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ON THE SPECTRAL RADIUS OF BIPARTITE GRAPHS WITH GIVEN ORDER
AND 4-INDEPENDENCE NUMBER

WENXIU DING AND DAN L1*

Abstract. For a positive integer k, let P be a path of order k. For a graph G, a subset S C V(G)
is called a k-independent set if the induced subgraph G[S] does not contain P as its subgraph. The
k-independence number of G, denoted by ax(G), is the maximum cardinality of a k-independent set in
G. Let PBn . qa, be the set of bipartite graphs of order n with k-independence number ai. What are the
corresponding extremal graphs in %, o, with the maximum spectral radius? Lou and Guo [Discrete
Math. 345 (2022) 112778] solved the problem for k = 2, and then Huang et al. [Discrete Appl. Math.
342 (2024) 368-380] provided the answer for k = 3. We are interested in the analogous problem for
k = 4. In the paper, we determine the unique graph attaining the maximum spectral radius among all
bipartite graphs in % a,-
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1. INTRODUCTION

In this paper, a graph means a simple undirected graph. Let G = (V(G), E(G)) be a graph with vertex set
V(G) of order n = |V(G)| and edge set E(G). The adjacency matriz A(G) of G is an n X n matrix whose
(1,7)-entry is 1 if vertices v; and v; are adjacent, and 0 otherwise. The largest eigenvalue of A(G) is called the
spectral radius of G, denoted by p(G). By the Perron—Frobenius theorem, for a connected graph G, there exists
a unique positive unit vector @ called the Perron vector such that A(G)x = p(G)x. Denote by Ng(v) the set
of neighbors of a vertex v in G. The degree of v is dg(v) = |Ng(v)|. For any vertex v € V(G) and any subset
S C V(G), let Ns(v) = Ng(v) NS and dg(v) = |[Ng(v) N S|. For X C V(G), let G[X] be the subgraph of G
induced by X. As usual, let P,, K, and K,; be the path of order n, the complete graph of order n and the
complete bipartite graph with two parts of sizes a and b, respectively.

A vertex subset S C V(G) of G is called an independent set if no two vertices in S are adjacent. The
independence number of G, denoted by a(G), is the maximum cardinality of an independent set in G. A vertex
subset S C V(G) is a dissociation set if the induced subgraph G[S] has maximum degree at most 1. The
dissociation number of G, denoted by ¢(G), is the maximum cardinality of a dissociation set in G. Note that
every independent set is a dissociation set. For a positive integer k, a subset S C V(G) is called a k-independent
set if the induced subgraph G[S] does not contain Py as a subgraph. The k-independence number of G, denoted
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by ar(G), is the maximum cardinality of a k-independent set in G. It is obvious that a2(G) = «(G) and
a3(G) = ¢(G).

In the 1960s, Erdés and Moser put forward the problem of finding the maximum number of maximal indepen-
dent sets among all graphs of order n. In 1965, Moon and Moser [13] solved this problem. After that, numerous
researchers began to explore the counting problems of maximal independent sets and maximum independent sets
for various kinds of graphs, such as trees [16], unicyclic connected graphs [9], bipartite graphs [11], triangle-free
graphs [7], among others. Based on the inspiration of the above findings, scholars started to study the counting
of other graph substructures. For further results, see [1,14,15].

In 1986, Brualdi and Solheid [3] proposed the following interesting problem: which graph achieves the maxi-
mum or minimum spectral radius in a given class of graphs? Since then, this problem has been studied exten-
sively. In 2016, Ji and Lu [8] determined the trees attaining the maximum spectral radius among all trees with
given order n and independence number «. A connected graph is called a bi-block graph if each of its blocks
is a complete bipartite graph. In 2021, Das and Mohanty [4] characterized the extremal graph attaining the
maximum spectral radius among all bi-block graphs of order n and independence number «. Subsequently, Lou
and Guo [12] extended the above result to general bipartite graphs. In 2024, Huang et al. [6] characterized the
connected graphs (resp. bipartite graphs, trees) that attain the maximum spectral radius among all connected
graphs (resp. bipartite graphs, trees) with given order n and dissociation number ¢. Furthermore, they proved
that the connected graph of order n with dissociation number ¢ attaining the minimum spectral radius is a
tree, where ¢ > [%Tﬂ Additionally, they determined the extremal graphs attaining the minimum spectral radius
with fixed order n and dissociation number ¢ € {2,[2*],n — 1,n — 2}.

For an integer k > 2, a vertex subset S C V(G) is called a generalized k-independent set if the induced
subgraph G[S] does not contain a k-tree (a tree with k vertices) as a subgraph. The generalized k-independence
number of G is the maximum cardinality of a generalized k-independent set in GG. By definition, the generalized
k-independence number is a natural generalization of the independence number and the dissociation number.
Note that every generalized k-independent set is a k-independent set, but the reverse implication does not hold
for k > 4. A canonical example is the star graph K5 ; (where ¢t > 3), which contains K; 3 (a 4-tree) as a subgraph
but does not contain Py. Recently, Li and Zhou [10] determined the connected graphs (resp. bipartite graphs,
trees) attaining the maximum spectral radius among all connected graphs (resp. bipartite graphs, trees) with
fixed order and generalized 4-independence number.

Motivated by the aforementioned spectral extremal results, we are interested in investigating the extremal
graph that attains the maximum spectral radius among all bipartite graphs with fixed order n and 4-
independence number ay. In the paper, we establish a complete solution to this problem. Let %, ., be the
set of bipartite graphs of order n with 4-independence number a4. Our main result is as follows.

Theorem 1. Let G € By o,. Then p(G) < /(aa —1)(n—ay +1), with equality if and only if G =
Ka471,n7a4+1-

2. PROOF OF THEOREM 1

In this section, we present the proof of Theorem 1. First, we list the lemmas that will be used later.

Lemma 1 ([5]). Let G be a connected graph and G’ be a proper subgraph of G. Then p(G’) < p(G).

Lemma 2 ([2]). Let G be a connected graph and p(G) be the spectral radius of A(G). Let u,v be two vertices
of G. Suppose that v1,va,...,vs € Ng(v) \ Ng(u) with 1 < s < dg(v), and G* is the graph obtained from G by
deleting the edges vv; and adding the edges uv; for 1 <i < s. Let © be the Perron vector of A(G). If xy > X,
then p(G) < p(G*).



ON THE SPECTRAL RADIUS OF BIPARTITE GRAPHS 1827

Let M be a real n X n matrix, and let V = {1,2,...,n}. Given a partition I = {V},V;,...,V;} with
V=ViuUuVWU-- UV, The matrix M is described in the following block form:

My Mg -+ My

Myr Mz -+ Moy
M = . . . .

My Mgz -+ Mg

The quotient matriz of M with respect to II is defined as the k x k matrix Bp(M) = (bij)ﬁjzh where b;; is
the average row sum of M;;. The partition II is called an equitable partition if each block M;; has constant row
sum b;;. Additionally, we say that the quotient matrix Br(M) is equitable if II is an equitable partition of M.

Lemma 3 ([2]). Let M be a real symmetric matriz, and let p(M) be the spectral radius of M. If Br(M) is an
equitable quotient matriz of M, then the eigenvalues of Bri(M) are also eigenvalues of M. Furthermore, if M
is a nonnegative irreducible matriz, then p(M) = p(Bpn(M)).

Now, we shall give the proof of Theorem 1, which determines the unique graph attaining the maximum
spectral radius among all bipartite graphs in %, q,.

Proof of Theorem 1. Suppose that G’ = (X,Y) is the connected bipartite graph that attains the maximum
spectral radius in %, ,. Without loss of generality, assume that | X| > |Y|. Let S be a maximum 4-independent
set of G'. Then ay = [S| > [X|+1>[§] + 1.

Ifn=2 then G 2 Ky. If n = 3, then G’ 2 Ky1. If n > 4 and oy = |X| + 1, then G’ = Ko -1 n—a4+1
by Lemma 1. In the following, we may assume that n > 4 and a4 > |X| + 1. Then S can be partitioned as
S=X1UY, with X; C X and Y, CY. Let Xo = X\ X; and V] = Y \ Y3, and let |X1| = a, |Y1] = b,
|X2| = ¢ and |Y2| = d. Set X1 = {v1,...,0.}, Y1 = {21, ., 20}, Xo = {u1,...,uc}, and Y3 = {wy,...,wq}.
Since | X1 UY3| =|S| > |X|+ 1 > |Y]|+ 1, we can deduce that d > ¢+ 1 and a > b+ 1. Consequently, d > 2
and a > 2. By the maximality of p(G’) and Lemma 1, we obtain that the subgraphs induced by (X7,Y7) and
(X2,Y) are complete bipartite graphs, and (X7,Y3) contains edges as many as possible such that it contains no
P4. We distinguish the following three cases according to the values of a and d.

Case 1. a =d.

Since G’ is connected and the induced subgraph G’[X; U Y3] does not contain P, as its subgraph, we have
max{b,c} > 1. Then a = d > 3. Now, we divide this case into the following three subcases.

Subcase 1.1. b = 0.
For b = 0, we have ¢ > 1 and dg (v) = dy,(v) > 1 for all v € X;.
Subcase 1.1.1. dg/(v;) =1 forall 1 <i < a.

We claim that Ng/(v;) = Ng/(v;) for ¢ # j. Otherwise, assume that de/(w1) = max{dqg(w;) | 1 < i < d}.
Then dx, (w1) = max{dx, (w;) | 1 < i < d} due to dx,(w;) = c. Let & be the Perron vector of A(G’). By
symmetry, we may assume that x,, = x,; for 2 < j < c and 2, = 2] for v € Nx, (w;), where 1 < i < d.
Therefore, from A(G’)x = p(G')x, we have

p(G/)quz = Xm (wl)‘r; + CTyy
and
p(G/)’I; = Tw;»

where 1 < i < d. From which we get

(pQ(G/) - Xm (wl))mwl = (pQ(Gl) - dX1 (wl>)$wz
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Note that G’ contains K1 dx, (wy) as a proper subgraph. Then p(G") > p(KLXm (wy)) = Vdx, (w1). Thus, we

can deduce that z,, = Z"?Eg:;%mxwi > Xy, for 2 < i< d Let Gy =G — {vw; | v € X7\ Nx,(w1),2 <
i < d}+{vw; | v € X1\ Nx,(w1)}. Clearly, G1 € $y0, and Ng,(v;) = {wi} for 1 < ¢ < a. According
to Lemma 2, we have p(G1) > p(G’), which contradicts the maximality of p(G’). Therefore, the partition
I : V(G') = X1 UXo U{w; }UY, \ {wy} is an equitable partition of G’, and the corresponding quotient matrix
can be written as follows:

0 0 1 0

0 0 1 a-—-1
BHl(G/) “la ¢ 0 0

0 ¢ O 0

Therefore,
det(M4 — B, (G") = A\ — a(1 + )\ + ac(a — 1).

Consider the following real function
f@) =t* —a(l 4 )t? + ac(a — 1)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of f(¢) = 0. Some direct calculations
show that

f( 2a—1D)(c+ 1)) —(2a—1)(c+1)%(a—1)+acla—1)>0

and
f’( 2a—1)(c+ 1)) = 2(c+1)(3a - 2)/(2a —1)(c+ 1) > 0.

Note that the derivative function of f/(t) is f”(t) = 12t — 2a(1 + ¢). Obviously, f”(¢) is monotone increasing
when ¢t > /(2a — 1)(c+1). Thus, f"(t) > f"(/(2a —1)(c+1)) = 2(c+ 1)(11a — 6) > 0. Therefore, f'(t) is
monotone increasing when ¢ > 1/(2a — 1)(c + 1). It follows that f/(¢) > f'(1/(2a — 1)(c+ 1)) > 0, and then f(t)

is monotone increasing when ¢ > +/(2a — 1)(c + 1). Consequently, p(G') < /(2a — 1)(c+ 1) = p(K2a—1,c+1),
which contradicts the choice of G’ since au(Koq—1,c+1) = 2a = as(G’).

Subcase 1.1.2. dg/(v;) > 2 for some 1 <i < a.

Observe that if there exists a vertex v € X; with dg/(v) > 2, then there must exist at least one vertex w € Y3
such that dx, (w) > 2. Moreover, we have dx, (w) > 1 for all w € Y5. If not, there exist a vertex v; € X; with
dg(vi) > 2 and a vertex w; € Ys with dx, (wj) = 0. Let G” = G’ + {v;w;}. Then p(G”) > p(G’), contradicting
the maximality of p(G’). Without loss of generality, assume that dg/(vi) = max{de/ (v;) | 1 < i < a} and
dar(wq) = max{de/ (w;) | 1 < j < d}. Since dgr (v;) = dy, (v;) and dx, (w;) = ¢, we have dy, (v1) = max{dy, (v;) |
1 <4 < a} and dx, (wg) = max{dx, (w;) | 1 < j < d}. Let y be the Perron vector of A(G’). For any vertex
v € Xy with dg/(v) = 1, let w; € Ny, (v). Then dx, (wq) > dx, (w;). From A(G')y = p(G’)y, we can deduce
that

(P*(G") = dx, (Wa) ) yw, = (P*(G') — dx, (w;)) Y, -

Note that G’ contains K1 ax, (ws) as a proper subgraph. Then p(G") > p(KLXm (wa)) = Vdx,(wg). Thus,

2 N _ .
Yw, = %ywi > Yu,, Where w; € Ny, (v) for any vertex v € X; with dg/(v) = 1. For any vertex

v € X1 with dg/(v') > 2, let w; € Ny, (v'). Then dx, (w;) =1 and dg/(v1) > der(v'). Similarly, we can deduce
that y,, > yor. Assume that By = {vwg | v € X1 \ Nx, (wa),dg'(v) = 1} + {viw; | w; € Ny,(v),v € X7\
Nx, (wq),da(v) = 1} +{wjv1 | wj € Ny, (v'),v" € X1\ {v1},de (V') > 2} +{v'wq | v' € X1\ {v1},der (V') > 2},
Es = {vw; | v € X1\ Nx, (wq),dg(v) = 1,w; € Ny, (v)}+{w;v" | w; € Ny, (v'),v" € X3\ {v1},de/ (v') > 2} and
G2 = G'+ E1 — Es. Clearly, Gy € %y oy, Ny, (v;) = {wq} for 2 <i < a, and Nx, (w;) = {v1} for 1 < j <d—1.
According to Lemma 2, we have p(G2) > p(G’), which contradicts the maximality of p(G’). Therefore, the
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partition IIy : V(G') = {v1} U X1 \ {1} UX2 UYs \ {wq} U {wg} is an equitable partition of G’, and the
corresponding quotient matrix can be written as follows:

0 0 0 a—1 0
0 0 0 0 1
an(G’): 0 0 0 a—1 1
1 0 c 0 0
0 a—1 ¢ 0 0

Therefore,
det(AMs — B, (G')) = A° — (ac + 2a — 2)A* + (1 — 2a + a® — ac + a’c) .

We may consider the real function
g(t) =t* — (ac+2a — 2)t* + (1 — 2a + a* — ac + a’c)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of g(t) = 0. Some direct calculations
show that

g( (Qafl)(c+1)) =(@2a—1)(c+1)(ac—c+1)+(a—D(ac+a—1) >0

and
g’( 2a —1)(c + 1)) = 2(3ac + 2a — 2¢)\/(2a — 1)(c + 1) > 0.

Note that the derivative function of ¢’(t) is ¢” (t) = 12t2 —2(ac+2a—2). Obviously, ¢”(¢) is monotone increasing
when ¢t > +/(2a — 1)(c+ 1). Thus, ¢"(¢) > ¢"(v/(2a — 1)(c + 1)) = 2(1lac+10a—6¢—4) > 0. It follows that ¢'(¢)
is monotone increasing when ¢ > /(2a — 1)(c + 1). Therefore, ¢'(t) > ¢’(1/(2a — 1)(¢+ 1)) > 0, and then g(t)

is monotone increasing when ¢t > /(2a — 1)(c + 1). Consequently, p(G') < v/(2a —1)(c+ 1) = p(K2a—1.c+1),
which contradicts the choice of G’ since ay(Koq—1,c+1) = 2a = as(G’).

Subcase 1.2. ¢ =0.

Based on the previous assumptions that |X| > |Y| and a = d, we have ¢ > b. If ¢ = 0, then b = 0, which
contradicts max{b, c} > 1. Thus, ¢ = 0 is excluded.

Subcase 1.3. b>1and ¢ > 1.

Recall that G’ is the graph with the maximum spectral radius in %, o,. By Lemma 1, each vertex in X,
is adjacent to all vertices in Y7, and each vertex in X, is adjacent to all vertices in Y. Consequently, G’ is
connected. Based on the assumptions that |X| > |[Y| and a = d, we have ¢ > b. Furthermore, if dy,(v) < 1
for each vertex v € X, then in fact dy,(v) = 1 for all v € X;. Otherwise, assume that there exists a vertex
v" € X; such that dy,(v') = 0. Then there exists a vertex w € Y, with dx, (w) = 0. Let G* = G’ + {v'w}. Then
p(G*) > p(G’), contradicting the maximality of p(G’). Similarly, we can obtain that if dx, (w) < 1 for every
vertex w € Ya, then dx, (w) =1 for all w € 5. In the following, we consider three subcases.

Subcase 1.3.1. dy,(v;) =1 for all 1 <i<a.

Observe that either dx, (w;) = 1 for all 1 <[ < d or dx, (w;) > 2 for some 1 < [ < d. Furthermore, we
claim that Ngr(v;) = Ng/(v;) for ¢ # j. Otherwise, assume that dg/(w1) = max{dg (w;) | 1 < i < d}. Then
dx, (w1) = max{dx, (w;) | 1 <14 < d} since dx,(w;) = ¢. Let & be the Perron vector of A(G’). By symmetry,
we may assume that x,, = z,, for 2 <i <¢ 2, =2, for 2 <j < band x, = z} for v € Nx, (w;), where
1 < i < d. Therefore, from A(G")x = p(G')x, we have

p(Gl)‘rwi = Xm (wl)‘ri + €Ty,
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and
p(GNxl = x4, + b2,

where 1 <4 < d. Thus we obtain
(pQ(G/) - Xm (wl))xwl - (pz(G/) - Xm (wl))xwl = (dXI (wl) - Xm (wl))ble > 0.

Note that G’ contains K1y, (wy) as a proper subgraph. Then p(G") > p(KLXm(wl)) = /dx, (w1). Thus,

T, > ,’fjgi%mxwi > @y, for 2 < i <d Let Gz = G — {vw; | v € X3\ Nx, (w1),2 < i < d} + {vw; |
v € X1\ Nx, (w1)}. Clearly, Gz € %, o, and Ny, (v;) = {w1} for 1 < i < a. According to Lemma 2, we have
p(G3) > p(G"), which contradicts the maximality of p(G’). Therefore, the partition II5 : V(G') = X; U X U
{w1} UY2\ {w1} UY] is an equitable partition of G’, and the corresponding quotient matrix can be written as
follows:

BH3 (G/) =

QO OO
O 00 o0
[Nl
coco | ©
oo oo o

Therefore,
det(M5 — B, (G")) = X% — (be 4 ac+ ab + a)\* + ac(ab+a — b — 1)\

We may consider the real function
h(t) =t - (bC+ac+ab+a)t2+ac(ab+a_b_ 1)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of h(t) = 0. Some direct calculations
show that

h(\/(2a—1)(b+c+1)> —©2a—1)b+c+1)ab+(a—b—1)(c+1)]+aclab+a—b—1)>0

and

h’(\/(Qa— D(b+ct 1)) =22(a—b—1)(c+1)+a@Bb+c+1) +bdy/(a—1)(b+c+1) > 0.

Note that the derivative function of h'(t) is h'’(t) = 12t*> — 2(bc + ac + ab + a). Obviously, h”(t) is monotone
increasing when ¢t > \/(2a — 1)(b+ ¢ + 1). Thus, 2" (t) > b (y/(2a — 1)(b + ¢ + 1)) = 2[6(a—b—1)(c+1)+5(ac+
a+bc)+11ab] > 0. It follows that h'(t) is monotone increasing when t > \/(2a — 1)(b + ¢ + 1). Therefore, A'(t) >
R(y/(2a—1)(b+c+1)) > 0, and then h(t) is monotone increasing when ¢ > /(2a — 1)(b + c + 1). Hence,
p(G") < /2a—1)(b+c+1) = p(Kaa—1p+e+1), Which contradicts the choice of G since ay(Kaq—1ptct1) =
2a = ay(G").

Subcase 1.3.2. dy,(v;) > 2 for some 1 <4 < a and dx, (w;) =1forall 1 < j <d.

We claim that N/ (w;) = Ng(w;) for i # j. Otherwise, assume that dgs(v1) = max{de/(v;) | 1 <1 < a}.
Then dy, (v1) = max{dy, (v;) | 1 <i < a} due to dy, (v;) = b. Let y be the Perron vector of A(G’). By symmetry,
we may assume that y,, = y,, for 2 <1 < ¢, y., = y., for 2 < j < band y, = y; for w € Ny, (v;), where
1 <i < a. Therefore, from A(G')y = p(G')y, we can deduce that

(p2(G/) - de (Ul))yvl - (pQ(G/) - dYQ (Ul))ym = (dY2 (Ul) - de (Ui))cyul > 0.
Note that G’ contains K1 gy, (vy) as a proper subgraph. Then p(G") > P(K1,dy2 (1)) = Vdy,(v1). Thus, y,, >

2 N _ .
Zzé%m v = Yy, for 2 <i < a.Let Gy = G'—{wv; | w € Y2\ Ny, (v1),2 < i < a}+{wv1 | w € Yo\ Ny, (v1)}.
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Clearly, G4 € B0, and Nx, (w;) = {v1} for 1 <i < d. According to Lemma 2, we have p(G4) > p(G’), which
contradicts the maximality of p(G’). Therefore, the partition Iy : V(G') = {v1} U X3 \ {v1} U X2 UYo U Y is
an equitable partition of G’, and the corresponding quotient matrix is given by

0 0 0 a b
0 0 0 0 b
Bn,(G)= |0 0 0 a b
1 0 c 0 O
1 a-1 ¢ 0 0

Therefore,
det(M\s — B, (G")) = A° — (be + ac + ab + a)\* + ablac + a — ¢ — 1)\

We consider the following real function
p(t) =t - (bc+ac+ab+a)t2 +ablac+a —c—1)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of p(t) = 0. Some direct calculations
show that

p(\/(Qa— D(b+ct 1)) =(@2a—1)(b+c+1)[(a—b—1)(c+1)+ab] +abla—1)(c+1) >0

and

p/(\/(2a— Db+c+ 1)) —22(a—b—1)(c+1)+a(Bb+c+1)+bdy/(2a—1)(b+c+1) > 0.

Note that the derivative function of p’(t) is p”(t) = 12t> — 2(bc + ac + ab + a). Obviously, p”(t) is monotone
increasing when t > /(2a —1)(b+ ¢+ 1). Thus, p”(t) > p"(v/(2a —1)(b+c+1)) = 2[6(a —b—1)(c+ 1) +
5(ac+a+bc)+11ab] > 0. It follows that p'(t) is monotone increasing when ¢ > \/(2a — 1)(b + ¢ + 1). Therefore,
p'(t) > p'(v/(2a—1)(b+c+1)) > 0, and then p(t) is monotone increasing when ¢ > /(2a — 1)(b+c + 1).
Hence, p(G') < \/(2a —1)(b+ ¢+ 1) = p(K24—1,p4c+1), which contradicts the maximality of p(G’).

Subcase 1.3.3. dy,(v;) > 2 for some 1 <4 < a and dx, (w;) > 2 for some 1 < j < d.

We first infer that dy,(v) > 1 for all v € X;. Otherwise, suppose that there exist a vertex v; € X; with
dy,(v;) = 0 and a vertex w; € Y5 with dx, (w;) > 2. Let G* = G’ + {v;w;}. Then p(G*) > p(G’) by Lemma 1,
contradicting the maximality of p(G’). Similarly, we can obtain that dx, (w) > 1 for all w € Y3. Without loss
of generality, assume that dg/(v1) = max{dg/(v;) | 1 < i < a} and dg/(wg) = max{de/(w;) | 1 < j < d}.
Then dy, (v1) = max{dy,(v;) | 1 < i < a} and dx, (wq) = max{dx, (w;) | 1 < j < d} due to dy,(v;) = b and
dx,(w;) = c. Let z be the Perron vector of A(G’). For any vertex v € X7 with dy,(v) = 1, let w; € Ny, (v).
Then dx, (wq) > dx, (w;). Therefore, from A(G')z = p(G’)z, we can deduce that

(pQ(G/) - Xm (wd))zwd - (p2(GI) - dX1 (wl))ZUh = (dX1 (wd) - Xm (wl))bzzl > 0.

Note that G’ contains K1 dx, (ws) as a proper subgraph. Then p(G") > p(KLXm (wa)) = Vdx, (wg). Thus,
y > Pj(G')—dxl (wi)

Wd = p*(G")—dx, (wa)
v € Xy with dy, (v') > 2, let w; € Ny, (v"). Then dx, (w;) = 1 and dy, (v1) > dy,(v’). Similarly, we can deduce
that z,, > z,. Assume that B} = {vwg | v € X1 \ Nx, (wa),dy, (v) = 1} + {v1w; | w; € Ny,(v),v € X1\
Nx, (wa), dy, (v) = 1} +{wjv1 | wj € Ny, (v'), 0" € X3\ {v1},dy; (v) 2 2} 4+ {v'wa | v" € X1\ {v1}, dy, (v') > 2},
E}) = {vw; | v € X1\ Nx, (wq),dy, (v) = 1,w; € Ny, (v)} +{w;v" | w; € Ny, (v'),v" € X3\{v1},dy,(v") > 2} and
G5 = G' + E{ — E). Clearly, G5 € B,,,0,, Ny, (vi) = {wg} for 2 <i < a and Nx, (w;) = {vi} for 1 <j<d—1.
By Lemma 2, we have p(G5) > p(G’), which contradicts the maximality of p(G’). Therefore, the partition

Zw;, = Zw,;, where w; € Ny,(v) for any vertex v € X; with dy,(v) = 1. For any vertex
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I : V(G') = {1 JU X \ {01 }U X2 UY2 \ {wg } U{wg} UY] is an equitable partition of G’, and the corresponding
quotient matrix is given by

0 0 0 a-1 0 b
O 0 0 0 1 b
0 0 0 a—1 1 b
Bui,(G)=17 o ¢ 0o o0 o0
0 a1 ¢ 0 0 0
1 a=1 ¢ 0 0 0

Therefore,
det(Mg — B, (G")) = \° — (be + ac — 2 + ab + 2a)\*
+ (ch — 2abc — ac + a*be + a*c+1 — 2a — ab+ a® + aQb))\2 + bc(2a -1- a2).
We consider the real function
q(t) =t® = (bc + ac — 2+ ab + 2a)t* + (2bc — 2abc — ac + a’be + a*c + 1 — 2a — ab + a® + a®b)t>
+ bc(2a —-1- a2)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of ¢(¢) = 0. Some direct calculations
show that

q<\/(2a—1)(b+c+ 1))
=(2a—1>%0b+c+1)*[cla—b—1)+bla—1)+ 1]+ 2a*(a — 2)(b* + 3bc + ¢ + 2b + 2c + 1)
+ abe(a — 2)(2a — 1)(b+ ¢) + b(a — 1)(2¢* + 1 + 2bc) + 2a(b?c + 2b + be® + ¢ + 5be + 2)
+a(b®+c®) +3cla—b—1)+a*(®+b*—1) +2c—1>0

and
q'(t) = 6t° — 4(bc + ac — 2 + ab + 2a)t> + 2(2bc — 2abc — ac + a’*be + a*c + 1 — 2a — ab + a* + a®b)t
= 2t[3t" — 2(bc + ac — 2 + ab + 2a)t* + (2bc — 2abc — ac + a’*be + a’c + 1 — 2a — ab + a* + a”b)].

Next, we consider the real function
g+ (t) = 3t* — 2(bc + ac — 2 + ab + 2a)t* + (2bc — 2abc — ac + a’be + a’c + 1 — 2a — ab + a® + a®b)

in t with ¢ > 0. Some direct calculations show that

q*<\/(2a—1)(b+c+1)) =(2a—1)(b+c+1)[3c(a—b—1)+3b(a—1)+ab+c+2)+be+1]
+ac(a—b—1)+2bc+abla—1)(c+1)+(a—1)*>0

and

d.(VRa=1)b+c+1)) =4pb2a—c) +3(a—1)(b+c) +20(c+2) 1/ 2a— Db+ c+1) >0,

Note that the derivative function of ¢ (t) is ¢/ (t) = 36t> — 4(bc + ac — 2 + ab + 2a). Clearly, ¢/ (t) is monotone
increasing when t > /(2a — 1)(b + ¢+ 1). Thus, ¢/ (t) > ¢/ (v/2a —1)(b+c+ 1)) = 36(a — 1)(b+c) + 4b(8a —
¢) +32a(c+2) — 28 > 0. It follows that ¢, (¢) is monotone increasing when ¢ > /(2a — 1)(b + ¢ + 1). Therefore,
¢.(t) > ¢.(\/(2a—1)(b+c+1)) > 0, and then g.(t) is monotone increasing when t > /(2a — 1)(b+ ¢+ 1).
Thus, ¢.(t) > q.(v/(2a—1)(b+c+1)) > 0. This implies that ¢’(#) is monotone increasing when t >
V(2a—1)(b+c+1), and ¢'(t) > ¢(/(2a—1)(b+c+1)) > 0. Hence, g(t) is monotone increasing when
t > \/(2a—1)(b+ c+ 1). Consequently, p(G’) < \/(2a —1)(b+c+1) = p(K2q—1,p+c+1), Which contradicts
the choice of G’ since a4(Kaq—1 p+et1) = 2a = ay(G).
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Case 2. a < d.

Given that | X; UYs| > | X|+1 > |Y]|+1, it follows that d > ¢+ 1 and a > b+ 1. Furthermore, from | X| > |Y|
and a < d, we have ¢ > b.

Subcase 2.1. b= 0.
If b =0, then ¢ > 1 and a > 2. Furthermore, we have dg:(v) = dy,(v) > 1 for all v € X.
Subcase 2.1.1. dg/(v;) =1 forall 1 <i < a.

Following analogous analysis to Subcase 1.1.1, we obtain that Ng/(v;) = {w1} for 1 < i < a. Therefore,
the partition Ilg : V(G') = X; U X5 U {w1} UY> \ {w1} is an equitable partition of G, and the corresponding
quotient matrix is given by

0 0 1 0

0 0 1 d-1
BHG(G/) “la ¢ 0 0

0 ¢ O 0

Therefore,
det(My — B, (G")) = A — (a + cd)A? + ac(d — 1).

Consider the following real function
ft) =t* — (a+ cd)t* + ac(d — 1)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of f1(¢) = 0. Some direct calculations
show that

f1<\/(a+d—1)(c+1)) =(a+d—-1)(c+1)(ac+d—c—1)+ac(d—1) >0

and

A(Vie+d=Dc+1)) =2Rac+ecd+a+2(d—c—1)]/la+d=-Dlc+1)>0.

Note that the derivative function of fi(t) is fj'(t) = 12t> — 2(a + cd). Obviously, f{(t) is monotone
increasing when ¢ > \/(a+d —1)(c+1). Thus, f{'(t) > fI'(\/(a+d—1)(c+1)) = 2[6(ac +d —c — 1) +
5(a + cd)] > 0. Therefore, fi(t) is monotone increasing when ¢ > /(a+d — 1)(c+ 1). This implies that
f1@®) > fi(y/(a+d—1)(c+1)) > 0, and then fi(¢) is monotone increasing when ¢ > \/(a+d —1)(c+1).
Consequently, p(G') < /(a+d—1)(c+1) = p(Katd—1,c+1), which contradicts the choice of G’ since
as(Kotd—1,c41) =a+d = ay(G).

Subcase 2.1.2. d¢g/(v;) > 2 for some 1 <i < a.

We first assert that dx, (w) > 1 for all w € Y5. If not, there exist a vertex v; € X; with dg/(v;) > 2 and
a vertex w; € Y with dx, (w;) = 0. Let G* = G’ + {v;w;}. Then p(G*) > p(G’) by Lemma 1, contradicting
the maximality of p(G’). Note that a > 2 and G’ is connected. There exists at least one vertex w € Ys
such that w ¢ Ng/(vy). Without loss of generality, assume that dg/(v1) = max{dg/(v;) | 1 < ¢ < a} and
wg ¢ Ng/(v1). Let y be the Perron vector of A(G’). If dx, (w;) = 1 for all 1 < i < d, then we can deduce
that y,, > yy,, where 2 < i < a. Let G} = G’ — {wv; | w € Yo\ (Ngr(v1) U{wg}),2 <i < a}+ {wvy | w €
Yo \ (Ngr(v1) U {wg})} + {wqv; | 2 < i < a}. Clearly, G} € Bh.a,- By Lemma 2, we have p(G}) > p(G'),
contradicting the maximality of p(G’). Consequently, Ny, (v;) = {wq} for 2 < i < a and Ny, (w;) = {v1} for
1 < j < d—1.1If there exists at least one vertex w € Y5 such that dx, (w) > 2. Without loss of generality, assume
that dx, (wq) = max{dx, (w;) | 1 < j < d}. Similarly, we also deduce that Ny, (v;) = {wq} for 2 < i < a and
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Nx, (wj) = {v1} for 1 < j < d—1. Therefore, the partition II7 : V(G’) = {v1 }UX1 \{v1 }UXoUY2 \ {wa} U{wa}
is an equitable partition of G’, and the corresponding quotient matrix is given by

0 0 0 d-1 0
o 0 0 0 1
B, (G)=]10 0 0 d-1 1
1 0 ¢ 0 0
0 a—-1 ¢ 0 0

Therefore,
det(Ms5 — B, (G') = X5 — (cd — 2 + a + d))* + (acd + ad — ac — a — d + 1)\

We consider the real function
g(t) =t* = (cd =2+ a+ d)t* + (acd + ad — ac — a — d + 1)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of g; (¢) = 0. Some direct calculations
show that

gl<\/(a—|—d—1)(c—|—1)) =(a+d—1)(c+1)(ac—c+1)+dlac—1)+a(d—c—1)+1>0

and

g’1<\/(a+d—1)(c+ 1)) = 92c(a—1)+ecd+a+dy/(atd—1)(ct1)>0.

Note that the derivative function of g} (t) is ¢f(t) = 12t> — 2(ed — 2 + a + d). Obviously, ¢/ (¢) is mono-
tone increasing when ¢ > \/(a +d — 1)(c+ 1). Thus, ¢{(t) > ¢/(\/(a+d—1)(c+1)) = 12¢(a — 1) + 10(a +
d+cd) —8 > 0. It follows that ¢}(t) is monotone increasing when ¢t > y/(a+d—1)(c+1). Therefore,
gt) > gi(y/(a+d—1)(c+1)) > 0, and then gi(¢) is monotone increasing when t > \/(a +d —1)(c+ 1).
Consequently, p(G') < /(a+d—1)(c+1) = p(Katd—1,c+1), which contradicts the choice of G’ since
ay(Kotd—1,c41) = a+d = ay(G).

Subcase 2.2. ¢ =0.

Based on the previous assumptions that | X| > |Y| and a < d, we have ¢ > b. Thus, ¢ = 0 is excluded.
Subcase 2.3. b>1and ¢ > 1.

Recall that G’ is the graph with the maximum spectral radius in %, o,. By Lemma 1, every vertex in X3
is adjacent to all vertices in Y7, and every vertex in X, is adjacent to all vertices in Y. Consequently, G’ is
connected. Moreover, if dx, (w) < 1 for each w € Y3, then actually dx,(w) = 1 for all w € Y3. Otherwise,
suppose there exists a vertex w’ € Y; with dx,(w') = 0. Let G5 = G' + {w'vi}. Then p(G%) > p(G’) by
Lemma 1, contradicting the maximality of p(G’). Similarly, we can deduce that if dy,(v) < 1 for each v € X7,
then dy,(v) =1 for all v € X;. In the following, we consider three subcases.

Subcase 2.3.1. dx,(w;) =1forall 1 <i<d.

Since a < d, there exists at least one vertex v € X; with dy,(v) > 2. Following analogous analysis to
Subcase 1.3.2, we have Nx, (w;) = {v1} for 1 < i < d. Therefore, the partition Ilg : V(G') = {v1} U X1 \ {v1} U
X> UY,UY] is an equitable partition of G’; and the corresponding quotient matrix is given by

BHS(G/) =

——_0 OO
| coo o
o 0O OO o
OO QUO
oo oo o
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Therefore,
det(M5 — B, (G')) = \° — (be + cd + ab + d)N\* + bd(ac +a — c — 1)\
We consider the following real function

p1(t) = t* — (bc + cd + ab+ d)t* + bd(ac +a —c— 1)

in ¢t with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of p1(¢) = 0. Some direct calculations
show that

pl(\/(a+d—1)(b+c+ 1)) —(a+d—1)(b+ec+D[(c+1)(a—b—1)+bd +bdla—1)(c+1) >0

and

p(Vietd=D0+e+ D) =220 —b-1)(c+ 1) +d2+c+ 1) +ba+ Vet d—Db+cT1)>0.

Note that the second derivative of the function p;(¢) is p{(t) = 12t> —2(bc+ cd + ab+d). It is obvious that p/(t)
is monotone increasing when t > /(a +d — 1)(b + ¢ + 1). It follows that p/(t) > p{(\/(a+d—1)(b+c+1)) =
2[6(a — b — 1)(c + 1) + 5(ab + ¢d + d + bc) + 6bd] > 0. This implies that p}(¢) is monotone increasing
when t > /(a+d—1)(b+c+1). Therefore, pi(t) > pi(y/(a+d—1)(b+c+1)) > 0, and then p;(t) is
monotone increasing when t > \/(a+d—1)(b+ c+1). Consequently, p(G') < \/(a+d—1)(b+c+1) =
P(Kotd—1b+ct1). Combining this with ay(Kytd—1b+c+1) = a +d = aq(G’'), which contradicts the maximality
of p(@).

Subcase 2.3.2. dx, (w;) > 2 for some 1 <i < d and dy,(v;) =1 forall 1 <j <a.

Following analogous analysis to Subcase 1.3.1, we have Ny, (v;) = {w; } for 1 < i < a. Therefore, the partition
Iy : V(G') = X1 UXo U {w }UY2 \ {w1} UY7 is an equitable partition of G’ , and the corresponding quotient
matrix is given by

BH9 (G/) =

Q@ O OO
o000 OO0
[Nl
oo | o
ocooos o

Therefore,
det(M5 — B, (G")) = \° — (be + cd + ab + a)\* + ac(d — b+ bd — 1)\

We consider the following real function
hi(t) = t* — (bc + cd + ab + a)t* + ac(d — b+ bd — 1)

in ¢t with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of hy(t) = 0. Some direct calculations
show that

hl(\/(a+d—1)(b+c+1)) =(a+d—1)b+c+D[b+1)d—c—1)+ad +ac(d—1)(b+1) >0

and

m(Vietd=Dl+e+1D) =220d—c— 1)+ 1) +ab+2+ 1) +cb+d)]Va+d—Db+c+1)>0.

Note that the second derivative of the function hy(t) is hY(t) = 12t% — 2(bc+cd+ab+a). It is obvious that hY(t)
is monotone increasing when t > \/(a +d — 1)(b+ ¢ + 1). It follows that Y (t) > h{(/(a +d —1)(b+c+1)) =
2[6(d — ¢ — 1)(b+ 1) + 5(ab + bc + a + cd) + 6ac] > 0. This implies that h}(t) is monotone increasing
when t > \/(a+d—1)(b+c+1). It follows that h(t) > hi(y/(a+d—1)(b+c+1)) > 0. Therefore, hy(t)
is monotone increasing when ¢t > \/(a +d — 1)(b+ ¢+ 1). Consequently, p(G’) < \/(a+d—1)(b+c+1) =
P(Katd—1b+c+1). Combining this with au(Ketd—1,p+c+1) = @ + d = aa(G"), which contradicts the maximality
of p(G").
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Subcase 2.3.3. dx, (w;) > 2 for some 1 <4 < d and dy,(v;) > 2 for some 1 < j < a.

Following analogous analysis to Subcase 1.3.3, we obtain that Nx,(w;) = {v1} for 1 < ¢ < d—1 and
Ny, (vj) = {wq} for 2 < j < a. Therefore, the partition ITo : V(G') = {v1 JUX 1\ {v1 }UX,UY2 \{wa} U{ws}UY;
is an equitable partition of G’, and the corresponding quotient matrix is given by

0 0 0 d-1
0 0 0 0
0 0 0 d-1
BHm(G/): 1 0 c 0
0 a—1 ¢ 0
1 a—-1 ¢ 0

O OO O
[N eNele BB

Therefore,

det(Ms — B, (G')) = A% — (be + cd — 2 + ab+ a + d)A\* + (2bc — bed — abe + abed — ac + acd
+1—d—bd—a+ ad+ abd)\* + be(d 4+ a — 1 — ad).
We consider the real function
qi(t) =t° — (bc + cd — 2+ ab + a + d)t* + (2bc — bed — abe + abed — ac + acd + 1 — d — bd — a + ad + abd)t?
+bc(d+a—1—ad)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of ¢;(t) = 0. Some direct calculations
show that

a(Viatd=Db+etD)
=(a+d—1)2*0b+c+1)?cla—b—1)+b(d—1)+1]+ad(a —b—1)(3bc + 1) + d(2c + 1)
+ (d — ¢ — 1)(3abed + 2a°b + 2a’c + 3b+ 1) + a(3b%c + 2b + 3bc* + 3¢ + 5be + 2 + ¢?)
+ad(d — ¢ —2)(2b+ 2c+ 1) + b*d(a — 2)(a + cd) + be(d — 1) (a®b + a’c + 2b + 2c¢)
+bd*(c — 1)(b+2¢) + (b — 1) (a® + d*) + cd*(ac — 1) + bc*d®(a — 3) + bd* (ab — 3)
+a’c?(d + 1) + b(bed + ¢*d + bed + 2 + bd) > 0

and
qi(t) = 6t° — 4(bc + cd — 2+ ab + a + d)t* + 2(2bc — bed — abe + abed — ac + acd +1 — d — bd — a + ad + abd)t
=2t[3t* — 2(bc + cd — 2 + ab + a + d)t* + (2bc — bed — abe + abed — ac +acd + 1 —d — bd — a
+ ad + abd)].

Next, we consider the real function
¢ (t) = 3t* — 2(bc + cd — 2+ ab + a + d)t* + (2bc — bed — abe + abed — ac + acd + 1 — d — bd — a + ad + abd)
in ¢ with ¢ > 0. Some direct calculations show that
q*(\/(a+d— Db+ct 1))

=(a+d—1D0b+c+1)Bcla—b—1)+3b(d—1)+a(b+1)+d(c+1)+bc+ 1]+ d(ac — 1)
Y ab(d—¢) +a(d— ¢ —1) + bd(be — 1) + bed(a — b — 1) + 2bc + 1> 0

and

q;(\/(a+d—1)(b+c+1)) =4[3c(a —b—1)+3b(d — 1) + 2(ab+ a + cd + d + bc) — 1]
x(a+d—1)(b+c+1)>0.
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Note that the derivative function of ¢, (¢) is ¢/ (t) = 36t — 4(bc + cd — 2+ ab + a + d). 1t is obvious that ¢/ (¢)
is monotone increasing when ¢t > \/(a +d — 1)(b+ ¢+ 1). Therefore, ¢/ (t) > ¢/(\/(a+d—1)(b+c+1)) =
36b(d —c—1) + 36¢(a — 1) + 32(ab+ a + cd + d + be) — 28 > 0. This implies that ¢} (¢) is monotone increasing
when t > \/(a+d —1)(b+ ¢+ 1). Therefore, ¢, (t) > ¢.(\/(a+d—1)(b+c+ 1)) > 0. It follows that q.(t) is
monotone increasing when ¢ > y/(a +d — 1)(b+ ¢ + 1), and then ¢, () > g.(y/(a +d — 1)(b+ ¢+ 1)) > 0. Thus,
g, (t) is monotone increasing when t > /(a +d — 1)(b+ ¢ + 1), and then ¢ (t) > ¢{(v/(a +d —1)(b+c+ 1)) >
0. This implies that ¢;(t) is monotone increasing when ¢t > /(a +d —1)(b+ ¢+ 1). Consequently, p(G') <
V(e+d—1)(b+c+1) = p(Kstd—1,ptct1), which contradicts the choice of G’ since au(Kord—1,p4c+1) = a +
d= Oé4(G/).

Case 3. a > d.

From the assumption that |X; UYs| > |X|+ 1> |Y|+ 1, we have d > ¢+ 1 and a > b+ 1. Moreover, given
|X| > |Y] and a > d, there exists a subcase where ¢ = 0.

Subcase 3.1. ¢ = 0.

For ¢ = 0, we have d > 2 and dg/(w) = dx,(w) > 1 for all w € Y;. Furthermore, since a > d and G is
connected, we have b > 1.

Subcase 3.1.1. dg/(w;) =1 for all 1 <4 <d.

Following analogous analysis to Subcase 1.1.1, we obtain that Ng/(w;) = {v1} for 1 < i < d. Therefore, the
partition IT;; : V(G') = {v1}UX1 \{v1} UY>UY] is an equitable partition of G’, and the corresponding quotient
matrix is given by

B, (G') =

—= =0 O
| oo o
O OO
oo oo

Therefore,
det(My — B, (G")) = A — (d + ab)A? + bd(a — 1).

We consider the following real function
f2(t) = t* — (d + ab)t* + bd(a — 1)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of f2(¢) = 0. Some direct calculations
show that

f2<\/(a+d—1)(b+ 1)) —(a+d—1)(b+1)(bd+a—b—1) +bda—1) >0

and

f§<\/(a+d—1)(b+1)) —o[2bd +ab+d+2(a—b—1)]/(atd—1)(b+1) >0.

Note that the derivative function of fi(t) is f5(t) = 12t> — 2(d + ab). Obviously, f4(t) is monotone
increasing when ¢t > /(a+d—1)(b+1). Thus, f5(t) > f/(\/(a+d—-1)(b+1)) = 2[6(bd+a—b—1) +
5(d + ab)] > 0. Therefore, f5(t) is monotone increasing when ¢t > +/(a+d—1)(b+1). This implies that
@) > f5(/(a+d—1)(b+1)) > 0, and then f(t) is monotone increasing when ¢ > \/(a+d —1)(b+ 1).
Consequently, p(G') < +/(a+d—1)(b+1) = p(Kata—1+1), which contradicts the choice of G’ since
a4(Ka+d,1,b+1) =a+d= a4(G’).

Subcase 3.1.2. dg/(w;) > 2 for some 1 < i < d.
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Following analogous analysis to Subcase 2.1.2, we obtain that Nx, (w;) = {v1} for 1 < i < d -1 and
Ny, (v;) = {wq} for 2 < j < a. Therefore, it is obvious that II;5 : V(G') = {v1}UX71 \ {v1}UY2 \ {wa} U{ws} UY;
is an equitable partition of G’, and the corresponding quotient matrix is given by

0 0 d—1 0 b
0 0 0 1 b
Bu,(G)=|1 0 0 0 0
0 a=1 0 0 0
1 a=1 0 0 0

Therefore,
det(Ms — B, (G") = X5 — (ab— 2+ a + d)X\* + (abd + ad — bd — a — d + 1)\

We may consider the real function
ga(t) =t* — (ab— 2+ a+d)t* + (abd + ad — bd — a — d + 1)

in ¢ with ¢ > 0. In view of Lemma 3, one finds that p(G’) is the largest root of g2 () = 0. Some direct calculations
show that

gg(\/(a—i—d—l)(b—i—l)) =(a+d—1)(b+1)(bd—b+1)+albd—1)+da—b—1)+1>0

and

gp(Via+d=Db+1)) =22b(d—1) +ab+a+dy/la+d—1b+1) >0.

Note that the derivative function of gh(t) is g4 (t) = 12t> — 2(ab — 2 + a + d). Obviously, g5 (¢) is mono-
tone increasing when t > \/(a+d —1)(b+ 1). Thus, g5(t) > g5(/(a+d—1)(b+1)) = 12b(d — 1) + 10(a +
d + ab) —8 > 0. It follows that gj(t) is monotone increasing when ¢t > y/(a+d—1)(b+1). Therefore,
g 1t) > gh(\/(a+d—1)(b+1)) > 0, and then g»(t) is monotone increasing when t > \/(a +d —1)(b+ 1).
Consequently, p(G') < /(a+d—1)(b+1) = p(Ka+a—1+1), Which contradicts the choice of G’ since
as(Korda—1p41) = a+d = au(G").

For the remaining subcases where either b = 0 or b > 1 with ¢ > 1, the contradiction can be derived in a
similar way to Case 2, and thus the procedure is omitted here.

From the above results, we conclude that G’ = K, _1 n—a,+1- A simple calculation gives p(Ku,—1n—ay+1) =
V(g —1)(n —aq +1).

In the following, suppose that G’ € %, , is a disconnected bipartite graph attaining the maximum spectral

radius with G/ = Ule G, where Gj is a connected bipartite graph of order n; and 4-independence number af.
Then 1 <n; <n, o) <ay (1<i<k)and

k

k k
E (ni—ai)zg n,-—g oy =n — ay.
i=1 i=1

=1

Thus, n; — afl <n — ay for each 1 < i < k, where k > 2. Therefore,

p(G") =max{p(G;) |1 <i<k}= max{\/(ozfl —(ni—ai4+1)]1<i< kz}

< V(e —1)(n—as+1) = p(Ka;—1,n-as+1);

a contradiction.
We complete the proof. O
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