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APPROXIMATION ALGORITHMS FOR THE INTEGRATED PATH AND BIN
PACKING PROBLEM

WEIDONG L1"?*® AND RUIQING SUN!

Abstract. In this paper, we consider the integrated path and bin packing problem, which to use the
minimum number of unit-size bins to packing the arcs on the path between two specific vertices in a
given directed graph. We propose a 3/2-approximation algorithm and an asymptotic polynomial time
approximation scheme.
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1. INTRODUCTION

Traditional network optimization problems aim at constructing networks with good performance. The inte-
grated network design and scheduling (INDS) problems are a class of operations that change the characteristics
of a network through selection and scheduling. For example, after a massive damage to an infrastructure net-
work caused by an extreme event (e.g., hurricane, earthquake), infrastructure managers must develop a recovery
plan to repair damaged components so that the performance of the network is restored to a certain level. For
customers of infrastructure networks, the success of recovery plans will depend on how quickly their services are
restored. Therefore, damaged parts are repaired and operational networks are constructed to guarantee a quick
return to service. This is a must for many customers. However, the INDS model can help infrastructure managers
develop remediation plans and assign infrastructure staff to repair infrastructure networks. More applications
of INDS include the implementation of network upgrades to improve the services provided by the network and
the creation and construction of a new network, which is often needed in humanitarian logistics activities (see,
e.g., [13-15]).

Nurre and Sharkey [13] introduced the INDS problem on parallel identical machines, which is to select a
set of nodes and arcs for restoration and then schedule them on a set of identical parallel machines (or work
groups) such that makespan is minimized under the performance level constraint, where the performance of the
level constraint is evaluated by solving classic network optimization problems. They proposed a new heuristic
scheduling rule algorithm framework that selects and schedules arc sets based on their interactions in the
network. If the number of machines is one, the INDS problem is exactly the classical network design problem.
If performance is determined by a path with distance no more than a given upper bound, the INDS problem
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is exactly the restricted shortest path problem [7,18]. If performance is determined by a spanning tree with
distance no more than a given upper bound, the INDS problem is exactly the constrained minimum spanning
tree problem [8]. If performance is determined by a matching with weight at least a given lower bound, the
INDS problem is exactly the budgeted matching problem [2]. If performance is determined by a flow with value
at least a given lower bound, the INDS problem is related to the problem of budget-constrained minimum cost
flows [10,11].

We use the following notations about approximation algorithms for a minimization problem. For an algorithm
A of a given problem, we denote its cost by A as well. The cost of an optimal solution for the same problem
is denoted by OPT. We define the asymptotic approximation ratio of an algorithm A as the infimum p > 1
such that any input satisfies A < p- OPT + O(1). The absolute approximation ratio of an algorithm A is
the infimum p > 1 such that for any input, A < p - OPT. An asymptotic polynomial time approximation
scheme (APTAS) is a family of approximation algorithms such that for every e > 0 the family contains a
polynomial time algorithm with an asymptotic approximation ratio of 1 + €. An asymptotic fully polynomial
time approximation scheme (AFPTAS) is an APTAS whose time complexity is polynomial not only in the input
size but also in % Polynomial time approximation schemes (PTAS) and fully polynomial time approximation
schemes (FPTAS), are defined similarly, but are required to give an approximation ratio of 1 + e according to
the absolute approximation ratio.

As mentioned in [15], no approximation algorithm with a nontrivial bound is known for the INDS problem
and its special cases with specific performance functions. Saito and Shioura [15] proved that the INDS problem
admits a PTAS when the number of machines is a constant, where the performance of the network is associated
with some classic network optimization problems, such as the minimum spanning tree, shortest path, maximum
flow with unit capacity, and maximum-weight matching.

The INDS problem is closely related to the combination of parallel machine scheduling and the covering
problem which is first proposed in [16], where the performance level is unbounded, which means that the
restored network only need to contain a specific structure. Epstein et al. [4] proposed a (2 + €)-approximation
algorithm for the combination of parallel machine scheduling and the vertex cover problem, which is to select a
subset of the vertices such that for each edge at least one endpoint belongs to this subset and scheduling it on
parallel machines so as to minimize the makespan. Wang et al. [17] proposed a unified approximation algorithm
for the combination of parallel machine scheduling and the covering problem. Guan et al. [6] presented a
%—approximation algorithm and a PTAS for the combination problem of parallel machine scheduling and path.

Since the classical one-dimensional bin packing problem [5] and parallel machine scheduling [1,9] are closely
related, it is natural to consider the integrated network design and bin packing problem, which is to select a
set of nodes and arcs for restoration and then pack them into a set of bins with limited capacity, such that
the number of non-empty bins is minimized under the performance level constraint, as in [13]. Let’s consider
a scenario where the network is damaged due to a disaster such as an earthquake, flood, or hurricane. The
manager hopes to repair the network as soon as possible to restore the performance of the network to a certain
level. Then, the materials or equipment (also understood as goods) needed to repair the damaged components
need to be dispatched. The goods to be shipped are usually packed into a number of boxes or cartons, usually
the goods are indivisible and can fit into only one box at most. This requires us to pack the goods properly
and minimize costs by using as few boxes as possible, such as trucks or cargo ships, to transport them to their
destination. Specifically, Epstein et al. [4] proposed a (2 + €)-approximation algorithm for the combination of
bin packing and the vertex cover problem, which is to select a subset of the vertices such that for each edge at
least one endpoint belongs to this subset and pack them into a set of bins with unit capacity so as to minimize
the number of used bins. In this paper, we propose the integrated path and bin packing (IPBP) problem, which
to use the minimum number of unit-size bins to packing the arcs on the path between two specific vertices in
a given directed graph, where the performance is determined by a path with distance no more than a given
upper bound. If the graph contains only a path, the IPBP problem is exactly the classical one-dimensional bin
packing problem, which admits an APTAS [5] and an AFPTAS [12].
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The rest of the paper is organized as follows. In Section 2, we introduce some notations about the IPBP

problem. In Section 3, we present a simple %—approximation algorithm. In Section 4, we design an APTAS by

using a grouping technique. We present some conclusions and possible future research in the last section.

2. PRELIMINARIES

We are given an infinite number of unit-size bins B; and a directed graph D = (V, A;u,v;l; L) with two
specific vertices u,v € V, where [ : A — (0, 1] is a length function, and L is a given upper bound on the length
of the path from u to v. Without loss of generality, we assume that the arcs a; € A are labelled in non-increasing
order of the length, i.e.,

1> 1(a1) > l(az) > ... > l(aja)) > 0.

For convenience, let I(B;) denote the total length of the arcs packed in a bin B;, where we will often identify
bins with arcs assigned to them. The integrated path and bin packing (IPBP) problem is to find a directed path
P,, from u to v in D such that

U(Puv) = U(A(Puw)) = Z I(a) < L,

a:a€A(Pyy)

where A(P,,) is the set of arcs in P,, and the minimum number of bins needed to pack the arcs in the set
A(P,y) of arcs in the path P,,, without violating the bin capacity 1.

As mentioned in [18], we can assume that D = (V, A;u,v;l; L) is acyclic. This assumption simplifies the
presentation, and extending the algorithm to general graphs is straightforward. For convenience, let [n] =
{1,2,...,n} for any positive integer n, and [(S) = >_ ... g !(a) for any subset S C A. Let Pj, be the u-v path
and k* be the number of used bins in the optimal solution. Clearly, we have

OPT = k* > I(P},), (1)
where OPT is the optimal value.

3. A %—APPROXIMATION ALGORITHM

In this section, we design a %—approximation algorithm, which generalizes the method in [6], where the length
of the u-v path does not have an upper bound L. First, we divide the arcs into long arcs and short arcs. Next,
for each possible number of long arcs in the optimal solution, we construct an integer linear program that can be
solved optimally via dynamic programming. By using First-Fit-Decreasing (FFD) algorithm to pack the selected
arcs, we obtain a feasible solution with an objective value of no more than %OPT for the IPBP problem.

Let £ = {a; € Al3 < I(a;) < 1} be the set of long arcs, and A\ L be the set of short arcs. For each arc

a; € A, let
1, ifa; €L
li(a;) =14 ! ’ 2
() {07 otherwise. @
For each n; = 0,1,2,--- ,|A|, we construct an integer linear program ILP(n;) for restricted shortest path

problem [7], where

min [(Py,)

ILP(ny) : {ll(P ey

As mentioned in [6], the optimal u-v path P,,(n1) for the above integer linger program ILP(n;) can be found
by using the standard dynamic programming method within time O(nq|A|) [7]. If I(Puw(n1)) > L, we discard
P,y (n1). Otherwise, put the arcs in A(Py,(n1)) into the bins by using the classical FFD algorithm [3]. Let k(n1)
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be the number of used bins in the solution produced by the FFD algorithm. We choose the best solution with
the minimum value of k(n;) among at most |A| + 1 feasible solutions. Let k be the corresponding objective
value.

In summary, our algorithm is as follows.

Algorithm 1.

Input: A directed acyclic graph D = (V, A;u,v;1; L).

Output: A path P,, from u to v and a packing of the arcs on P,,.

Step 1. For each n1 =0,1,2,---,|A]|, construct the integer linear program ILP(n1).

Step 2. Solve ILP(n;) optimally using dynamic programming in [7] and obtain an optimal path Py, (n1).

Step 3. If {(Pyy(n1)) > L, we discard Py,(n1). Otherwise, put the arcs in A(Pyy(n1)) into the bins by using the
First-Fit-Decreasing (FFD) algorithm in [3].

Step 4. Output the path P,,(n1) which uses the minimum number of bins and the corresponding packing.

We demonstrate an example to explain our problem. A visualization is shown in Figure 1. Given a directed
graph D = (V, A;u,v;1; L) with 5 nodes and 10 arcs such that L = 1—51 and V, A as shown in Figure 1. Let
lar1) = 1/2, l(az) = 3/4, l(az) = 2/3, l(as) = 1/4, l(a5) = 3/4, l(ag) = 1/3, l(a7) = 1/3, l(ag) = 1/5,
l(ag) = 1/2 and l(a19) = 1/4, where [(a;) is the length of arc a; for j = 1,---,10. Next, we consider the
construction and solution of ILP(nq). When n; = 0,4,5,--- , 10, the corresponding restricted shortest path has
no feasible solution, since there is no © — v path with n; long arcs in graph G.

When n; = 1, the integer linear program ILP(1) is

{ min I(P,,)

ILP(1) : (o) = 1.

The corresponding optimal path is P,, (1) = {u, a4, vs, as,v4, ag, vs, az, v}, the red color path shown in Figure 1
and (P, (1)) < L. Then, pack the arcs in P, (1) into the bins by using the FFD algorithm and the number of
used bins is 2.

When n; = 2, the integer linear program ILP(2) is

min (Pyy)

ILP(2) : {ZI(P Yoo,

The corresponding optimal path is P,,(2) = {u, a1, v1,as, ve,as, v}, the blue color path shown in Figure 1 and
I(Pu(2)) < L. Then, pack the arcs in P,,(2) into the bins by using the FFD algorithm and the number of used
bins is 3.

When ny = 3, the integer linear program ILP(3) is

min [(Py,)
ILP(3) :
11(Pyy) = 3.
The corresponding optimal path is P,,(3) = {u,a4,vs,as,vs,as,v1,as,v2,a3,v}. However, [(P,,(3)) =

I(A(Pu(3))) > L, we discard P, (3). The specific packing is shown in Figure 1. Thus, output the path P, (1)
and the corresponding packing.
Next, we show that the algorithm proposed above is a %—approximation algorithm.

Theorem 3.1. k£ < %OPT.

Proof. Let nj = |LNA(P},)| be the number of long arcs on the optimal path P, . Since Iy (Py,) = |[LNA(P),)| =
ni, Pk, is a feasible u-v path for ILP(n}) with length no more than L. By the definitions of [; and n}, we have

(Puy(ny)) < U(Py,) < L. 3)
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l(as) = 3/4
l(a3) = 2/3

lag) = 1/2 la10) = 1/4 @

R l(a7) = ]./3

Wl | wl—
N[

FFD for P,,(1) FFD for P,,(2)

FIGURE 1. An example of Algorithm 1.

Consider the packing according to the FFD algorithm of the arcs in A(Py,(n})). Assume that all the arcs are

packed into the first k(n}) bins, where k(n}) is the number of used bins in FFD algorithm. Let x = [2k(n})].

We distinguish the following two cases.

Case 1. The k-th bin contains a long arc.
By the FFD algorithm, for i € [x], each bin B; contains a long arc. Therefore, we have

2 2
OPT =k* >k = {3k(nf)—‘ > gk(n’l‘)

Case 2. The k-th bin does not contain a long arc.
According to the FED algorithm, for i = k + 1,k + 2,..., k(n}), each bin B; also does not contain any long

arcs. Hence, the number of short arcs in ufi’f)Bi is at least

2k(n?) — k) +1 = 2<k(n;) - Ek(ni)—b +1

>

[\

(k(n’;) _ %k(n;) - ;) 41

1

:71(} ol ——

(n7) 3
>k — 1.

Wl N

Moreover, for each arc a € Ufg;)Bl-, we have l(a) +1(B;) > 1 fori=1,2,...,k— 1. Therefore, [(P,,(n})) =
> g Ua)+ S M(B;) > & — 1. Tt is implies that

acU

OPT = k* > I(P!,) > [(Pan(n})) > k— 1 = Ek(ni)-‘ —1,
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where the first inequality follows from (1) and the second inequality follows from (3). Therefore,

2

k().

2
OPT =k* > [3k(n]‘)-‘ >
Since we choose the best solution with the minimum value of k(n;), we have k < k(n}) < 3OPT in any
case.

O

4. AN APTAS

In this section, we extend the method in the last section and design an APTAS for the IPBP problem. First,
the arcs are divided into 7 sets of long arcs (7 will be defined later) and a set of short arcs. Next, for each
possible number of long arcs into 7 sets in the optimal solution, we construct an integer linear program that
can be solved optimally in polynomial time by using the method in [6]. Finally, packing the selected arcs into
bins by using the method in [5,12], we can obtain a feasible solution with an objective value of no more than
(14 7¢)OPT + O(1) for the IPBP problem.

Given a desired accuracy € € (0, 3] such that £ is an integer, let 7 = 5. Let Ag = {a € A|0 < I(a) < €} and A\
Ap be the set of short and long arcs, respectively. For each 27-dimensional vector j = (jiin, jmax  jmin jmax)
with 1 < jinin < jmax o gmin < jmin < gmax < | Al we construct 7 mutually disjoint subsets £1, Lo, ..., L,
of A\ Ap, where

Ly ={a; € A\ Ag|j™™ < j < j™**}, for each t € [7].

Given an arc a € A, we construct a 7-dimensional vector I(a) = (l1(a),l2(a), - ,1;(a)), which is defined as
follows. If a € Ag, let l;(a) =0 for t = 1,2,--- ,7. If a € Ly, let l;(a) = 1, and ly(a) = 0 for any ¢ # ¢. If
a ¢ Ul_ LU Ay, let l;(a) = +oo for each t € [7].

For each n € [|A]] U {0} and each vector j = (jiin jmax  jmin gmax) we construct the following integer
linear program ILP(n, 5):

minl(P,,)
lt(Puv): |—¢52n-|7 fort=1,---,h,
I(Pyy) = Lesz, fort=h+1,---,71,

where h = n— % |e?n]. The following theorem states that ILP(n, j) can be solved optimally in polynomial time.

Theorem 4.1 ([6]). ILP(n,7) can be solved optimally in O(|A|O(e%‘)) time.

Counsider the set A* = A(P},) of arcs packed in the optimal solution. If A*\ Ay = 0, let
L; =0, for each ¢ € [7],

Otherwise, let n* = |A* \ Ag| be the number of long arcs on the path P}, and h* =n* — % |e?n*|. We divide
the set of long arcs in A* \ Ag into 7 mutually disjoint subsets A}, A3, ..., A% of long arcs, where

|Af| = [¢2n*] for each t € [h*], and |A}| = [*n*|, fort=h*+1,--- 7.

.max,*

Moreover, for any two arcs aj, € A and a;, € A, with t; < t, we have j; < jo. Let Jmin and gt
be the minimum and maximum indices of the arcs in A}, respectively. For the 27-dimensional vector j* =
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(girinoe e gmins gmaxs) with ] < G g gmans o gming oo gminge < gmaxis < | 4] we construct
7 mutually disjoint subsets £, L3, ..., L of A\ Ay, where

Lr= {aj € A\ Apljmm < j < jf“ax’*}, fort =1,2,...,7.
Since n*, jM™*, j¥* ¢ [|A|] U {0}, the number of possibilities of n*, j™™* j™** is at most

(14]+ 177" = [4]0(E).

By trying all the possibilities, we can assume that the values of n*, j7™™*, ™ and the corresponding subsets
L} are known.
.min,* .max,x* -min, *

Let P,,(n*,j*) denote an optimal path for ILP(n*, %), where 7* = (j;" ", 71 sy JonE L maX®) - Since

|A* N L;| = |Aj| = [é*n*], fort € [h*], and |A* N L}| = |A4]| = [€n*],
fort =h*+1,---,7, P!, is a feasible solution for ILP(n*, 5*), implying that
[(Puy(n®,37)) < U(Py,) < L.
Let A(n*,5*) = A(Pyuy(n*,5*)) be the set of arcs on the path P, (n*,j*). By the definitions, we have
|A(n*, )N L = [é2n*], fort € [h*], and |A(n*,5*)NL}| = [*n*|, fort=h"+1,--- T

The following lemma is the relationship between the minimum number of bins needed to pack the arcs in
A(n*,7*) and the minimum number of bins needed to pack the arcs in the optimal path.

Lemma 4.2. OPT(A(n*,j*)) < (143e)OPT+2, where OPT(A(n*, j*)) is the minimum number of bins needed
to pack the arcs in A(n*,j*).

Proof. In the optimal packing of A*, assume that we only use the first £* = OPT bins B to pack the arcs in
A*, where B} also denotes the set of arcs packed in bin B}.

For each i = 1,2,...,k*, we pack |Bf N L;| long arcs in A(n*,j*) N Ly, into bin B if there are, for
t =1,2,...,7 — 1. Then, put each long arc in A(n*,35*) N L] into a new bin. Finally, pack the short arcs in
A(n*,j*) N Ap into the first k* bins by using the FFD algorithm.

If all the short arcs can be packed into the first £* bins, the number of used bins is at most

k*+ [e2n*] <OPT +e-en* +1 < (1+¢€OPT +1,

where the last inequality follows from that the total length of the arcs in A*\ Ay is at least n* - € and (1).
If the short arc can not be packed in the first k* bins, the number of used bins is at most

I(A(n*, 5%)) I(A(n*, 5"))
1—c¢ 1—c¢

ll(A;)JreOPTJrQ

+1—|—[62n*“ +e-en” +2

IN

IN

< (1+3¢)OPT +2,
where the last inequality follows from that € € (0, %} and (1). Hence, in any case, we have

OPT(A(n*,j*)) < (14 3¢)OPT + 2.
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Finally, we pack the arcs in A(n*, j*). By using the method in [5,12], we can find a feasible packing of the
arcs in A(n*,j*) by using at most

(1+ €)OPT(A(n*,5)) + O(1) < (1 + €)(1 + 3¢)OPT + O(1) (4)

<
< (1 +7¢)OPT + O(1)

bins.
In summary, our algorithm is as follows.

Algorithm 2.
1

Input: A directed acyclic graph D = (V, A;u,v;[; L), and a desired accuracy € € (0, 5].

Output: A path P,, from u to v and a packing of the arcs on P,,.

Step 1. For every pair (n, j), construct the integer linear program ILP(n,j).

Step 2. Solve ILP(n,j) optimally and obtain an optimal path Py (n,j).

Step 3. If (Puv(n,7)) < L, use method in [5,12] to find a feasible packing of the arcs on the path Pyy(n,j). Otherwise,
discard Py, (n,7).

Step 4. Output the path Py, (n,7) which uses the minimum number of bins and the corresponding packing.

Theorem 4.3. Algorithm 2 is an APTAS for the IPBP problem.

Proof. According to (4), the asymptotic approximation ratio of Algorithm 1 is 1 + 7e. Since the number of
possibilities of the pair (n,7) is at most |A|O(e%), by Theorem 4.1, the total running time is

141°GE) - 141°GE) - poty(Al) = 14]°(),
where poly(|A|) is the running time of the method in [5,12]. Therefore, the theorem holds. O

5. CONCLUSION

We have proposed an absolute %—approximation for the IPBP problem, which is a generalized version of the
one-dimensional bin packing problem. Since the bin packing problem can not be approximated within % — ¢ for
any € > 0, our algorithm could be the best result in the absolute sense, unless P = N P.

We have also presented an APTAS for the IPBP problem by using the method in [5,12] and integer linear
programming. It is well-known that the one-dimensional bin packing problem admits an AFPTAS [12]. Hence,
it is very interesting to design an AFPTAS for the IPBP problem.
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