RATIRO-Oper. Res. 59 (2025) 1569-1586 RAIRO Operations Research
https://doi.org/10.1051/ro/2025055 WWW.rairo-ro.org

REINFORCEMENT LEARNING-BASED LOCAL SEARCH FOR SOLVING THE
QUADRATIC 3-DIMENSIONAL ASSIGNMENT PROBLEM

WALID BENZINEB*®, LAKHDAR LOUKIL®, BAKHTA AMRANE AND ABOU EL HASSAN
BENYAMINA

Abstract. Local search methods (LSM) are powerful metaheuristics known for efficiently exploring
complex optimization landscapes. However, a key limitation is their “amnesiac” nature — they fail to
utilize valuable data from past search iterations. This untapped data contains crucial information that
can enhance the efficiency and outcomes of the search process. In this work, we propose a novel rein-
forcement learning (RL)-based move scoring mechanism to augment LSM, aiming to leverage historical
data for improved adaptiveness and intelligence in the search process. We apply this hybrid method
to the quadratic 3-dimensional assignment problem (Q3AP), a benchmark in combinatorial optimiza-
tion that generalizes the quadratic assignment problem (QAP). Notably, few studies have focused on
Q3AP, and to our knowledge, no prior work has integrated RL into its solution. Our experimental
results demonstrate substantial improvements in both solution quality and execution time, particularly
for larger and more complex problem instances. This performance gain is attributed to our unique iter-
ative learning and scoring approach, which effectively guides the search process, balancing exploration
and exploitation to escape local optima and find superior solutions.
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1. INTRODUCTION

The increasing prevalence of large datasets across various domains has amplified the significance of efficient
optimization techniques. Many real-world problems, ranging from logistics and scheduling to resource allocation
and facility layout, can be formulated as complex optimization problems. These problems often demand sophis-
ticated computational approaches to find near-optimal solutions within reasonable timeframes. Local search
methods (LSMs), such as iterated local search (ILS) [1], simulated annealing [2], tabu search [3], and variable
neighborhood search [4], remain indispensable tools for navigating search spaces. While these methods share a
common framework of iterative neighborhood exploration (Algorithm 1), their effectiveness largely depends on
move selection strategies that balance exploration and exploitation.

A critical limitation of conventional LSMs lies in treating multiple search runs as independent trials, dis-
carding valuable historical data that could inform future iterations. This observation motivates the integration
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of reinforcement learning (RL) to transform LSMs into adaptive systems that improve through experience [5].
RL’s trial-and-error paradigm aligns naturally with LSM mechanics, enabling agents to develop enhanced move
selection policies by maximizing cumulative rewards from environment interactions.

We demonstrate this through the quadratic three-dimensional assignment problem (Q3AP), an NP-hard chal-
lenge where traditional LSMs show limitations [6,7]. While RL has succeeded in others optimization problems,
its application to Q3AP remains unexplored despite the problem’s relevance to wireless communications and
scheduling [7,8]. This article fill this gap by proposing a hybrid methodology that integrates reinforcement
learning into traditional local search algorithms. The structure of the paper is as follows: Section 2 provides
a comprehensive review of related work, concentrating on the integration of machine learning techniques with
optimization methods to enhance their performance. Section 3 delves into the fundamental concepts of the
reinforcement learning paradigm and elucidates its significance within our proposed methodology. The specifics
of our RL-enhanced local search approach are then detailed. Section 4 presents a thorough evaluation of this
approach. We discuss the implementation of our hybrid algorithm, which combines reinforcement learning with
two prominent LSMs: simulated annealing (SA) and variable neighborhood search (VNS). Both SA and VNS
have demonstrated their effectiveness across a wide range of optimization problems [9-12], with SA employing
a stochastic approach inspired by physical annealing processes to discover global optima, and VNS leveraging
multi-level neighborhood structures for efficient exploration of the search space. Finally, in Section 4.3, we present
a comparative study between standalone SA and VNS algorithms versus their reinforcement learning-enhanced
counterparts: SA+RL and VNS+RL, respectively.

Algorithm 1. Template of a local search procedure.
1: procedure LS
2 Input: Initial solution sg
3 Output: s
4: t=0;
5: while (stopping criterion not met) do
6.
7
8

move; = SELECTCANDIDATEMOVE(s:, N(s¢));
St+1 = MAKEMOVE(st, movet);
: t=t+4+1;
9: end while
10: end procedure

2. RELATED WORK

The integration of machine learning (ML) techniques with heuristic algorithms has emerged as a powerful
and increasingly prevalent paradigm for tackling complex optimization problems. This synergy is particularly
pronounced within the realm of metaheuristics, where ML offers the potential to significantly enhance both
adaptability and efficiency. Karimi-Mamaghan et al. [13] provide a comprehensive review and insightful taxon-
omy of these advancements, highlighting the strengths of ML-enhanced approaches in scenarios where tradi-
tional heuristics often falter, such as navigating intricate local optima landscapes or requiring extensive manual
parameter tuning. Supporting this trend, recent surveys [14,15] further underscore the growing significance of
this integration, with researchers actively exploring the use of ML to guide and augment metaheuristic search
processes, leading to the development of more robust and efficient optimization algorithms. These studies effec-
tively demonstrate how various ML techniques, with a particular emphasis on reinforcement learning (RL),
can dynamically adapt the parameters of metaheuristics during the search, resulting in improved performance
across a diverse range of problem instances.

Within the specific context of optimization problems, reinforcement learning (RL) has distinguished itself
as a particularly promising and effective approach. Through iterative interactions with a defined environment,
RL agents leverage feedback mechanisms to refine their strategies for tackling complex optimization challenges
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[16,17]. The inherent strength of RL lies in its capacity to learn and adapt through experience, making it
exceptionally valuable for addressing complex combinatorial optimization (CO) problems characterized by vast
solution spaces and non-intuitive relationships between decisions and their outcomes. Current research efforts
are actively addressing key challenges associated with applying RL to combinatorial problems, focusing on the
development of novel training methodologies, enhanced exploration strategies, and innovative architectures that
effectively leverage graph-based representations of problem structures [18,19].

In the domain of combinatorial optimization (CO), RL has demonstrated remarkable potential for automat-
ing and optimizing problem-solving strategies [20]. Both value-based and policy-based RL approaches, notably
including policy gradient methods and Proximal Policy Optimization (PPO) [21], have exhibited significant
promise. Mazyavkina et al. [20] offer a comprehensive review of RL applications in CO, showcasing successful
implementations across various domains, including routing, assignment, and scheduling. A noteworthy achieve-
ment in this area is the work by Bello et al. [22], whose RL-based approach achieved impressive results, attaining
solutions within 1-2% of the optimal for Traveling Salesperson Problem (TSP) instances with up to 100 nodes,
while also demonstrating greater adaptability compared to traditional heuristics. Continuing this trend, recent
studies are actively advancing the application of RL to a diverse array of CO problems, including further
explorations of the Traveling Salesperson Problem (TSP) and the Vehicle Routing Problem (VRP) [23-25].
Furthermore, the field is witnessing a growing interest in multi-agent reinforcement learning (MARL) as a
means of addressing complex problems involving multiple interacting agents, such as resource allocation and
task assignment scenarios [26,27].

Focusing specifically on the Quadratic 3-Dimensional Assignment Problem (Q3AP), previous research has
primarily concentrated on exact solution methods and metaheuristic approaches. Mittelmann and Salvagnin [6]
investigated mixed-integer programming techniques, cutting planes, and symmetry-handling strategies for tack-
ling challenging Q3AP instances, ultimately highlighting the inherent computational limitations of these exact
approaches. Hahn et al. [7] made significant contributions through a branch-and-bound algorithm employing
Reformulation-Linearization Technique (RLT) bounds, demonstrating effectiveness for instances up to size 13
but facing exponential growth in computation time for larger problems. Their work also adapted stochastic
local search (SLS) methods from Quadratic Assignment Problem (QAP) research, including simulated anneal-
ing, tabu search, ant colony optimization, and iterated local search (ILS), with ILS emerging as the most effective
in finding optimal solutions 1-2 orders of magnitude faster than exact methods for small instances. Notably,
their study emphasized practical applications in wireless communication systems, where Q3AP solutions opti-
mize symbol mapping diversity for hybrid ARQ protocols to combat channel fading effects [7]. In the realm
of metaheuristics, Loukil et al. [8] introduced a parallel hybrid genetic algorithm with simulated annealing to
solve Q3AP on computational grids, demonstrating promising results on benchmark instances. More recently,
Ait Abderrahim et al. [28] proposed a hybrid approach that combines particle swarm optimization (PSO) with
a local search algorithm, achieving competitive results compared to PSO and genetic algorithms alone. In a
related area, reinforcement learning applications have shown increasing promise in addressing the Quadratic
Assignment Problem (QAP), problem closely related problem to Q3AP. Researchers have demonstrated that
novel RL architectures, such as double pointer networks [29], can effectively match or even surpass the perfor-
mance of high-quality local search baselines for the QAP, thereby establishing the potential of RL for tackling
computationally complex assignment problems.

Despite these advancements in both RL-enhanced heuristics and traditional solution methods for the QAP,
along with the progress in metaheuristic approaches for the Q3AP, a significant gap remains in the direct
application of RL to the Q3AP itself. Given the inherent computational complexity of Q3AP and the limitations
of traditional methods to effectively solve large instances, the demonstrated success of RL in related CO problems
strongly suggests its potential value for Q3AP. The ability of RL to learn effective strategies within high-
dimensional solution spaces and to manage complex interdependencies between decisions aligns particularly
well with the challenges posed by the Q3AP. Our work directly addresses this gap by exploring the application
of RL techniques to Q3AP, aiming to combine the robustness of local search methods with the adaptive learning
capabilities of RL.
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FI1GURE 1. Reinforcement learning score-based scheme.

3. REINFORCEMENT LEARNING-BASED LOCAL SEARCH METHOD

3.1. Reinforcement learning

Reinforcement learning (RL) is a subfield of machine learning that emphasizes training agents to make
optimal decisions by interacting with an environment to achieve a certain goal [30]. In our approach, the local
search process is viewed as an agent operating within the search space environment. The agent’s actions are the
possible moves within the neighborhood of the current solution, and the reward is the change in the objective
function value resulting from a move. Formally, an RL framework is modeled as a Markov Decision Process
(MDP), defined by:

— States (s € S): Each feasible solution in the search space represents a state.

— Actions (a € A): Possible moves that can be applied to a solution to reach a neighboring solution. The
specific actions depend on the neighborhood structure of the local search method.

— Reward Function (R:S x A — R): This function assigns a reward after taking an action from a given

state. In our case, the reward is implicitly linked to the change in the objective function value after a move.

Policy (7 :S — A): The policy determines the action to take in each state.

An essential aspect of RL is the trade-off between exploration and exploitation. Exploration refers to the agent
taking actions that it is uncertain about, potentially leading to discovering new optimal strategies. Exploitation,
in contrast, involves taking actions that the agent currently considers optimal based on its acquired knowledge
[30]. A well-designed RL algorithm will strike a balance between exploration and exploitation to achieve superior
performance through an adaptive exploration mechanism (Sect. 3.2).

In this work, a model-free and value-based reinforcement learning agent has been designed to improve local
search methods. The agent learns an action-value function by interacting with the environment and acquiring
knowledge from previous experiences without explicitly modeling the environment’s dynamics. The advantage
of using such an agent lies in its ability to accumulate knowledge from prior search instances and leverage this
knowledge to guide the exploration of the search space more effectively (Fig. 1).
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3.2. Reinforcement learning-based local search method

Our approach implements a free value-based reinforcement learning framework to enhance local search per-
formance. Instead of relying on heuristic or random selection, we develop a learning agent that directly estimates
the value of potential moves through a scoring mechanism that adapts based on observed improvements in solu-
tion quality. This model-free approach allows the agent to learn directly from experience without maintaining
explicit state-action mappings.

The scoring mechanism (Algorithm 3) implements three key components of value-based learning:

Direct Value Estimation: Move scores in moveScoreList directly represent the estimated value of each
move based on its historical effectiveness. Unlike Q-learning approaches, these scores are independent of the
state space and are updated based purely on the observed improvements they generate. This makes the approach
particularly efficient for large search spaces where maintaining state-action pairs would be impractical.

Value Updates: When a move is executed, its score is updated based on its immediate contribution to improv-
ing the solution:
MOovVeSCOre ey = MOVESCOr€cyrrent 1+ SOIScore X 4,

where J represents the normalized improvement:

5 f(se41) — f(se)

x 100.
f(sginaisol) — f(SinitSol)

This update rule allows the agent to learn directly from experience without requiring a model of the environment.

Adaptive Exploration: The scoring system naturally implements an exploration-exploitation balance through
the interaction between move scores and solution quality. The multiplicative relationship between solScore and
the improvement contribution ¢ allows for adaptive exploration — moves receive stronger updates when they
contribute to high-quality solutions.

Algorithm 2 implements this free value-based learning through three interconnected procedures: Scoring is
the main procedure that manages the learning process. It determines when solutions represent improvements
(lines 4-6) and coordinates the value estimation through solution and move scoring (lines 8, 11). Rather than
maintaining state-dependent values, it focuses on tracking overall solution quality to guide the learning process.

MovesScoring implements the core learning mechanism of our value-based approach. It:

— Initializes new moves with a baseline value (DEFAULTSCORE) to encourage initial exploration;

— Computes the normalized improvement contribution (4) to measure move effectiveness;

— Updates move scores using a direct value update rule that combines immediate improvements with solution
quality;

— Maintains a memory of move effectiveness through the persistent moveScoreList.

SolScoring provides a context for value updates by evaluating solution quality relative to the best known
solution. This scaling helps prioritize learning from moves that contribute to high-quality solutions while main-
taining sufficient exploration of the search space.

The learned values guide the move selection process, where moves are selected probabilistically based on
their accumulated scores. This creates an adaptive local search that becomes increasingly efficient by learning
directly from search experience, without requiring explicit modeling of the state-action space.

3.3. Integration of value-based agent with local search

The integration of our free value-based learning approach with traditional local search creates a hybrid method
that leverages both learned knowledge and heuristic search strategies. Algorithm 3 presents this integration,
which centers around two key mechanisms: an adaptive move selection and a fallback strategy.

Adaptive Move Selection: The SelectPossibleMoves procedure implements the core decision-making mech-
anism of our value-based agent. It:
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Algorithm 2. Moves and solution scoring pseudo-code.

1: procedure SCORING (initSol, finalSol, sol, bestSol, solMoveList, solScoreList, moveScoreList)
2 Input: initSol, finalSol, sol, bestSol, solMoveList, solScoreList, moveScoreList

3 Output: solScoreList, moveScoreList

4: if f(sol) < f(bestSol) then

5: bestSol < sol

6: solScore «— MAXSCORE

7 else

8 SOLSCORING(sol, bestSol, solScore)

9: end if
10: UPDATESOLSCORELIST(solScore, solScoreList)
11: MOVESSCORING (initSol, finalSol, solScore, solMoveList, moveScoreList)

12: end procedure
13:

14: procedure MOVESSCORING (initSol, finalSol, solScore, solMoveList, moveScoreList)
15: Input: initSol, finalSol, solScore, solMoveList, moveScoreList
16: Output: moveScoreList
17: 1 — 1
18: j<0

19: Sj « initSol
20: A «— f(finalSol) — f(initSol)

21: while 7 < len(solMoveList) do

22: if not(solMoveList[i] € moveScoreList) then

23: moveScore < DEFAULTSCORE

24: else

25: moveScore < GETMOVESCORE(solMoveList[i], moveScoreList)
26: end if

27: 0 — ((f(S:) — f(S5)) x 100)/A

28: moveScore «— moveScore + (solScore X4d)

29: UPDATEMOVESCORELIST(moveScore, moveScoreList)
30: jej+1

31: 1—1+4+1

32: end while

33: end procedure

34:

35: procedure SOLSCORING(sol, bestSol, solScore)
36: Input: sol, bestSol, solScore

37: Output: solScore

38: A — (f(sol) x 100)/ f(bestSol)

39: solScore «— MAXSCORE xA

40: end procedure

— Takes as input the accumulated move values (moveScoreList) and the current solution s;.
— Filters moves based on their applicability to the current solution.

— Creates a probability distribution over moves based on their learned values.

— Returns a list of potential moves weighted by their historical effectiveness.

To guide the search process, the algorithm assigns a selection probability to each move that is directly
proportional to its learned score. In other words, moves with higher scores have a higher chance of being
selected. This is achieved by including multiple copies of each move in the potential move list, with the number
of copies proportional to the move’s score (line 24—-26). This approach:

— Naturally balances exploration and exploitation — higher-valued moves are more likely to be selected but all
moves maintain some probability of selection;
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— Adapts to the learning process — as move scores evolve, selection probabilities automatically adjust;
— Maintains simplicity while providing effective value-based guidance.

Fallback Strategy: When the value-based agent does not have applicable learned moves (potentialMoveList
= (), the algorithm falls back to the underlying local search heuristic through SelectAcceptableMove. This
hybrid approach ensures:

— Continuous search progress even when learned knowledge is insufficient;
— Gradual transition from heuristic to learned behavior as experience accumulates;
— Robustness through combination of learning and traditional search strategies.

Algorithm 3. Value-guided local search template.

: procedure LS_RL
: Input: Initial solution sg

1
2
3 Output: Final solution s;

4: t—0

5: while stopping criterion not met do

6 potentialMoveList < SELECTPOSSIBLEMOVES(moveScoreList, s¢)
7 if potentialMoveList # () then

8

9

move(t) < RAND(potentialMoveList) > Sample from value-based distribution
: else
10: move(t) « SELECTACCEPTABLEMOVE(Ss;) > Fallback to heuristic
11: end if
12: St+1 < MAKEMOVE(s¢, move(t))
13: St < St+1
14: t—t+1
15: end while
16: return s

17: end procedure

18: procedure SELECTPOSSIBLEMOVES(moveScoreList, s;)

19: Input: moveScoreList, current solution s¢

20: Output: List of potential moves weighted by learned values
21: potentialMoveList < empty list

22: for each (move, score) in moveScoreList do

23: if CHECKAPPLICABILITY (move, s;) then

24: for count « 1 to scorex2 do > Create probability distribution
25: potentialMoveList < potentialMoveList U {move}

26: end for

27: end if

28: end for

29: return potentialMoveList

30: end procedure

The resulting algorithm creates an effective synergy between value-based learning and local search:

— The value-based agent progressively learns which moves are most effective;
— The local search provides a reliable foundation when learned knowledge is insufficient;
— The hybrid approach maintains the benefits of both systematic search and learning-based improvement.

This integration demonstrates how free value-based reinforcement learning can enhance traditional optimiza-
tion methods while maintaining their robustness and reliability.
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4. EXPERIMENTS AND DISCUSSION

To evaluate the optimization capability and scalability of our Reinforcement Learning (RL) hybrid methods,
we benchmarked against two prevalent local search algorithms: Simulated Annealing (SA) and Variable Neigh-
borhood Search (VNS). These algorithms were selected as baselines due to their well-established efficacy across
diverse combinatorial optimization problems [9-12], rendering them standardized measures. This study focus
on the NP-Hard Quadratic 3-dimensional Assignment Problem (Q3AP), serving as a test problem for assessing
enhancement. In Section 4.3, we provide a comparative study between standalone SA and VNS versus SA+RL
and VNS+RL respectively SA and VNS versions augmented with a RL agent.

4.1. Running problem

The quadratic 3-dimensional assignment problem (Q3AP) is a extension of the quadratic assignment problem
(QAP) and the axial 3-dimensional assignment problem (3AP). It was introduced by Pierskalla [31] and has
been rediscovered as a mathematical model of some assignment problems such as the symbol-mapping problem
described in [7]. The Q3AP can be formulated as follows:

53D 35 3) 9) D) SLITHEIENES 9) 3) SIS (1)
i=1 j=1p=1k=1n=1qg=1 =1 j=1p=1
where:
X:(Iijp)E[ﬁij, (2)
zijp € {0,1}, 4,5,p=1,2,...,n. (3)
I, J and P sets are defined as follows:
I'=¢X = (25p) Zme,—l for i=1,...,np,
j=1p=1
n n
Jz{X (ijp) :Zme, for j:l,...,n}7
=1 p=1

n

P = (@ijp) Zinjpzl, for p=1,...,n

=1 j=1

3

While for the QAP the problem is to find a 2-dimensional permutation matrix that minimizes the objective
function, the problem for Q3AP is to minimize a quadratic function over the 3-dimensional assignment polytope
INJnNP. That is why this problem is referred to as quadratic 3-dimensional assignment problem.

An alternative formulation that we particularly used in our implementations is the permutation-based for-
mulation. In permutation-based formulation, the Q3AP given by equations (1)—(3) can be expressed as [7]:

n

n n
ming f(p, q) = Z Z Cipypiiamag T Z bipyacy (0 (4)
=1 j=1

i=1
where p and ¢ are permutations over the set {1,...,n}. The first term in (4) can be interpreted as the cost of

mapping simultaneously the entity ¢ to the locations p(i) and ¢(7) and the entity j to the locations p(j) and
q(7). The second term can be interpreted as the cost of placing entity ¢ simultaneously to locations p(i) and

q(i).
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Regarding the temporal complexity of the Q3AP, and since Q3AP is an extension of the QAP and of the
axial 3-dimensional assignment problem both of which are proved to be NP-hard then Q3AP is also NP-hard.
While the number of feasible solutions of a QAP of size n is n!, the number of feasible solutions of a Q3AP of
dimension n is n! x n!.

The Q3AP instances used in our experiments have been derived from instances of the QAPLIB QAP reference
library [32] where the six-dimensional cost matrix Cjjprng of the Q3AP has been built using the relationship
suggested by Hahn et al. [7]:

Cijpknq:fik'djn'fik'dpq; i7j7pakan7q:15"' , 1, (5)

where n is the size of the instance, fir is an entry in the flow matrix F' of the QAP problem, and d;, and dpq
are entries in the distance matrix D of the QAP problem.

By generating the cost matrix C in this way, we generated Q3AP instances that retain some of the cost
structure properties of standard QAP benchmark instances. This allows testing the performance of Q3AP
algorithms on problems with somewhat similar characteristics to difficult QAP problems [7].

4.2. Local search methods

In this section, we will discuss two popular local search methods: Simulated Annealing (SA) and Variable
Neighborhood Search (VNS).

Simulated Annealing (SA) is a metaheuristic rooted in statistical mechanics, adept at escaping local minima.
Its defining feature is the acceptance of “uphill” moves, namely solutions that are inferior to the current one.
This strategy is crucial for preventing entrapment in local optima. The probability of accepting such moves is
controlled by a temperature parameter 7', which decreases over time. This decrement facilitates the algorithm’s
gradual convergence towards an improved solution [33].

The SA algorithm (as detailed in Algorithm 4) initiates with a randomly generated initial solution, ensur-
ing a diverse starting point for the optimization process. Each iteration of the algorithm involves selecting a
new solution from the current solution’s neighborhood. The decision to adopt this new solution is based on
the Metropolis criterion: a superior solution is always accepted, while an inferior solution is accepted with a
probability calculated wvia the Boltzmann distribution. This probability depends on both the temperature T" and
the difference in the objective function values between the current and the proposed solutions [2].

An integral aspect of SA is its geometric cooling schedule. In our implementation, the initial temperature Ty
is set at 500, and it is reduced geometrically over time. The geometric cooling schedule involves multiplying the
temperature by a constant factor a € [0,1] at each step, resulting in an exponential decrease in temperature.
This methodical reduction ensures an effective balance between diversification, which entails exploring the search
space, and intensification, which focuses on honing in on a local minimum. We set our constant factor to 0.95.

Variable Neighborhood Search (VNS), introduced by Mladenovié et al. [34], dynamically alters neighborhood
structures to effectively search for optimal solutions. The process begins with a randomly generated initial
solution, ensuring a diverse starting point. VNS progresses through three main phases: shaking, local search,
and move. In the shaking phase, a solution from the k;h neighborhood of the current solution is randomly
selected, serving as the starting point for local search. If a better solution is found, it replaces the original and
the algorithm resets to the smallest neighborhood; otherwise, it moves to a larger neighborhood, allowing for
broader search space exploration. In our VNS implementation, four specific neighborhood functions have been
employed:

— DoubleSwap: Denoted as DoubleSwap(S,i,j), where S is the current solution and 4,j are two distinct
randomly chosen indices. This function swaps the elements at positions ¢ and j in S.

— TripleSwap: Represented as TripleSwap(S,1, j, k), where 4, j, k are three unique indices in S. This function
permutes the elements at these indices.

— OptheaderSwap: Notated as OptheaderSwap(S, i, j), with ¢, 7 being two indices chosen excluding the first
two positions. It swaps the elements at ¢ and j in S.
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Algorithm 4. Simulated Annealing (SA).

1: procedure SA

2: Output: The best reached solution s
3 so = GENERATEINITIALSOLUTION();

4: T =To;

5: while (stopping criterion not met) do
6 s’ = PICKATRANDOM (N (s));

7 if (f(s') < f(s)) then

8

9

s=3s";
else
10: ACCEPT s’ AS NEW SOLUTION WITH PROBABILITY p(T), s, s);
11: end if
12: UPDATE(T);

13: end while
14: end procedure

— DichotomySwap: Defined as DichotomySwap(.S). This function splits S into two halves and swaps these
halves.

The strength of VNS lies in its dynamic neighborhood strategy, which allows for efficient exploration of large
and complex search spaces. Its adaptability to different problems and compatibility with other metaheuristics
makes it a robust choice for solving optimization problems. By incorporating these specific neighborhood func-
tions, our VNS approach ensures a comprehensive and effective exploration of the solution space, increasing the
probability of finding globally optimal solutions.

Algorithm 5. Variable Neighborhood Search (VNS).

1: procedure VNS

2: Input: A set of neighborhood structures N, k =1, -+, kmax
3 Output: The best reached solution s

4: so =GENERATEINITIALSOLUTION();

5: while (stopping criterion not met) do

6 k=1,

7 while (k < kmax) do

8 s’ = PICKATRANDOM(Ng(s));

9

: " = LOCALSEARCH(s');
10: if (f(s ”) < f(s)) then
11: s=s"

12: k= 1

13: else

14: k=k+1;
15: end if

16: end while

17: end while
18: end procedure

4.3. Experiments and discussion

To assess the efficiency and scalability of our proposal, we considered Q3AP benchmarks from the literature
[7,8]. These Q3AP benchmarks have been derived from QAP instances of the QAPLIB library [32]. We have
selected two categories of QAP instances from which we derived Q3AP instances: the Nugent instances [35]
and the Hadley instances [36]. The Nugent instances are QAP instances known for their varying levels of
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TABLE 1. Experimental results for 100 iterations.

Metric Algo Nugl3 Nugl5 Nugl8 Nug20 Nug22 Nug25 Nug27 Nug30 Hadl6 Hadl8
BKV 1912 2230 17836 25590 42467 37716 13266 69704 52980 84932
BFV SA 1912 2230 18562 25590 43108 37716 14813 72006 52980 84932
SA+RL 1912 2230 17836 25590 42467 37716 13266 69704 52980 84932
VNS 1912 2230 17836 25590 43016 37716 14516 72180 52980 84932
VNS+RL 1912 2230 17836 25590 42467 37716 13266 69704 52980 84932
Hits (%) SA 31 4 0 1 0 2 0 0 7 8
SA+RL 74 37 9 11 7 27 16 8 46 34
VNS 28 7 2 2 0 1 0 0 7 9
VNS+RL 79 52 23 29 11 24 19 11 49 41
MeanBC SA 2473 2861 20894 28461 48007 39018 16898 74181 55873 87818
SA+RL 2108 2421 18952 26433 44641 38461 14108 71962 53746 85843
VNS 2538 2846 20431 28413 48131 39156 16789 74087 55793 87801
VNS+RL 2046 2381 18463 25998 44382 38721 14081 71067 53567 85838
MeanTime (s) SA 431 198 891 1448 2716 2466 3087 4889 401 585
SA+RL 181 114 507 989 2101 1798 2188 3997 279 397
VNS 467 196 867 1403 2756 2468 3085 4884 403 581
VNS+RL 153 108 464 891 1989 1816 2154 3887 259 381

complexity and are commonly used to test the effectiveness of algorithms in solving QAPs. They are labeled in
our experiments by the prefix “Nug” followed by the size of the instance. “Nuglh”, for example, designates the
Nugent instance of size 15. Similarly, the Hadley instances are denoted by the prefix “Had” and the size of the
instance. They are particularly valuable for assessing algorithm performance in more complex scenarios.

The instance sizes range from 13 to 30 for Nugent, 16 and 18 for Hadley, providing a comprehensive evaluation
across different scales and complexities. This range ensures that our assessment covers a wide spectrum of
scenarios, from relatively simpler to more challenging ones, offering insights into the scalability and adaptability
of the algorithms under study.

Table 1 reports some statistics on the results obtained from the various experiments carried out. These
statistics are computed from a sample of 100 iterations. The meaning of the metrics is given below:

— Best Known Value (BKV): The best performing solution known for each instance in literature and serves
as our reference for performance. This value is presented in bold in the tables for clear identification as a
benchmark.

— Best Found Value (BFV): The best solution cost found by the algorithm on all iterations. The BFV that
achieves the BKV for an instance is presented in bold to highlight best performance and facilitate direct
comparison

— Hits (%): The frequency with which the algorithm has successfully met the BKV.

— Mean Best Cost (MeanBC): The average cost of the best solutions caught by the algorithm on throughout
all iterations.

— Mean Time (MeanTime (s)): The average total execution time taken by the search process over all
iterations. This includes the entire duration from the start of the algorithm to its termination.

As shown in Table 1, the reinforcement learning-augmented local search methods (SA+RL and VNS+RL)
consistently outperformed their corresponding standalone versions (SA and VNS) across all Q3AP instances.
This superiority is particularly evident in the success rate (Hits), where the augmented versions achieved the best
known value (BKV) significantly more frequently over the 100 iterations. The integration of the RL component
effectively guides the search towards promising regions, enabling more efficient convergence to optimal solutions.
To quantify the improvements achieved by the augmented methods versus their standalone counterparts, we
defined two metrics: the cost improvement ratio (IRC) and the time improvement ratio (IRT) using the following
relationships:

(6)

IRC (%) (MeanBC(LS) - MeanBC(LS—l—RL)) 100

MeanBC(LS)
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and

MeanTime(LS) — MeanTime(LS-i—RL)) < 100

MeanTime(LS) Q

where LS is the standalone local search, i.e. SA and VNS in our case, and LS+RL the augmented local search
with reinforcement learning agent, i.e. SA+RL and VNS+RL.

Figures 2 and 3 illustrate respectively the improvement in average cost (IRC) and average time (IRT) for
Q3AP instances over 100 iterations. Both SA+RL and VNS+RL showed consistent improvements over their
standalone versions in all instances, with improvement ratios ranging from modest gains in some cases to sub-
stantial improvements in others. The time improvements were particularly notable, with significant speed-ups
observed across all problem instances. These speedups, whilst counterintuitive given the additional compu-
tational overhead of the RL component, stem from the more efficient exploration of the solution space. RL
guidance reduces unproductive moves and enhances the exploitation of promising regions, allowing algorithms
to reach optimal solutions with fewer iterations. This efficiency gain more than compensates for the overhead
introduced by the RL scoring system.

To assess the impact of the number of iterations on the quality of solutions and execution time, we carried
out further experiments in which we extended the number of iterations to 300. The experimental results are
reported in Table 2.

The results from extending the number of iterations to 300 (Figs. 4 and 5) demonstrate a significant enhance-
ment in performance. The IRC ratios showed substantial improvements compared to the 100-iteration experi-
ments, with larger instances benefiting particularly well from the extended runtime. This improvement results
from the RL agent having more opportunities to learn and refine its solution strategy, leading to better explo-
ration of the solution space and increased success in escaping local optima. Regarding execution time, the IRT
ratios maintained their positive trend despite the increased number of iterations. Both SA+RL and VNS+RL
continued to demonstrate significant time savings across all instance sizes, with particularly notable improve-
ments for larger problem instances. This sustained performance advantage indicates that the RL-enhanced
algorithms become increasingly efficient at guiding the search process as they accumulate more experience
through additional iterations.
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TABLE 2. Experimental results for 300 iterations.

Metric Algo Nugl3 Nugl5 Nugl8 Nug20 Nug22 Nug25 Nug27 Nug30 Hadl6 Hadl8
BKV 1912 2230 17836 25590 42467 37716 13266 69704 52980 84932
BFV SA 1912 2230 18562 25590 43108 37716 14813 72006 52980 84932
SA+RL 1912 2230 17836 25590 42467 37716 13266 69704 52980 84932
VNS 1912 2230 17836 25590 43016 37716 14516 72180 52980 84932
VNS+RL 1912 2230 17836 25590 42467 37716 13266 69704 52980 84932
Hits (%) SA 31.0 4.6 0.0 2.0 0.0 3.0 0.0 0.0 6.2 7.0
SA+RL 84.6 61.0 44.0 38.0 25.3 48.7 43.0 30.3 70.3 65.3
VNS 29.3 7.7 2.0 2.6 0.0 1.3 0.0 0.0 5.3 6.3
VNS+RL 87.0 65.6 33.3 46.6 24.3 33.4 29.8 19.6 63.3 54.3
MeanBC SA 2443 2841 20731 29003 48113 39512 17832 75322 56012 88091
SA+RL 2003 2361 18014 26402 42971 37912 13971 70132 53312 85034
VNS 2418 2705 20645 28113 48009 39348 16912 74731 56012 88034
VNS+RL 1968 2308 17994 25842 42987 37891 13904 70381 53162 85113
MeanTime (s) SA 433 201 864 1431 2736 2481 3051 4806 398 598
SA+RL 142 91 413 783 1832 1361 1464 2611 197 287
VNS 463 194 841 1374 2771 2501 3076 4897 411 592
VNS+RL 129 97 408 704 1337 1381 1609 2816 214 297

While both SA+RL and VNS+RL outperform their standalone counterparts for all instance sizes, we observe
a clear trend indicating that the relative improvement achieved by the RL-augmented methods increases with
problem complexity. To better illustrate this, we introduce the Hit Improvement Ratio (HIR), which quantifies
the percentage increase in the hit rate of augmented method compared to the standard methods. The HIR is
formally defined as:

HIR (%) = Hits(LS+RL) — Hits(LS) (8)

where Hits(LS+RL) represents the hit rate of the RL-augmented local search method, and Hits(LS) represents
the hit rate of the corresponding baseline local search method. Figure 6 shows the evolution of the HIR on the
various Q3AP instances for 300 iterations. The HIR generally increases with problem size, indicating a growing
relative advantage of our RL-augmented methods. However, we observe that the HIR plateaus or even decreases
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slightly at the largest Nugent instances (Nug22-Nug30), suggesting that the rate of relative improvement slows
down as the problems get very complex. This plateauing effect in larger instances can be attributed to several
factors. As problem size increases, the search space grows exponentially — for example, Nug30 encompasses
approximately (30!)? possible solutions. This rapid expansion in complexity challenges the RL agent’s capacity
to learn and adapt at the same efficiency as observed in smaller instances.



RL-BASED LOCAL SEARCH FOR Q3AP PROBLEM 1583

80 |
3
o
T
0 T T T T T T T T 1
Nug13 Nug15 Nug18 Nug20 Nug22 Nug25 Nug27 Nug30 Had16 Had18
< SA+RL -~ VNS+RL
FiGUuRrE 6. HIR (%) for 300 iterations.
100+
& 754
2
©
o
2
T 50-
254

Nug13 Nug15 Had16 Had18 Nug30
M SA+RL mVNS+RL mmPSO-ILS(TS)

FIGurE 7. Comparison of Hits Rates between SA+RL, VNS+RL, and PSO-ILS(TS) across
different instances.

Despite this plateauing, RL-augmented methods continue to deliver substantial advantages over standard
approaches, even at the largest instance sizes, underscoring their robust practical value across a wide problem
spectrum.

To contextualize our findings, we compared our methods against the PSO-ILS(TS) hybrid approach by Ait
Abderrahim et al. [28]. While direct comparisons are constrained by differences in experimental setups, including



1584 W. BENZINEB ET AL.

the number of runs and computational resources, the success rate metric provides a robust basis for comparison
as it normalizes performance across different implementations. Figure 7 shows that both SA+RL and VNS+RL
consistently achieve 2-3 times higher success rates than PSO-ILS(TS). This performance gap is most pronounced
in Had16, where our methods maintain success rates above 60% while PSO-ILS(TS) achieves only 20%. Even
in the most challenging instance (Nug30), where we observed the previously discussed plateauing effect, our
methods still demonstrate substantially higher hit rates than the PSO-ILS(TS) approach. These comparative
results further strengthen our findings about the effectiveness of integrating reinforcement learning with local
search methods for solving Q3AP instances.

5. CONCLUSION

In this work, we proposed a hybrid method by integrating Reinforcement Learning into heuristic algorithms
to enhance their exploration abilities. We tested this on the Quadratic 3-dimensional Assignment Problem
using Simulated Annealing and Variable Neighborhood Search as example heuristics. The goal was to address
the limitation of traditional heuristics in not exploiting information gathered from prior iterations thus wasting
potentially useful data. Our findings confirm this goal, demonstrating that our RL-enhanced algorithms perform
better than traditional SA and VNS in solution quality and execution time. This is especially seen in our extended
iteration experiments, where RL’s contribution to more strategic exploration of the search space led to notable
gains. However, our approach has limitations. The reliance on iterative learning and the need for many iterations
to achieve significant improvements in larger problems could restrict feasibility for time-critical situations. The
general applicability of our RL integration framework across different local search methods still needs further
exploration. Future work should focus on validating the integration of RL with various metaheuristics like Tabu
Search and Genetic Algorithms and expanding its application to a wider range of combinatorial optimization
problems. This will provide insights into its scalability and efficacy but also explore the potential of RL for
enhancing decision-making in complex optimization problems.
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