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LOT SCHEDULING ON A SINGLE MACHINE TO MINIMIZE TOTAL
WEIGHTED COMPLETION TIME

Feifeng Zheng1, Na Li1, Yinfeng Xu2 and Ming Liu3,*

Abstract. Lot scheduling is one of the important production patterns in modern manufacturing
systems. Each lot processes simultaneously one or more customer orders with a total size no more than
the fixed lot capacity, consuming a uniform lot processing time. In this work we consider the single
machine lot scheduling environment where any order can be split and processed in consecutive lots.
The objective is to minimize total weighted completion time. We first prove the NP-hardness of the
considered problem, and propose a polynomial-time algorithm with approximation ratio equal to the
ratio of the largest to the smallest order weight. Moreover, we explore two special cases. For the first
case where the total size of all the orders is at most twice of the lot capacity, a dynamic programming
algorithm is provided. In the last special case, the sizes and weights of orders are in reverse-agreeable,
i.e., a larger size of an order implies an equal or smaller weight. We prove that processing orders in the
non-increasing sequence of their weights results in an optimal schedule, implying that the case is solvable
in polynomial time. Finally, experimental results demonstrate the effectiveness of the approximation
algorithm.
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1. Introduction

Lot scheduling, which processes multiple orders simultaneously at a time, is a crucial manufacturing mode
in the domain of scheduling and has extensive applications in the manufacturing industry [1,2,4,10,18]. One of
the applications is the burn-in operation of integrated circuit (IC) final testing at semiconductor factories. Each
oven (regarded as a processing lot) has the capacity to process a large number of integrated circuits, which may
be demanded by one or more customers. The duration of the burn-in processing in each lot is predetermined
depending on the parameter requirements of the IC products. Some other examples of lot scheduling can be
observed in glue production via heating vessels and stone cleaning and processing of apparel products.

In the field of single machine lot scheduling, most studies have focused on the the settings with identical
lot processing time and no weight of order. Yang et al. [20] examined the case where orders are indivisible,
aiming to minimize the total completion time. They established the NP-hardness of the problem, and devised
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a binary integer programming approach along with four heuristic algorithms for sovling the problem. Among
these algorithms, BFN (Best Fit Non-decreasing) demonstrated the best performance. Zheng and Jin [22] also
investigated the model addressed by Yang et al. [20], and presented an enhanced heuristic algorithm that is of
improved performance via numerical experiments.

Some researchers introduced the function of order splitting into the single machine lot scheduling problem.
Hou et al. [6] showed that with the splitting ability, the single machine lot scheduling problem to minimize
total completion time of orders can be solved by the SPT (Shortest Processing Time first) rule in polynomial
time. Kovalyov [9] demonstrated that when modeling the problem of Hou et al. [6] as a classic batching machine
scheduling problem, its optimal solution becomes evident. Mor and Mosheiov [14] tackled a single machine
lot scheduling model with order splitting, incorporating common due-dates/due-windows. For the objective
of minimizing total processing cost that is associated with earliness and tardiness, they presented dynamic
programming algorithms running in polynomial time to solve the problem. Shen and Geng [19] proved the
strong NP-hardness through a polynomial reduction for the problem where orders have deadlines. They also
claimed that the model with agreeable due date and deadline as well as order size is polynomial solvable. Liu
et al. [12] considered two models of single machine lot scheduling involving due dates, aiming to minimize the
maximum lateness and total tardiness, respectively. They revealed that the EDD (Earliest Due-Date first) rule
and SPT rule can optimally solve the two problems, respectively, under the condition that the due date and
order size are agreeable, i.e., larger due dates imply larger order sizes.

Mor [13] addressed a new variant where lot processing times are position-dependent in any schedule, i.e.,
the model with non-identical processing times of lots. They investigated three minimization objectives: total
completion time, makespan, and a linear combination of the first two. It was demonstrated that all the three
models can be solved in polynomial time. Mor et al. [16] explored another variant where the option of rejection is
considered in processing orders. They mainly constructed a pseudo-polynomial dynamic programming algorithm
to efficiently solve the problem.

Some recent works have also paid attention to the single machine lot scheduling problem where orders are
of different weights. Zhang et al. [21] studied the model of minimizing total weighted (discounted) completion
time where orders splitting is allowed. They showed that the WSPT (Weighted Shortest Processing Time first)
rule can optimally solve the problem. Mor et al. [20] addressed a single machine lot scheduling problem aiming
at minimizing the weighted number of tardy orders. They established the NP-hardness of the problem and
presented a pseudo-polynomial dynamic programming solution. Chen et al. [3] extended the model addressed
in Zhang et al. [20] to a more general case, in which processing lots are of non-uniform capacities and time
lengths, and orders may be of unbounded sizes. For the objective of minimizing total weighted (discounted)
completion time, they concluded that the WSPT rule is able to solve the problem optimally. Mosheiov and Sarig
[17] investigated a single machine lot scheduling problem with the minimization objective of maximum weighted
tardiness of orders, and constructed a modified Lawler’s algorithm to solve it. We summarize the majority of
relevant studies in Table 1, in which the models are depicted using the classical three-field notation introduced
by Graham et al. [5]. With regard to the models with order splitting, we observe that in literature there are
two categories of calculating completion time of a split order according to its delivery mode after processing.
In the former category, if an order is split and processed in two consecutive lots, then each part of the order
is immediately delivered to the customer upon its completion. Therefore, the completion time of the order is a
weighted summation of the two lots’ completion times. More precisely, suppose that order 𝑂𝑗 is processed in the
[𝑟]-th and [𝑟 + 1]-th lots (i.e., 𝐿[𝑟] and 𝐿[𝑟+1]) with proportions of 𝛿 and (1− 𝛿), respectively, where 0 < 𝛿 < 1.
Then the completion time of the order is defined as 𝐶𝑗 = 𝛿𝑟𝑃 + (1− 𝛿)(𝑟 + 1)𝑃 . Note that lots 𝐿[𝑟] and 𝐿[𝑟+1]

complete at time points 𝑟𝑃 and (𝑟 + 1)𝑃 , respectively. We call this calculation method combined calculation
(abbr. comb) in Table 1 [3, 6, 12,17,20–22].

In the latter category, different parts of one split order are required to be sent to the customer in a single
delivery upon the completion of processing the last part of the order. The completion of the order is equal
to the end of the lot that processes its last part. Assume that order 𝑂𝑗 is processed in lots 𝐿[𝑟] and 𝐿[𝑟+1],
the completion time of the order is defined as 𝐶𝑗 = (𝑟 + 1)𝑃 [15, 16, 19]. In this work, we consider the latter
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Table 1. Summary of related study on lot scheduling.

Related work Problem Complexity Solution method

[6] 1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝐶𝑗 𝑂(𝑛 log 𝑛) SPT

[20,22] 1 |𝑙𝑜𝑡, 𝑛𝑜-𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝐶𝑗 NP-hard BFN & IBFN

[9] 1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝐶𝐴
𝑗 𝑂(𝑛 log 𝑛) LWFB

[21]
1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡|

∑︀
𝑗 𝑤𝑗𝐶𝑗 𝑂(𝑛 log 𝑛) WSPT

1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗

(︀
1− 𝑒−𝑑𝐶𝑗

)︀
𝑂(𝑛 log 𝑛) WSPT

[15]
1 |𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|

∑︀
𝑗 𝑈𝑗 𝑂(𝑛 log 𝑛) AMA

1 |𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝑈𝑗 NP-hard DP

1 |𝑙𝑜𝑡, 𝑛𝑜-𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑈𝑗 NP-hard DP

[13]

1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡, 𝑃𝑖𝑟|
∑︀

𝑗 𝐶𝑗 𝑂(𝑛3) LOS-LP

1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡, 𝑃𝑖𝑟|
∑︀

𝑗 𝑤𝑗𝐶𝑗 𝑂(𝑛3) WLOS-LP

1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡, 𝑃𝑖𝑟|𝐶max 𝑂(𝑛3) LP
1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡, 𝑃𝑖𝑟| 𝛿𝐶max + (1− 𝛿)

∑︀
𝑗 𝐶𝑗 𝑂(𝑛3) LOS-LP

[14]
1 |𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑑|𝛼

∑︀
𝑗 𝐸𝑗 + 𝛽

∑︀
𝑗 𝐸𝑗 + 𝑛𝛾𝑑 NP-hard DP

1 |𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝐷|𝛼
∑︀

𝑗 𝐸𝑗 + 𝛽
∑︀

𝑗 𝐸𝑗 + 𝑛𝛾𝑑1 + 𝑛𝛿𝐷 NP-hard DP

[16]
1|𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡,

∑︀
𝑗 𝑅𝑗 |𝐶max NP-hard DP

1|𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡,
∑︀

𝑗 𝑅𝑗 |
∑︀

𝑗 𝐶𝑗 NP-hard DP

1|𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡,
∑︀

𝑗 𝑅𝑗 |
∑︀

𝑗 𝑤𝑗𝐶𝑗 NP-hard DP

[3]
1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡, 𝑘𝑟, 𝑢𝑟|

∑︀
𝑗 𝑤𝑗𝐶𝑗 𝑂(𝑛 log 𝑛) WSPT

1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡, 𝑘𝑟, 𝑢𝑟|
∑︀

𝑗 𝑤𝑗𝐷𝑗 𝑂(𝑛 log 𝑛) WSPT

[19]

1
⃒⃒
𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑑𝑗

⃒⃒∑︀
𝑗 𝑈𝑗 NP-hard –

1 |𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒|
∑︀

𝑗 𝑈𝑗 𝑂(𝑛 log 𝑛) –

1 |𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝜎𝑗 = 𝜎|
∑︀

𝑗 𝑈𝑗 𝑂(𝑛 log 𝑛) –

1
⃒⃒
𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑑𝑗 , 𝑑𝑗 = 𝑑

⃒⃒∑︀
𝑗 𝑈𝑗 𝑂(𝑛 log 𝑛) –

[17]
1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡|𝑇 𝑊

max – MAL
1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑛𝑜-𝑠𝑝𝑙𝑖𝑡|𝑇 𝑊

max NP-hard –

[12]

1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝐿𝑗 – MILP

1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡|𝐿max – MILP
1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡, 𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒|

∑︀
𝑗 𝐿𝑗 𝑂(𝑛 log 𝑛) SPT

1 |𝑙𝑜𝑡, 𝑐𝑜𝑚𝑏, 𝑠𝑝𝑙𝑖𝑡, 𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒|𝐿max 𝑂(𝑛 log 𝑛) EDD

This work

1 |𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗 NP-hard LOS

1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡,
∑︀

𝑗 𝜎𝑗 ≤ 2𝑘|
∑︀

𝑗 𝑤𝑗𝐶𝑗 NP-hard DP

1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑟𝑒𝑣𝑒𝑟𝑠𝑒-𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒|
∑︀

𝑗 𝑤𝑗𝐶𝑗 𝑂(𝑛 log 𝑛) LWF

Notes. 𝑇 𝑊
max = max𝑗 𝑤𝑗𝑇𝑗 ; SPT: Smallest Processing Time first; BFN: Best Fit Non-decreasing; IBFN: Improved Best

Fit Non-decreasing; LWFB: Largest Weight Full Batch; WSPT: Weighted Shortest Processing Time first; AMA: Adapted
Moore’s Algorithm; DP: Dynamic Programming; LOS-LP: Least Order Size first rule plus Linear Programming; WLOS-
LP: Weighted Least Order Size first rule plus Linear Programming; LP: Linear Programming; MLA: Modified Lawler’s
Algorithm; LPT: Largest Processing Time; MILP: Mixed Integer Linear Programming; EDD: Earliest Due-Date first;
LOS: Least Order Size first; LWF: Largest Weight First; notation “–” means that no solution method is provided.

category of calculating 𝐶𝑗 since it is an easier going delivery mode in operational management. The objective is
to minimize total weighted completion time. Denote the problem under consideration as 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|

∑︀
𝑗 𝑤𝑗𝐶𝑗 .

It shall be noted that Zhang et al. [21] studied the model closest to the one in this work, while they adopted
the former category of calculating completion time of an order.

In this paper, we first investigate the complexity of the considered problem and propose a polynomial approx-
imation algorithm to solve it. We then focus on two special cases of the problem. In the first case, we assume that
the total size of all orders is less than 2𝑘, where 𝑘 is lot capacity. We propose a dynamic programming algorithm
for the first case. In the second case, we assume that the size and weight of any order are reverse-agreeable, i.e.,
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a larger order size implies a smaller weight. We prove that processing orders in the non-increasing sequence of
their weights yields an optimal schedule. This implies that the second case can be solved in polynomial time.
The main contributions of this work are as follows:

(1) For the general problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗 , we establish that it is NP-hard, and then provide a polynomial
approximation algorithm named LOS (Least Order Size first).

(2) For special model 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡,
∑︀

𝑗 𝜎𝑗 ≤ 2𝑘|
∑︀

𝑗 𝑤𝑗𝐶𝑗 , we propose a dynamic programming algorithm with
complexity 𝑂(𝑛𝑘).

(3) For the second special model 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑟𝑒𝑣𝑒𝑟𝑠𝑒-𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒|
∑︀

𝑗 𝑤𝑗𝐶𝑗 , we prove that the LWF (Largest
Weight First) rule produces an optimal processing schedule.

The remaining of this work is organized as follows. In Section 2, we provide a comprehensive explanation of
fundamental notations and problem formulation. In Section 3, we prove that the considered problem is NP-hard
and present a polynomial approximation algorithm. Section 4 makes a further analysis of two special cases.
Section 5 conducts numerical experiments in order to verify the effectiveness of the proposed polynomial time
approximation algorithm. Finally, in Section 6 we conclude this work and suggest the prospect of future research.

2. Problem description

The general problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗 considered in this work can be described as follow. There are 𝑛
customer orders to be processed on a single machine in the lot processing mode. More than one order can be
simultaneously processed in a lot with a total size no more than the lot capacity of 𝑘. Each lot has a uniform
processing time of 𝑃 , and all the orders in the lot are of identical completion time equal to the end of the lot.
Each order 𝑂𝑗 is of size 𝜎𝑗 (0 < 𝜎𝑗 ≤ 𝑘) and weight 𝑤𝑗 for 1 ≤ 𝑗 ≤ 𝑛.

We consider the scenario where orders can be split and processed in consecutive lots. As any order is of size
no more than the lot capacity 𝑘, each split order is processed in at most two consecutive lots. We adopt the
previously mentioned second category of calculating completion time of split order [15, 16, 19]. More precisely,
Given a processing schedule, assume that one split order 𝑂𝑗 is processed in the [𝑟]-th and [𝑟 + 1]-th lots. The
completion time of the order is equal to 𝐶𝑗 = (𝑟 + 1)𝑃 . Note that the first lot starts at time zero, and there
is no idleness between any adjacent processing lots in any reasonable schedule. Our goal is to minimize total
weighted completion time, i.e.,

∑︀
𝑤𝑗𝐶𝑗 . We consider a general model and two special models. Using the classical

three-field notation, we denote the three models P1 to P3 as follows:

P1: 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗 ;
P2: 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡,

∑︀
𝑗 𝜎𝑗 ≤ 2𝑘|

∑︀
𝑗 𝑤𝑗𝐶𝑗 ;

P3: 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑟𝑒𝑣𝑒𝑟𝑠𝑒-𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒|
∑︀

𝑗 𝑤𝑗𝐶𝑗 .

In model P3, 𝑟𝑒𝑣𝑒𝑟𝑠𝑒-𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒 means the size and weight of order are reverse-agreeable, i.e., a larger size
of order implies a smaller weight.

Fundamental notations in this work are summarized in Table 2.

3. The general Problem P1

In this section, we investigate the complexity of the general problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗 , and propose an
approximation algorithm for the problem.

3.1. Problem complexity

For problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗 , there exists the following conclusion on its complexity.

Theorem 3.1. Problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗 is NP-hard in the ordinary sense.
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Table 2. Fundamental notations.

Symbol Definition

𝑂𝑗 Order 𝑗, 𝑗 = 1, 2, 3, . . . , 𝑛 where 𝑛 is the number of orders
𝐿[𝑟] The 𝑟-th processing lot in a schedule, 𝑟 = 1, 2, . . . , 𝑁
𝑃 Uniform processing time of any lot
𝑘 Capacity of any lot
𝑤𝑗 Weight of order 𝑂𝑗

𝑤max Maximum weight of order
𝑤min Minimum weight of order
𝜎𝑗 Size of order 𝑂𝑗 , 𝜎𝑗 ≤ 𝑘
𝐼 Input instance of orders
B Schedule produced by algorithm LOS for instance 𝐼
B* An optimal schedule for instance 𝐼
𝐶𝑗(B) Completion time of order 𝑂𝑗 in B
𝐶𝑗(B

*) Completion time of order 𝑂𝑗 in B*

Proof. We prove the theorem by reducing the well-known the Knapsack problem, which is NP-complete, to
the considered problem.
The Knapsack problem: There are 𝑛 items with positive weights 𝑎1, . . . , 𝑎𝑛 and values 𝑣1, . . . , 𝑣𝑛, and a
Knapsack with capacity 𝑊 (> 0). The aim is to select a subset of items with maximum total value, while their
total weight does not exceed 𝑊 . Mathematically, to maximize

∑︀
𝑖 𝑣𝑖𝑥𝑖, subject to

∑︀
𝑖 𝑎𝑖𝑥𝑖 ≤ 𝑊 , 𝑥𝑖 ∈ {0, 1};

where 𝑎𝑖, 𝑣𝑖, and 𝑊 are known integers.
Based on the Knapsack problem, we construct the following instance for the lot scheduling problem. Assume

without loss of generality that any lot is of unit capacity and unit processing time. The 𝑛 orders are of a total
size strictly larger than 1 but at most 2 in the instance. Thus any reasonable processing schedule consists of
two processing lots with completion times equal to 1 and 2, respectively. Let TW and TW1 represent the total
weight of all the orders and that of the orders assigned to the first processing lot, respectively. Thus, the total
weight of orders in the second lot is TW − TW1.

For this instance, the objective value is equal to the total weight of orders in the first lot plus twice that of
orders in the second lot, i.e.,

∑︀
𝑗 𝑤𝑗𝐶𝑗 = TW1 + 2(TW−TW1) = 2TW−TW1. It is intuitive that minimizing

the objective value is equivalent to maximizing the total order weight TW1 of the first lot. We observe that
packing orders into the first processing lot reduces to the Knapsack problem, in which the Knapsack capacity
𝑊 = 1, the item weight 𝑎𝑗 = 𝜎𝑗 and item value 𝑣𝑗 = 𝑤𝑗 . Notice that if 𝑊 <

∑︀
𝑗 𝑎𝑗/2 in the original Knapsack

problem, then resetting a new value of 𝑊 =
∑︀

𝑗 𝑎𝑗/2 does not change the nature of the problem.
As is well known, the Knapsack problem is an NP-complete problem [8]. Therefore, our problem

1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗 is NP-hard in the ordinary sense. It completes the proof. �

It should be noted that whether problem P1 is strongly NP-hard or pseudo-polynomially solvable remains
open.

3.2. Approximation algorithm

We present an approximation algorithm, which is called LOS (Least Order Size first), for the problem
1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|

∑︀
𝑗 𝑤𝑗𝐶𝑗 . That is, algorithm LOS processes orders in the non-decreasing sequence of their sizes.

The detailed description of the algorithm is as follows.

Algorithm LOS

(1) Sort the orders in the non-decreasing sequence of their sizes, i.e., 𝜎1 ≤ 𝜎2 ≤ · · · ≤ 𝜎𝑛.
(2) Compute the number of processing lots 𝑁 = ⌈

∑︀𝑛
𝑗=1 𝜎𝑗

𝑘 ⌉.
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(3) Assign sorted orders to processing lots one by one.

Notice that with the ability of order splitting, all the processing lots except the last one are full in the LOS
schedule. Next we give an analysis on the approximation ratio of algorithm LOS.

For notation convenience, denote by 𝑤max, 𝑤min the maximum and minimum weight of an order, respec-
tively. Given any order input instance, let B be the schedule generated by algorithm LOS, and B* an optimal
offline schedule. Denote by 𝐹 (B) and 𝐹 (B*) the objective value of the two schedules, respectively. Denote by
𝐶𝑗(B), 𝐶𝑗(B*) the completion time of order 𝑂𝑗 in schedules B and B*, respectively.

Theorem 3.2. For problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗, algorithm LOS has the approximation ratio of 𝑤max/𝑤min,
that is,

𝐹 (B)
𝐹 (B*)

≤ 𝑤max

𝑤min
·

Proof. We prove the theorem in two steps. We first prove that LOS completes the [𝑗]-th order, denoted by 𝑂[𝑗],
earliest over all the feasible processing schedules. This conclusion can be obtained by the following reasoning.

LOS handles orders in the non-decreasing sequence of their sizes, i.e., B = (𝑂1, 𝑂2, . . . , 𝑂𝑛) satisfying
𝜎1 ≤ 𝜎2 ≤ · · · ≤ 𝜎𝑛. Therefore, 𝑂[𝑗] = 𝑂𝑗 holds for the schedule B. Assume otherwise in another processing
schedule 𝛿 = (𝑂′[1], 𝑂

′
[2], . . . , 𝑂

′
[𝑛]), at least one order breaches the LOS rule. Let 𝑂′[𝑗] be the first order with

𝑂′[𝑗] ̸= 𝑂𝑗 where 1 ≤ 𝑗 < 𝑛, i.e., 𝑂′[𝑗] is not the [𝑗]-smallest order in the schedule 𝛿. By the above argument, the
size of order 𝑂′[𝑗] satisfies 𝜎′[𝑗] > 𝜎𝑗 holds.

Since 𝑂′[𝑗] is the first order breaching the LOS rule in schedule 𝛿, we claim that 𝑂𝑗 must be processed in
some position later than 𝑂′[𝑗] in the schedule. Assume that 𝑂𝑗 is in the [𝑘]-th position of 𝛿, i.e., 𝑂𝑗 = 𝑂′[𝑘]

with 𝑗 < 𝑘 ≤ 𝑛. We claim that swapping the processing positions of the two orders 𝑂′[𝑗] and 𝑂′[𝑘] (= 𝑂𝑗) while
keeping the other orders unchanged in the schedule 𝛿 can result in smaller or equal completion time of the [𝑗]-th
order for 1 ≤ 𝑗 ≤ 𝑛.

More precisely, order 𝑂′[𝑘] is in the [𝑗]-th position while 𝑂′[𝑗] is in the [𝑘]-th position after swapping. As
𝜎′[𝑘] < 𝜎′[𝑗], the [𝑗]-th order (i.e., 𝑂′[𝑘]) as well as all the orders 𝑂′[𝑗+1], . . . , 𝑂

′
[𝑘−1] between the swapped ones is

completed in the same or an earlier lot during swapping. Notice that each order 𝑂′[𝑢] for 𝑢 = 𝑗 + 1, . . . , 𝑘 − 1
remains in the [𝑢]-th position during swapping. Order 𝑂′[𝑗] after swapping has the same completion time as
𝑂′[𝑘] before swapping. That is, the [𝑘]-th order keeps its completion time unchanged during swapping because
the total size of the first [𝑘] orders remains unchanged. In sum, the completion time of the [𝑢]-th order for
𝑢 = 𝑗, 𝑗 + 1, . . . , 𝑘 − 1 either decreases or remains the same during the swapping. All the remaining orders
𝑂′[1], . . . , 𝑂

′
[𝑗−1], 𝑂

′
[𝑘], 𝑂

′
[𝑘+1], . . . , 𝑂

′
[𝑛] keep their completion times unchanged during the swapping.

For other orders breaching the LOS rule in schedule 𝛿, they can be similarly swapped and discussed as order
𝑂′[𝑗] does, and the same conclusion can be derived. Therefore, we conclude that in the LOS schedule, the [𝑗]-th
order for 1 ≤ 𝑗 ≤ 𝑛 has the smallest completion time over all the feasible processing schedules. It follows that
𝐶[𝑗](B) ≤ 𝐶[𝑗](B*).

Next we bound the ratio of 𝐹 (B)/𝐹 (B*). For the LOS schedule, together with 𝑤[𝑗] ≤ 𝑤max for 1 ≤ 𝑗 ≤ 𝑛,

𝐹 (B) =
𝑛∑︁

𝑗=1

𝑤[𝑗]𝐶[𝑗](B) ≤ 𝑤max

𝑛∑︁
𝑗=1

𝐶[𝑗](B).

For the optimal schedule, combining 𝐶[𝑗](B) ≤ 𝐶[𝑗](B*) and 𝑤min ≤ 𝑤[𝑗] for 1 ≤ 𝑗 ≤ 𝑛,

𝐹 (B*) =
𝑛∑︁

𝑗=1

𝑤[𝑗]𝐶[𝑗] (B*) ≥
𝑛∑︁

𝑗=1

𝑤[𝑗]𝐶[𝑗](B) ≥ 𝑤min

𝑛∑︁
𝑗=1

𝐶[𝑗](B).

Therefore, 𝐹 (B)
𝐹 (B*) ≤

𝑤max
𝑤min

holds.
The proof of the theorem is completed. �
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Obviously, the analysis with approximation ratios shows that this bound is tight when the order weights are
all equal. It is noteworthy that for unequal weights, it remains an open question whether this bound is tight.

For the corresponding unweighted case, i.e., 𝑤𝑗 = 1 (1 ≤ 𝑗 ≤ 𝑛), we have 𝑤max = 𝑤min = 1, and thus the
following corollary is derived by the above theorem.

Corollary 3.1. For problem, 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝐶𝑗, an optimal schedule exists in which orders are sequenced in
the LOS rule.

4. Two special models

In this section, we mainly analyze the two special models, P2: 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡,
∑︀

𝑗 𝜎𝑗 ≤ 2𝑘|
∑︀

𝑗 𝑤𝑗𝐶𝑗 and P3:
1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑟𝑒𝑣𝑒𝑟𝑠𝑒-𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒|

∑︀
𝑗 𝑤𝑗𝐶𝑗 , and provide polynomial algorithms for generating optimal solutions.

4.1. Problem P2

We consider problem P2, i.e., 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡,
∑︀

𝑗 𝜎𝑗 ≤ 2𝑘|
∑︀

𝑗 𝑤𝑗𝐶𝑗 where
∑︀

𝑗 𝜎𝑗 ≤ 2𝑘 means that the total size
of all orders is less than twice of the lot capacity. With a limited total size of orders at most 2𝑘, we claim that
there are at most two processing lots in an optimal solution. Moreover, the objective function of minimizing
total weighted completion time is equivalent to maximizing total weighted completion time (or equivalently total
weight of orders) in the first processing lot. The latter problem reduces to the classic 0–1 Knapsack problem.

Based on the above observation, in the following we propose a dynamic programming algorithm (DP) to
solve problem P2 for the case where the lot capacity 𝑘 and any order size 𝜎𝑗 (1 ≤ 𝑗 ≤ 𝑛) are all integers. For
the considered problem, we focus on the case with integer lot capacity and order sizes. Notice that for the case
where at least one order is with a non-integer size, we can equally amplify the sizes of all the orders as well as
the lot capacity 𝑘 to make all the order sizes and lot capacity become integers.

At each recursive process of the DP, it decides whether to assign order 𝑂𝑗 to the first processing lot. There
are two selections, that is, processing and completing the order either in the first lot or in the second lot. Let
𝑓(𝑗,k) denote the total weight of orders being assigned to the first processing lot, given the first 𝑗 orders and
a (remaining) lot capacity of k. Note that the value of k varies in [0, 𝑘]. The dynamic programming recursive
equation can be obtained as follow.

𝑓(𝑗,k) =

{︃
max {𝑓 (𝑗 − 1,k) , 𝑓 (𝑗 − 1,k− 𝜎𝑗) + 𝑤𝑗} , k ≥ 𝜎𝑗

𝑓 (𝑗 − 1,k) , k < 𝜎𝑗 .
(1)

Note that 𝑓(𝑗 − 1,k − 𝜎𝑗) is not defined for the case where k < 𝜎𝑗 . We explain the two items inside the
braces of the above formula (for the case where k ≥ 𝜎𝑗). On the decision of order 𝑂𝑗 , it is either assigned to
the first processing lot or not.

Case 1. Order 𝑂𝑗 is not assigned to the first lot (and thus assigned to the second lot). In this case, the recursive
sub-problem will be transformed to assigning the first 𝑗 − 1 orders into a processing lot with capacity of k,
i.e., maximizing 𝑓(𝑗 − 1,k). Since 𝑂𝑗 is in the second lot, 𝑓(𝑗,k) = 𝑓(𝑗 − 1,k) in this case;

Case 2. Order 𝑂𝑗 is assigned to the first lot. Then the recursive sub-problem becomes assigning the first 𝑗 − 1
orders into a lot with the remaining capacity of k − 𝜎𝑗 (i.e., maximizing 𝑓(𝑗 − 1,k − 𝜎𝑗)). The objective
value of the current sub-problem is 𝑓(𝑗,k) = 𝑓(𝑗 − 1,k− 𝜎𝑗) + 𝑤𝑗 in this case.

The value of 𝑓(𝑗,k) is the maximum in Cases 1 and 2. The boundary conditions are: 𝑓(0,k) = 0 for
0 ≤ k ≤ 𝑘, and 𝑓(𝑗, 0) = 0 for 1 ≤ 𝑗 ≤ 𝑛. That is, the total weighted completion time is 0 if there is no order to
be processed or there is no available space in the first lot to contain any order. We have the following conclusion
on the time complexity of the DP algorithm.

Theorem 4.1. The computational complexity of DP is 𝑂(𝑛𝑘).
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Proof. Given the boundary conditions, the recursive function (i.e., Formula (1)) is calculated in 𝑛 steps, in each
of which a single order 𝑂𝑗 is assigned. When solving 𝑓(𝑗,k) for assigning order 𝑂𝑗 , the values of both 𝑓(𝑗−1,k)
and 𝑓(𝑗 − 1,k − 𝜎𝑗) are used. So, it is necessary to access the assignment results for the previous order 𝑂𝑗−1

over all possible remaining lot capacities k (0 ≤ k ≤ 𝑘), which causes 𝑂(𝑘)-time. As there are totally 𝑛 orders,
the computational complexity of DP is 𝑂(𝑛𝑘). It completes the proof. �

Illustrative example. Below we use DP to solve an instance with six orders. In the instance, the lot capacity
𝑘 = 10 and lot processing time 𝑃 = 3. The six orders are of sizes {5, 1, 2, 4, 3, 2} and weights {3, 1, 6, 3, 3, 5}.

In the initialization, 𝑓(0,k) = 0 for 0 ≤ k ≤ 10, and 𝑓(𝑗, 0) = 0 for 1 ≤ 𝑗 ≤ 6.
The first recursive step is to assign the first order 𝑂1, and we have by formula (1) that,

𝑓(1,k) = max {𝑓(0,k), 𝑓(0,k− 5) + 3} = max {0, 0 + 3} = 3

for k = 5, 6, 7, 8, 9, 10; and

𝑓(1,k) = max {𝑓(0,k), 𝑓(0,k− 5) + 3} = 𝑓(0,k) = 0

for k = 1, 2, 3, 4, since 𝑓(0,k − 5) is an infeasible function and not defined when k < 5. The next recursive
step is to assign the second order 𝑂2. Similarly,

𝑓(2,k) = max{𝑓(1,k), 𝑓(1,k− 1) + 1} = max{3, 3 + 1} = 4

for k = 6, 7, 8, 9, 10;
𝑓(2,k) = max{𝑓(1,k), 𝑓(1,k− 1) + 1} = max{3, 0 + 1} = 3

for k = 5; and
𝑓(2,k) = max{𝑓(1,k), 𝑓(1,k− 1) + 1} = max{0, 0 + 1} = 1

for k = 1, 2, 3, 4.
With the similar reasoning, DP generates an optimal solution as follows: Orders 𝑂1, 𝑂2, 𝑂3, 𝑂6 are processed

in the first lot, and orders 𝑂4 and 𝑂5 are processed in the second lot. The maximum value of 𝑓(6, 10) = 15
is obtained. Hence, the completion times of the orders are 𝐶1 = 𝐶2 = 𝐶3 = 𝐶6 = 3 and 𝐶4 = 𝐶5 = 6. The
minimum total weighted completion time for the problem P3 is

∑︀
𝑗 𝑤𝑗𝐶𝑗 = (3+1+6+5)×3+(3+3)×6 = 81.

4.2. Problem P3

In this subsection, we consider the other special case problem P3. i.e., 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑟𝑒𝑣𝑒𝑟𝑠𝑒-𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒|
∑︀

𝑗 𝑤𝑗𝐶𝑗 ,
the reverse-agreeable delineates a scenario wherein any order with a smaller size is intrinsically linked to a larger
weight. This phenomenon is particularly evident in the context of micro-manufacturing. In practice, a recognized
correlation exists between product size and manufacturing difficulty and cost. Despite their small sizes, minia-
turized products have a significant impact on the performance of electronic devices. The implementation of more
advanced process technologies (e.g., 5 nm, 3 nm) facilitates enhanced levels of integration, reduced power con-
sumption, and improved operational speeds. As a result, these miniaturized products are often assigned higher
weights (or priorities) when evaluating their importance and market value. We refer to the above correlation as
reverse-agreeable in this work.

For this problem, we mainly prove that the LWF (Largest Weight First) rule is an optimal solution approach.
That is, the processing sequence of the orders satisfies 𝑤1 ≥ 𝑤2 ≥ · · · ≥ 𝑤𝑛 in the optimal (i.e., LWF) schedule.

Theorem 4.2. For problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡, 𝑟𝑒𝑣𝑒𝑟𝑠𝑒-𝑎𝑔𝑟𝑒𝑒𝑎𝑏𝑙𝑒|
∑︀

𝑗 𝑤𝑗𝐶𝑗, scheduling orders in the non-increasing
sequence of their weights is optimal.
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Figure 1. Illustration of processing orders 𝑂𝑖 and 𝑂𝑖+1 in Case 1. (a) Schedule L . (b) Schedule
L ′.

Figure 2. Illustration of processing 𝑂𝑖 and 𝑂𝑖+1 in Case 2.1. (a) In the schedule L . (b) In
the schedule L ′.

Proof. We prove this theorem by the idea of order interchange. Suppose that there are two schedules L =
(𝐿[1], 𝐿[2], . . . , 𝐿[𝑟], 𝐿[𝑟+1], 𝐿[𝑟+2], . . . ) and L ′ = (𝐿′[1], 𝐿

′
[2], . . . , 𝐿

′
[𝑟], 𝐿

′
[𝑟+1], 𝐿

′
[𝑟+2], . . . ). The latter schedule L ′

is derived from the former schedule L by interchanging the 𝑖th and (𝑖 + 1)st orders (i.e., orders 𝑂𝑖 and 𝑂𝑖+1),
while keeping all the other orders in the same processing sequence. Assume that in L , 𝑤𝑖 < 𝑤𝑖+1 holds, implying
𝜎𝑖 ≥ 𝜎𝑖+1.

One can observe that all the orders except 𝑂𝑖 and 𝑂𝑖+1 are of the same completion times in the two schedules.
Therefore, the difference of the objective value between the two schedule lies in the total weighted completion
times of orders 𝑂𝑖 and 𝑂𝑖+1. Let 𝐶𝑖(L ), 𝐶𝑖(L ′) be the completion time of order 𝑂𝑖 in schedules L and L ′,
respectively. Define 𝐹 (L ) = 𝑤𝑖𝐶𝑖(L ) + 𝑤𝑖+1𝐶𝑖+1(L ), and 𝐹 (L ′) = 𝑤𝑖𝐶𝑖(L ′) + 𝑤𝑖+1𝐶𝑖+1(L ′).

We are now ready to figure out the gap of the objective value between the two schedules L and L ′, or
equivalently between 𝐹 (L ) and 𝐹 (L ′). Assume without loss of generality that order 𝑂𝑖 is processed in either
lot 𝐿[𝑟] or lots 𝐿[𝑟] and 𝐿[𝑟+1] for some 𝑟 ≥ 1. Let 𝛼 be the remaining capacity in lot 𝐿[𝑟] immediately before
assigning orders 𝑂𝑖 and 𝑂𝑖+1 in both schedules L and L ′ (see Fig. 1). There are three cases with regard to
the total size of the two orders.

Case 1. 𝜎𝑖 + 𝜎𝑖+1 ≤ 𝛼.
In this case, both orders are processed in lot 𝐿[𝑟], and swapping the two orders has no impact on their
completion times (see Figs. 1a and 1b). That is, 𝐹 (L ) = 𝐹 (L ′) holds.

Case 2. 𝑡 < 𝜎𝑖 + 𝜎𝑖+1 ≤ 𝑘 + 𝛼.
The case condition implies that the two orders are processed in the two consecutive lots 𝐿[𝑟] and 𝐿[𝑟+1].
Case 2.1. 𝜎𝑖 ≤ 𝛼. Combining the assumption 𝜎𝑖 ≥ 𝜎𝑖+1 and the case condition 𝜎𝑖 ≤ 𝛼, we have 𝜎𝑖+1 < 𝛼.

In schedule L , lot 𝐿[𝑟] contains order 𝑂𝑖 and a part of 𝑂𝑖+1, and 𝐿[𝑟+1] processes the remaining part of
order 𝑂𝑖+1 (see Fig. 2a). Therefore, 𝐶𝑖(L ) = 𝑃𝑟, 𝐶𝑖+1(L ) = 𝑃 (𝑟 + 1), and
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Figure 3. Illustration of processing 𝑂𝑖 and 𝑂𝑖+1 in schedule L in Case 2.2.

Figure 4. Illustration of processing 𝑂𝑖 and 𝑂𝑖+1 in schedule L ′ in Case 2.2. (a) Case 2.2.1.
(b) Case 2.2.2.

𝐹 (L ) = 𝑤𝑖𝐶𝑖(L ) + 𝑤𝑖+1𝐶𝑖+1(L ) = 𝑤𝑖𝑃𝑟 + 𝑤𝑖+1𝑃 (𝑟 + 1).

For schedule 𝐿′[𝑟+1], since 𝜎𝑖+1 < 𝛼, order 𝑂𝑖+1 is processed in lot 𝐿′[𝑟], while 𝑂𝑖+1 is split and processed
in the two lots 𝐿′[𝑟] and 𝐿′[𝑟+1] (see Fig. 2b). Thus, 𝐶𝑖+1(L ′) = 𝑃𝑟, 𝐶𝑖(L ′) = 𝑃 (𝑟 + 1), and

𝐹 (L ′) = 𝑤𝑖𝐶𝑖(L ′) + 𝑤𝑖+1𝐶𝑖+1(L ′) = 𝑤𝑖𝑃 (𝑟 + 1) + 𝑤𝑖+1𝑃𝑟.

Together with the assumption 𝑤𝑖 < 𝑤𝑖+1, we have

𝐹 (L )− 𝐹 (L ′) = 𝑤𝑖𝑃𝑟 + 𝑤𝑖+1𝑃 (𝑟 + 1)− (𝑤𝑖𝑃 (𝑟 + 1) + 𝑤𝑖+1𝑃𝑟)
= (𝑤𝑖+1 − 𝑤𝑖)𝑃 > 0.

Case 2.2. 𝜎𝑖 > 𝛼. In this case, order 𝑂𝑖 is split and processed in both lots 𝐿[𝑟] and 𝐿[𝑟+1], while 𝑂𝑖+1 is
processed in 𝐿[𝑟+1] in schedule L (see Fig. 3).
Thus, 𝐶𝑖(L ) = 𝐶𝑖+1(L ) = 𝑃 (𝑟 + 1), and

𝐹 (L ) = 𝑤𝑖𝐶𝑖(L ) + 𝑤𝑖+1𝐶𝑖+1(L ) = 𝑤𝑖𝑃 (𝑟 + 1) + 𝑤𝑖+1𝑃 (𝑟 + 1).

For 𝐹 (L ′), there are two sub-cases by whether 𝜎𝑖+1 ≤ 𝛼.
Case 2.2.1. 𝜎𝑖+1 ≤ 𝛼. In this case, lot 𝐿′[𝑟] contains 𝑂𝑖+1 and a part of 𝑂𝑖, while lot 𝐿′[𝑟+1] processes

the remaining part of 𝑂𝑖 in schedule L ′ (see Fig. 4a).
We have 𝐶𝑖+1(L ′) = 𝑃𝑟, 𝐶𝑖(L ′) = 𝑃 (𝑟 + 1), and

𝐹 (L ′) = 𝑤𝑖𝐶𝑖(L ′) + 𝑤𝑖+1𝐶𝑖+1(L ′) = 𝑤𝑖𝑃 (𝑟 + 1) + 𝑤𝑖+1𝑃𝑟.

Therefore,

𝐹 (L )− 𝐹 (L ′) = 𝑤𝑖𝑃 (𝑟 + 1) + 𝑤𝑖+1𝑃 (𝑟 + 1)− (𝑤𝑖𝑃 (𝑟 + 1) + 𝑤𝑖+1𝑃𝑟)
= 𝑤𝑖+1𝑃 > 0.
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Figure 5. Illustration of processing 𝑂𝑖 and 𝑂𝑖+1 in Case 3. (a) In schedule L . (b) In schedule L ′.

Case 2.2.2. 𝜎𝑖+1 > 𝛼. In this case, Order 𝑂𝑖+1 is split and process in both lots 𝐿′[𝑟] and 𝐿′[𝑟+1], and 𝑂𝑖 is
processed in lot 𝐿′[𝑟+1] in schedule L ′ (see Fig. 4b). Similarly, we have 𝐶𝑖+1(L ′) = 𝐶𝑖(L ′) = 𝑃 (𝑟+1),
and

𝐹 (L ′) = 𝑤𝑖𝐶𝑖(L ′) + 𝑤𝑖+1𝐶𝑖+1(L ′) = 𝑤𝑖𝑃 (𝑟 + 1) + 𝑤𝑖+1𝑃 (𝑟 + 1).

It is easy to see that 𝐹 (L ) = 𝐹 (L ′) in this case.
Case 3. 𝜎𝑖 + 𝜎𝑖+1 > 𝛼 + 𝑘.

The case condition implies that 𝜎𝑖 > 𝛼 and 𝜎𝑖+1 > 𝛼 due to 𝜎𝑖, 𝜎𝑖+1 ≤ 𝑘. Moreover, the two orders are
processed in the three consecutive lots 𝐿[𝑟], 𝐿[𝑟+1] and 𝐿[𝑟+2], as shown in Figure 5a.

For schedule L , we have 𝐶𝑖(L ) = 𝑃 (𝑟 + 1), 𝐶𝑖+1(L ) = 𝑃 (𝑟 + 2), and

𝐹 (L ) = 𝑤𝑖𝐶𝑖(L ) + 𝑤𝑖+1𝐶𝑖+1(L ) = 𝑤𝑖𝑃 (𝑟 + 1) + 𝑤𝑖+1𝑃 (𝑟 + 2).

For schedule L ′, order 𝑂𝑖+1 is processed in lots 𝐿′𝑖 and 𝐿′𝑖+1, and 𝑂𝑖 is processed in lots 𝐿′𝑖+1 and 𝐿′𝑖+2 due
to 𝜎𝑖, 𝜎𝑖+1 > 𝛼 (see Fig. 5b).

Thus, 𝐶𝑖+1(L ′) = 𝑃 (𝑟 + 1), 𝐶𝑖(L ′) = 𝑃 (𝑟 + 2), and then

𝐹 (L ′) = 𝑤𝑖𝐶𝑖(L ′) + 𝑤𝑖+1𝐶𝑖+1(L ′) = 𝑤𝑖𝑃 (𝑟 + 2) + 𝑤𝑖+1𝑃 (𝑟 + 1).

In this case,

𝐹 (L )− 𝐹 (L ′) = 𝑤𝑖𝑃 (𝑟 + 1) + 𝑤𝑖+1𝑃 (𝑟 + 2)− (𝑤𝑖𝑃 (𝑟 + 2) + 𝑤𝑖+1𝑃 (𝑟 + 1))
= (𝑤𝑖+1 − 𝑤𝑖)𝑃 > 0.

In all of the above cases, 𝐹 (L )− 𝐹 (L ′) ≥ 0 holds. It indicates that schedule L ′ is better than or the same
as schedule L , i.e., swapping orders 𝑂𝑖 and 𝑂𝑖+1 may induce the decrease of the objective value. Hence, we
conclude that an optimal schedule is to process orders in the non-increasing sequence of their weights. The proof
of the theorem is completed. �

5. Numerical experiments

In this section, the LOS algorithm is analyzed and compared with the exact solution that is obtained by the
Gurobi solver with a computational time constraint set to a maximum of 3600 s. Please refer to Appendix A
for the corresponding MILP model. The principal purpose of this study is to provide evidence to support the
efficacy of the LOS algorithm. We execute all numerical experiments on a personal computing device equipped
with an Intel(R) Core(TM) i5-1035G1 CPU operating at 1.00 GHz, with a turbo frequency of 1.19 GHz, and
furnished with 16.0 GB of Random Access Memory (RAM), under the Windows 10 Operating System.

For each input instance under consideration, we designate the parameters 𝑘 = 10 and 𝑃 = 5. The size 𝜎𝑗 of
order 𝑂𝑗 is stochastically determined within the interval [⌊𝑘

3 ⌋, 𝑘], while the weight is assigned within the range



3164 F. ZHENG ET AL.

Table 3. Computational results.

(𝑛, 𝑘, 𝑃 )
Gurobi LOS

𝐺𝑎𝑝(%)
Average Max

TWC𝐺 time𝐺(s) TWC𝐿 time𝐿(s) 𝜌𝑒 𝜌 𝜌𝑒 𝜌

(3, 10, 5) 170 0.4959 170 0.0013 0.00% 1.00 1.31 1.00 1.50
(4, 10, 5) 264 0.5571 271 0.0015 2.65% 1.09 1.60 1.26 2.00
(5, 10, 5) 358 0.6229 373 0.0014 4.19% 1.04 1.69 1.08 2.00
(6, 10, 5) 469 2.0048 495 0.0007 5.54% 1.05 1.61 1.11 2.00
(7, 10, 5) 611 3.7850 650 0.0006 6.38% 1.06 1.73 1.11 2.00
(8, 10, 5) 763 8.4876 814 0.0007 6.68% 1.07 1.92 1.15 2.00
(9, 10, 5) 941 11.1161 997 0.0007 5.95% 1.06 1.96 1.11 2.00
(10, 10, 5) 1113 14.2856 1199 0.0007 7.73% 1.08 1.96 1.11 2.00
(11, 10, 5) 1333 26.1982 1409 0.0007 5.70% 1.06 1.96 1.09 2.00
(12, 10, 5) 1527 59.7203 1605 0.0019 5.11% 1.05 1.96 1.06 2.00
(13, 10, 5) 1841 137.1255 1995 0.0012 8.37% 1.08 1.96 1.15 2.00
(14, 10, 5) 1948 169.1549 2083 0.0009 6.93% 1.07 1.96 1.12 2.00
(15, 10, 5) 2255 213.8481 2402 0.0012 6.52% 1.06 2.00 1.10 2.00
(16, 10, 5) 2621 316.2551 2802 0.0008 6.91% 1.07 2.00 1.08 2.00
(17, 10, 5) 2935 381.9742 3116 0.0009 6.17% 1.06 2.00 1.07 2.00
(18, 10, 5) 3244 495.6360 3470 0.0008 6.97% 1.07 2.00 1.08 2.00
(19, 10, 5) 3625 630.2207 3861 0.0008 6.51% 1.07 1.96 1.07 2.00
(20, 10, 5) 3960 1608.9299 4209 0.0008 6.29% 1.06 1.96 1.08 2.00
(21, 10, 5) 4489 3600.0000 4815 0.0013 7.26% 1.07 2.00 1.09 2.00
Average – 404.2325 – 0.0010 5.89% 1.06 1.87 1.10 1.97

[5, 10]. In order to reduce the variability of the experimental results, we use the average of the results of ten
randomly generated instances for each of the settings.

Table 3 presents the computational outcomes for the MIP model and the heuristic algorithm applied to
problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|

∑︀
𝑗 𝑤𝑗𝐶𝑗 . The first column indicates instances (e.g., (3, 10, 5) in the first row represents the

instance with 𝑛 = 3 orders, lot capacity 𝑘 = 10, and lot processing 𝑃 = 5). Subsequent columns delineate
the objective value and computational duration of the Gurobi solution model, in that order. The heuristic
algorithm’s objective value and execution time are detailed in the fourth and fifth columns, respectively, with
temporal measurements expressed in seconds (hereinafter denoted as “s”). The relative gap, referred to as
the Gap is ascertained by the formula TWC𝐿−TWC𝐺

TWC𝐺
100% and is recorded in the sixth column of Table 3,

where TWC𝐿 and TWC𝐺 denote the objective value of the heuristic algorithm and the objective value of
Gurobi, respectively. We denote the ratio of the approximate solution (LOS) to the exact solution (Gurobi) as
𝜌𝑒 = TWC𝐿

TWC𝐺
. The approximation rate of the LOS algorithm, as described in Section 3.2, is given by 𝜌 = 𝑤max

𝑤min
.

Columns 7 and 8 show the average values of the ratios 𝜌𝑒 and 𝜌 based on the 10 randomly generated instances
for each setting. The final two columns in the table provide the worst-case ratios for these instances.

We observe by Table 3 that the heuristic algorithm runs significantly faster than Gurobi. Regarding the
objective value, the relative error varies from a maximum of 8.37% to a minimum of 0.00%, with an average
discrepancy of 5.89%. The approximation ratio 𝜌𝑒 is close to 1, which greatly highlights the effectiveness of the
algorithm.

6. Conclusion

In this work, we investigate the single machine lot scheduling problem to minimize total weighted completion
time of orders. We first prove that the problem is NP-hard and provide a polynomial approximation algorithm.
We then consider two special cases. We assume that the total size of orders is no more than twice of the lot
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capacity in the first case. In the two case the size and weight of order are in reverse-agreeable. All the two
special cases are shown polynomial solvable.

Subsequently, the effectiveness of the heuristic algorithm is empirically substantiated through a series of
numerical experiments. The results obtained in this work may help one manufacturer make efficient decisions
on processing customer orders, thus reducing production costs and improving the performance of operation
management.

In future research, it is meaningful to investigate the exact complexity status (whether it admits a pseudo-
polynomial time algorithm or is strongly NP-hard) of the problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|

∑︀
𝑗 𝑤𝑗𝐶𝑗 . Whether this bound

is tight for the heuristic algorithm LOS remains an open question with different weights. Additionally, one of
future researches is to extend the obtained results to the multi-processor lot scheduling environment. Another
interesting direction is to relax the constraint of total size of orders in the first special case, or remove the
assumption of reverse-agreeable order size and order weight in the two special case, and explore optimal or
approximation solutions.
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Appendix A.

In this section, we first introduce some notations and decision variables and then present mathematical models for
the considered problem.

Indexes

– 𝑗, 𝑗′: indexes of orders, 𝑗, 𝑗′ = 1, . . . , 𝑛;
– 𝑟: index of lots, 𝑟 = 1, . . . , 𝑁 (the value of 𝑁 is determined later).

Parameters

– 𝑛: number of orders;
– 𝑘: lot capacity;
– 𝜎𝑗 : size of order 𝑂𝑗 ;
– 𝑤𝑗 : weight of order 𝑂𝑗 ;

– 𝑁 : number of lots. It is crucial to note that, given the splittable orders, the equation 𝑁 ≡ ⌈
∑︀𝑛

𝑗=1 𝜎𝑗

𝑘
⌉ holds;

– 𝑂 : set of orders, 𝑂 = {1, . . . , 𝑛}, indexed by 𝑗, 𝑗′;
– 𝑅: set of lots, 𝑅 = {1, . . . , 𝑁}, indexed by 𝑟;
– 𝑃 : lot processing time.

Decision variables

– 𝑥𝑗𝑟: binary variable, equals 1 if order 𝑂𝑗 is assigned to the 𝑟-th lot, 0 otherwise;
– 𝑧𝑗𝑟: continuous variable, denotes the proportion of 𝑂𝑗 that is assigned to the 𝑟-th lot;
– 𝑣𝑗𝑟: continuous variable, denotes the proportion of 𝑂𝑗 that has not been processed on the completion of the 𝑟-th lot.

Let 𝑟 = 0 be a virtual lot. Obviously, 𝑣𝑗0 = 𝜎𝑗 and 𝑣𝑗𝑁 = 0,∀𝑗 ∈ 𝑂 .

mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o
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Mathematical model of problem 1|𝑙𝑜𝑡, 𝑠𝑝𝑙𝑖𝑡|
∑︀

𝑗 𝑤𝑗𝐶𝑗

min
∑︁

𝑗∈𝑂

{𝑤𝑗𝐶𝑗} (A.1)

s.t.
∑︁

𝑗∈𝑂

𝑧𝑗𝑟 ≤ 𝑘, ∀𝑟 ∈ 𝑅 (A.2)

𝑣𝑗𝑟 = 𝑣𝑗,𝑟−1 − 𝑧𝑗𝑟, ∀𝑗 ∈ 𝑂, 𝑟 ∈ 𝑅 (A.3)

𝐶𝑗 ≥ 𝑃 ·

⌈︃
∑︁

𝑟∈𝑁

𝑟 · 𝑧𝑗𝑟

𝜎𝑗

⌉︃

, ∀𝑗 ∈ 𝑂, 𝑟 ∈ 𝑅 (A.4)

𝑧𝑗𝑟 ≤ 𝜎𝑗 · 𝑥𝑗𝑟, ∀𝑗 ∈ 𝑂, 𝑟 ∈ 𝑅 (A.5)

𝑧𝑗𝑟 > 𝑥𝑗𝑟 − 1, ∀𝑗 ∈ 𝑂, 𝑟 ∈ 𝑅 (A.6)

𝑥𝑗𝑟 + 𝑥𝑗,𝑟+1 + 𝑥𝑗′𝑟 + 𝑥𝑗′,𝑟+1 ≤ 3, ∀𝑗 ̸= 𝑗′ ∈ 𝑂, 𝑟 ∈ 𝑅 ∖ {𝑁} (A.7)

𝑧𝑗,𝑟+1 − 𝑣𝑗𝑟 ≤ 𝜎𝑗 · (1− 𝑥𝑗𝑟), ∀𝑗 ∈ 𝑂, 𝑟 ∈ 𝑅 ∖ {𝑁} (A.8)

𝑧𝑗,𝑟+1 − 𝑣𝑗𝑟 ≥ −𝜎𝑗 · (1− 𝑥𝑗𝑟), ∀𝑗 ∈ 𝑂, 𝑟 ∈ 𝑅 ∖ {𝑁} (A.9)

𝑥𝑗𝑟 ∈ {0, 1}, 0 ≤ 𝑧𝑗𝑟 ≤ 𝜎𝑗 , 0 ≤ 𝑣𝑗𝑟 ≤ 𝜎𝑗 , ∀𝑗 ∈ 𝑂, 𝑟 ∈ 𝑅 (A.10)

𝑣𝑗𝑁 = 0, 𝑣𝑗0 = 𝜎𝑗 , 𝐶𝑗 ≥ 0, ∀𝑗 ∈ 𝑂. (A.11)

The objective (A.1) aims to minimize total weighted completion time. The constraints (A.2) stipulate that within the
𝑟-th lot, the accumulated size of the assigned orders must not surpass the predefined uniform lot capacity. Constraints
(A.3) ensure that the residual proportion of order 𝑂𝑗 from the (𝑟 − 1)-th lot is appropriately allocated to the 𝑟-th lot.
Constraints (A.4) define the completion time of order 𝑂𝑗 . Constraints (A.5) and (A.6) establish the relationship between
𝑧𝑗𝑟 and 𝑥𝑗𝑟, such that 𝑧𝑗𝑟 > 0 if and only if 𝑥𝑗𝑟 = 1. Constraints (A.7) ensure the continuity of the processing of
any order. Constraints (A.8) and (A.9) assert that when 𝑥𝑗𝑟 = 1 and 𝑣𝑗𝑟 > 0 (indicating that order 𝑂𝑗 is not entirely
completed in the 𝑟-th lot), 𝑧𝑗,𝑟+1 = 𝑣𝑗𝑟 (implying that the order is included in the subsequent lot). Finally, constraints
(A.10) and (A.11) define the domains of variables.
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