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ON SOME STRUCTURAL PROPERTIES OF A DIVISOR GRAPH

BIiLAL AHMAD RATHER'® AND HirLAL A. GANIE®*

Abstract. A divisor graph G,, of a positive integer n is a simple graph with vertices as proper divisors
of m, in which two distinct divisors are adjacent if and only if they are relatively prime. Also G, is a
graph with vertices as divisors of n except n, such that the two distinct vertices are adjacent if and
only if their greatest common divisor is one. These graph play a fundamental role in the study of the
comaximal graphs associated to commutative rings. We study the graph theoretic properties of both G,
and G,,. Formally, we determine the clique number, the independence number, the chromatic number
and the automorphism group of the divisor graphs G, and G,. We also find the bounds for their metric
dimension along with the characterization of graphs attaining them. Further, we discuss their resolving
polynomial.
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1. INTRODUCTION

Let G be a finite simple undirected graph with vertex set V(G) = {v1,v2,...,v,} and the edge set E(G)
consisting of unordered pairs of vertices. The numbers n = |V(G)| is order and m = |E(G)| is size of G. Two
adjacent vertices u and v are represented by u ~ v. A vertex of degree 0 is said to be isolated vertex and a
vertex of degree one is a pendent vertex. The set of vertices {x € V' | z ~ y}, denoted by Ng(v), is called the
neighbourhood of v (sometimes known as an open neighbourhood). The closed neighbourhood of a vertex v € V
is given as N[v] = {v} UN(v). The degree d,,(G) (or simply d;, if G is clear) of v; is the number of elements in
the set Ng(v;). The union of two graphs Gy = (Vi, E1) and G = (Va, Es), denoted by G; U Ga, is the graph
with vertex set V3 U V5 and edge set E1 U Es. The join of two graphs G; and G5 with disjoint vertex sets V;
and V5, denoted by G V Go, is defined as the graph G U G5 together with all the edges joining each vertex of
V1 to every vertex of Va. For arbitrary vy # vg € V, if N[v1] = N[vg] (or N(v1) = N(v2)), then we say v; and
vy are true twins (false twins), also we note that N[vi] = N[vg] if v1 ~ vy, otherwise N(v;) = N(vq). They are
called twins if they are either true or false twins. If v; ~ vy, then they are known as adjacency twins, otherwise
non adjacent twins. For two different vertices u,v € V, the distance between them is denoted by d(u,v), and
is defined as the length of a shortest path connecting them. The eccentricity e(v) of a vertex v is defined as
e(v) = maxy,ey d(v,u). The diameter diam(G) of G is the maximum eccentricity of any vertex in G.
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For a commutative ring R with non-zero identity, Shamra and Bhatwadekar [25] introduced the concept of
comaximal graph I'(R) of R with vertex set as the elements of R, and a # b € T'(R) are adjacent if and only
if aR + bR = R, where aR is the ideal generated by a € R. Interesting results related to rings and comaximal
graphs exists in literature, like: ring R is a finite ring if and only if chromatic number of T'(R) is finite, chromatic
number of I'(R) is same as number of maximal ideals and number of units of R (see, [25]). In [18], the authors
showed that for some rings the fact that I'(R;) = I'(R2) implies that Ry = Rs. For some recent development
about comaximal graphs of R, see [11,24,28] and the references cited therein. For studying the spectral analysis
of graphs defined on groups, rings, vector spaces and other algebraic structures, the structure of these graphs are
written in terms of certain graph operations (joined union), see [10,19,30]. Like wise the structure of comaximal
graph of commutative rings can be written in terms of graph operation so that their graph theoretic properties
and spectral theory can be easily investigated [3,4,6-8,23]. For the graph operation joined union, we need an
underlying graphs like divisor graphs for zero divisor graphs [10,17], a divisor type graph for power graphs of
groups [19,20] and a relatively prime divisor type graph for comaximal graphs of commutative rings [3,7].

In Section 2, we give the basic properties of divisor type graphs, like number of pendents, independence
number, clique number, cut vertices, chromatic number and automorphism group. Section 3 gives the results
related to metric dimension and resolving polynomial of these divisor type graphs.

2. STRUCTURAL PROPERTIES OF (,, AND G,

For a positive integer n, let 7(n) (see [16]) be the number of positive factors of n and let n = p]*py? ... pJ"*
be its canonical decomposition, where r,n1,ns,...,n; are positive integers and p1, ps, . .., p; are distinct primes.

Then it is well known that 7(n) = (ny + 1)(na + 1) ... (ns + 1).

The FEuler’s totient function ¢(n) denotes the number of positive integers less or equal to n and relatively
prime to n. An integer d is a proper divisor of n if d divides n and 1 < d < n. Let dy,ds,...,d; be the proper
divisors of n. Let G, be a simple graph with vertex set {d1,ds,...,d;} in which two distinct vertices d; and d,
are adjacent if and only if they are relatively prime, that is, (d;,d;) =1, for 1 < i < j < t, where (z,y) is the
greatest common factor of x and y. For a positive integer n in canonical decomposition, it follows that the size
of G, is [V(G,)| = H§=1(”i +1) — 2. Next, we consider a new graph G, = K1 V Gy, where V(K;) = {1}. Thus,
G, is a simple graph with vertices as d; # n and two distinct vertices d; and d; are connected if and only if
(di,d;) = 1. We observe that (1,d;) = 1 is always true, so the vertex 1 is adjacent to all other vertices of GJ,.
We call the divisors pq,po,...,p; as the primary divisors of n = pi*p5*...p;", like p;'" has only one primary
divisor, p; and py are primary divisors of p;" p?j and so on.

For 1 <i <t let

Ay, ={z € Z,: (x,n) =d;}.

Clearly, Ag, N A4, = ¢, when i # j, implying that the sets Ag,, Ag,, ..., Aq, are pairwise disjoint and partitions
the vertex set of I'(Z,,) as
V(I(Zy,)) = Ag, UAg, U---UA;, U{0}UU(Z,),

where U(Z,,) = {z € Z, : (z,y) = 1,foreach y € Z,}, and there are ¢(n) such elements in Z,. Also,
|Ag,| = gi)(dﬂi , for 1 < i <, (see, [30]). Furthermore, no two members of the set Ay, are adjacent, for each d;,
if v; € Ag, is adjacent to v; € Ag; for some i # j, then v; is adjacent to every v; € Ay, and z; € Ay, is adjacent
to x; € Ay, if and only if (d;,d;) = 1, (see [6]).

The joined union G[G1,...,Gy] of graphs G, ..., G, with the underlying graph G is the union of graphs
G1 UG U---UG), together with the edges from each vertex of G; to every vertex of G, whenever v; ~ v; in

G. Tt follows that the join of two graphs G; and G4 is G V G = K3[G1, Gal.
The following lemma says that I'(Z,,) is the joined union of certain complete graphs and null graphs.

Lemma 2.1 ([3]). For the positive integer n and its proper divisor d;, the following hold.
(i) For eachi=1,2,...,t, T'(Aq,) = ?qb(

n

), where T'(Ag,) is induced subgraph of Aq,.

i



ON SOME STRUCTURAL PROPERTIES OF A DIVISOR GRAPH 1607

(ii) The comazximal graph of Z,, is

T(Zn) = Kym) V (Kl U Gn {K¢(;)’K¢(G{;)""’K¢( )D

&

= G’II’L |:K¢(n)aK17K¢<;1)aK¢(;2), ,K(b(;t)]

Therefore, the comaximal graph I'(Z,,) can be written as joined union of graphs, the underlying graph of the
joined union is Ky V (G, U {0}) = G, since V(K;) = {0}. Further, from [7], we have

I(Z,) =GV G/2 = Ky V GIQ,

where GY is the graph on n—¢(n) vertices and is the union of K; and the graph G,,. This is the other motivation
for studying G}, = K1 V G,.
Clearly, the diameter of G/, is 2 and if G,, is connected then diam(G,,) = 2, since p;’s form a clique and any
other vertex of G, is adjacent to some vertex of clique. Thus, it follows that G/, is of diameter at most two.
The following results concerns about the basic properties of G,

Lemma 2.2 ([23]). For the graph G, the following holds.

(i) If n is a prime, then G is empty an graph.
(ii) If n =pi*,n1 > 2, then G, 2 K, 1.
(iil) Gy, is connected if and only if n is product of distinct primes.

By Lemma 2.2 with n = p}'*,ny > 2, it follows that G/, is a star graph and all basic properties of star graph
are known. So, while discussing any property of G),, we take n = p'ps?...pJ"*, with ¢ > 2, unless otherwise
stated. Moreover, for n = pips...p,t > 2, we have 1 < d,,(G,) < n — 1. Also, by Lemma 2.2, it follows that
G, need not be connected, however G/, is always connected. From now onwards, we will be dealing with only
connected graphs.

The very first results gives the number of pendent vertices in G,.
Proposition 2.3. Let n be a positive integer. Then the following hold:

(i) If n = p1pa...pt,t > 2, then G}, has no pendent vertices.
(i) If n = pT'py®...pJt,t > 2, then there are szl n; — 1 pendent vertices in G',. Moreover they are of the
form pi*ps? ... pgt, where 1 < a; <n,; fori=1,2,...,t.

Proof. (i) By Lemma 2.2, G,, is connected for n = p1ps ... p; so is G,,. For the second part. Let n = pi'p5? ... pJ".
Then the proper divisors of n of the form p{*p5*...py"* (excluding n), where 1 < a; < n; for 1 < i < ¢ are
never relatively prime with any other divisors of n (excluding 1), since their common divisor is at least p;. Such
vertices are adjacent only to the trivial divisor 1 and they are not adjacent to themselves, as for divisors e; and
ea of the form p{'ps?...pt, we always have (e1,e2) # 1. Also, it is easy to see that the count of such divisors

in G, are ninsy...n; — 1. O

Remark 2.4. From Proposition 2.3, it is clear that 2 < d,,(G)) < n—1if n = pips...p;. Also, for n =
prips? ... prt, it follows that 1 < d,,(G),) <n—1.

The following result gives the independence number of G7,.

Proposition 2.5. Let n be a positive integer. Then the following hold:

(i) If n = pipa...pt,t > 2, then the independence number of G., is t.
(ii) If n = pi*ps?...pyt,t > 2, then the independence number of G, is at least szl n; — 1.
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Proof. (i) For n = p1ps...p:, the divisors I; = H;Zl p; are adjacent only to p; and they form pendent vertices
i#]
in G,,. The number of such divisor /; in G/, are (tfl) =t.So {ly,la,...,l;} is maximal independent set and
such a set is not unique. Thus the independence number of G, is t.
(ii) For n = pI*py? ...py", the proper divisors of the form pi'p3?...p¢* (excluding n), where 1 < a; < n; for
1 <4 < t form an isolated vertices in G,, and hence set of pendent vertices in G/,. So, this set is independent

set of cardinality [[7_, n; — 1, but it may not be the maximum independent set, since d; = [[j=1 p;’ are
i#]
also the part of the maximum independent set.

O

The following result discuss the independence number of G/, for some special values of n.
Proposition 2.6. Let n be a positive integer. Then the following hold:

(i) Forn = p'py?, where ny > na, the independence number of G, is ni(ne + 1) — 1.

(ii) For n = py'p32ps?, the independence number of G, is

n3(3+ny) — 1, if n1 = ng = na,
ng(n%—i—in—i—l)—l if ny = ny < n3 and n? < ns,
ni(ning +2nsg +ny) — 1 if ny = ny < n3 and n? > ns,
na(nine +2n; +1) — 1 if ny = n3 < ny and n? < ng,
ny(ning + 2ns +ny1) — 1 if ny = n3 < ny and n? > ny,
ning + nins + nang + ningng — 1 otherwise.

Proof. If n = p'p5?, with n; > ng, then the divisors pi’py?, 1 < e; < n; (except n) form an independent set of
cardinality ning — 1. Also, pi,i =1,2,...,n; and p},j = 1,2,...,ny are other two independent set where each
vertex set of the first set is connected to every other vertex of second set in G/,. Since, n; > ng, so the divisor
set pi together with the divisors p{*p3? form a maximal independent set of cardinality ning +nq — 1.

(ii) If n = pI*p52p5?, then by Proposition 2.3, there are nynang — 1 pendents in GJ,. Further, let A; be the
set consisting of divisors p;* with ¢ = 1,2, 3, A4 be the set consisting of divisors pﬁpé, As be the set consisting
of divisors pip5 and Ag be the set consisting of divisors pép’g‘, where ¢ = 1,2,...,n1,5 = 1,2,...,n9 and
k=1,2,...,n3. Clearly each such set induces a totally disconnected graph and form independent sets in G/, of
cardinalities n1,ng,n3, ning, nin3 and nang, respectively. If ny = ny = n3, then the pendents in G, together
with the vertices pip?, pﬁplg and p%plg is one such maximal independent set of cardinality nins 4+ ninsg + nong +
ningns —1in G1. If ny = na < n3 and n? < ns, then the pendents together with A3 U A5 U Ag form a maximal
independent set of cardinality 2n;nz + n3 + n2n3 — 1. Now, if If n; = ny < ng and n? > ns, then the pendents
together with A;UA5U Ag form a maximal independent set of cardinality n? +2n1n3+n2nz—1. If n; = n3 < ns
and n? < ng, then the pendents together with Ay U A4 U Ag form a maximal independent set of cardinality
21119 + ny +n3ny — 1, otherwise A4 U A5 U Ag is a maximal independent set. Finally, for the remaining cases,
it is clear that A4 U A5 U Ag form a maximal independent set along with the pendent vertices of G7,. O

In the next result, we give the clique number of GJ,.

Proposition 2.7. Let n = n = p'py?...p" t > 2, be a positive integer. Then, the clique number of G', is
t+ 1.

Proof. For n = pips . ..p, the divisor p; is always adjacent to p;, since (p;,p;) = 1, for each i # j. Thus p;’s

induce a clique of size ¢ in G, and thereby along with the divisor 1, they form a clique of size ¢ + 1 in G7,.
For n = pi''py?...py", the proper divisors p! for i = 1,2,...,t and j = 1,2,...,n; form independent sets of
size a; = m;. Also, each vertex of ¢; is adjacent to every vertex of «; and it follows that {p1,p2,...p:} U {1}
(Il

form a clique of size t + 1 in G7,.
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The following is a consequence of Proposition 2.7 and gives the clique of G,,.
Corollary 2.8. Let n = p1ps...pt,t > 3 be a positive integer. Then, the clique number of G,, is t.

For a vertex v of G, with two disjoint non-empty subsets of A and B of V(G) \ {v}, we say that (A, B) is a
separation of G(V(G) \ {v}) if AUB = V(G)\ {v}, and there is no edge of G(V(G) \ {v}) with one end point in
A and other in B. For connected graph G, we say v is a cut vertex of G if and only if there exists a separation
of G(V(G) \ {v}). Note that G(X), where X is a subset of V(G), is the subgraph of G induced by the vertices
in X.

Next result gives the number of cut vertices of G,.

Proposition 2.9. Let n = pipa--- = pi,t > 3 be the product of t distinct positive integers. Then p;, for
i=1,2,...,t are precisely the cut vertices of G,.

Proof. Since each [; = H§=1 p; is a pendent vertex in G,, and [; is adjacent to p; in G, for i = 1,2, ... t. Thus,

by the connectedness of 1G7J, , it follows that p; is a cut vertex of GG,,. Suppose that there is a cut vertex v in
G, other than p;. Let (X,Y’) be a separation of G,[V(Gy) \ {v}]. As (pi,pj) = 1 for i # j, so all the vertices
pi,i=1,2,...,t are either in X or in Y. We may assume that each p; is in X, and note that Y is a non empty
set, so there is a vertex v € Y. But (v,p;) = 1 for some 4, that is v is adjacent to some p;, which contradicts
the assumption that (X,Y) is a separation of G,[V(G,) \ {v}]. Therefore, any cut vertex of G, is of the
form p;. (I

A vertex colouring of G is an assignment of colors to vertices such that adjacent vertices receive different
colors. The chromatic number of G is the minimum number of colors required for vertex coloring of G. The
following results gives the chromatic number of G,, and G/,.

Proposition 2.10. Let n = p1py...ps,t > 3 be a positive integer. Then, the chromatic number of G, is same
as its clique number.

Proof. Since p;’s form a clique of size ¢ in G,,, and all other vertices are adjacent to some p;. More precisely, p;
is adjacent to all vertices which are not multiple of p;, similarly p;, j # ¢ is adjacent to all other vertices except
multiples of p; (including multiples of p;). Now, there are vertices like p;p;, that is, multiples of both p; and p;
which are adjacent to some py, k ¢ {i,j}. Lastly, there are vertices like v; = H;'zl p; which are adjacent to p;.
(2
Thus, in this manner all the vertices (other than p;) of G,, are adjacent to some p??s. We assign ¢;,i =1,2,...,t
different colors to the vertices of clique K; in G,,. Since vertex p; receives color ¢;, so we assign color ¢; to its
neighbours (excluding its neighbours in K;) which are not adjacent to p;, since p; is already colored with c;.
Next, we assign color ¢ to those vertices which are adjacent to both p; and p;, where k ¢ {7, j}. Proceeding in

this manner, at the end we are left with v; = H§:1 p; which are adjacent to only p;, we assign them any colour

i#]
from ¢;, for ¢ = 2,3,...,t. Thereby, we require only ¢ colors to color the vertices of GG,, as each vertex of G,, is
adjacent to some p;, for i =1,2,...,t. O

With the similar proof as in Proposition 2.10, we have the following result for G7,.

Corollary 2.11. Let n = p'p3*...py", ¢t > 3 be a positive integer. Then, the chromatic number of G, is same
as clique its number.

An automorphism of a graph G is a permutation in which the vertex set of G is mapped onto itself in such
a way that the adjacency and non-adjacency relation of vertices is preserved. The set of all automorphisms of
G is a permutation group known as the automorphism group of G, denoted by Aut(G). In the next result, we
present the automorphism group of G,, and G,.
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Proposition 2.12. Let n = p1ps...pi,t > 3 be a positive integer. Then, the automorphism group of G, and
G! is same and equals to Sy, the symmetric group of order t!.

Proof. Since p;’s form a clique K; and all other vertices of G,, are adjacent to some p;, though the neighbours
of p;’s are not same. Since the vertices of K; can be permuted in ¢! ways, so the remaining vertices V(G,, \ K;)
can be permuted with such ¢! permutations. Thus, we arrive at the automorphism group of G,, is isomorphic to
the symmetric group S; on ¢ elements. Also, we note that the vertex 1 of G, is adjacent to all other vertices, it
follows that any automorphism fixes this vertex and its automorphism group is same as that of G,,. (]

3. METRIC DIMENSION OF G/,

For a subset W = {1, 2, ..., 2} of V(G) and a vertex v € V(G), the vector (k-vector) with respect to W
is written as
r(|W) = (d(v,z1),d(v, z2),...,d(z,x)),

is known as the representation of v with respect to W. A set W is known as the resolving (locating set) for G
if any two distinct vertices of G have different representations related to subset W. A resolving set of minimum
cardinality is a basis (metric basis) of G and the cardinality of such a set is called metric dimension of G,
denoted by 5(G).

The concept of resolving set and the metric dimension of a graph was first introduced by Slater [29] and was
used to uniquely identifying the location of a vertex in a graph. Harary and Melter [13] independently studied
metric dimension and resolving sets of G. The metric dimension and resolving set of a graph are important
invariants and have applications in coin-weighing problems [27], pharmaceutical chemistry, robot navigation,
diverse as combinatorial optimization, and sonar [5], digital images [21]. The problem of finding the metric
dimension of a graph is NP-complete and many authors have studied and investigated it among several classes
of graphs. Results related to metric dimension of Cayley digraphs can be seen in [12], wheels [26], unicyclic
graphs [22], trees [29].

We have the following known results about resolving set of G.

Lemma 3.1 ([14]). Suppose G is a connected graph and vy, v are twin vertices in G. Then d(v1, vs) = d(ve,vs)
for any vertex vs € V(G) \ {v1,v2}.

Corollary 3.2 ([14]). Suppose G is a connected graph and vi,vs are twins in G and let A be its resolving set.
Then v1 € A or vy € A. Furthermore, if vi € A and va ¢ A, then (A\ {v1}) U {va} is also resolving set G.

From Corollary 3.2, we have the following observation.

Remark 3.3. Let G be a connected graph of order n and let A be a twin set in G with |A| = k > 2. Then,
each resolving set of A contains at least k — 1 vertices of A.

For a graph G of order n and diameter d, the following hold (see, [9,15])
dim(G) < N —d.
With diam(G’,) = 2, we have the following result for G,.
Theorem 3.4. Let G, be the divisor graph of order N. Then
dim(G;,) < N —2.
By Lemma 3.1, Corollary 3.2 and Remark 3.3, we have the following result whose proof follows trivially.

Proposition 3.5. Let G, be a graph of order N. Then, the following hold.
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(i) Let n be the number of twin sets of cardinality at least two. Then
dim(G,) > N — .
(ii) Let 6 be the number of twin sets of cardinality one. Then
dim(G]) < N —n+6.
As the divisor 1 is the only twin of size 1, so we have the following result for GJ,.

Corollary 3.6. Let G, be a graph of order N and let n be the number of twin sets of cardinality at least two.
Then
dim(G},) < N —n+1.

Next, we find the value of  and the upper bound for metric dimension of G/, is given in the following
consequence.

Corollary 3.7. Let G, be a graph of order N and let t > 2 be number of primary divisors of n. Then,

amc {0 (o (1) () oo

Proof. Let n = p'p5?...py"*, ¢t > 2 be the canonical decomposition of n. Clearly, there are ¢ twin sets in G, of
the form p7*, for 1 < a; < n; of cardinality n; with only one primary divisor p;. Also, there are twin sets with
primary factors

P1P2,P1P3;y - - -, P1Pt, P2P35 P2P4y - - - y P2Pty - - -y Pt—2Pt—1, Pt—2Pt, Pt—1Dt

and the number of such twin sets are
t
t-1D+(t-2)+t—-3)+---+2+1= (2>

Similarly, the number of twin sets with exactly 3 primary divisors pipops...pi—oPi—1P: are (;) Continuing
in this manner, the number of twin sets with k& > 4 primary factors are (7). Now, by Proposition 3.5 and
Corollary 3.6, the result follows. O

In the next two results we obtain sharp lower bounds for the metric dimension of GJ,.

Theorem 3.8. Let n = p'py?...py*t > 2 be a positive integer and at least one n; > 2. Then, the metric

dimension of G, is
t t
dim(G)) > an + Y ni—t—2,
i=1 i=1

with equality if and only if t = 2.

uy)

Proof. Forn = p'p3?...pi, it is clear that G7, have [[._, n;—1 pendent vertices (Prop. 2.3, part (ii)) and there
are twins of cardinality n; for divisors p;*,i =1,2,...,t. Thus, by Lemma 3.1, Corollary 3.2 and Remark 3.3,
it follows that the metric dimension of GJ, satisfies

t t
diam(GY) > H n; +
i=1 i

ng—t—2, (3.1)
1

since there may exist more twins corresponding to the other divisors of n.
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t

Suppose that equality holds in (3.1), then diam(G?%,) = [['_, n: + 31—, ni —t — 2 and it implies that G/, have

only twin sets corresponding to divisors p;¢,i =1,2,...,t and the twin pendents. In case ¢ > 3, then there are
twins other than pendents and those of p;* like the twins corresponding to m; = p]*p5? .. p?ll pf_ﬁl AL

In such case equality cannot hold, since the other twins contribute to the metric dimension of G!,. Thus, we
must have p = 2 and in this case there are twins corresponding to p{*,1 < a3 < nq1,p5%,1 < ay < ng and the
pendent twins p'p3?,1 < a; < ny, for ¢ = 1,2 except the divisor n. Thus, for ¢ = 2 equality holds in (3.1)
and we actually we need to prove that the metric dimension of GJ, is nins + ny + no — 4 for n = pJ*ps?. Since
dim(G,,) > ning + n1 +ng — 4, we only need to show that dim(G,,) < ning+mny +ng — 4, for that we show that

2. no

—1 —1
W= {ph...,pi“ JD2s -y DY P1D2, PIDS, - PIDS?, P2, DD, - - -, DIDY,
DU D2, PDE, PR 2}

is the resolving set of G,. We prove that W is resolving set of G},. Further, for each v; € W, we see that r(v;|w)
is distinct, since all such |W|-vectors are different as the i-th coordinate of r(v;|w) is zero. Next, we find the
representatlon of the remaining vertices {1, p]", p52, ' ps?~ 1} with respect to W. The |W|-vector of vertices

{1,p1", p32, 01" py?~ 1} with W are

r(UW) = (L,1,..., 1), r(p" W)= | 2,2,...,2,1,1,...,1,2,2,...,2
ni—1 no—1 ning—2
T(pg2|W): 171’71a2727727272772 (p;lIPSQ 1|W):(2,2,,2)
’I’Llfl n271 n1n272

Clearly, the above vectors are different and it follows that W is the resolving set of GJ,. Thus, dim(G,) <
n1no + n1 + no — 4 and result follows. This proves the equality case. O

Theorem 3.9. Let n = p'p3*...py",t > 3 be a positive integer and at least one n; > 2. Then the metric

dimension of G, is
) t+ 1)
dim(G7,) >Hm+ Z naner -2,

1<i<j<n

with equality if and only if t = 3.

Proof By Proposition 2.3, we see that G/, has H _1n; — 1 pendent twin vertices. Also d1v1sors of the form
pit, i =1,2,...,t form twins of cardinality n;. Furthermore, there are twins sets of the form p}" pj < 5,1 <

o; < n; with cardinalities n;n;. Also thereare t —1+¢t—2+...24+1= @ such twin sets. Besides, there
are more twin sets of the form p* p] ‘ppk,i < j < k,1 < a; <n; with cardinalities nyn;jng and other twin sets.
Thus, by Lemma 3.1, Corollary 3.2 and Remark 3.3, it follows that the metric dimension of GJ, satisfies

¢
dim(G%,) 1:[ i+ Z nnJ—I—ZnZ t+1 -2 (3.2)

1<i<j<n

Suppose that equality holds in (3.2), then G] has twin sets precisely of the form p}‘,i = 1,2,...,¢t,
pf‘ip?'j,i < 4,1 < «a; < n; and the pendent twins. If ¢ > 4, then there are twins sets of the form
L =piph? ... p ! p?jjll ...p¢*t, which contribute a non zero quantity to the metric of G/, and in this case equal-
ity cannot hold in (3.2). Thus, the equality holds if G}, has twin sets corresponding to divisors p;*,¢ = 1,2,.

pf‘ip?j i < j,1 < a; < n; and the pendent twins. It follows that G}, has no non pendent twins with more that
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two primary divisors like szl pi,t > 3. Therefore, we are left with pendent twins, twin sets with two pri-
mary divisors p;p;,i < j and the twins sets of form p;. It is clear that this requirement is satisfied only for
n3

n = p'py*ps® and we prove the equality case. By Remark 3.3,
dim(G,) > ninang + ning + ning + nans + ny + ng + ng — 8.

We will now prove the above inequality in reverse order. We will prove that W given below is the resolving set
for G,

W = {pla e ap?1717p27 e ap7212717p37 e 7p33717p1p27p1p§7 e 7p7111p;74271;p1p37p1p§7 ey

P DS T pap3, paps, -, D5 DS T pipaps, - ,p’l“pgzp?rQ}
Clearly, for each v; € W, the |W|-vector r(v;|w) is distinct for each v;. We consider the representation of
the vertices in V(G% \ W) = {1,p{*,ph2, 0%, py ph2, py2ps®, pi ps?, i p2ps* '} with respect to W. Their
|W|-vectors are

rAW) = (L1, 1), e W) = [2,2,...,2, 1,1,...,1 , 22..22 |,
ni—1 na2nz+nz+nz—3 ninz+ninz+ninanz—4
r(pp2 W) = | 1,1,...,1,2,2,...,2,1,1,...,1, 2.2....,2 1,1,...,1,2,2,...,2 |,
ny—1 no—1 ng—1 ninz+nong—2 ning—1 ningng—2
T(pg?»‘W): 1,1,...,1,2,2,...,2,1,1,...,1, 2,2,...,2 ,
nit+nz—2 n3—1 nine—1 mnanz+ningtninsnz—4
r(prtpy? W) =[2,2,...,2,1,1,...,1, 2,2,...,2 ,
ni+nz—2 nz—1 nanz+ninz+ninsnz—4
r(pRzpis|w) = [ 1,1,...,1, 2,2,...,2 ,
ni—1 nat+ng+nine+naong+ning+nineng—7
r(pytpst W) =12,2,...,2,1,1,...,1, 2,2,...,2 ,
ni—1 na—1 nz+ninz+nang+ning+ninznz—7T

(P psRpst W) = (2,2,...,2).

All the above vectors are different and it follows that T is the resolving set of G’,. Thus, the equality case
follows. U

Based on the calculations in Theorems 3.8 and 3.9, and the upper bound for the metric dimension in Propo-
sition 3.5 and Corollaries 3.6 and 3.7, we leave the following problem for future research.

Problem 1. Is it true that the metric dimension of GJ, for n = p'ps?...pi"*, t > 4dand ny >ng > --- > ny > 2

is

¢ ¢ ¢
dim(G),) = an + an + anj + Z ninng + -+ Z NN o M1 — Z <t> —2.
i=1 i=1

i<j i<j<k i<j<k<---<t—1 i=1
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For a connected graph G of order n, the collection of all resolving sets (subsets of V(G)) of cardinality k is
denoted by s, and resolving polynomial of G is defined as

QZ}(G7 SL’) = Z Skxkv

k=B(G)

where 3(G) is the metric dimension of G. We note that s;, = 0 for k < 3(G). The sequence (sg(ay, Sg(G)+1, - - - » 5n)
of ¥(G, z) is known as the resolving sequence of G. The resolving polynomial of commuting graphs of dihedral
groups and power graphs of finite graphs can be seen in [1,2].

The following result gives the coefficients s,,_1 and s, of the resolving polynomial. The proof follows trivially
and is therefore omitted.

Lemma 3.10 ([1]). Let G be a connected graph of order n. Then, the only resolving set of G of order n is V(G)
itself and the resolving set of order n—1 can be selected in n possibly distinct ways. Thus, s,—1 =n and s, = 1.

The following result gives the resolving polynomial of G/, provided n has at most two primary divisors.

Proposition 3.11. The resolving polynomial of Gl for n = pi'py? is
(G, x) = 2" <z4 +nz® + (nina(ny + na + 2) — 1)2? + (ninz(ning + ni + na)
—ng — nz)a: + nina(ning — 1))

Proof. For n = pi'p5?, by Theorem 3.8 the metic dimension of GJ, is ning + n1 + ng — 4. So by the definition
of resolving set, we need to evaluate the coefficients of resolving sequence (s;,—4,Sn—3,Sn—2,Sn—1,Sn), Where
n = ning + Ny + no. Also, we note that there are ny twins with primary divisor p;, ns twins with primary
divisors ps and ming — 1 twins with primary divisors pi, ps, we denote them by A;, A and As, respectively.
For the coefficient s,_4, we have to find all the resolving sets of G/, of cardinality n — 4. By Corollary 3.2 along
with combination and multiplications rule, we have

s = " 2 mng =1 =ning(ning — 1)
n—d ni—1/\ny—1)\niny —2 PR '

Next, for s,_3, we are required to find all the resolving sets of G, of cardinality n — 3. Let S’ be any resolving
set of order n — 3 and let z,y, and z be three vertices of G/, such that x,y,z ¢ S. In view of Remark 3.3, we
have the following possibilities:

r=1l,yeAjand z€ Ay orx =1,y € Ay and z € A3
orx=1,y€ Asand z € Az or x € A,y € Ay and z € As.

Thus, with the above possibilities, the number of resolving sets of cardinality n — 3 are

s _ ny ») + ny ning — 1 4 ) ning — 1
n=3 ng—1)\ny—1 ny— 1) \ning — 2 ng —1/) \ning — 2

-1
+ ( " ) ( 2 > <n1n2 ) =ning + n1(n1n2 — 1) + ng(nlng — 1)

n1—1 TLQ—l n1n2—2

+ nlng(nlng — 1) = Tllng(nl’ﬂ,g +ni + Tlg) — N1 — Na.

For s,,_2, consider two vertices x and y of G,y such that z,y ¢ S’, where S’ is any resolving set of order n — 2.
By Remark 3.2, we have the following possibilities in this case

r=landy€e A;, orz=1and y € A, orz =1 and y € As,
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orx € Ayandy € Ag, orx € A; and y € A3, or x € As and y € As.

By combinations and multiplications rule, the value of s,,_5 is
- ny N9 ning — 1 ny %)
Sn—2 = (Tll — 1) + (7’1,2 — 1) + (nan — 2) + (nl - 1) (n2 — 1)
n ning —1 n nin
i 1 112 n 2 112 |
TL1—1 n1n2—2 n2—1 n1n2—1

+ ning + nl(nlnz — 1) + Tlg(nl?’lg — 1) = nlng(nl “+ ng + 2) —1.

Furthermore by Lemma 3.10, we get s,,_1 = n and s, = 1. Therefore, the resolving polynomial of G/, is

n
(G, 1) = Z spat = nina(ning — 1):&"74 + (nin2(ning + ny +n2) —ng — 712):1:”*3
k=n—4

+ (n1n2(n1 + ng + 2) — 1)1'”72 + nm’nfl + 2"
= (x4 +na® + (ning(n1 + ng + 2) — Da? + (ning(ning + n1 + na)

—ng — ng)x + ning(ning — 1))

4. CONCLUSION

This article gives some graph invariants of G,, and G/, for some special values of n and in general it remains an
open challenge to find the automorphism group, metric dimension, resolving polynomials and other invariants
of these graphs.
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