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SOLVING RECTANGULAR STRIP PACKING PROBLEM WITH
REINFORCEMENT LEARNING: A COMPARATIVE CASE STUDY

Xusheng Zhao1,2 , Yunqing Rao1,2,* , Sirui Wang1,2 and Nai Li1,2

Abstract. This paper examines the value-based reinforcement learning method applied to the opti-
mization of the rectangular strip packing problem with three different approaches to define the state
and the action. The episode in the reinforcement learning is defined as a round of placement of all
the given pieces. We analyze the drawbacks of two previously designed approaches and propose that
the state is defined by the stage along with the selected piece. We also record the fitness value of the
placement during the packing and design a fitness-based reward. The three methods are evaluated on
a group of random packing problems in terms of time consumption by searching for the particular
state, memory consumption by recording the past state, and the efficiency of packing optimization.
The results show that the proposed reinforcement learning with fitness-based reward delivers a good
comprehensive performance. The proposed method is also tested on a few well-known benchmark prob-
lems, and the results indicate that the proposed method could be an effective tool. We discuss the
similarities and differences between the reinforcement learning method and the local search method.
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1. Introduction

Packing problems arise in the industrial context where one or more large objects are supposed to be divided
into smaller ones so that the material utilization is maximized [36]. They share a common structure that the
assignment between the large objects and small pieces should follow the constraints: the small pieces lie within
the large object, and the small pieces do not overlap [19].

A typical classification that distinguishes the packing problems into refined types is relied on the shape of
the small pieces [41], namely regular pieces (rectangles, boxes, circles, etc.) or irregular ones. In the regular
packing problems, the pieces are commonly assumed to be placed orthogonally, while the geometric structure
of the irregular packing problems is much more complex than that of the regular packing problems [24]. Since
the large object is continuous and the placement position is infinite, determining the most appropriate position
for a piece in an irregular packing problem implies higher computational complexity, and simply modifying a
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successful approach for a regular packing problem may not be sufficient to solve an irregular packing problem
[5].

Rectangular packing problems make up a substantial part of the regular packing problems. They were pro-
posed in the 1950s [13] and have been researched over the years regarding positioning techniques and piece
ordering approaches. A significant number of problem variants with problem-specific objectives and settings
have been raised, among which one of the most documented variant types is the rectangular packing problem
with multiple bins, where a set of bins with fixed sizes is provided for the packing of the pieces. The objective
can either be the minimization of the number of used bins where the bins have adequate supplies [39] or the
maximization of profit where the number of bins is predefined and the pieces with different values have to be se-
lected and then placed [35]. Another popularly studied variant type is the rectangular strip packing problem, in
which the bin is initialized with an infinite dimension that has to be minimized through the proper arrangement
of the pieces [25].

In recent years, various attempts to automate the design of algorithms have been driven by many real-world
problems. As reinforcement learning becomes an effective tool for decision-making [40], it receives an increasing
amount of attention, and many reinforcement learning-based approaches have been proposed. Kollar et al. [23]
formulated the robot planning to explore an unknown environment as a constrained optimization and used
reinforcement learning to improve the accuracy of the built map. Mishra et al. [31] focused on building an
online resource allocation mechanism to maximize the social welfare of the provider. They proposed a novel
reinforcement learning algorithm that adopts a novel monotonic reward function.

Furthermore, as an integration of reinforcement learning with deep neural networks, deep reinforcement
learning (DRL) has been adopted in certain fields to make appropriate solution predictions. Viquerat et al.
[37] proposed the first application of DRL to airfoil shape optimization. They proved that adequate reward
and a trained neural network could generate the optimal shape automatically. Walraven et al. [38] proposed
a reinforcement learning-based method to optimize traffic flow, in which they used 𝑄-learning to decide the
maximum allowed driving speed on a highway to reduce traffic congestion. Mocanu et al. [32] explored the
benefits of DRL in the smart grid for the first time, using a hybrid method combined with reinforcement learning
and deep learning to optimize the energy management system scheduling. The other fields of application include
automated optimization of chemical reactions [49], optimization of inherent stochasticity of bioprocess system
and plant-model mismatches [34], near-optimal control of continuous-time system for autonomous ground vehicle
[28], dynamic sleeping control for reduction of mobile network energy consumption [26].

While reinforcement learning has a range of applications and achievements, we notice that there are relatively
few literature reports about its application to the packing problems. In this paper, we studied the methods of
reinforcement learning applied to the packing optimization with different definitions of the state and the action.
We focus on the two-dimensional rectangular strip packing problem and propose a reinforcement learning method
with fitness-based reward.

The remaining part of this paper is organized as follows. We review the related work in the literature about
the rectangular packing problems in Section 2, especially for the heuristic methods. In Section 3, we present
the decoding algorithm based on the best fit placement rule. In Section 4, we propose a new approach to define
the state and the action in the reinforcement learning method after analyzing two relevant approaches, and we
design a fitness-based reward in the reinforcement learning method. Then, we present the case studies on the
reinforcement learning methods and test the proposed method on the benchmark problems in Section 5, and
we draw the conclusions in Section 6.

2. Related work

Most solutions to the rectangular packing problems fall into either one of the two classes: exact methods
[18], where mathematic programming is the predominant underlying tool to calculate optimal solutions, and
heuristic methods [33], where human expert experience and skills are concretized for the generation of better
packing schemes, usually achieving near-optimal solutions.
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Exact methods normally formulate the rectangular packing problems as linear programming problems and
solve them by branch-and-bound, column generation, or dynamic programming [29]. Macedo et al. [29] extended
an arc-flow model used for a one-dimensional bin packing problem and explored its behavior on the two-
dimensional rectangular cutting stock problem. Côté et al. [11] proposed an innovative exact method based on
Benders’ decomposition. The pieces are cut into unit-width slices and packed contiguously on the sheet in the
master problem, and they are reconstructed by fixing the vertical positions in the slave problem. Kenmochi
et al. [22] studied an exact branch-and-bound algorithm for the perfect rectangular packing problem, where the
pieces are required to perfectly fill the sheet without waste. Then, they transformed the algorithm to solve the
rectangular strip packing problem.

Although the optimal solutions can be guaranteed, exact methods usually require a large amount of com-
putation. Thus, heuristic methods are predominantly adopted to solve the rectangular packing problems. A
well-known example is the sequential placement heuristic method, which formulates the packing by the place-
ment of rectangles piece by piece, selecting the next piece to be packed and determining the exact position for
the placement according to a given evaluation rule [27]. In this way, the solution to a particular rectangular
packing problem is encoded as the sequence of the pieces. Then, through a decoding algorithm with a designed
placement rule, the sequence of the pieces can be transformed into the corresponding layout.

Sliding the piece from the top right corner to the bottommost and leftmost available position (BL) is a
classical placement rule proposed by Jakobs [20]. Then, the placement rule was enhanced by Hopper et al.
[15] by filling the empty regions beyond the bottom left corner. As preordering the pieces in a decreasing size
manner enlarges the chance of prioritizing the placement of the most valuable piece, it has been extensively
adopted and frequently used as a preprocessing step before the packing procedure. Based on the preordering,
two placement rules, namely the first fit decreasing (FFD) and the best fit decreasing (BFD), were proposed by
Crainic et al. [12]. FFD places the piece in the first bin. If the bin does not have enough accommodation, a new
bin is then added and used. In contrast, BFD places the piece in the most suitable bin. Burke et al. [8] proposed
a best fit (BF) placement rule. In their algorithm, the large object is defined by a set of linear elements, and
each placement examines the lowest linear element and evaluates the best piece to be placed. Similar to the
evaluation mechanism in BF, another placement rule assesses the appropriateness of a placement by the smooth
degree of the residual space left by the placement [14,39]. The region in a bin is represented by a group of empty
maximal spaces, which indicate the available positions and are continually relocated with each placement.

Several sequential placement heuristics choose local search to improve solution qualities. Simulated annealing
[9, 44] and genetic algorithm [6, 21] are the most reported local search approaches. The local search is usually
implemented in an iterative way of perturbations on the current solution. Then, regenerated solutions are
transformed by the decoding algorithm and subsequently determined whether to be retained or to be discarded
through given rules. Wauters et al. [42] proposed a shaking procedure, its basic principle is to switch between
the placement on the bottom left corner and the placement on the top right corner. Wei et al. [43] proposed an
iterative doubling binary search, the algorithm allocates more computational effort to the latter phase of the
searching to increase the possibility of identifying better solutions.

As machine learning presents considerable achievements in pattern recognition and natural language pro-
cessing, recent research has been conducted with the motivation of replacing the heuristic policy with the deep
neural network or learning the best behavior automatically. Zhao et al. [46] formulated the online 3D bin pack-
ing problem as a constrained Markov Decision Process (MDP). They proposed a constrained reinforcement
learning method to solve the problem with a prediction-and-projection scheme. Hottung et al. [17] proposed a
deep learning heuristic tree search for the container pre-marshalling problem, using a deep neural network to
learn strategies and lower bounds by analyzing existing optimal solutions to similar instances. An exploratory
study was presented by Zhao et al. [47], designing a lowest centroid placement rule and applying 𝑄-learning as
the optimization tool to improve the rectangular packing quality. Zhao et al. [48] modeled the consecutive piece
packing as a MDP, and they proposed the reverse updating of the 𝑄-value and used 𝑄-learning to optimize the
sequence and orientation of the rectangles.
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Figure 1. Problem definition and placement rule with fitness value. (a) Problem definition.
(b) Placement position. (c) Fitness value examples.

3. Definition and rectangular placement

We briefly introduce the description of the rectangular strip packing problem and provide the decoding
algorithm with the best fit (BF) placement rule in this section.

In this paper, the definition of the rectangular strip packing problem is the same as that in [48]. A rectangular
sheet is provided with its two dimensions denoted by 𝑊 and 𝐿, respectively. 𝑊 is a predefined constant, and
𝐿 represents an infinite value, as shown in Figure 1a. A group of rectangular pieces are supposed to be placed
inside the rectangular sheet without overlap. The number of the pieces is denoted by 𝑛, and the packing length
along the 𝐿 direction after the placement of all the pieces is denoted by 𝐿′. The objective of the rectangular
strip packing problem is the minimization of 𝐿′. In this paper, each piece is placed with a fixed orientation (i.e.,
rotation is not considered).

A typical spatial state of the rectangular sheet during packing is presented in Figure 1b. The placement
starts from the left side of the sheet and leaves the residual space on the sheet as a polygon region, which is
subsequently used for the placement of the remained pieces. We define that the bottom left (the leftmost and
the bottommost) corner of the residual space is chosen as the placement position.

We denote the length and width of each piece by 𝑙𝑖 and 𝑤𝑖, respectively, where 𝑙𝑖 is the dimension along the 𝐿
direction, and 𝑤𝑖 is the dimension along the 𝑊 direction. The BF placement rule [8,43] is adopted, which selects
the piece through an evaluation rule considering the size matching between the piece and the residual space.
We present an example in Figure 1c to illustrate the evaluation rule. If the piece fully matches a particular
corner of the residual space, the placement would have a fitness value of 2, such as the placement marked with
𝑓2 in Figure 1c, in which both the dimensions of the piece match that of the corner (i.e., the piece size (𝑙𝑖, 𝑤𝑖)
is exactly the same as the corner). Similarly, one dimension matching would generate a fitness value of 1, and
none dimension matching would generate a fitness value of 0. The associated placements of fitness values 1 and
0 are marked with 𝑓1 and 𝑓0 in Figure 1c, respectively.

The piece in the placement of the maximum fitness value is selected by the BF placement rule. If there is a tie,
the first piece in the sequence with the maximum fitness value is chosen. The decoding algorithm is presented
in Algorithm 1. Let the selected piece in the placement be 𝑝 and the associated fitness value of the placement
be 𝑓 , and we use a list denoted by 𝐿𝑝𝑓 to record the selected piece along with the fitness value.

The placement of each piece (lines 2–6) is executed through the position selection (line 3) and the piece
selection (line 4) each time, and we record the piece in the order of the successive placement (line 5). The
location of the bottom left corner of the residual space on the rectangular sheet is stored as the position of
the piece. As each placement would reshape the residual space on the rectangular sheet, which determines the
placement in the later steps, thus, the packing length 𝐿′ and the residual space are updated after the placement
of each selected piece (line 6). The packing length 𝐿′ and the list 𝐿𝑝𝑓 are returned at the end of the decoding
algorithm.
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Algorithm 1: Decoding algorithm.
Input: sequence and sizes of the pieces
Output: packing scheme

1 Initialize the rectangular sheet
2 for 𝑖 = 1 to 𝑛 do:
3 Choose the bottom left corner
4 Select the piece corresponding to the maximum fitness value
5 Record the selected piece 𝑝 and the fitness value 𝑓 in 𝐿𝑝𝑓

6 Place the piece and update the rectangular sheet
7 return 𝐿′, 𝐿𝑝𝑓

Figure 2. Interaction between agent and environment.

4. Reinforcement learning-based optimization

As introduced in Section 1, the application of reinforcement learning to the packing problems has seldom
been studied, in this section, we apply reinforcement learning (RL) as a tool to optimize the sequence of the
pieces in the rectangular strip packing problem. We analyze the characteristics of two different definitions of
the state and the action in RL and summarize their limits. Then, we propose a reinforcement learning method
with fitness-based reward (RL-FR).

4.1. Value-based reinforcement learning framework

Reinforcement learning formulates an interaction between the agent and the environment. The agent takes
an action in the environment, after which the environment changes its state and sends the agent a reward as
feedback. The interaction is shown in Figure 2. The best policy is iteratively learned by the agent to reach the
maximum amount of reward.

The interaction is described as a Markov Decision Process (MDP), and value-based reinforcement uses the
state-action value (𝑄-value) to define the expected reward stimulated by an action adopted at a given state [40].
We denote the state, action, and reward by 𝑠, 𝑎, and 𝑟, respectively. The update of the 𝑄-value is computed as
in equation (1):

𝑄(𝑠, 𝑎) = 𝑄(𝑠, 𝑎) + 𝛼 * [𝑟(𝑠, 𝑎) + 𝛾 *max 𝑄(𝑠′, 𝑎′)−𝑄(𝑠, 𝑎)], (1)

where 𝛼 represents the learning rate, and 𝛾 represents the discount factor. Both 𝛼 and 𝛾 are within the range
of [0, 1].

An episode in RL is a round of exploration by the agent from a specified start state to a specified end state,
and all the states, actions, and rewards experienced by the agent within an episode constitute the trajectory
of the episode. As the rectangles are placed piece by piece and the result of the packing is evaluated by the
packing length on the rectangular sheet, a natural idea is to define an episode in RL as a round of placement of
the given 𝑛 rectangles. Through episodes of exploration, the value of 𝑄(𝑠, 𝑎) is updated, which in turn prompts
the agent to take the action associated with the maximum 𝑄(𝑠, 𝑎) at each state (𝜖-greedy exploration policy),
leading the agent to achieve the maximal expected return. The framework of reinforcement learning applied to
the packing optimization is illustrated in Figure 3.
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Figure 3. Procedure of value-based RL applied to the packing optimization.

Figure 4. An episode in RL.

A trajectory indicates a sequence of the pieces in a round of placement. The 𝑄-value determines the policy of
RL, which further determines the states and the actions along the trajectory of the MDP. Then, the sequence
of the pieces associated with the trajectory is transformed by the decoding algorithm into the packing scheme.
Through a problem-specific reward mechanism, the reward is returned to the agent, updating the 𝑄-value
subsequently.

4.2. Optimization through 𝑄-learning with fitness-based reward

We divide the episode into 𝑛 stages, with each stage representing a transition of the state through the adoption
of an action. We denote the state, action, and reward in stage 𝑖 by 𝑠𝑖, 𝑎𝑖, and 𝑟𝑖, respectively, and we denote
the trajectory of the Markov Decision Process (MDP) by 𝜏 . Then, 𝜏 = 𝑠0, 𝑎1, 𝑠1, 𝑟1, 𝑎2, 𝑠2, 𝑟2, . . . , 𝑎𝑛, 𝑠𝑛, 𝑟𝑛.
The state 𝑠0 represents the start of the episode, i.e., the start of the generation of a piece sequence, and the
state 𝑠𝑛 defines the end of the episode, at which point the generation of the piece sequence is completed. The
trajectory of one episode is illustrated in Figure 4. Note that each trajectory reflects a sequence of the 𝑛 pieces,
which is a solution to the rectangular strip packing problem.

We notice that when applied to solve the rectangular strip packing problem, the definition of the state and
the action in RL plays an important role in the optimization performance. Previous studies (namely, [47, 48])
provide two approaches to define the state and the action.

The first approach defines both the action and the state as the piece (selected to construct the piece sequence).
For example, suppose the piece 𝑝 is selected in stage 𝑖. Then, 𝑎𝑖 = 𝑝. When the action 𝑎𝑖 is taken, the state is
transformed from 𝑠𝑖−1 to 𝑠𝑖, and 𝑠𝑖 = 𝑎𝑖 = 𝑝. At the end of the episode, the series of actions indicates a sequence
of the 𝑛 pieces. A non-zero reward is given only at the last state 𝑠𝑛. The reward is set to the reciprocal of the
packing length 𝐿′ associated with the piece sequence, since a smaller 𝐿′ represents a more compact layout, and
the agent should receive more favorable feedback.

From a statistical standpoint, all the potential trajectories might be employed by chance as the sequence of
the pieces, with which the pieces are packed and the associated packing quality is returned. During the searching,
the trajectory with the largest amount of return can be located, which leads to the result of the best packing
layout. However, using the same representation of the state and the action (i.e., both represented by a piece)
may mislead the update of the value of 𝑄(𝑠, 𝑎). We present an example to describe this drawback as follows.
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We assume a packing problem with eight pieces to be solved. The pieces are denoted by 𝑝1–𝑝8, the actions are
denoted by 𝑎1–𝑎8, and the states are denoted by 𝑠0–𝑠8. Suppose a sequence of [𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6, 𝑝7, 𝑝8] is
generated in the first episode. Then, 𝑄(𝑠7, 𝑎8), i.e., 𝑄(𝑝7, 𝑝8), will be updated into a positive value after the first
episode, and 𝑄(𝑠𝑖−1, 𝑎𝑖), 𝑖 ∈ [1, 7], will remain the value of zero. In the second episode, suppose the piece 𝑝7 is
selected in the first stage. Then, 𝑠1 = 𝑎1 = 𝑝7, and the pieces allowed to be chosen are within the pieces 𝑝1–𝑝6

and 𝑝8 in the second stage. Since 𝑄(𝑝7, 𝑝8) > 0, and 𝑄(𝑝7, 𝑝𝑖) = 0, where 𝑖 ∈ [1, 7], to maximize the expected
return, the agent guided by the value of 𝑄(𝑠, 𝑎) tends to select the piece 𝑝8 under the 𝜖-greedy exploration
policy. In this case, the priority of the selection of 𝑝8 becomes unreasonable guidance to the agent, because
the selection of piece 𝑝8 after 𝑝7 in the eighth stage of the first episode reflects a different spatial condition
compared to the selection of piece 𝑝8 after 𝑝7 in the second stage of the second episode. In the eighth stage of
the first episode, the selection of piece 𝑝8 is implemented after the selection of seven pieces, which corresponds
to the case that the rectangular sheet is already filled with seven pieces and the piece 𝑝8 should be positioned
in the residual space beyond the seven pieces. However, in the second stage of the second episode, the selection
of piece 𝑝8 is implemented after the selection of piece 𝑝7, which corresponds to the case that the rectangular
sheet is only filled with piece 𝑝7.

The second approach shares the same definition of the action and the reward mechanism as the first approach.
In the second approach, the state is initialized with a set of −1 and defined as the set of pieces already
selected in the previous stages of the episode. We reuse the example of the eight pieces presented above to
introduce the generation of the state. We also suppose the sequence of [𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6, 𝑝7, 𝑝8] is generated
in an episode. Then, the states along the trajectory of the episode are listed as follows: 𝑠0 = [−1,−1, . . . ,−1],
𝑠1 = [𝑝1,−1, . . . ,−1], 𝑠2 = [𝑝1, 𝑝2, . . . ,−1], . . . , 𝑠8 = [𝑝1, 𝑝2, . . . , 𝑝8].

The definition avoids the undesirable drawback of the first approach. However, as the state distinguishes
each piece that has already been selected or to be selected, the number of the state might be extremely large,
resulting in substantial memory consumption in the implementation of the second approach. We analyze its
defect as follows. Since each piece can be selected in any stage of an episode, if we only consider the state at
the end of each episode, the number of the states reaches 𝑛! (i.e., the number of permutations of the 𝑛 pieces).
While there are intermediate states during each episode, namely, the states in the form of [𝑝𝑥, 𝑝𝑦, . . . ,−1], 𝑥,
𝑦 ∈ [1, 𝑛], the former part of which consists of the particular pieces and the latter part consists of the −1 values.
Then, the number of all the possible states is larger than 𝑛!, which might limit the application of the second
approach to large-scale problems due to the memory usage for storing these states. Furthermore, as the state
representation contains 𝑛 elements, it would take non-negligible time to find the given state among a large
number of states before updating the value of 𝑄(𝑠, 𝑎) (especially for the large-scale problems), which might be
another defect of the second approach.

To overcome the limits of the two approaches of definition, we define that the state is represented by the stage
along with the selected piece, i.e., if we denote stage 𝑖 by 𝑡𝑖 and the piece selected in stage 𝑖 by 𝑝𝑖, the state
is then represented by (𝑡𝑖, 𝑝𝑖). The unreasonable guidance to the agent by the 𝑄-value updated between stages
could be avoided by recording the number of the stages, and this way of definition also reduces the substantial
memory consumption for storing specific states.

We also notice that when the problem scale increases, the guidance of history experience of the agent will be
weakened at the beginning of an episode if the reward is only given in the last stage of an episode, since the
discount factor 𝛾 diminishes the expected return from the last stage to the first stage. We take the case where
𝛼 is set to 1 as an example. Then, the update of the 𝑄-value is simplified as in equation (2):

𝑄(𝑠, 𝑎) = 𝑟(𝑠, 𝑎) + 𝛾 *max 𝑄(𝑠′, 𝑎′). (2)

For simplicity, we use a variable 𝑟′ to represent the reward given in the last stage of an episode, and we suppose
the agent chooses the particular trajectory of the episode 𝑛 times to explain the change of the value of 𝑄(𝑠, 𝑎).
Then, after the first episode, the value of 𝑄(𝑠, 𝑎) in the last stage is presented in equation (3).

𝑄(𝑠𝑛−1, 𝑎𝑛) = 𝑟(𝑠𝑛−1, 𝑎𝑛) = 𝑟′. (3)
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After the second episode, the value of 𝑄(𝑠, 𝑎) in the 𝑛− 1th stage is presented in equation (4).

𝑄(𝑠𝑛−2, 𝑎𝑛−1) = 𝑟(𝑠𝑛−2, 𝑎𝑛−1) + 𝛾 *max 𝑄(𝑠𝑛−1, 𝑎𝑛)
= 𝛾 *max 𝑄(𝑠𝑛−1, 𝑎𝑛)
= 𝛾 * 𝑟′.

(4)

Similarly, when the 𝑛 episodes are finished, the value of 𝑄(𝑠, 𝑎) in the 𝑥th stage is presented in equation (5).

𝑄(𝑠𝑥−1, 𝑎𝑥) = 𝛾𝑛−𝑥 * 𝑟′, (5)

where 𝑥 ∈ [1, 𝑛− 1]. Therefore, the value of 𝑄(𝑠, 𝑎) gradually decreases to zero from the last stage to the first
stage of the episode. For the same reason, all the values of 𝑄(𝑠, 𝑎) are equal to zero at the beginning of each
episode, where the 𝜖-greedy exploration policy becomes ineffective, leading to a completely random selection of
pieces at the beginning of each episode. Hence, we propose a fitness-based reward within the stages. We denote
the reward associated with the fitness value in stage 𝑖 by 𝑟𝑓𝑖, and the reward computed through the packing
length 𝐿′ by 𝑟𝐿′ . Note that 𝑟𝐿′ only exists in the last stage of each episode, while a non-zero reward 𝑟𝑓𝑖 can be
returned in any stage of the episode if the associated placement generates a non-zero fitness value. Then, the
reward in stage 𝑖 is computed as in equation (6):

𝑟𝑖 =

{︃
𝑟𝑓𝑖, if 𝑖 ∈ [1, 𝑛− 1],
𝑟𝑓𝑖 + 𝑟𝐿′ , if 𝑖 = 𝑛.

(6)

The preordering [43] and the reverse updating of the 𝑄(𝑠, 𝑎) value [48] are also adopted in this paper. The
reverse updating is used to sufficiently employ the experience of each episode, and it is implemented in the form
of first generating a trajectory and then reversely updating the value of 𝑄(𝑠, 𝑎) along the trajectory at the end
of each episode. The preordering is used to improve the quality of the initial solution and initialize the value of
𝑄(𝑠, 𝑎). The preordering involves sorting the pieces in descending order of the piece length, piece width, piece
perimeter, piece area, and the maximum value between piece length and piece width, respectively. For each of
the five orders, we use it as the sequence of the pieces and pack the rectangles with the decoding algorithm
(Algorithm 1), and we can obtain the list 𝐿𝑝𝑓 , which contains the packed pieces along with the fitness values.
Then, we replace each piece in the states and actions along the trajectory sequentially with each packed piece
in 𝐿𝑝𝑓 , and we compute each reward along the trajectory with formula (6). In this way, the trajectory reflects
the sequence in which the pieces are truly placed on the rectangular sheet in the round of placement, and we
reversely update the value of 𝑄(𝑠, 𝑎) along the trajectory. When the five rounds of updates associated with the
preordering are completed, the value of 𝑄(𝑠, 𝑎) is initialized, after which the exploration of RL begins, and the
value of 𝑄(𝑠, 𝑎) updates continuously in each episode (in the same manner as in the preordering) while searching
for the optimal solution.

The reinforcement learning with fitness-based reward (RL-FR) is presented in Algorithm 2. We denote the
number of episodes by 𝑛𝑒𝑝𝑖 and the variable that controls the episode by 𝑖𝑡𝑒𝑟, and we use a list denoted by
𝐿𝑠 and another list denoted by 𝐿𝑎 to store the states and the actions along the trajectory 𝜏 , respectively.
The sequence of the pieces is denoted by 𝑆. The minimum packing length found during the implementation is
denoted by 𝐿′min, with the corresponding sequence denoted by 𝑆best.

The decoding algorithm (Algorithm 1) is called as a tool to obtain the layout of the pieces and the list 𝐿𝑝𝑓

associated with a given piece sequence (lines 2, 12). The preordering is presented in lines 1–3, and the procedure
of an episode in RL is presented in lines 4–16. Within each episode, first, we reset the state list 𝐿𝑠 and action
list 𝐿𝑎, and then we reinitialize the trajectory 𝜏 to the initial state 𝑠0 (lines 5, 6). Each episode is composed of
𝑛 stages (lines 7–10). As the list 𝐿𝑎 represents the piece (selected to construct the piece sequence), at the end
of the episode, a copy of 𝐿𝑎 is made as the piece sequence 𝑆 (line 11). Then, the list 𝐿𝑝𝑓 is returned by the
decoding algorithm with sequence 𝑆 as the input, and the pieces in the states and actions along the trajectory
𝜏 are updated in the same manner as in the preordering. The rewards along the trajectory 𝜏 are then computed
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Algorithm 2: Reinforcement learning with fitness-based reward (RL-FR).
Input: sizes of the pieces
Output: optimized packing scheme

1 Compute the preordering of the pieces
2 Implement the packing, obtain 𝐿′ and 𝐿𝑝𝑓 (call Algorithm 1)
3 Initialize 𝑄(𝑠, 𝑎) and 𝑆best with the results of the preordering
4 for 𝑖𝑡𝑒𝑟 = 1 to 𝑛𝑒𝑝𝑖 do:
5 Reset the 𝐿𝑠 and 𝐿𝑎 to Ø
6 Reset the current state to 𝑠0

7 for 𝑖 = 1 to 𝑛 do:
8 Select the action 𝑎𝑖 according to 𝜖-greedy exploration policy
9 Take 𝑎𝑖 and change the current state to 𝑠𝑖

10 Record 𝑠𝑖 in 𝐿𝑠 and record 𝑎𝑖 in 𝐿𝑎

11 Generate the piece sequence 𝑆
12 Implement the packing, obtain 𝐿′ and 𝐿𝑝𝑓 (call Algorithm 1)
13 Compute the reward 𝑟𝑖, 𝑖 ∈ [1, 𝑛], along the trajectory 𝜏
14 Reversely update 𝑄(𝑠𝑖, 𝑎𝑖), 𝑖 ∈ [1, 𝑛], along the trajectory 𝜏
15 if 𝐿′ < 𝐿′min:
16 𝐿′min ← 𝐿′, 𝑆best ← 𝑆
17 return 𝐿′min

Figure 5. Flowchart of optimization through RL.

(line 13). All the states, actions, and rewards along the trajectory 𝜏 are used to reversely update the value of
𝑄(𝑠, 𝑎) (line 14). The procedure of RL-FR is presented in Figure 5.
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Table 1. Random problem data.

Group 𝑛 Subgroup A Subgroup B Subgroup C

P1 50 𝑊 = 50, size ∈ [6, 8] 𝑊 = 100, size ∈ [10, 18] 𝑊 = 500, size ∈ [60, 80]
P2 100 𝑊 = 50, size ∈ [5, 8] 𝑊 = 100, size ∈ [8, 18] 𝑊 = 500, size ∈ [40, 80]
P3 200 𝑊 = 50, size ∈ [4, 8] 𝑊 = 100, size ∈ [6, 18] 𝑊 = 500, size ∈ [20, 80]
P4 500 𝑊 = 50, size ∈ [3, 8] 𝑊 = 100, size ∈ [4, 18] 𝑊 = 500, size ∈ [10, 80]

Table 2. Memory and time consumption of RL methods.

RL-1 RL-2 RL-3
Problem Memory (GB) Time (s) Memory (GB) Time (s) Memory (GB) Time (s)

P1-A <0.1 0.06 <0.1 0.14 <0.1 0.07
P1-B <0.1 0.05 <0.1 0.15 <0.1 0.05
P1-C <0.1 0.06 <0.1 0.14 <0.1 0.07
P2-A <0.1 0.11 0.2 0.35 <0.1 0.14
P2-B <0.1 0.11 0.2 0.37 <0.1 0.16
P2-C <0.1 0.10 0.2 0.34 <0.1 0.15
P3-A <0.1 0.22 0.6 1.03 <0.1 0.51
P3-B <0.1 0.19 0.6 0.99 0.1 0.50
P3-C <0.1 0.21 0.6 1.01 0.1 0.47
P4-A <0.1 0.69 3.9 4.43 0.7 1.72
P4-B <0.1 0.52 4.0 4.28 0.8 1.87
P4-C <0.1 0.63 3.8 4.36 0.9 1.91

5. Computational case studies and comparative analysis

In this section, we study the performance of the reinforcement learning (RL) method applied to the optimization
of the packing. The performance of RL is evaluated in terms of memory consumption by the storage of the state,
time consumption by searching for the given state, and the packing optimization efficiency. The methods presented
in this section are coded by Python and tested on a PC with a 2.3 GHz CPU and 16 GB RAM.

5.1. Cases studies on the reinforcement learning

Four groups of random problems represented by P1–P4 with designed data properties are used to test the
RL methods. The four groups are presented in Table 1, each of which is composed of three subgroups, namely
A, B, and C. The width of the rectangular sheet is set to the value provided in the table, and both the two
dimensions of each piece are randomly generated integers within the given size range.

From groups P1 to P4, we set the number of pieces to 50, 100, 200, and 500, respectively, representing the packing
problems from small scale to large scale. We also enlarge the size range by lowering the minimum size limit, which
indicates that the pieces might have a larger variety of shapes in group P4. For each group, from subgroup A to
subgroup C, we increase both the width of the rectangular sheet and the endpoint values of the size range. Then,
more large pieces with relatively less identical shapes might be generated in subgroup C of each group. As the pieces
in these four groups are randomly generated, and the factors of problem scale and piece size have been considered
within the settings, the four groups of random problems can represent a range of packing problems.

We denote the reinforcement learning method with the first approach of definition (described in the previous
section) by RL-1, and that with the second approach of definition by RL-2. We set the number of episodes to
1000, and we record the memory cost for the running and the time consumed by searching for the given state
in RL-1, RL-2, and RL-FR. The results are listed in Table 2. For simplicity, each random problem is recorded
with an abbreviation (e.g., P1-A represents the problem related to the subgroup A in P1).
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Figure 6. Performance of the RL methods. (a) P1-A. (b) P1-B. (c) P1-C. (d) P2-A. (e) P2-B.
(f) P2-C. (g) P3-A. (h) P3-B. (i) P3-C. (j) P4-A. (k) P4-B. (l) P4-C.

We also record the minimum packing length found by the three RL methods during the 1000 episodes. The
recorded performances are the average of 50 runs, and the results are presented in Figure 6, where the 𝑥-axis
denotes the number of the episodes and the 𝑦-axis denotes the minimum packing length found by the RL
method. The decreasing rate of the curve reflects the optimization efficiency of the relevant RL method.

5.2. Benchmark problem evaluation

A few well-known benchmark problems are taken for the evaluation of the reinforcement learning with fitness-
based reward (RL-FR), including the zero-waste datasets C [16] and N [8], and the non-zero waste datasets
cgcut [10], gcut [2], ngcut [3], beng [4], and Class [7, 30]. We run RL-FR 10 times, each running is set within a
time limit of 60s, and we record the result by gap, gap = (𝐿′-LB)/LB, where LB represents the lower bound.
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Table 3. Results on problem C.

Instance Best gap (%) in setting time limit
𝑛 𝑊 LB GRASP SRA IA RL-FR

C11 16 20 20 0 0 0 0
C12 17 20 20 0 0 0 0
C13 16 20 20 0 0 0 0
C21 25 40 15 0 0 0 0
C22 25 40 15 0 0 0 0
C23 25 40 15 0 0 0 0
C31 28 60 30 0 0 0 0
C32 29 60 30 3.3 3.3 0 0
C33 28 60 30 0 0 0 0
C41 49 60 60 1.7 1.7 1.7 1.7
C42 49 60 60 1.7 1.7 1.7 1.7
C43 49 60 60 1.7 1.7 0 0
C51 73 60 90 1.1 0 0 1.1
C52 73 60 90 1.1 0 0 1.1
C53 73 60 90 1.1 1.1 0 1.1
C61 97 80 120 1.7 0.8 0 0.8
C62 97 80 120 0.8 0.8 0 0.8
C63 97 80 120 1.7 0.8 0 0.8
C71 196 160 240 1.7 0.4 0.4 0.4
C72 197 160 240 1.3 0.4 0.4 0.4
C73 196 160 240 1.3 0.4 0.4 0.4
Average gap 0.96 0.62 0.22 0.49

We compare the best performance found during the running of RL-FR with that of GRASP [1], SRA [45], and
IA [44] in Tables 3–6, as these three algorithms have achieved quite excellent results for the rectangular strip
packing problem with fixed piece orientation in the literature. The best results are marked in bold.

5.3. Analysis

From the results in Table 2, Figure 6, and Tables 3–6, we observe that the proposed reinforcement learning
with fitness-based reward (RL-FR) could be an efficient tool applied to the optimization of the rectangular strip
packing problem.

Comparison between three RL methods

As presented in Figure 6, the three RL methods, namely RL-1, RL-2, and RL-FR, show significantly different
performance. RL-1 outperforms RL-2 on the problems P1-A, P2-A, and P4-A and appears to be equivalent
to RL-2 on the problem P3-A, while it becomes obviously inferior to RL-2 on the other random problems.
We consider that this is caused by the properties of the piece dimensions. The two dimensions of each piece
in subgroup A of the four groups of problems are values generated in a limited interval, which is extended in
subgroups B and C. Then, the pieces in subgroup C can be more heterogeneous than that in subgroups A and
B. Since subgroup C represents the more general cases of packing, where the curve of RL-2 shows the fastest
decreasing rate, RL-2 appears to be the most effective one among the three RL methods. The performance of
RL-FR is superior to that of RL-2 on subgroup A and slightly inferior to that of RL-2 on subgroups B and C.

The results in Table 2 indicate the defects of RL-2. Since in RL-2, the state is defined by all the packed
pieces, the number of the past states becomes extremely large as the problem scale increases, especially for
the problems P4-A, P4-B, and P4-C. Therefore, the running of RL-2 takes a significant amount of memory for
the storage and continual update of all the states. Additionally, Searching for a particular state among a large
number of states results in a non-negligible time consumption compared with RL-1 and RL-FR.
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Table 4. Results on problem N.

Instance Best gap (%) in setting time limit
𝑛 𝑊 LB GRASP SRA IA RL-FR

N1 10 40 40 0 0 0 0
N2 20 30 50 0 0 0 0
N3 30 30 50 2 0 0 0
N4 40 80 80 1.3 0 0 0
N5 50 100 100 2 0 0 0
N6 60 50 100 1 0 0 0
N7 70 80 100 1 0 0 0
N8 80 100 80 1.3 1.3 1.3 1.3
N9 100 50 150 0.7 0 0 0
N10 200 70 150 0.7 0 0 0
N11 300 70 150 0.7 0 0 0
N12 500 100 300 1.3 0.3 0.3 0.3
N13 3152 640 960 0.5 0.1 0.1 0.1
Average gap 0.96 0.13 0.13 0.13

From a comprehensive perspective, RL-FR avoids the drawbacks of RL-1 and RL-2, and we can draw the
conclusion that RL-FR is an effective RL-based tool for the optimization of the packing quality.

Comparison between reinforcement learning and local search

Tables 4 and 5 prove that RL-FR is comparable to the excellent local search methods. RL-FR finds the optimal
results of all the problems of N and beng, and it also finds the best results on the majority of the problems
of cgcut, gcut, and ngcut. The average gap of RL-FR is considerably close to that of the local search. From
Tables 3 and 6, we note that RL-FR performs slightly worse than the local search. However, its performance is
still satisfactory. It provides the optimal solutions to the small-scale problems of C11–C33, and its performance
is close to SRA and better than GRASP.

We consider that the minor inferiority of RL-FR might be caused by the architecture of the reinforcement
learning and local search applied to the packing problem. The reinforcement learning method and the local search
method share the same idea of stepwise improvement on the solution quality, achieving a balance between
the exploitation and the exploration. The major difference between them might be the solution generation
mechanism. RL models the generation of a solution as a multistage decision process, where the chosen action
in each stage of the episode determines the direction of the trajectory and constitutes a part of the solution,
thereby constructing the solution step by step. While the local search holds a predefined number of solutions,
from which new solutions are generated through perturbations and used to replace the old ones. Additionally,
the discrepancies between the solutions generated in successive iterations in RL might be greater than the
discrepancies between the solutions generated in successive iterations in the local search. Since the 𝜖-greedy
exploration policy can theoretically choose any available action in any stage of an episode, the set of actions
in the current episode might differ significantly from the set of actions in the previous episode, leading to
the generation of a completely different solution in the current iteration in RL compared to the previous
iteration. While in the local search, the discrepancies between the solutions generated in the current iteration
and the solutions generated in the previous iteration might be minor, since these discrepancies are caused by
perturbations. Therefore, compared with local search, it might be harder for RL to focus the exploration on the
neighborhood of the best solution that has been found.

When applied to optimize the sequence of the pieces, RL might have a potential advantage over the local
search in terms of preserving the exploration experience, since each episode of exploration updates the value
of 𝑄(𝑠, 𝑎), which resembles an experience storage and subsequently determines the exploration in the later
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Table 5. Results on problems cgcut, gcut, ngcut, and beng.

Instance Best gap (%) in setting time limit
𝑛 𝑊 LB GRASP SRA IA RL-FR

cgcut1 16 10 23 0 4.3 4.3 0
cgcut2 23 70 63 3.2 3.2 3.2 3.2
cgcut3 62 70 636 3.9 3.9 3.9 3.9
gcut1 10 250 1016 0 0 0 0
gcut2 20 250 1133 5.1 4.8 4.8 5.1
gcut3 30 250 1803 0 0 0 0
gcut4 50 250 2934 2.3 2.4 2.2 2.4
gcut5 10 500 1172 8.6 8.6 8.6 8.6
gcut6 20 500 2514 4.5 4.3 4.3 4.7
gcut7 30 500 4641 1.1 1.1 1.1 1.1
gcut8 50 500 5703 3.7 3 2.8 3.4
gcut9 10 1000 2022 14.6 14.6 14.6 14.6
gcut10 20 1000 5356 11.4 11.4 11.4 11.4
gcut11 30 1000 6537 5.5 5 5 6
gcut12 50 1000 12 522 17.3 17.3 17.3 17.3
gcut13 32 3000 4772 4.7 4.1 4.2 4.5
ngcut1 10 10 23 0 0 0 0
ngcut2 17 10 30 0 3.3 3.3 0
ngcut3 21 10 28 0 0 0 0
ngcut4 7 10 20 0 0 0 0
ngcut5 14 10 36 0 0 0 0
ngcut6 15 10 29 6.9 6.9 6.9 6.9
ngcut7 8 20 20 0 0 0 0
ngcut8 13 20 32 3.1 6.3 6.3 9.4
ngcut9 18 20 49 2 4.1 4.1 2
ngcut10 13 30 80 0 0 0 0
ngcut11 15 30 50 4 4 4 4
ngcut12 22 30 87 0 0 0 0
beng1 20 25 30 0 3.3 3.3 0
beng2 40 25 57 0 0 0 0
beng3 60 25 84 0 0 0 0
beng4 80 25 107 0 0 0 0
beng5 100 25 134 0 0 0 0
beng6 40 40 36 0 0 0 0
beng7 80 40 67 0 0 0 0
beng8 120 40 101 0 0 0 0
beng9 160 40 126 0 0 0 0
beng10 200 40 156 0 0 0 0
Average gap 2.68 3.05 3.04 2.86

episodes. Another possible advantage might be the convenience of extension based on deep learning, as the
expected return obtained by taking an action in a specific state can be forecasted by neural networks, trained
neural networks might identify a better action to take at each state from a global perspective.

Future research

In this paper, the elements that define the state and the action in the MDP only include the episode stage
and the selected piece, while we notice that the geometry structure of the packing problem still contains some
critical information that has not been used in the modeling of the MDP, for example, the contour of the residual
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Table 6. Results on problem Class.

Instance Best gap (%) in setting time limit

𝑛 𝑊 LB GRASP SRA IA RL-FR
Class1 20 10 60.3 1.8 1.7 1.7 1.7

40 10 121.6 0.2 0.2 0.2 0.2
60 10 187.4 0.6 0.6 0.6 0.6
80 10 262.2 0.2 0.2 0.2 0.2
100 10 304.4 0.2 0.2 0.1 0.2

Class2 20 30 19.7 0.5 0.5 0 0.5
40 30 39.1 0 0 0 0
60 30 60.1 0.3 0 0 0
80 30 83.2 0.1 0 0 0
100 30 100.5 0.1 0 0 0

Class3 20 40 157.4 3.9 3.9 3.9 4.2
40 40 328.8 1.6 1.3 1.2 1.6
60 40 500 1.3 1 1 1.2
80 40 701.7 1.1 1 1 1.1
100 40 832.7 0.9 0.5 0.5 0.6

Class4 20 100 61.4 3.1 3.4 2.9 3.7
40 100 123.9 1.9 1.3 1 1.6
60 100 193 1.9 0.9 0.8 1.2
80 100 267.2 1.8 0.7 0.5 1.2
100 100 322 1.6 0.5 0.3 0.9

Class5 20 100 512.2 4.2 4.2 4.3 4.4
40 100 1053.8 2 1.9 1.9 2.1
60 100 1614 2 1.7 1.7 2
80 100 2268.4 1 0.9 0.8 0.9
100 100 2617.4 1.3 1.1 1 1

Class6 20 300 159.9 4.6 4.9 4.9 4.9
40 300 323.5 3.1 2.6 2.3 3.5
60 300 505.1 2.9 2.2 2 3.4
80 300 699.7 2.7 2 1.6 2.5
100 300 843.8 2.5 1.7 1.4 2.5

Class7 20 100 490.4 2.3 2.3 2.3 2.3
40 100 1049.7 0.9 0.9 0.9 0.9
60 100 1515.9 0.9 0.9 0.9 0.9
80 100 2206.1 0.7 0.7 0.7 0.7
100 100 2627 0.6 0.7 0.6 0.7

Class8 20 100 434.6 5.5 5.2 5 5.4
40 100 922 3.5 2.9 2.4 3.4
60 100 1360.9 3.2 2.5 2.1 3.1
80 100 1909.3 3.3 2.4 2 2.5
100 100 2362.8 3.1 2 1.7 2.4

Class9 20 100 1106.8 0 0 0 0
40 100 2189.2 0.1 0.1 0.1 0.1
60 100 3410.4 0 0 0 0
80 100 4578.6 0.2 0.2 0.2 0.2
100 100 5430.5 0.1 0.1 0.1 0.1

Class10 20 100 337.8 3.8 3.5 3.5 3.9
40 100 642.8 3.4 3 2.8 3.3
60 100 911.1 2.6 2.3 2 2.4
80 100 1177.6 2.7 2.1 1.8 2.1
100 100 1476.5 2.4 1.8 1.5 1.8

Average gap 1.77 1.49 1.37 1.68

space on the rectangular sheet, the properties of the unpacked pieces during one episode, and the placement
location of a specific piece. There exists the probability that a more precise and problem-related representation
of the state and the action would better formulate the packing process and deliver better results. Future work
could continue to explore the modeling of the MDP of the rectangular strip packing problems or the other
problem variants.
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6. Conclusions

We apply the value-based reinforcement learning method to the optimization of the rectangular strip packing
problem and examine three different approaches to define the state and the action. In the reinforcement learning,
the episode is defined as the placement procedure of all the given pieces. We note that the previously designed
approach that defines the state only by the piece might mislead the update of the 𝑄-value, and another proposed
approach that defines the state by the set of already packed pieces can suffer from the large memory consumption
for the state storage and non-negligible time consumption for searching for the given state. Then, we propose
the reinforcement learning method with the state defined by the stage along with the selected piece, and we
design a fitness-based reward. We evaluate the three reinforcement learning methods on four groups of random
packing problems. The results show that the proposed method delivers a good comprehensive performance in
terms of time consumption by searching for the particular state, memory consumption by recording the past
state, and the efficiency of packing optimization. The computational results on the benchmark problems C, N,
cgcut, gcut, ngcut, beng, and Class also indicate that the proposed method could be an effective tool.

Funding

This work was supported by the National Natural Science Foundation of China (Grant No. 51975231).

Data availability statement

The research data associated with this article are included in the article.

References

[1] R. Alvarez-Valdés, F. Parreño and J.M. Tamarit, Reactive grasp for the strip-packing problem. Comput. Oper. Res.
35 (2008) 1065–1083.

[2] J.E. Beasley, Algorithms for unconstrained two-dimensional guillotine cutting. J. Oper. Res. Soc. 36 (1985) 297–306.

[3] J.E. Beasley, An exact two-dimensional non-guillotine cutting tree search procedure. Oper. Res. 33 (1985) 49–64.

[4] B.-E. Bengtsson, Packing rectangular pieces – a heuristic approach. Comput. J. 25 (1982) 353–357.

[5] J.A. Bennell and J.F. Oliveira, The geometry of nesting problems: a tutorial. Eur. J. Oper. Res. 184 (2008) 397–415.

[6] J.A. Bennell, L.S. Lee and C.N. Potts, A genetic algorithm for two-dimensional bin packing with due dates. Int. J.
Prod. Econ. 145 (2013) 547–560.

[7] J.O. Berkey and P.Y. Wang, Two-dimensional finite bin-packing algorithms. J. Oper. Res. Soc. 38 (1987) 423–429.

[8] E.K. Burke, G. Kendall and G. Whitwell, A new placement heuristic for the orthogonal stock-cutting problem. Oper.
Res. 52 (2004) 655–671.

[9] E.K. Burke, G. Kendall and G. Whitwell, A simulated annealing enhancement of the best-fit heuristic for the
orthogonal stock-cutting problem. Inf. J. Comput. 21 (2009) 505–516.

[10] N. Christofides and C. Whitlock, An algorithm for two-dimensional cutting problems. Oper. Res. 25 (1977) 30–44.
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