
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+ 𝑚

[︃(︃
𝑡−1∑︁
𝑖=1

(𝑖− 𝑡)𝑞𝑖 + 2𝑡

)︃
(2𝑡− 1)

(︂
4𝑡− 11

3

)︂
+ 4𝑡3 + 𝑡2

]︃

+

(︃
𝑡−1∑︁
𝑖=1

(𝑖− 𝑡)𝑞𝑖 + 2𝑡

)︃
(4𝑡− 2)− 4𝑡3.

Proof. We know that, 𝑁𝑘(𝐺𝑚+1) = 2𝑡3, |𝑉 (𝑆𝐶𝑚)| = 𝑚(2𝑡 − 1) + 1 and suppose 𝐺 = 𝑆𝐶𝑚+1, 𝑄(𝑖, 𝑡) =∑︀𝑡−1
𝑖=1(𝑖− 𝑡)𝑞𝑖 + 2𝑡.

𝑁𝑘(𝐺) = 𝑁𝑘(𝑆𝐶𝑚) +
∑︁

𝑤∈𝑆𝐶𝑚

⎛⎝ 𝑡∑︁
𝑗=2

2𝑑(𝑤, 𝑥𝑗) + 𝑑(𝑤, 𝑥𝑡+1)

⎞⎠
+ 𝑁𝑘(𝐺𝑚+1) + 2

𝑡∑︁
𝑗=2

∑︁
𝑤∈𝑆𝐶𝑚

𝑑(𝑤, 𝑥𝑗) +
∑︁

𝑤∈𝑆𝐶𝑚

𝑑(𝑤, 𝑥𝑡+1)

= 𝑁𝑘(𝑆𝐶𝑚) + 𝑁𝑘(𝐺𝑚+1) + 2
∑︁

𝑤∈𝑆𝐶𝑚

⎛⎝2
𝑡∑︁

𝑗=2

𝑑(𝑤, 𝑥𝑗) + 𝑑(𝑤, 𝑥𝑡+1)

⎞⎠
= 𝑁𝑘(𝑆𝐶𝑚) + 2𝑡3 + 2

∑︁
𝑤∈𝑆𝐶𝑚

⎛⎝2
𝑡−1∑︁
𝑗=1

(𝑑(𝑤, 𝑢𝑚) + 𝑗) + 𝑑(𝑤, 𝑢𝑚) + 𝑡

⎞⎠
= 𝑁𝑘(𝑆𝐶𝑚) + 2𝑡3 + 2

∑︁
𝑤∈𝑆𝐶𝑚

(︀
(2𝑡− 1)𝑑(𝑤, 𝑢𝑚) + 𝑡2

)︀
= 𝑁𝑘(𝑆𝐶𝑚) + 2𝑡3 + 2(2𝑡− 1)

∑︁
𝑤∈𝑉 (𝑆𝐶𝑚)

𝑑(𝑤, 𝑢𝑚) + 2𝑡2[𝑚(2𝑡− 1) + 1].

Let we denote the expected value of the random variable
∑︀

𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑢𝑚) by 𝑈𝑚. Hence, we obtain that

𝐸(𝑁𝑘(𝑆𝐶𝑚+1)) = 𝐸(𝑁𝑘(𝑆𝐶𝑚)) + 2(2𝑡− 1)𝑈𝑛 + 2𝑡2(2𝑡− 1)𝑚 + 2𝑡2 + 2𝑡3.

According to the following cases, we obtain 𝑈𝑚.

Case 1. 𝑆𝐶𝑚 → 𝑆𝐶1
𝑚+1, then 𝑢𝑚 matches with 𝑥2 or 𝑥2𝑡. Therefore, we can represent the

∑︀
𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑢𝑚)

by
∑︀

𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑥2) or
∑︀

𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑥2𝑡) with probability 𝑞1.
Case 2. 𝑆𝐶𝑚 → 𝑆𝐶2

𝑚+1, then 𝑢𝑚 matches with 𝑥3 or 𝑥2𝑡−1. Therefore, we can represent the∑︀
𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑢𝑚) by

∑︀
𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑥3) or

∑︀
𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑥2𝑡−1) with probability 𝑞2.

And so on,
Case 3. 𝑆𝐶𝑚 → 𝑆𝐶𝑡−2

𝑚+1, then 𝑢𝑚 matches with 𝑥𝑡−1 or 𝑥𝑡+3. Therefore, we can represent the∑︀
𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑢𝑚) by

∑︀
𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑥𝑡−1) or

∑︀
𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑥𝑡+3) with probability 𝑞𝑡−2.

Case 4. 𝑆𝐶𝑚 → 𝑆𝐶𝑡−1
𝑚+1, then 𝑢𝑚 matches with 𝑥𝑡 or 𝑥𝑡+2. Therefore, we can represent the∑︀

𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑢𝑚) by
∑︀

𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑥𝑡) or
∑︀

𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑥𝑡+2) with probability 𝑞𝑡−1.
Case 5. 𝑆𝐶𝑚 → 𝑆𝐶𝑡

𝑚+1, then 𝑢𝑚 matches with 𝑥𝑡+1. Therefore, we can represent the
∑︀

𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑢𝑚)

by
∑︀

𝑤∈𝑉 (𝑆𝐶𝑚) 𝑑(𝑤, 𝑥𝑡+1) with probability 1−
∑︀𝑡−1

𝑖=1 𝑞𝑖.

Therefore,

𝑈𝑚 = 𝐸

⎛⎝ ∑︁
𝑤∈𝑉 (𝑆𝐶𝑚)

𝑑(𝑤, 𝑢𝑚)

⎞⎠ = 𝑞1

∑︁
𝑤∈𝑉 (𝑆𝐶𝑚)

𝑑(𝑤, 𝑥2) + 𝑞2

∑︁
𝑤∈𝑉 (𝑆𝐶𝑚)

𝑑(𝑤, 𝑥3) + · · ·
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+ 𝑞𝑡−1

∑︁
𝑤∈𝑉 (𝑆𝐶𝑚)

𝑑(𝑤, 𝑥𝑡) +

(︃
1−

𝑡−1∑︁
𝑖=1

𝑞𝑖

)︃ ∑︁
𝑤∈𝑉 (𝑆𝐶𝑚)

𝑑(𝑤, 𝑥𝑡+1)

= 𝑞1

⎡⎣ ∑︁
𝑤∈𝑉 (𝑆𝐶𝑚−1)

(𝑑(𝑤, 𝑢𝑚−1) + 𝑡 + 1)

⎤⎦+ 𝑞2

⎡⎣ ∑︁
𝑤∈𝑉 (𝑆𝐶𝑚−1)

(𝑑(𝑤, 𝑢𝑚−1) + 𝑡 + 2)

⎤⎦+ · · ·

+ 𝑞𝑡−1

⎡⎣ ∑︁
𝑤∈𝑉 (𝑆𝐶𝑚−1)

(𝑑(𝑤, 𝑢𝑚−1) + 2𝑡− 1)

⎤⎦+

(︃
1−

𝑡−1∑︁
𝑖=1

𝑞𝑖

)︃⎡⎣ ∑︁
𝑤∈𝑉 (𝑆𝐶𝑚−1)

(𝑑(𝑤, 𝑢𝑚−1) + 2𝑡)

⎤⎦
= 𝑈𝑚−1 +

(︃
𝑡−1∑︁
𝑖=1

(𝑖− 𝑡)𝑞𝑖 + 2𝑡

)︃
((𝑚− 1)(2𝑡− 1) + 1)

= 𝑈𝑚−1 + 𝑄(𝑖, 𝑡)((𝑚− 1)(2𝑡− 1) + 1).

In addition, the basic value is 𝑢1 =
∑︀

𝑣∈𝑉 (𝑆𝐶1)
𝑑(𝑣, 𝑢1) = 𝑡2. Then,

𝑈𝑚 =
𝑚2

2
𝑄(𝑖, 𝑡)(2𝑡− 1)−𝑚𝑄(𝑖, 𝑡)

(︂
2𝑡− 3

2

)︂
−𝑄(𝑖, 𝑡) + 𝑡2.

Therefore,

𝐸(𝑁𝑘(𝑆𝐶𝑚+1)) = 𝐸(𝑁𝑘(𝑆𝐶𝑚)) + 2(2𝑡− 1)𝑈𝑚 + 2(2𝑡− 1)𝑡2𝑚 + 2𝑡2 + 2𝑡3

= 𝐸(𝑁𝑘(𝑆𝐶𝑚)) + 2(2𝑡− 1)
[︂
𝑚2

2
𝑄(𝑖, 𝑡)(2𝑡− 1)−𝑚𝑄(𝑖, 𝑡)

(︂
2𝑡− 3

2

)︂
− 𝑄(𝑖, 𝑡) + 𝑡2

]︂
+ 2(2𝑡− 1)𝑡2𝑚 + 2𝑡2 + 2𝑡3.

The basic value is 𝐸(𝑁𝑘(𝑆𝐶1)) = 4𝑡(1 + 2 + · · ·+ (𝑡− 1)) + 2𝑡2 = 2𝑡3. Then,

𝐸(𝑁𝑘(𝑆𝐶𝑚)) =
𝑚3

3
(2𝑡− 1)2𝑄(𝑖, 𝑡)−𝑚2(2𝑡− 1)[𝑄(𝑖, 𝑡)(2𝑡− 2)− 𝑡2]

+ 𝑚

[︂
𝑄(𝑖, 𝑡)(2𝑡− 1)

(︂
4𝑡− 11

3

)︂
+ 4𝑡3 + 𝑡2

]︂
+ 𝑄(𝑖, 𝑡)(4𝑡− 2)− 4𝑡3.

Finally, with replacing 𝑄(𝑖, 𝑡) =
∑︀𝑡−1

𝑖=1(𝑖− 𝑡)𝑞𝑖 + 2𝑡,

𝐸(𝑁𝑘(𝑆𝐶𝑚)) =
𝑚3

3
(2𝑡− 1)2

(︃
𝑡−1∑︁
𝑖=1

(𝑖− 𝑡)𝑞𝑖 + 2𝑡

)︃
−𝑚2(2𝑡− 1)

[︃(︃
𝑡−1∑︁
𝑖=1

(𝑖− 𝑡)𝑞𝑖 + 2𝑡

)︃
(2𝑡− 2)− 𝑡2

]︃

+ 𝑚

[︃(︃
𝑡−1∑︁
𝑖=1

(𝑖− 𝑡)𝑞𝑖 + 2𝑡

)︃
(2𝑡− 1)

(︂
4𝑡− 11

3

)︂
+ 4𝑡3 + 𝑡2

]︃

+

(︃
𝑡−1∑︁
𝑖=1

(𝑖− 𝑡)𝑞𝑖 + 2𝑡

)︃
(4𝑡− 2)− 4𝑡3.

�

In accordance with the Theorem 1, we have special models of 𝑆𝐶𝑚 as:
If 𝑞1 = 1 and 𝑞𝑗 = 0 for 2 ≤ 𝑗 ≤ 𝑡− 1, then 𝑆𝐶𝑚

∼= 𝑀𝑚.
If 𝑞2 = 1 and 𝑞𝑗 = 0 for 1 ≤ 𝑗 ≤ 𝑡− 1, 𝑗 ̸= 2, then 𝑆𝐶𝑚

∼= 𝑂1
𝑚.
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If 𝑞3 = 1 and 𝑞𝑗 = 0 for 1 ≤ 𝑗 ≤ 𝑡− 1, 𝑗 ̸= 3, then 𝑆𝐶𝑚
∼= 𝑂2

𝑚 and so on.
If 𝑞𝑡−1 = 1 and 𝑞𝑗 = 0 for 1 ≤ 𝑗 ≤ 𝑡− 1, 𝑗 ̸= 𝑡− 1, then 𝑆𝐶𝑚

∼= 𝑂𝑡−2
𝑚 .

If 𝑞𝑗 = 0 for 1 ≤ 𝑗 ≤ 𝑡− 1, then 𝑆𝐶𝑚
∼= 𝑃𝑚.

Theorem 2. The 𝑘-distance degree indices of 𝑀𝑚, 𝑂1
𝑚, 𝑂2

𝑚, · · · , 𝑂𝑡−2
𝑚 and 𝑃𝑚 are

𝑁𝑘(𝑀𝑚) =
𝑚3

3
(2𝑡− 1)2(𝑡 + 1)−𝑚2(2𝑡− 1)[(𝑡 + 1)(2𝑡− 2)− 𝑡2] + 𝑚[(𝑡 + 1)(2𝑡− 1)

× 4𝑡− 11
3

+ 4𝑡3 + 𝑡2] + (𝑡− 1)(2− 4𝑡2);

𝑁𝑘(𝑂1
𝑚) =

𝑚3

3
(2𝑡− 1)2(𝑡 + 2)−𝑚2(2𝑡− 1)[(𝑡 + 2)(2𝑡− 2)− 𝑡2] + 𝑚[(𝑡 + 2)(2𝑡− 1)

× 4𝑡− 11
3

+ 4𝑡3 + 𝑡2] + (𝑡 + 2)(4𝑡− 2)− 4𝑡3;

𝑁𝑘(𝑂2
𝑚) =

𝑚3

3
(2𝑡− 1)2(𝑡 + 3)−𝑚2(2𝑡− 1)[(𝑡 + 3)(2𝑡− 2)− 𝑡2] + 𝑚[(𝑡 + 3)(2𝑡− 1)

× 4𝑡− 11
3

+ 4𝑡3 + 𝑡2] + (𝑡 + 3)(4𝑡− 2)− 4𝑡3;

by continuing in the likewise,

𝑁𝑘(𝑂𝑡−2
𝑚 ) =

𝑚3

3
(2𝑡− 1)3 −𝑚2(2𝑡− 1)[(2𝑡− 1)(2𝑡− 2)− 𝑡2]

+ 𝑚

[︂
(2𝑡− 1)2

4𝑡− 11
3

+ 4𝑡3 + 𝑡2
]︂

+ 2(2𝑡− 1)2 − 4𝑡3;

𝑁𝑘(𝑃𝑚) =
𝑚3

3
2𝑡(2𝑡− 1)2 −𝑚2(2𝑡− 1)[2𝑡(2𝑡− 2)− 𝑡2]

+ 𝑚

[︂
2𝑡(2𝑡− 1)

4𝑡− 11
3

+ 4𝑡3 + 𝑡2
]︂
− 4𝑡(𝑡− 1)2.

In accordance with the Theorem 2 and Figure 3, it is clear that for 𝑚 ≥ 3

𝑁𝑘(𝑀𝑚) ≤ 𝑁𝑘(𝑂1
𝑚) ≤ 𝑁𝑘(𝑂2

𝑚) ≤ · · · ≤ 𝑁𝑘(𝑂𝑡−2
𝑚 ) ≤ 𝑁𝑘(𝑃𝑚).

Average value of the 𝑘-distance degree index

Suppose that 𝜂𝑚 be the collection of all polygonal strings that contains 𝑚 arranged polygons. In the last
part, we calculate the average value of the 𝑘-distance degree index of 𝜂𝑚.

𝑁𝑎𝑣𝑒
𝑘 (𝜂𝑚) =

1
|𝜂𝑚|

∑︁
𝐺∈𝐺𝑚

𝑁𝑘(𝐺).

Theorem 3. The average value of the 𝑘-distance degree index about 𝜂𝑚 is

𝑁𝑎𝑣𝑒
𝑘 (𝜂𝑚) =

𝑚3

3
(2𝑡− 1)2

(︂
3𝑡 + 1

2

)︂
−𝑚2(2𝑡− 1)

[︂(︂
3𝑡 + 1

2

)︂
(2𝑡− 2)− 𝑡2

]︂
+ 𝑚

[︂(︂
3𝑡 + 1

2

)︂
(2𝑡− 1)

(︂
4𝑡− 11

3

)︂
+ 4𝑡3 + 𝑡2

]︂
+
(︂

3𝑡 + 1
2

)︂
(4𝑡− 2)− 4𝑡3.
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Figure 3. Comparison of 𝑁𝑘(𝑃𝑚), 𝑁𝑘(𝑂2
𝑚) and 𝑁𝑘(𝑀𝑚) in arranged polygonal strings.

Figure 4. Comparison 𝑁𝑎𝑣𝑒
𝑘 (𝜂𝑚) with 𝑁𝑘(𝑃𝑚), 𝑁𝑘(𝑂2

𝑚) and 𝑁𝑘(𝑀𝑚) in arranged polygonal
strings.

Proof. In Theorem 1, place 𝑞1 = 𝑞2 = · · · = 𝑞𝑡 = 1
𝑡 . �

It is obvious that,

𝑁𝑎𝑣𝑒
𝑘 (𝜂𝑚) =

1
𝑡

[︁
𝑁𝑘(𝑀𝑚) + 𝑁𝑘(𝑂1

𝑚) + 𝑁𝑘(𝑂2
𝑚) + · · ·+ 𝑁𝑘( ¯𝑂𝑡−2

𝑚 ) + 𝑁𝑘(𝑃𝑚)
]︁
.
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