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CHARACTERIZING PATH-FACTOR DELETED GRAPHS VIA Q-INDEX
AND D-INDEX

X1A0YUN Lv!, Jianxi Li2 AND SHOU-JUN XU+

Abstract. A graph G has a P>-factor if G has a spanning subgraph H such that every component
of H is a path of order at least k. A graph G is Psi-factor deleted if G — e has a P>p-factor for each
edge e € E(G). In this paper, we study the Pxo-factor deleted graphs by their Q-index (the largest
eigenvalue of the signless Laplacian matrix) and D-index (the largest eigenvalue of the distance matrix).
Sufficient conditions (in terms of @-index and D-index) to guarantee that a graph G is a Pxo-factor
deleted graph are established.
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1. INTRODUCTION

We say a spanning subgraph F of G is a path-factor if each component of F' is a path with at least two
vertices. A graph G has a P>y-factor if G has a spanning subgraph H such that every component of H is a
path of order at least k. A graph G is P>y-factor deleted if G — e has a P>j-factor for each edge e of G. The
largest eigenvalues of the adjacency matrix A(G), the signless Laplacian matrix Q(G) and the distance matrix
D(G) are respectively called the A-index, Q-index, and D-index of G, denoted by p(G), ¢(G) and 9(G). In the
past few years, the study of relationships between the related eigenvalues of a graph G and the existence of
path-factors in a graph G has received more and more attention. For example, Miao and Li [14] provided a
sufficient condition to ensure that a graph G has a Pxo-factor or is a P>g-factor covered graph in terms of the
A-index. Subsequently, Hao and Li [9] also presented some sufficient conditions to ensure that a graph G has
a P>o-factor or is a P>o-factor covered graph with respect to the )-index and D-index. For more results on
path-factors and path-factor covered graphs, we refer the reader to [2,4-7,11-13,17-28]. Very recently, Shen
[16] established a lower bound on the A-index to determine whether a graph is P>o-factor deleted.

Directly motivated by Li and Miao [14], Hao and Li [9] and Shen [16], it is natural and interesting to explore
some other sufficient spectral conditions that ensure a graph G is a P>o-factor deleted graph. Along this line,
we first present a sufficient condition involving its @-index, which ensures that a graph G is a P>o-factor deleted
graph.

Theorem 1.1. Let G be a connected graph of order n. Then the following holds.
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(i) Forn >4 and n # 6, if ¢(G) > O(n), then G is a P>o-factor deleted graph, where (n) is the largest root
of ¥® — (3n — 5)a? + (2n? — 5n)x — 2n? + 10n — 12 = 0.

(ii) For n =6, if ¢(G) > 0, then G is a P>o-factor deleted graph, where 0 is the largest root of 2° — 13z* +
5623 — 10022 + 722 — 16 = 0.

Moreover, we also provide a sufficient condition involving its D-index to ensure that a connected graph G is
a P>a-factor deleted graph.

Theorem 1.2. Let G be a connected graph of order n. Then the following holds.

(i) Forn >4 and n # 6, if 0(G) < 7(n), then G is a P>2-factor deleted graph, where H)(n) is the largest root
of x> — (n—3)2%> — (5n — 9z — 3n + 5= 0.

(ii) Forn =6, if 9(G) < 11, then G is a P>o-factor deleted graph, where 1, is the largest root of x* — 23 —
3622 — T4z — 33 = 0.

The remainder of the paper is organized as follows. In Section 2, we present some preliminary results, which
will be used in the subsequent sections. The proof of Theorem 1.1 is given in Section 3. Section 4 provides
the proof of Theorem 1.2. In Section 5, we construct extremal graphs to illustrate that all the aforementioned
bounds are best possible.

2. PRELIMINARY

In this section, we present some definitions, preliminary results and lemmas which will be used in the subse-
quent sections.

Let G be a graph with vertex set V(G) and edge set F(G), we use n and m to denote its order and size,
respectively. For a subset S C V(G), we use G[S] and G —S = G[V(G)\S] to denote the subgraphs of G induced
by S and V(G)\S, respectively. For two disjoint graphs G; and Ga, we use G; UG and G1 VG5 to denote the
union and join of G and Gy, respectively. For u,v € V(G), the distance between u and v, denoted by d(u,v),
is the length of a shortest path that contains both v and v.

For a graph G with V(G) = {v1,vs,...,v,}, the adjacency matriz A(G) = (a;;) is an n x n matrix with
a;; = 1 if vertices v;,v; are adjacent and 0 otherwise. The signless Laplacian matriz Q(G) of a graph G is
defined as Q(G) = D(G) + A(G), where D(G) = diag(dy,da,...,d,) denotes the diagonal matrix of vertex
degrees. The distance matriz D(G) of a connected graph G is defined as D(G) = (d; ;), where d; ; = d(3, j),
i.e., the (i,7) entry is equal to the distance d(4, j) between vertices ¢ and j. Clearly, A(G), Q(G) and D(G) are
real symmetric matrices. The largest eigenvalues of the adjacency matrix A(G), the signless Laplacian matrix
Q(G) and the distance matrix D(G) are respectively called the A-index, @-index, and D-index of G, denoted
by p(G), q(G) and 9(G).

The eigenvalues of an n x n real symmetric matrix M are denoted by A (M) > Ao(M) > --- > X, (M), where
we always assume the eigenvalues to be arranged in nonincreasing order. Given a partition 7 = (X1, Xo, ..., X})
of the set {1,2,...,n} and a matrix B whose rows and columns are labelled with elements in {1,2,...,n}, B
can be expressed as the following partitioned matrix

By -+ By

By -+ By
with respect to w. The quotient matriz B, of B with respect to 7 is the ¢ by t matrix (b;;) such that each entry

bi; is the average row sum of B;;. If the row sum of each block B;; is a constant, then the partition is equitable.

Lemma 2.1 ([3,8]). Let M be a real symmetric matriz. If By is an equitable quotient matriz of M, then the
eigenvalues of By are also eigenvalues of M. Furthermore, if M is nonnegative and irreducible, then A (M) =
A1 (Br).
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Lemma 2.2 ([3]). Let B be a symmetric s X s matriz, and let R be a t X t principal submatriz of B for some
t < s. If the eigenvalues of B are 61 > 0y > --- > 0, and the eigenvalues of R are my > n2 > -+ > 1, then
0; >n; > 0514 foralll <i<t.

Lemma 2.3 ([15]). Let G be a connected graph with two nonadjacent vertices u,v € V(G). Then 9(G + uv) <
0(G).

Recall that the Wiener index of G is defined as W(G) = EKj di;, where d;; is the distance between v; and
v;. This definition allows us to easily derive the following lemma using the Rayleigh quotient, as detailed in [10].

Lemma 2.4 ([10]). Let G be a connected graph with order n. Then

T T
AG) = s & D(G)x > 1" D(G)1 _ 2W(G)’
z#0 xTx 171 n

where 1 = (1,1,...,1)T,

For any S C V(G), let i(G — S) denote the number of isolated vertices in the graph G — S. An isolated vertex
is a vertex of degree 0, and an isolated edge is an edge which does not have a common endpoint with any other
edge in G. A pendant edge is an edge with an endpoint of degree 1.

Lemma 2.5 ([1]). A graph G has a P>o-factor if and only if i(G — S) < 2|S| for all S CV(G).

Lemma 2.6 ([16]). Let G be a connected graph. Then G is a Pso-factor deleted graph if and only if for all
S CV(G), the following three statements hold:
(i) (G —S) <2[S];
(ii) If there exists an isolated edge in G — S, then i(G — S) < 2|S| —2;
(iil) If there exists a pendant edge in G — S, then i(G — S) < 2|S|— 1.
Lemma 2.7 ([9]). Let G be an n-vertex connected graph.
(i) Forn >4 and n # 7,8,10, if ¢(G) > 0(n), where 0(n) is the largest oot of x® —3(n — 3)z% +n(2n —9)z —
2(n—4)(n —5) =0, then G has a P>a-factor.
(ii) Forn =1, if ¢(G) > %, then G has a P>a-factor.
(iii) Forn =S8, if ¢(G) > 5+ /21, then G has a P>a-factor.
(iv) Forn =10, if ¢(G) > 7+ /37, then G has a P>a-factor.

Lemma 2.8 ([9]). Let G be an n-vertex connected graph.
(i) Forn >4 andn # 7, if 0(G) < n(n), where n(n) is the largest root of 23— (n—1)z2+(29—9n)z—5n+17 = 0,
then G has a P>2-factor.
(ii) Forn =17, if 9(Q) < Lg/@, then G has a P>2-factor.
3. PROOF OF THEOREM 1.1

In this section, we give the proof of Theorem 1.1, which presents a sufficient condition to ensure that a
connected graph G is a P>g-factor deleted graph in terms of its @-index.

Proof of Theorem 1.1. Suppose to the contrary that G is not P>o-factor deleted. Choose a connected graph G
of order n such that its ()-index is as large as possible. Let

h(z) = 2® — (3n — 5)a% + (2n% — 5n)z — 2n% 4+ 10n — 12

and let 6(n) be the largest root of h(z) = 0. Denote by 6(n) the largest zero of h(z), where h(z) = 2® — 3(n —
3)x% +n(2n — 9)z — 2(n — 4)(n — 5) is defined in Lemma 2.7. Then we proceed with the following two cases.
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Case 1. G has no Pxg-factor.

By Lemma 2.7, we have ¢(G) < 6(n) for n > 4 and n # 7,8,10; ¢(G) < % for n =7; ¢(G) <5+ /21 for
n=38; ¢(G) < 7+ /37 for n = 10. In order to obtain a contradiction to the condition in Theorem 1.1, we aim
to show that 6(n) < 6(n) for n > 4 and n # 6; 0(6) < 6 for n = 6; % < (7) for n = 7; 5+ /21 < (8) for
n=8; 74 /37 < 0(10) for n = 10.

By a simple calculation, we obtain that 8(4) = 4 < “Tm = 0(4) for n = 4; If n = 5, then 0(5) = 5 <
THY33 — §(5); If n = 6, then 6(6) ~ 6.2015 < 6.4937 ~ §; If n = 7, then 2£Y65 < L4¥8) — §(7); If 5 = 8, then
5+21 < 13%‘/@ = 0(8); If n. = 10, then 7 + /37 < L@ = 6(10). Next, we prove that 6(n) < 6(n) for
n > 7, it suffices to prove that h(6(n)) < 0. According to the proof of Lemma 2.7, we know that 6(n) > 2(n—4).

h(z) — h(z) = —42® + 4nx — 8n + 28.

It’s not difficult to find that h(z) — h(z) decreases strictly on [5,400). Since § < 2(n — 4), h(z) — h(z) also
decreases strictly on [2(n —4),400). By 8(n) > 2(n — 4), we have

h(6(n)) — h(B(n)) < h(2(n — 4)) — h(2(n — 4)) = —8n? + 88n — 288 < —64 < 0.

As h(0(n)) = 0, h(8(n)) < 0 implies that §(n) < 6(n), as desired.
Case 2. G has a P>a-factor.

By Lemma 2.5, we have i(G — S) < 2|S| for all subsets S C V(G). Since G is not Px>q-factor deleted, by
Lemma 2.6, there exists a subset S C V(G) such that one of the following two statements is true.

(1) There is a pendant edge that is not an isolated edge in G — S, and (G — S) > 2|S];
(2) There is an isolated edge in G — S, and i(G — S) > 2|5| — 1.

Subcase 2.1. Statement (1) holds.

In this subcase, we have i(G — S) = 2|S| and |S| > 0. As the Q-index of G is as large as possible, by
Lemma 2.2, the structure of G has the following properties:

(1) G[9] is a complete graph;
(2) There is a non-trivial connected component, say Hy, in G — S. And H; is a complete graph to which an
edge has been attached;
(3) G is the join of G[S] and G — S, i.e., G = G[S|V(G - 5).
Let G(|S|,i(G — S),|V(H,)|) represents the number of vertices in every part of G. Let s = |S|. If s = 0,

we see that G = G(0,0,n1) = H;. Let v1 be a vertex of degree 1 in G and Ng(v1) = {v2}. According to the
partition V(G) = {v1} U {v2} UV(G \ {v1,v2}), the quotient matrix of Q(G) is

1 0
By=|1 n—-1 n-2
1 2n—95

o

Then the characteristic polynomial of By is
p(z) = 2° — (3n — 5)z* + (2n* — Bn)z — 2n* 4 10n — 12.

Since V(G) = {v1} U {va} UV(G \ {v1,v2}) is an equitable partition, by Lemma 2.1, we get that the largest
root of p(x) = 0 equals the @Q-index of G. Since ¢(z) = h(x), we obtain

q(G) = 0(n),
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which contradicts the assumption that ¢(G) > 0(n).

Now we consider that s > 1. Let v; be a vertex of degree 1 in H; and Np, (v1) = {v2}. Notice that
G=G, =K, V(K1V(K,_35-2UK7))U2sK;) and n = 3s+ n;. According to the partition V(G) = SU{va} U
V(H \{v1,v2}) U{v1} UI(G — S), where I(G — S) is the set of isolated vertices in G — S. Then the quotient
matrix of Q(G) is

n+s—2 1 n—3s—2 1 2s
s n—2s—1 n—3s—2 1 0
B = S 1 2n —5s — 5 0 01,
s 1 0 s+1 0
s 0 0 0 s

whose characteristic polynomial is

®,(z) = 2° — (4n—4s — T)z* — (7s® + 6ns — 5s — 5n® + 16n — 10)2® — (225® — 24ns?

+ 5257 + 2n%s — 22ns + 38s + 2n® — Tn® + 12)2” + (8s" + 10ns” 4 45 — 15n°s?

+50ns® — 325 + 4n’s — 29n%s + 68ns — 52s + 2n® — 14n® + 32n — 24)x + 165° (1)

— 24ns* + 725" + 12n%s® — 80ns® + 120s® — 2n®s® + 26n°s> — 88ns” + 88s?

—2n3s + 14n?s — 32ns + 24s.
Since the partition V(G) = SU{va} UV (Hi\{v1,v2}) U{v1} UI(G — S) is equitable, by Lemma 2.1, the largest
root of ®,(x) = 0 equals ¢(Gy). R

We first assert that the largest root of h(x) = 0 is equal to the largest root of ®g(x), where ®o(zr) =

2% — (4n — T)a* + (5n? — 16n + 10)2% — (2n3 — Tn? 4+ 12)2? + (2n3 — 14n? + 32n — 24)z. In fact, by a direct
computation, we obtain 6(n) = 3(2n — 3 + V4n2 — 20n + 33) is the largest root of h(z) = 0. Moreover, we

get ®o(0(n)) = 0. Next, if we prove that ®o(z) is monotonically increasing for any = > 0(n), then we can
demonstrate that 6(n) is also the largest root of ®g(x) = 0. The derivative of ®¢(x) is ®)(z) = 5x* — 4(4n —
7)z3 + 3(5n? — 16n + 10)2? — 2(2n3 — Tn? + 12)z + 2n® — 14n? + 32n — 24 and

®f () = 20z* — 12(4n — 7)z® + 6(5n° — 16n + 10)z — 2(2n® — Tn® + 12)
= 2[202® — 12(4n — T)z + 6(5n° — 16n + 10)] — 2(2n® — Tn® + 12)

~ 2 A
>z {20(9(71)) —12(4n — 7) (0(n)) +6(5n2 — 16n + 10)] —2(2n® — Tn? + 12)
— 2[220% ~ 1000 + 144 + (12 — 4n)V/4n? = 20+ 33] — 2(2n* — T + 12)

> 12n® — 551 + 108n — 42 + (Tn® — 32n + 54)\/4n? — 20n + 33
> 0.

So, ®}(x) is monotonically increasing on x > 6(n). Therefore, we have
)(2) = o (0(m))

1
=5 (4n4 —36n° + 141n* — 272n + 231 + (2n° — 11n* 4 22n — 9)/4n2 — 20n + 33)
> 0.

Hence, ®((z) is monotonically increasing for any = > é(n), as desired.

Next, we will prove that ®(0(n)) — ®s(6(n)) < 0 for s > 1.

e s=1and n; = 3.
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Then G = K;1V(K;2U2K;) and n = 6. By a direct calculation, we have ¢(G) = q(K1 V(K12 U2K1)) = é,
where @ is the largest root of £° — 13z* + 5623 — 10022 + 72z — 16 = 0, a contradiction.

e s=1and n; > 4.

Then G = G and n = 3s 4+ ny > 7. Recall that ¢(G(0,0,n1)) = 0(n). Since K,,_1 is a proper subgraph of
G(0,0,n1), by Lemma 2.2, one has ¢(G(0,0,n1)) > q¢(K,—1) = 2(n — 2), i.e.,

O(n) > 2(n — 2). (2)
We are to show that ®;(6(n)) > 0. In fact,

Do(z) — @1(2) = — 2% [42® — (6n+ 2)z — 2n® + 46n — 112] — z(4n® — 44n® + 128n — 72)
+ 4n3 — 52n? + 224n — 320.

Now, we consider the monotonicity of ®¢(z) —®1(z) on [2(n—2), +00). Let hy(z) = —z?[42? — (6n+2)x —2n% +
46n —112] and ho(z) = —x(4n® — 44n? +128n — 72). We will prove that h;(z) and ha(z) decrease monotonically
on [2(n — 2),400).

Let hi(x) = p1(x) - p2(x), where p1(z) = —2%, pa(z) = 422 — (6n + 2)x — 2n? + 46n — 112. Notice that
pa(z) increases strictly on [ 4+00). Since 3% < 2(n — 2), ps(z) also increases strictly on [2(n — 2), +00).
By n = 3s+n; > 7, we have pa(z) > p2(2(n — 2)) = 2n% 4+ 2n — 40 > 72 > 0. Thus, pa(z) is positive and
increases strictly on [2(n — 2),+00). Recall that p;(z) = —22, then hy(z) is a strictly decreasing function on
[2(n — 2),400).

For ha(z), let hao(x) = —x - t1(n), where t1(n) = 4n3 — 44n? + 128n — 72. As n = 3s + n; > 7, we have
t1(n) = n(4n® —44n+128) — 72 > 16n— 72 > 40 > 0. Hence, ha(x) decreases strictly on [2(n —2), +00). Finally,
we see that ®g(x) — P (x) decreases strictly on [2(n — 2),+00). By (2), we have

o, (é(n)) — 3 (é(n)) < Bo(2(n —2)) — ®1(2(n — 2)) = —16n* + 1320° — 324n% + 208n + 32 < 0.

As ®o(O(n)) = 0, ®1(6(n)) > 0 implies that ¢(G) < 0(n), a contradiction.
e s=2and ny =3.

Then G = K3V(K;1 2 U4K;) and n = 9. By a direct calculation, we have ¢(G) ~ 10.8824 and ®(¢(G)) <0,
which means that ¢(G) < (n), a contradiction.

e s=2and n; > 4.

Then G = G5 and n = 3s + n; > 10. We are to show that @2(9(71)) > 0.

®o(z) — Po(z) = — 2% [82® — (12n + 18)x — 4n” + 140n — 460] — 2(8n® — 118n> + 416n — 72)
+ 12n® — 228n? + 1440n — 3024.

Now, we consider the monotonicity of ®g(z) — ®2(z) on [2(n — 2),+00). Let hz(z) = —22[82% — (12n + 18)x —
4n? + 140n — 460] and hg(x) = —x(8n® — 118n? + 416n — 72). We will prove that hz(z) and hy(z) decrease
monotonicity on [2(n — 2), +00).

Let h3(z) = p3(z) - pa(z), where p3(z) = —22, ps(z) = 822 — (12n + 18)x — 4n? + 140n — 460. Notice that
pa(z) increases strictly on [#%2 +00). Since %2 < 2(n — 2), py(z) also increases strictly on [2(n — 2), +00).
By n = 3s +n; > 10, we have py(z) > ps(2(n — 2)) = 4n? 4 24n — 260 > 380 > 0. Thus, ps(z) is positive and
increases strictly on [2(n — 2), +00). Recall that p3(x) = —x2, then hs(x) is a strictly decreasing function on
2(n —2),400).
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For hy(z), let ha(z) = —z - ta(n), where ta(n) = 8n3 — 118n? + 416n — 72. As n = 3s + ny > 10, we have
ta(n) = n(8n? — 118n + 416) — 72 > 36m — 72 > 288 > 0. Hence, h4(x) decreases strictly on [2(n — 2),+00). In
the end, we see that ®g(x) — ®2(x) decreases strictly on [2(n — 2),4+00). By (2), we have

i (é(n)) — o, (é(n)) < By(2(n — 2)) — Bo(2(n — 2)) = —32n" + 248n° — 17202 — 12060 + 848 < 0.

As ®o(0(n)) = 0, ®5(0(n)) > 0 implies that ¢(G) < 0(n), a contradiction.
e If s >3 and ny > 3.
Then G = G, and n = 3s + n; > 12. In what follows, we are to show that q’e(é(n)) > 0.

Do(z) — Py(x) = — 5 [4334 — (6n+7s —5)2° + (24ns — 225 — 525 — 2n* + 22n — 38)z?

+ (4n® — (155 + 29)n” + (10> + 505 + 68)n + 85" 4 4s” — 325 — 52)x
+ 165* — 24ns® + 725 + 12n%s? — 80ns® + 120s% — 2n®s + 26n?s — 88ns (3)

1885 — 203 + 14n2 — 32n + 24}
£ — 5 [hs(x) + hs(z) + f(n,s)],

where hs(z) = 2%[42? — (6n + Ts — 5)x + 24ns — 2252 — 525 — 2n% + 22n — 38], hg(x) = [4n® — (155 + 29)n? +
(10s% + 505 + 68)n + 8s> + 452 — 325 — 52]z and f(n,s) = 16s* — 24ns® + 7253 + 12n%s? — 80ns? + 12052 —
2n3s + 26n2s — 88ns + 88s — 2n3 + 14n? — 32n + 24. Now, we consider the monotonicity of hs(z) and he(x) on
[2(n — 2),400), respectively.

Let hs(z) = ps(z) - pe(x), where p5(z) = 22, ps(z) = 42? — (6n+7s —5)z + 24ns — 2252 — 525 — 2n? + 22n — 38.
Notice that pg(x) increases strictly on [S*+I5=2 t00). Since 82E7=5 < 2(n —2), pg(x) also increases strictly on
[2(n —2),4+00). By n = 3s+n; > 3s+ 3, we have pg(r) > ps(2(n — 2)) = 2[n? + (5s — 4)n — s(11s + 12) + 3] >
2(13s% 4+ 9s) > 0. Thus, pg(z) is positive and increases strictly on [2(n — 2),+00). Hence, hs(z) is a strictly
increasing function on [2(n — 2), +00).

Let hg(z) = x - t3(n), where t3(n) = 4n3® — (155 + 29)n? + (10s? + 50s + 68)n + 85> + 452 — 325 — 52. As
n > 3s+ 3, we have t4(n) = 12n% — 2(15s +29)n + 10s? + 50s + 68 > 2(14s% +s+1) > 0. It is obvious that t3(n)
is strictly increasing in the interval [3s + 3, 4+00). It follows that t3(n) > t3(3s+3) = 1153 — 2352 — 11s — 1 > 0.
Therefore, hg(x) increases strictly on [2(n — 2),+00). Finally, we see that hs(z) + he(x) + f(n,s) increases
strictly on [2(n — 2), +00). By (2), we have

hs (é(n)) + hg (é(n)) + f(n,s)
> hs(2(n —2)) + he(2(n — 2)) + f(n,s)
=n[n(16n> + (8s — 140)n — 565> — T0s + 450) — 85> + 240s° + 192s — 632] + 165" + 405"
— 2485 — 1685 + 328
> n[n(112s® — 178s + 174) — 8s® + 240s” + 192s — 632] + 165" + 40s® — 248s” — 168s + 328
> n(328s” + 425”4 1805 — 110) + 165" + 405" — 2485> — 1685 + 328
>1000s* + 1150s* + 4185” + 425 — 2 > 0.

Therefore, o(6(n)) — ®,(6(n)) = —s - [h5(0(n)) + he(0(n)) + f(n, s)] < 0. It follows from the fact ®(d(n)) =0

that ®4(6(n)) > 0 if s > 3, as desired.
Subcase 2.2. Statement (2) holds.

In this subcase, we have |S| > 1 and 2|S| —1 <i(G — S) < 2|5, i.e., i(G — §) =2|S| —1 or i(G — S) = 2|5|.
As the Q-index of G is as large as possible, by Lemma 2.2, the structure of G has the following properties:
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(1) GS] is a complete graph;

(2) There are at most two non-trivial connected components in G — .S, one of which is a complete graph, say
H;, and the other is a Ks;

(3) G is the join of G[S] and G — S, i.e., G = G[S|]V(G - S).

We also put |[S| = s > 1 and |V(H;)| = ny. Then we have ny = 0 or n; > 2. Next, we distinguish the
following two subcases with respect to the value of i(G — S).

Subcase 2.2.1. i(G— S) =2s— 1.

e n; =0.

Then G = K;V(K2U (2s — 1)K;) and n = 3s+ 1 > 4. According to the partition V(G) = V(K,) UV (K3) U
V((2s — 1)K1), the quotient matrix of Q(G) is

4s — 1 2 2s —1
Q1= S s+ 2 0
s 0 S

Then the characteristic polynomial of @ is
filz) = 2% — (6s+1)2® + (7s® + Ts — 2)z — 25 — 25°.

Since V(G) = V(K) UV (K3)UV((2s —1)K7) is an equitable partition, together with Lemma 2.1, we obtain
that the largest root of fi(z) = 0, say ¢1, equals the @-index of G.

If s=1,then n =4 and G = K; V(K2 U K;). By a direct calculation, we have ¢(G) = 5+27‘/ﬁ = 0(4), which
is a contradiction.

We are to show that f1(A(n)) > 0 for s > 2. Plugging n = 3s + 1 into n of h(z) implies h(z) = 2® — (9s —
2)x? 4 (18s% — 35 — 3)z — 18s% + 18s — 4. Then

h(z) = fi(z) = —(3s — 3)2® + (11s? — 10s — 1)z + 25° — 165 + 185 — 4.

Clearly, % < 2(3s —1). Hence, h(z) — fi(x) is a strictly decreasing function on [2(3s — 1), 4+00). Then

by (2), we obtain
E(é(n)) ~ A (é(n)) < h(2(3s — 1)) — f1(2(35 — 1)) = —40s® + 8252 — 525 + 10 < 0.

As h(B(n)) =0, f1(A(n)) > 0 implies that ¢(G) = ¢ < 6(n), a contradiction.
® N7 Z 2.

Then G = K;V(K,, UK3U (2s —1)K;) and n = 3s+ny + 1 > 3s + 3. According to the partition V(G) =
V(Ks)UV((2s —1)K1) UV (K3) UV (K,,), the quotient matrix of Q(G) is

n+s—2 2s—1 2 n—3s—1

s s 0 0
Q2 = s 0 s+2 0
S 0 0 2n —5s —4

Then the characteristic polynomial of @ is
folz) = 2* — (3n — 25 — 4)2® + (2ns — 118% — 125 + 2n* — 2n — 4)2” + (9ns* — 4s* — 4n’s
+ 20ns — 24s — 4n? + 16n — 16)x + 8s* — 8ns® + 365% + 2n2s? — 26ns® + 325 + 4n’s
— 12ns + 8s.
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Since V(GQ) = V(K)UV((2s — 1) K1) UV (K3) UV (K,,) is an equitable partition, together with Lemma 2.1,
we obtain that the largest root of f> (x) =0, say qq2, equals the Q-index of G.
We are to show that f2(6(n)) > 0 for s > 1. By a direct calculation, we have

z-h(z) — folz) = — (25 — 1)2° + (11s* — 2ns + 125 — 3n + 4) 2% — (Ins® — 4s® — 4n’s
+ 20ns — 24s — 2n% + 6n — 4)x — 8s* + 8ns® — 365% — 2n2s% + 26ns?
— 3252 — 4n%s + 12ns — 8s

2 g1(x).

Now, we consider the monotonicity of g;(z) on [2(n — 2), +00). It’s not difficult to find g} (x) = —3(2s — 1)z% +
2(115% —2ns+12s—3n+4)x —9Ins? +4s% +4n?s —20ns+24s+2n? — 6n+4. Obviously, g} (z) decreases strictly on
[115272&5;&218)73"“,—1-00). Since 1152*2;(?&215)*3"“ < 2(n —2), ¢1(z) also decreases strictly on [2(n — 2), 4+00).
Hence, by n > 3s + 3, we have

g1 (z) < g1(2(n —2)) = —(28s — 2)n” + (355 + 140s — 14)n — 845 — 1685 + 20
< —147s% — 4552 — 65 — 4 < 0.

So, g1(z) decreases strictly on [2(n — 2), +0c0) and

91(z) < g1(2(n —2)) = — n[16sn® — (24s® + 1165 — 4)n — 8s” 4 106s” + 2765 — 16] — 8s* — 365"
+128s% 4 2165 — 16

—n(64s® — 26s% + 84s — 4) — 8s* — 365° + 128s® + 2165 — 16

—200s* — 1505 — 465% — 245 — 4 < 0.

IN A

That is, we obtain that = - h(z) — fo(z) is a strictly decreasing function on [2(n — 2),+00). By (2), we get

6n) - h(00m)) = f2(6()) < 20 = 2) - 220 — 2)) = f2(2(n = 2)) = g1(2(n ~ 2)) < 0.
As h(B(n)) = 0, f2(A(n)) > 0 implies that ¢(G) = g2 < 6(n), a contradiction.
Subcase 2.2.2. i(G — S) = 2s.

e n; =0.

Then G = K;V(K2U2sK7) and n = 3s+2 > 5. According to the partition V(G) = V(K,)UV (2sK;)UV (K>),
the quotient matrix of Q(G) is

4s 2s 2
Q3= s S 0
s 0 s+42

Then the characteristic polynomial of Q3 is
fa(x) = 2% — (6s +2)2” + (7s* + 8s)x — 25° — 25%,

Since V(G) = V(K,) UV (2sK1) UV (K3) is an equitable partition, together with Lemma 2.1, we obtain that
the largest root of f3(x) =0, say g3, equals the @-index of G.

We will prove f3(A(n)) > 0 for s > 1. Plugging n = 3s + 2 into n of h(z) implies h(z) = 2® — (9s + 1)z2 +
(18s% + 9s — 2)x — 185 + 6s. Then

h(z) — fs(x) = —(3s — 1)z? + (11s* + s — 2)z + 25° — 165° + 6s.
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It is obvious that h(z) — fs(z) decreases strictly on [%,—1—0@). Since % < 6s, h(z) — fs(x) also

decreases strictly on [6s,4+00). Hence, by (2) we have
B(é(n)) — 15 (é(n)) < h(65) — f3(65) = —40s> + 265% — 65 < 0.
As h(B(n)) = 0, f3(6(n)) > 0 implies that ¢(G) = g3 < 6(n), a contradiction.
o Ny > 2.
Then G = K;V(K,, UKy U2sK;) and n = 3s +ny + 2 > 3s + 4. According to the partition V(G) =
V(K,)UV(2sK1) UV (K3) UV (K,,), the quotient matrix of Q(G) is

n+s—2 2s 2 n—3s—2

s s 0 0
Qa = s 0 542 0
s 0 0 2n — 55— 6

Then the characteristic polynomial of Q4 is
fa(z) = 2* — (3n — 25 — 6)2® + (2ns — 115 — 18s + 2n* — dn — 4)2” + (Ins® — 8s> — dn’s
+26ns — 325 — 4n” + 20n — 24)z + 8s" — 8ns® + 44s® + 2n%s® — 30ns® + 60s° + 4n’s
— 20ns + 24s.
Since V(G) = V(K5) UV (2sK,) UV (K3) UV(K,,) is an equitable partition, together with Lemma 2.1, we
obtain that the largest root of fy(z) = 0, say g4, equals the Q-index of G.
We will prove that fs(6(n)) > 0 for s > 1. By a direct calculation, we have
x-h(z) — fa(z) = — (25 +1)2° + (11s* — 2ns + 18s — n + 4)z® — (Ins® — 8s® — 4n’s + 26ns
— 325 — 2n® +10n — 12)z — 8s* + 8ns® — 445 — 2n°s” + 30ns® — 60s”
— 4n?s 4+ 20ns — 24s
A
= g2(x).

Now, we consider the monotonicity of go(z) on [2(n — 2),+00). We have gh(z) = —3(2s + 1)z? + 2(11s? —
2ns + 185 — n + 4)x — 9ns? + 852 + 4n%s — 26ns + 325 + 2n? — 10n + 12. Obviously, gh(z) decreases strictly

1152 —2ns+18s—n+4 . 1152 —2ns+18s—n+4
on | 36D ,+00). Since 36D <2
Then by n > 3s + 4, we have

g5(z) < gh(2(n — 2)) = —(28s + 14)n* + (355 + 158s + 62)n — 80s® — 208s — 68
< —147s% — 26457 — 1745 — 44 < 0.

(n—2), g5(x) also decreases strictly on [2(n — 2), +00).

)
n[(16s + 8)n” — (24s% + 1285 + 52)n — 8s” + 945° + 3245 + 112]
85" — 445® + 845 + 2645 + 80
—n(64s® + 70s% + 104s 4 32) — 8s* — 44s” + 845 + 2645 + 80
—200s" — 5105 — 5085 — 2485 — 48 < 0.

So, ga(z) decreases strictly on [2(n — 2), +00) and
92(x) < g2(2(n —2)) = —

<
<

Thus, - h(z) — f4(z) is a strictly decreasing function on [2(n — 2), +00). By (2), we obtain
6n) - h(000)) = f2(6(n)) < 2(n = 2) - 220 = 2)) = f2(2(n ~ 2)) = g2(2(n — 2)) < 0.

As h(B(n)) = 0, f4(6(n)) > 0 implies that ¢(G) = ¢4 < 0(n), a contradiction. This completes the proof of
Theorem 1.1. ]
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4. PROOF OF THEOREM 1.2

In this section, we give the proof of Theorem 1.2, which provides a sufficient condition to ensure that a
connected graph G to be a P>a-factor deleted graph in terms of its D-index.

Proof of Theorem 1.2. Suppose to the contrary that G is not P>a-factor deleted. Choose such a connected graph
G of order n so that its D-index is as small as possible.

Let
() =2% —(n—3)2* — (5bn—9)x —3n+5
and let 7j(n) be the largest zero of i(z). Denote by 5(n) the largest zero of I(z), where I(z) = 2® — (n — 1)2% +
(29 — 9n)x — 5n + 17 is defined in Lemma 2.8. We prove our result according to the next two possible cases.

Case 1. G has no P»a-factor.

In this case, by Lemma 2.8, we have 9(G) > n(n) if n > 4 and n # 7, 0(G) > % if n = 7. In what
follows we aim to show n(n) > 7(n) for n > 4 and n # 6,7; 171 > 7(6) for n = 6, where 1; is the largest root of
x* — 223 — 3622 — T4x — 33 = 0; % > 7)(7) for n = 7, then we may get a contradiction and thus the result
holds.

If n =6, we get 11 ~ 7.8526 > 6.5242 ~ 7j(6); If n = 7, we have %27‘/@ > 7.6646 ~ 7)(7). In order to complete
the proof, it suffices to show n(n) > 7(n) for n > 4 and n # 6,7. Based on the proof of Lemma 2.8, we know
n(n) >n+5—18 By n >4, one has n(n) > n+ 3. Then we have

I(z) — l(z) = 22° + (4n — 20)x + 2n — 12.

Clearly, 5—n < n+%. So [(x)—I(x) is a strictly increasing function in the interval [n+ 1,400). By n(n) > n+3,
we get

I(n(n)) —U(n(n)) > Z(n + ;) - l<n+ ;) = %(m? — 28n — 43) > 0.

As I(n(n)) =0, I(n(n)) > 0 implies that n(n) > 7(n), as desired.
Case 2. G has a P>o-factor.

In this case, by Lemma 2.5, we have i(G — S) < 2|5] for all subsets S C V(G). Since G is not P>a-factor
deleted, by Lemma 2.6, there exists a subset S C V(G) such that one of the following two statements is true.

(1) There is a pendant edge that is not an isolated edge in G — S, and (G — S) > 2|S];
(2) There is an isolated edge in G — S, and i(G — S) > 2|S| — 1.

Subcase 2.1. Statement (1) holds.

In this subcase, we have i(G — S) = 2|S| and |S| > 0. As the D-index of G is as small as possible, by
Lemma 2.3, the structure of G has the following properties:
(1) G[S] is a complete graph;
(2) There is a non-trivial connected component, say Hy, in G — S. And H; is a complete graph to which an

edge has been attached;

(3) G is the join of G[S] and G — S, i.e., G = G[S|V(G - S5).

Let G(|S],i(G — S),|V(H,)|) be used to specify the number of vertices in every part of G. Let s = |S]. If
s =0, we see that G = G(0,0,n1) = H;. Let v; be a vertex of degree 1 in G and Ng(v1) = {va}. According to
the partition V(G) = {v1} U{v2} UV (G \ {v1,v2}), the quotient matrix of D(G) is

0 1 2(n-2)
Dy=|1 0 n—2
2 1 n—3
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Then the characteristic polynomial of Dy is
o(x) = - (n— 3)$2 —(5bn—9)x —3n+ 5.

Since V(G) = {v1} U {v2} UV(G \ {v1,v2}) is an equitable partition, by Lemma 2.1, we get that the largest
root of ¢(z) = 0 equals the D-index of G. Since ¢(x) = I(z), we obtain

(@) = ii(n),

which contradicts the assumption that 9(G) < 7j(n).

Now we consider that s > 1. Let v; be a vertex of degree 1 in Hy and Ng, (v1) = {v2}. Then G = G4 =
K V(K1V(Kp—35—2 UK1))U2sK;) and n = 3s + n; > 3s + 3. According to the partition V(G) = S U {ve} U
V(H\{v1,v2}) U{v1} UI(G — S), the quotient matrix of D(G) is

s—1 1 n—3s—2 1 2s
s 0 n—3s—2 1 4s
S 1 n—3s—3 2 4s
s 1 2(n—-3s—2) 0 4s
s 2 2(n—-3s—-2) 2 2(2s—1)

Its characteristic polynomial is

®,(z) = 2° — (n+2s — 6)z* — (4ns — 145> — 3s + 8n — 20)2® + (2ns® — 65° + 51s”
— 15ns + 33s — 20n + 38)2” + (6ns® — 18s® 4+ 41s® — 13ns + 365 — 19n + 33)x (4)
— 65 + 2ns® 4 85% — 2ns + 8s — 61 + 10.

Note that the partition V(G) = SU{v2} UV (H 1 \{v1,v2}) U{v1} UI(G — S) is equitable. Hence, by Lemma 2.1,
the largest zero of ®4(x) equals 9(Gy).
If s > 1 and ny > 3, then G = G5 and n = 3s+ny > 3s+3. Recall that 9(G(0,0,n1)) = 7(n). By Lemma 2.4,
one has e ) )
17D(G(0,0,m )1 n2+n—4 4
) > = = 1—=.
) = = 2E0 2ol -l )
If s =1, then G = G and n > 6, we have 9(G) = 9(G1) and 7j(n) > n+1— 3 = n+ 5, where 9(G) is the
largest root of ®;(z) = 2® — (n — 4)a* — (12n — 37)2® — (33n — 116)2? — (261 — 92)x — 6n + 20 = 0. We will
prove that ®;(7j(n)) < 0. By a simple computation, we get

<x + ;)2 A(z) — @y () = [(8n — 33)z% + (33n — 135)2” + (29n — 113)x + Tn — 25

[I>

NN FICRN NI

. tl(l’)

Now, we consider the monotonicity of ¢1(z) on [n + %, 400), where t1(z) = (8n — 33)z® + (33n — 135)22 +
(29n — 113)z + Tn — 25. Let t1(z) = = - g(z) + Tn — 25, where g(z) = (8n — 33)z? + (33n — 135)x + 29n — 113.
Clearly, —23(382_713335) < n+ 3. Thus, g(z) increases strictly on [n + 3,+00). Then we have g(z) > g(n + 3) =

5(72n® + 48n? — 1045n — 1455) > 0. Hence, t1(z) increases strictly on [n + 3, +00), and we get

tl(x)>t1(n+;) = (n+;) : <n+?1)>+7n25

1
=5 (216n* + 216n° — 3087n* — 5221n — 2130) > 0.
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Therefore, (z + 3)? - I(z) — ®4(z) increases strictly on [n + %,+00). By 7j(n) > n+ 3, we have

(ﬁ(n)%—;)zZ(ﬁ(n))—@l(ﬁ(n)) > (n+;+;>2~f<n+§) —<I>1<n+:1))>
i.t1<n+;> > 0.

As [((n)) = 0, ®1((n)) < 0 implies that (G) > 7i(n), a contradiction.

If s > 2. We are to show that ®4(7)(n)) < 0. Note that n = 3s+ny > 3s+3 > 9. Then 7j(n) > n—l—l—% > n—i—%.
By a direct calculation, we get

2 (z) — By(x) = 2[(25 — 3)2® — (145> — 4ns + 3s — 3n + 11)2? + (65> — 2ns® — 515> + 15ns
— 3354 17n — 33)x + 185° — 6ns® — 41s° + 13ns — 36s + 19n — 33] + 6s°
—2ns® — 8s% + 2ns — 8s + 6n — 10
2z f(x) +65° — 2ns? — 8s% + 2ns — 8s + 6m — 10.

Now, we consider the monotonicity of f(z) on [n+ 3,+00), where

f(z) = (2s — 3)2® — (14s® — 4ns + 3s — 3n + 11)2” + (65° — 2ns® — 515> + 15ns — 335+ 17n — 33)x
+ 185 — 6ns® — 415 + 13ns — 36s + 19n — 33.

Then f'(z) = 3(2s — 3)2? — 2(14s% — 4ns + 3s — 3n + 11)z + 65> — 2ns® — 51s% + 15ns — 335 + 17n — 33. Clearly,

1432_4;;1‘33;3”“1 < n+ 3. Thus, f'(z) increases strictly on [n + %, 400). Then

f(z) > f'<n+ ;)

1
=1 [(56s — 12)n* — (1205 — 765 + 44)n + 24s” — 260s” — 1385 — 185)]

%

1
7 (16857 + 50857 + 2465 — 425) > 0.

Then f(z) increases strictly on [n + 3, +00). Hence, we get

flz) > f<n+ ;)

1 f
— 2 [48sn? — (12857 — 1525 — 36)n + 485" — 57652 — 1045 — 144] + 3 (168s* — 5605 — 4245 — 421)

Y

1
(965 + 360> + 892s — 36) + 3 (168s® — 560s* — 4245 — 421)

v
=03

(288s" + 15365” 4 31965 + 21445 — 529) > 0.
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Therefore, 22 - [(x) — ®,(z) increases strictly on [n + 1,400). By f)(n) > n+ % and n > 3s + 3, we have
(7(n))” - (i () = @4 (i (n))
> <n+;>2f<n+;) —<I>S<n+;)
= <n+> ~f(n+;) + 65% — 2ns% — 852 + 2ns — 8s + 6n — 10

[n(96sn* — (2565% — 3525 — 72)n + 965° — 1280s* — 565 — 252) + 384s” — 17285 — 9205 — 890

1
+ (264s® — 6885 — 5525 — 581)

1

> 1% [n(192s + 7365 + 2080s — 36) + 384s® — 1728s% — 920s — 890] + T (2645 — 688s* — 5525 — 581)
1

= 1% (576" + 31685° + 6720s% + 52125 — 998) + T (2645 — 688s% — 5525 — 581)

1
> G (1728s° + 11232s* + 299285* + 35108s> 4 12090s — 3575)

> 0.

As I(7(n)) = 0, ®,(7(n)) < 0 implies that d(G) > 7j(n), a contradiction.
Subcase 2.2. Statement (2) holds.

In this subcase, we have |S| > 1 and 2|S| —1 < i(G — S) < 2|5, i.e., i(G —S) =2|S|— 1 or i(G—S) =2|5|.
As the D-index of G is as small as possible, by Lemma 2.3, the structure of G has the following properties:
(1) G[S] is a complete graph;
(2) There are at most two non-trivial connected components in G — S, one of which is a complete graph, say
Hi, and the other is a Ks;
(3) G is the join of G[S] and G — S, i.e., G = G[S|V(G — S9).

We also put |[S| = s > 1 and |V(H1)| = ny. Then we have ny = 0 or n; > 2. Next, we distinguish the
following two subcases with respect to the value of i(G — 5).

Subcase 2.2.1. i(G - S) =2s — 1.
® N = 0.

Then G = K;V(K2U (2s — 1)K;) and n = 3s + 1 > 4. According to the partition V(G) = V(K,) UV (K3) U
V((2s — 1)K3), the quotient matrix of D(G) is

s—1 2 2s—1
M, = s 1 2(2s-1)
s 4 2(2s—2)

Then the characteristic polynomial of M is
c1(z) = 3 — (55 — 4)x? + (25% — 205 + T)x + 65> — 175 + 4.

Since V(G) = V(K,) UV (K2) UV ((2s — 1)K) is an equitable partition, together with Lemma 2.1, we obtain
that the largest root of ¢1(x) = 0, say 9(G), equals the D-index of G.

If s =1, then n = 4 and G = K, V(K, U K;). By a direct calculation, we have 8(G) ~ 4.1 and [(d(G)) > 0,
which means that 9(G) > 7(n), a contradiction.
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We are to show that ¢;(7(n)) < 0 for s > 2. Note that n = 3s+ 1 > 7. In view of (5), one has

R 4 4 1 4
Aln)>n+1——>n+1—->n+-=3s+ - (6)
n 7 3 3

Plugging n = 3s + 1 into n of [(z) implies I(z) = 23 — (3s — 2)22 — (155 — 4)z — 95 + 2. Then

I(z) —er1(2) = (25 — 2)a® — (25> — 5s + 3)a — 65% + 8s — 2.

Now, we consider the monotonicity of I(z) — ¢1(z) on [3s + %,—i—oo) Notice that % < 3s+ 3. Then
I(z) — ¢1(x) increases strictly on [3s + 3,+00). By 7i(n) > 3s+ 3, we get

. 1

[(A(n)) — c1(A(n)) > 1(35 + ) - cl( ) § (108s” + 39s® — 61s — 86) > 0.

As [(7(n)) = 0, ¢1(A(n)) < 0 implies that (G) > A(n), a contradiction.
® T Z 2.

Then G = K,V(K,, UKo U (2s — 1)K;) and n = 3s+ 1+ n; > 3s+ 3 > 6. According to the partition
V(G) =V (Ks)UV((2s —1)K;) UV (K2) UV (K,,), the quotient matrix of D(G) is

s—1 2s -1 2 n—3s—1
s 2(2s—2) 4 2(n—-3s-1)

M,y =
s 22s—1) 1 2(n-3s—1)
4

s 2(2s—1) n—3s—2
Then the characteristic polynomial of M, is

ea(z) = 2% — (n+ 25 — 6)2° — (4ns — 14s® — 3s + 8n — 19)2” + (2ns® — 65
+ 515> — 15ns + 23s — 15n + 26)x — 185” 4 6ns® + 335> — 11ns
+ 185 — 8n + 12.

Since V(G) = V(K;)UV((2s — 1)K;) UV (K3) UV(K,,) is an equitable partition, together with Lemma 2.1,
we obtain that the largest root of cao(x) = 0, say 9(G), equals the D-index of G.

If s=1and n =6, then G = K;V(2K> UKl). By a direct calculation, we have 9(G) = (K1 V(2K UK7)) =
11, where 7 is the largest root of 2* — 223 — 3622 — 74z — 33 = 0, a contradiction. If s = 1 and n > 7, then G =
K1V (K, 2UK;UK;) and 1j(n) > n—&—l—g > n—&—l—f > n—|— . We have 0(G) = 0(K1 V(K2 UKsUK7)) = 12,
where 7 is the largest root of 7 (z) = z* — (n — 4)23 (12n —36)z? — (28n — 94)x — 13n + 45 = 0. We will
prove that 71 (7(n)) < 0. By a simple computation, we get

(z+1)-l(z) — 7(z) = (6n — 24)2% + (20n — 80)x 4 10n — 40.

}?learly, 722(82:32) <n+ 3. Thus, (z+1)- I(z) — 71 (x) increases strictly on [n + 1,+00). By fi(n) > n+ 1, we
ave

(i(n) +1) - i) — 7 (A(n)) > (n T 1) .z<n N ;) o (n . ;)
— (6n24)(n+;)2+(20n80)<n+;> +10n — 40

= %(18n3 —236n — 208) > 0.
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As I(7(n)) = 0, 71((n)) < 0 implies that &(G) = 17, > 7j(n), a contradiction.
Next, we are to show that cz(7)(n)) < 0 for s > 2. Note that n = 3s+1+n; > 3s+3 > 9. In view of (5), one

has 4 4 )
A(n) > 1—=> 1—=> —. 7
A(n) >n+ —znt 5 >t (7)

By a direct calculation, we obatin
z-l(x) —co(a) = (25 —3)a® — (14s* — dns + 3s — 3n + 10)2* + (65> — 2ns® — 51s* + 15ns — 23s
+12n — 21)x + 185® — 6ns® — 33s® + 11ns — 185 + 8n — 12
A
= tQ(SC)

Now, we consider the monotonicity of t5(z) on [n+ %, +00). Notice that th(z) = 3(2s — 3)z? — 2(14s% — 4ns +

35 —3n+10)x + 65% — 2ns? — 5152 + 15ns — 23s + 12n — 21. Clearly, 1452*4&2?3%;3”“0 < n+%. Then th(z) is

strictly increasing in the interval [n + %, +00). By n > 3s + 3, we have
/ / 1 1 2 3 2
th(z) > th(n+ 3)=1 [(56s — 12)n* — (120s* — 765 + 56)n + 245 — 260s> — 98s — 133]
1
> 7 (1685% + 50857 + 2505 — 409) > 0.

Therefore, t5(z) increases strictly on [n + 3, +00). That is

\/
S
A~
3
\/

1
= 2[48371 — (1285” — 1525 — d)n + 485" — 5765” — 40s — 148] + = (1685” — 4965 — 2405 — 203)
1
> g(%s?’ + 3605 + 860s — 136) + 3 (168s — 4965% — 240s — 203)
1
> < (285" +15365° + 31645” + 19325 — 611) > 0.

That is, we derive that z - [(x) — ca(z) increases strictly on [n + 1,400). By fi(n) > n+ %, we have

A 1 - 1 1 1
As I(7(n)) = 0, e2(fi(n)) < 0 implies that &(G) > 7j(n), a contradiction.
Subcase 2.2.2. i(G — S) = 2s.
e n; =0.

Then G = K;V(K2 U2sK;) and n = 3s+ 2 > 5. Notice that n > 5. In view of (5), one has

According to the partition V(G) = V(K,) UV (K2) UV (2sK1), the quotient matrix of D(G) is

s—1 2 2s
Mz = S 1 4s
S 4 2(2s-1)
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Then the characteristic polynomial of Mj is
cs(z) = 2® — (5s — 2)2® + (2s* — 19s — 1)z + 65> — 145 — 2.

Since V(G) = V(K,) UV (K2) UV(2sK7) is an equitable partition, together with Lemma 2.1, we obtain that
the largest root of cs(x) = 0, say 9(G), equals the D-index of G.

We will prove ¢3(7j(n)) < 0 for s > 1. Plugging n = 3s + 2 into n of [(x) implies [(x) = 23 — (3s — 1)z —
(15s + 1)x — 9s — 1. Then

I(z) — e3(z) = (25 — 1)a® — (25 — 4s)z — 65> + 5s + 1.

Clearly, 22(5225__413) < 3s+%L. Then [(2)—cs(x) is strictly increasing in the interval [Bs+4L, 400). By 7j(n) > 3s+ 1L,

we obtain

- 11 11 1
I(H(n)) — es(fi(n)) > l(35 + 5) —c3 (35 + 5) = 2—5(30053 + 4755% + 257s — 96) > 0.

As [(A(n)) = 0, es3(7(n)) < 0 implies that (G) > 7j(n), a contradiction.
® N7 Z 2.

Then G = K,;V(K,, UKy U2sK;) and n = 3s+2+mny > 3s+4 > 7. According to the partition V(G) =
V(K) UV (K,,) UV(K3)UV(2sK), the quotient matrix of D(G) is

s—1 n—3s—2 2 2s

S n—3s—3 4 4s

Me=1 2(n—3s—2) 1 4s
4

s 2(n—3s—2) 2(2s—1)
Then the characteristic polynomial of My is

ca(z) = 2" — (n+ 25 — 5)2° — (4ns — 14s® — 145+ 10n — 21)2* + (2ns” — 6s° + 465>
— 14ns + 64s — 23n + 43)x — 185”4 6ns” + 185 — 8ns + 44s — 14n + 26.

Since V(G) = V(K) UV (K,,) UV (K3) UV(2sK7) is an equitable partition, together with Lemma 2.1, we
obtain that the largest root of c4(z) = 0, say 9(G), equals the D-index of G.

If s=1andn >7, then G = K;V(K,,_5 UK, U2K;) and /j(n) >n+1— % >n+1-— % >n—|—%. We have
9(G) = (K 1V(K,_5 UKy U2K})) = 13, where 73 is the largest root of 75(x) = 2* — (n — 3)z3 — (14n — 49)2? —
(35n — 147)x — 16n 4 70 = 0. We will prove that 72(7(n)) < 0. By a simple computation, we get

z-l(x) — () = (9n — 40)2® + (32n — 142)z + 16n — 70.

Clearly, — 23(292114402) <n+ 3. Thus, z - I(x) — 7o(z) increases strictly on [n + +,400). By 7i(n) > n+ %, we have

() - 1)) = 2((n)) > (n + ;) -f(n + ;,) - (” " ;,)

Y

1\? 1
(9n — 40) <n + 3> + (32n — 142) (n + 3) + 16n — 70

1
§(81n3 — 18n% — 1269n — 1096) > 0.
0

As I(H(n)) = 0, 72(1(n)) < 0 implies that I(G) = 13 > 7(n), a contradiction.
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Next, we will prove that c4(7(n)) < 0 for s > 2. Notice that n > 3s+4 > 10. In view of (5), one has
i(n) >n+1 s +1 1 + 9)
n)>n ——>n ——=n+_
= n = 10 5
By a direct calculation, we have
x-l(x) — ea(z) = (25 — 2)2® — (14s* — dns + 14s — 5n 4+ 12)2® + (6s° — 2ns® — 465 + 14ns
— 645 + 20n — 38)x + 185 — 6ns® — 185% + 8ns — 445 + 14n — 26
AN
= tg({,E).

Now, we consider the monotonicity of ¢3(x) on [n + 2,+00). We have t4(z) = 3(2s — 2)a? — 2(14s> — 4ns +

14s — 5n + 12)z + 653 — 2ns? — 4652 + 14ns — 64s + 20n — 38. Clearly, 1452’475?;81_423)’5"“2 <n+ 2. Then t4(z)

is strictly increasing in the interval [n + %, +00). By n > 3s + 4, we obtain

3
th(z) >t} <n + 5)
1 :
= 52 [(850s + 100)n* — (750s” + 50s + 130)n + 150s” — 1570s” — 19665 — 1364]

1 f
> %(105053 + 4580s” + 54445 — 284) > 0.

Hence, t3(x) increases strictly on [n+ £, +00). Then

3
tg(aﬁ) > t3 <n + 5)
= %5 [(750s 4 375)n* — (2000s* — 1050s — 1300)n + 750s* — 87505 — 7600s — 3345]

1
+ 5 (2700s® — 6330s® — 108765 — 6694)

1
%5 (15005* + 77755 + 215005 + 7855) + 3= (2700s" — 6330s” — 108765 — 6694)

1
> 1oz (4500s" 4320255 + 892705” +- 986895 + 24726) > 0.

>

That is, x - [(z) — ca(x) is strictly increasing in the interval [n + 3. +00). By fi(n) > n+ £, we get

- 3\ - 3 3 3
ﬁ(n) : l(ﬁ(n)) - C4(’I7(’I7,)) > <n + 5) : l(’I’L + 5) —C4 (n + 5) =13 <’I’L + 5) > 0.
As I(7(n)) = 0, c4(7(n)) < 0 implies that &(G) > i(n), a contradiction.
This completes the proof. O
5. EXTREMAL GRAPHS

In this section, we give the following graphs to show that the conditions established in Theorems 1.1 and 1.2
are best possible. In fact, those extremal graphs can be deduced from the proofs of Theorems 1.1 and 1.2,
respectively. Let G(|S],i(G — S), |V (H1)|) represents the number of vertices in each specified part of G.

Example 5.1. Let n be a positive integer.
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(i) For n > 4 and n # 6, we have ¢(G(0,0,n)) = 6(n) and G(0,0,n) is not a Psy-factor deleted graph,
where G(0,0,7n) is a complete graph to which an edge has been attached and 6(n) is the largest root of
2% — (3n — 5)2? + (2n? — 5n)x — 2n2 + 10n — 12 = 0.

(if) For n = 6, we have ¢(K1V (K72 U2K7)) = 0 and K1V (K7 2U2K7) is not a Pso-factor deleted graph, where
0 is the largest root of 2® — 13z% + 5623 — 10022 + 722 — 16 = 0.

Example 5.2. Let n be a positive integer.

(i) For n > 4 and n # 6, we have d(G(0,0,n)) = 7(n) and G(0,0,n) is not a Pso-factor deleted graph,
where G(0,0,7) is a complete graph to which an edge has been attached and A(n) is the largest root of
23— (n—-3)2%> - (5bn—9)x —3n+5=0.

(ii) For n = 6, we have (K1 V (2K, U K1)) = /1 and K71V (2K, U K1) is not a P>o-factor deleted graph, where
71 is the largest root of z* — 23 — 3622 — 74z — 33 = 0.

ACKNOWLEDGMENTS
This work is supported by NSFC (Grants Nos. 12071194, 12171089, 12271235), NSF of Fujian (Grant No. 2021J02048).

CONFLICTS OF INTEREST

The authors have no relevant financial or non-financial interests to disclose.

DATA AVAILABILITY STATEMENT

Data sharing not applicable to this article as no datasets were generated or analysed during the current study.

REFERENCES

[1] J. Akiyama, D. Avis and H. Era, On a {1, 2}-factor of a graph. TRU Math. 16 (1980) 97-102.
[2] K. Ando, Y. Egawa, A. Kaneko, K.I. Kawarabayashi and H. Matsuda, Path factors in claw-free graphs. Discrete
Math. 243 (2002) 195-200.
] A.E. Brouwer and W.H. Haemers, Spectra of Graphs. Springer, Berlin (2011).
] G. Dai, The existence of path-factor covered graphs. Discuss. Math. Graph Theory 43 (2023) 5-16.
[5] G. Dai and Z. Hu, P>s-factors in the square of a tree. Graphs Comb. 36 (2020) 1913-1925.
| G. Dai, Z. Zhang and X. Zhang, Component factors in K ,-free graphs. Preprint arXiv:2012.06359 (2020).
] Y. Egawa and M. Furuya, The existence of a path-factor without small odd paths. Electron. J. Comb. 25 (2018)
1-40.
[8] C. Godsil and G. Royle, Algebraic Graph Theory. Springer-Verlag, New York (2001).
[9] Y. Hao and S. Li, Complete characterization of path-factor and path-factor covered graphs via Q-index and D-index.
Linear Multilinear Algebra 72 (2024) 118-138.
[10] R.A. Horn and C.R. Johnson, Matrix Analysis. Cambridge University Press, Cambridge (1985).
[11] A. Kaneko, A. Kelmans and T. Nishimura, On packing 3-vertex paths in a graph. J. Graph Theory 36 (2001)
175-197.
[12] M. Kano, C. Lee and K. Suzuki, Path and cycle factors of cubic bipartite graphs. Discuss. Math. Graph Theory 28
(2008) 551-556.
[13] K. Kawarabayashi, H. Matsuda, Y. Oda and K. Ota, Path factors in cubic graphs. J. Graph Theory 39 (2002)
188-193.
[14] S. Li and S. Miao, Characterizing P>o-factor and Pxs-factor covered graphs with respect to the size or the spectral
radius. Discrete Math. 344 (2021) 112588.
[15] H. Minc, Nonnegative Matrices. Wiley-Interscience Series in Discrete Mathematics and Optimization. A Wiley-
Interscience Publication. John Wiley and Sons, Inc., New York (1988).
[16] C. Shen, Characterizing P>o-factor deleted graphs with respect to the size or the spectral radius. Bull. Malays.
Math. Sci. Soc. 47 (2024) 1-19.
[17] S. Wang and W. Zhang, Isolated toughness for path factors in networks. RAIRO Oper. Res. 56 (2022) 2613-2619.
[18] J. Wu, Path-factor critical covered graphs and path-factor uniform graphs. RAIRO Oper. Res. 56 (2022) 4317-4325.


https://arxiv.org/abs/2012.06359

1140 X.LV ET AL.

[19] S. Zhou, Degree conditions and path factors with inclusion or exclusion properties. Bull. Math. Soc. Sci. Math.
Roumanie 66 (2023) 3-14.
[20] S. Zhou, Spectral radius and component factors in graphs. J. Supercomput. 81 (2025) 120.
[21] S. Zhou, J. Wu and T. Zhang, The existence of P>s-factor covered graphs. Discuss. Math. Graph Theory 37 (2017)
1055-1065.
[22] S. Zhou, Z. Sun and H. Liu, Sun toughness and P>3-factor in graphs. Contrib. Discrete Math. 14 (2019) 167-174.
[23] S. Zhou, J. Wu and Q. Bian, On path-factor critical deleted (or covered) graphs. Aequationes Math. 96 (2022)
795-802.
[24] S. Zhou, J. Wu and Y. Xu, Toughness, isolated toughness and path factors in graphs. Bull. Aust. Math. Soc. 106
(2022) 195-202.
[25] S. Zhou, Z. Sun and H. Liu, Some sufficient conditions for path-factor uniform graphs. Aequationes Math. 97 (2023)
489-500.
6] S. Zhou, Y. Xu and Z. Sun, Some results about star-factors in graphs. Contrib. Discrete Math. 19 (2024) 154-162.
7] S. Zhou, Y. Zhang and Z. Sun, The A,-spectral radius for path-factors in graphs. Discrete Math. 347 (2024) 113940.
8] P. Zhang and S. Zhou, Characterizations for P>s-factor and P>s-factor covered graphs. Discrete Math. 309 (2009)
2067-2076.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to
publish this journal in open access in the current year, free of charge for authors and
readers.

Check with your library that it subscribes to the journal, or consider making a personal donation to
the S20 programme by contacting subscribers@edpsciences.org.

More information, including a |list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Introduction
	Preliminary
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Extremal graphs
	Conflicts of interest
	Data availability statement
	References

