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ON THE SECOND LARGEST LAPLACIAN EIGENVALUE OF TREES

Haoran Chang and Hongying Lin*

Abstract. We determine all trees for which the second largest Laplacian eigenvalue is at most 2+
√

3
as well as all trees with exactly one Laplacian eigenvalue exceeding 2 +

√
3.
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1. Introduction

We consider simple graphs. Let 𝐺 be a graph with vertex set 𝑉 (𝐺) and edge set 𝐸(𝐺). For 𝑢, 𝑣 ∈ 𝑉 (𝐺),
if 𝑢𝑣 ∈ 𝐸(𝐺), we say 𝑢 is adjacent to 𝑣 in 𝐺, denoted by 𝑢 ∼ 𝑣, otherwise we say 𝑢 is not adjacent to
𝑣. For 𝑣 ∈ 𝑉 (𝐺), let 𝑑𝐺(𝑣) be the degree of 𝑣 in 𝐺, i.e., the number of edges incident with 𝑣 in 𝐺. Let
𝐴(𝐺) = (𝑎𝑢𝑣)𝑢,𝑣∈𝑉 (𝐺) be the adjacency matrix, where 𝑎𝑢𝑣 = 1 if 𝑢 ∼ 𝑣 and 𝑎𝑢𝑣 = 0 otherwise. The Laplacian
matrix of 𝐺 is defined as 𝐿(𝐺) = 𝐷(𝐺) − 𝐴(𝐺), where 𝐷(𝐺) is the diagonal matrix of vertex degrees of
𝐺. The Laplacian characteristic polynomial 𝜑(𝐺) of 𝐺 is just the characteristic polynomial of 𝐿(𝐺), that is,
𝜑(𝐺) = det(𝑥𝐼𝑛 − 𝐿(𝐺)), where 𝑛 = |𝑉 (𝐺)| and 𝐼𝑛 is the identity matrix of order 𝑛. The eigenvalues of 𝐿(𝐺)
are called the Laplacian eigenvalues of 𝐺. Evidently, 𝐿(𝐺) is a real symmetric matrix with row sums zero, and
we know from Gershgorin’s theorem that the Laplacian eigenvalues of 𝐺 are nonnegative real numbers and the
smallest one is zero. We can assume that the Laplacian eigenvalues of 𝐺 are

𝜆1(𝐺) ≥ · · · ≥ 𝜆𝑛−1(𝐺) ≥ 𝜆𝑛(𝐺) = 0.

That is, 𝜆𝑖(𝐺) is the 𝑖th largest Laplacian eigenvalue of 𝐺 and 𝜆𝑛−𝑖+1(𝐺) is the 𝑖th smallest Laplacian eigenvalue
for 𝑖 = 1, . . . , 𝑛. Let 𝐺 denote the complement of a graph 𝐺 of order 𝑛 ≥ 2. Let 𝐽𝑛 denote the matrix with
all entries equal to 1. Clearly, 𝐿(𝐺) + 𝐿(𝐺) = 𝑛𝐼𝑛 − 𝐽𝑛, so 𝜆𝑖(𝐺) + 𝜆𝑛−(𝑖+1)+1(𝐺) = 𝑛 for 𝑖 = 1, . . . , 𝑛 − 1.
Thus, studying the 𝑖th largest Laplacian eigenvalue of a graph is equivalent to studying the (𝑖 + 1)th smallest
Laplacian eigenvalue of its complement for 𝑖 = 1, . . . , 𝑛− 1.

Investigating the properties of the Laplacian spectrum is an important field not only for matrix theory
and related applications in chemistry and physics, but for graph theory as well [5, 6, 9, 13, 15]. In particular,
it is of interest to determine the graphs with constraints on the Laplacian eigenvalues. For example, Guo [7]
determined the trees for which the second largest Laplacian eigenvalues achieve the first three smallest values.
Petrović et al. [14] determined all connected bipartite graphs with one Laplacian eigenvalue exceeding three.
Li et al. [11] determined all connected graphs with the second largest Laplacian eigenvalue at most three, and
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Figure 1. Graph 𝐷4
3,2;3,2,1.

Figure 2. Graphs 𝐹2,4,3,2, 𝑆4,3,2,1,1, and 𝐹3,5,5.

hence all trees with the second largest Laplacian eigenvalue at most three. More results along this line may be
found in the literature, see, e.g., [1, 8, 12, 13]. Motivated by these work, in this paper, we characterize all trees
with one Laplacian eigenvalue exceeding 2+

√
3 (i.e., trees with the second largest Laplacian eigenvalue at most

2 +
√

3). One reason we consider only 2 +
√

3 is that there are infinite trees with 2 +
√

3 as the second largest
Laplacian eigenvalue.

To state our result, we introduce the notations used.
Let 𝑃𝑛 and 𝐾1,𝑛−1 be the path and the star on 𝑛 vertices, respectively.
For positive integers 𝑘, 𝑝1 ≥ · · · ≥ 𝑝𝑠 and 𝑞1 ≥ · · · ≥ 𝑞𝑡 with 𝑠 ≥ 2, 𝑡 ≥ 2, let 𝐷𝑘

𝑝1,...,𝑝𝑠;𝑞1,...,𝑞𝑡
be the tree

obtained from a path of length 𝑘 with end vertices 𝑢 and 𝑣 by attaching 𝑠 pendant paths of lengths 𝑝1, . . . , 𝑝𝑠 at
𝑢 and attaching 𝑡 pendant paths of lengths 𝑞1, . . . , 𝑞𝑡 at 𝑣. For example, the tree 𝐷4

3,2;3,2,1 is shown in Figure 1.
For nonnegative integers 𝑎, 𝑏 and positive integers 𝑞1 ≥ · · · ≥ 𝑞𝑏, denote 𝐹𝑎,𝑞1,...,𝑞𝑏

the tree obtained from
𝑎𝐾1,3 ∪ 𝑃𝑞1+1 ∪ · · · ∪ 𝑃𝑞𝑏+1 by identifying a pendant vertex from each 𝐾1,3 and an end vertex of each 𝑃𝑞𝑖+1 for
𝑖 = 1, . . . , 𝑏. If 𝑎 = 0 and 𝑏 ≥ 3, we write 𝑆𝑞1,...,𝑞𝑏

instead of 𝐹𝑎,𝑞1,...,𝑞𝑏
. For example, 𝐹2,4,3,2, 𝑆4,3,2,1,1 and 𝐹3,5,5

are displayed in Figure 2.
Let

𝒯1 = {𝑆6,1,1, 𝑆6,2,1, 𝑆6,3,1, 𝑆6,2,2, 𝑆6,3,2, 𝑆6,4,1},

𝒯2 =
{︀
𝐷1

2,1;2,1, 𝐷
1
2,2;2,1, 𝐷

1
2,2;2,2

}︀
∪

{︀
𝐷1

2,1;2,𝑝,𝑞 : 𝑝 = 1, 2
}︀
∪

{︀
𝐷1

2,1;3,𝑝,𝑞 : 𝑝 = 1, 2
}︀

∪
{︀
𝐷1

2,1;4,1,1, 𝐷
1
2,1;4,2,1

}︀
∪

{︀
𝐷1

2,1;1,1,1, 𝐷
1
2,1;1,1,1,1, 𝐷

1
2,2;1,1,1, 𝐷

1
2,1;3,3,1

}︀
,

𝒯3 =
{︀
𝐷1

3,𝑞;2,𝑡 : 𝑞 = 1, 2, 3 and 𝑡 = 1, 2
}︀
∪

{︀
𝐷1

3,𝑞;3,𝑡 : 𝑞 = 1, 2 and 𝑡 = 1, 2
}︀

∪
{︀
𝐷1

3,1;3,3, 𝐷
1
3,1;1,1,1

}︀
,

𝒯4 =
{︀
𝐷1

4,𝑞;2,1 : 𝑞 = 1, 2, 3, 4
}︀
∪

{︀
𝐷1

4,𝑞;2,2 : 𝑞 = 1, 2
}︀
∪

{︀
𝐷1

4,𝑞;3,1 : 𝑞 = 1, 2
}︀

∪
{︀
𝐷1

4,1;3,2, 𝐷
1
4,1;4,1

}︀
,

𝒯5 =
{︀
𝐷1

5,1;2,1, 𝐷
1
5,2;2,1

}︀
.

By Observation 3.3 and Theorem 3.4 of [11], trees 𝑇 with 𝜆2(𝑇 ) ≤ 3 are 𝐾1,𝑛 with 𝑛 ≥ 1, 𝑃𝑛 with 𝑛 = 4, 5, 6,
𝐹1,1,1, or 𝑆ℓ1,...,ℓ𝑠 with 𝑠 ≥ 3 and ℓ1 = 2.

The main result of this paper is as follows.

Theorem 1.1. Let 𝑇 be a nontrivial tree. Then 𝜆2(𝑇 ) ≤ 2 +
√

3 if and only if 𝑇 is one of the following trees:
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(i) 𝐾1,𝑛 with 𝑛 ≥ 1;
(ii) 𝑃𝑛 with 𝑛 = 4, . . . , 12;

(iii) a tree in ∪5
𝑖=1𝒯𝑖;

(iv) 𝑆ℓ1,...,ℓ𝑠
with 𝑠 ≥ 3 and 2 ≤ ℓ1 ≤ 5;

(v) 𝐹𝑎 for 𝑎 ≥ 2;
(vi) 𝐹𝑎,𝑞1,...,𝑞𝑏

for 𝑎 ≥ 1, 𝑏 ≥ 1 and 1 ≤ 𝑞1 ≤ 5.

As immediate consequences, we determine completely all trees with exactly one Laplacian eigenvalue exceed-
ing 2 +

√
3 as well as all trees for which the second Laplacian value is equal to 2 +

√
3.

2. Preliminaries

For a subset 𝑉0 of vertices of a graph 𝐺, 𝐺[𝑉0] denotes the subgraph induced by 𝑉0. A path 𝑢1 . . . 𝑢𝑟 (with
𝑟 ≥ 2) in a graph 𝐺 is called a pendant path (of length 𝑟 − 1) at 𝑢1 if 𝑑𝐺(𝑢1) ≥ 2, the degrees of 𝑢2, . . . , 𝑢𝑟−1

(if any exists) are all equal to two in 𝐺, and 𝑑𝐺(𝑢𝑟) = 1. If 𝑃 is a pendant path of 𝐺 at 𝑢 with length 𝑟 ≥ 1,
we say 𝐺 is obtained from 𝐻 by attaching a pendant path of length 𝑟 at 𝑢 with 𝐻 = 𝐺[𝑉 (𝐺) ∖ (𝑉 (𝑃 ) ∖ {𝑢})].

The union of two disjoint graphs 𝐺1 and 𝐺2, denoted by 𝐺1∪𝐺2, is the graph with vertex set 𝑉 (𝐺1)∪𝑉 (𝐺2)
and edge set 𝐸(𝐺1) ∪ 𝐸(𝐺2). We write 𝑘𝐺1 instead of the union of 𝑘 copies of 𝐺1.

The following lemma is obtained by the well-known Courant-Weyl inequalities, see [13].

Lemma 2.1. Let 𝐺 be a graph with 𝑒 ∈ 𝐸
(︀
𝐺

)︀
. Let 𝐺′ = 𝐺 + 𝑒. Then

𝜆1(𝐺′) ≥ 𝜆1(𝐺) ≥ 𝜆2(𝐺′) ≥ 𝜆2(𝐺) ≥ · · · ≥ 𝜆𝑛(𝐺′) ≥ 𝜆𝑛(𝐺) = 0.

Lemma 2.2 ([10]). For a nontrivial connected graph 𝐺 with at least three vertices, 𝜆2(𝐺) ≥ 𝑑2, where 𝑑2 is the
second largest degree of 𝐺.

For nonnegative integers 𝑎, 𝑏, let 𝑇𝑎,𝑏 = 𝐹𝑎,𝑞1,...,𝑞𝑏
, where 𝑞1 = · · · = 𝑞𝑏 = 5.

Lemma 2.3. For 𝑎, 𝑏 ≥ 0 with 3𝑎 + 5𝑏 > 5,

𝜆2(𝑇𝑎,𝑏) ≤ 2 +
√

3

with equality if and only if 𝑎 ≥ 2.

Proof. Note that 𝑇𝑎,𝑏 is symmetric. By the graphic approach in [2], the spectrum of 𝐿(𝑇𝑎,𝑏) is the union of the
spectra of the following divisor matrices:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 0 0 0 0
−2 3 −1 0 0 0 0 0
0 −𝑎 𝑎 + 𝑏 −𝑏 0 0 0 0
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛⎝ 3 −1 −1
−1 1 0
−1 0 2

⎞⎠
⏟  ⏞  

(𝑎−1)−times

,

⎛⎜⎜⎜⎝
2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 1

⎞⎟⎟⎟⎠
⏟  ⏞  

(𝑏−1)−times

and (1).
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By a direct calculation and the method to describing the spectra of a tridiagonal matrix in [3], the corresponding
characteristic polynomials are respectively 𝑥ℎ(𝑥), ((𝑥− 1)(𝑥2 − 4𝑥 + 1))𝑎−1, 𝑔(𝑥)𝑏−1 and 𝑥− 1, where

𝑔(𝑥) = 𝑥5 − 9𝑥4 + 28𝑥3 − 35𝑥2 + 15𝑥− 1,

and

ℎ(𝑥) = 𝑥7 − (13 + 𝑎 + 𝑏)𝑥6 + (65 + 12𝑎 + 12𝑏)𝑥5 − (156 + 55𝑎 + 54𝑏)𝑥4

+ (183 + 119𝑎 + 112𝑏)𝑥3 − (96 + 120𝑎 + 106𝑏)𝑥2 + (19 + 46𝑎 + 40𝑏)𝑥− 3𝑎− 5𝑏− 1.

Thus

𝜑(𝑇𝑎,𝑏) = 𝑥(𝑥− 1)𝑎(𝑥2 − 4𝑥 + 1)𝑎−1𝑔(𝑥)𝑏−1ℎ(𝑥). (2.1)

Suppose first that 𝑏 = 0. Then 𝑎 ≥ 2 as 3𝑎 + 5𝑏 > 5. Note that ℎ(𝑥) = 𝑔(𝑥)(𝑥− 1)(𝑥2 − (𝑎 + 4)𝑥 + 3𝑎 + 1).
By (2.1),

𝜑(𝑇𝑎,0) = 𝑥(𝑥− 1)𝑎(𝑥2 − 4𝑥 + 1)𝑎−1(𝑥2 − (𝑎 + 4)𝑥 + 3𝑎 + 1).

So the Laplacian eigenvalues of 𝑇𝑎,0 are 0 with multiplicity 1, 1 with multiplicity 𝑎, 2 ±
√

3 with multiplicity
𝑎 − 1, and 𝑎+4±

√
𝑎2−4𝑎+12
2 with multiplicity 1. Note that 𝑎+4−

√
𝑎2−4𝑎+12
2 < 3 and 𝑎+4+

√
𝑎2−4𝑎+12
2 > 4. Thus

𝜆2(𝑇𝑎,0) = 2 +
√

3, as desired.
Suppose next that 𝑎 = 0. Then 𝑏 ≥ 2. By (2.1), we have

𝜑(𝑇0,𝑏) = 𝑥𝑔(𝑥)𝑏−1𝑞(𝑥),

where

𝑞(𝑥) = 𝑥5 − (9 + 𝑏)𝑥4 + (8𝑏 + 28)𝑥3 − (21𝑏 + 35)𝑥2 + (20𝑏 + 15)𝑥− 5𝑏− 1.

Note that

𝑔(0) = −1 < 0,

𝑔(2−
√

3) = 1 > 0,

𝑔(1) = −1 < 0,

𝑔(2) = 1 > 0,

𝑔(3) = −1 < 0,

𝑔(2 +
√

3) = 1 > 0.

So all roots of 𝑔(𝑥) = 0 are less than 2 +
√

3. Note also that

𝑞(2−
√

3) = −𝑏 + 1 < 0,

𝑞(1) = 𝑏− 1 > 0,

𝑞(2) = −𝑏 + 1 < 0,

𝑞(3) = 𝑏− 1 > 0,

𝑞(2 +
√

3) = −𝑏 + 1 < 0.

Then the roots of 𝑞(𝑥) = 0 lie in the intervals (2−
√

3, 1), (1, 2), (2, 3), (3, 2+
√

3) and (2+
√

3, +∞), respectively.
As 𝜆2(𝑇0,𝑏) is the second largest root of 𝑔(𝑥)𝑞(𝑥) = 0, we have 𝜆2(𝑇0,𝑏) < 2 +

√
3, as desired.
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Table 1. Forbidden subgraphs and their second largest Laplacian eigenvalues.

𝐺 𝜆2(𝐺) 𝐺 𝜆2(𝐺) 𝐺 𝜆2(𝐺)

𝑆7,1,1 3.7678 𝑆6,1,1,1 3.7387 𝑆6,5,1 3.7453

𝑆6,4,2 3.7382 𝑆6,3,3 3.7369 𝐷5
1,1;1,1 4.1701

𝐷4
1,1;1,1 4.1149 𝐷3

1,1;1,1 4 𝐷2
1,1;2,1 3.8408

𝐷2
1,1;1,1,1 4 𝐷1

6,1;1,1 3.7679 𝐷1
5,1;3,1 3.7519

𝐷1
5,1;2,2 3.7624 𝐷1

5,3;2,1 3.7369 𝐷1
4,2;4,1 3.7618

𝐷1
4,1;3,3 3.7577 𝐷1

4,2;3,2 3.7719 𝐷1
4,3;3,1 3.7360

𝐷1
4,3;2,2 3.7557 𝐷1

3,2;3,3 3.7679 𝐷1
2,1;5,1,1 3.7537

𝐷1
2,1;4,3,1 3.7448 𝐷1

2,1;4,2,2 3.7497 𝐷1
2,1;3,3,2 3.7465

𝐷1
3,1;2,1,1 3.7491 𝐷1

2,2;2,1,1 3.7871 𝐷1
2,1;2,1,1,1 3.7543

𝐷1
4,1;1,1,1 3.7773 𝐷1

3,2;1,1,1 3.8027 𝐷1
3,1;1,1,1,1 3.8315

𝐷1
2,2;1,1,1,1 3.8920 𝐷1

2,1;1,1,1,1,1 3.7996

Suppose finally that 𝑎 > 0 and 𝑏 > 0. As above, all roots of 𝑔(𝑥) = 0 are less than 2 +
√

3. As

ℎ(0) = −3𝑎− 5𝑏− 1 < 0,

ℎ(2−
√

3) = (1 +
√

3)𝑎 > 0,

ℎ(1) = −2(𝑎 + 𝑏− 1) < 0,

ℎ(2) = 𝑎 + 3𝑏− 3 > 0,

ℎ(3) = −2(𝑏− 1) < 0,

ℎ

(︂
73
20

)︂
=

214
605

𝑎 +
363
5350

𝑏 +
844
5589

> 0,

ℎ(2 +
√

3) = (1−
√

3)𝑎 < 0,

the roots of ℎ(𝑥) = 0 are in the intervals (0, 2−
√

3), (2−
√

3, 1), (1, 2), (2, 3), (3, 73
20 ), ( 73

20 , 2+
√

3) and (2+
√

3, +∞),
respectively. Thus only one root of ℎ(𝑥) = 0 exceeds 2 +

√
3. If 𝑎 ≥ 2, then as a root of 𝑥2 − 4𝑥 + 1 = 0, 2 +

√
3

is also a Laplacian eigenvalue of 𝑇𝑎,𝑏. Therefore 𝜆2(𝑇𝑎,𝑏) ≤ 2 +
√

3 with equality if and only if 𝑎 ≥ 2.
Combining above three cases, 𝜆2(𝑇𝑎,𝑏) ≤ 2 +

√
3 with equality if and only if 𝑎 ≥ 2. �

By Lemmas 2.1 and 2.3, we have

Corollary 2.1. Let 𝑇 ∼= 𝐹𝑎,𝑞1,...,𝑞𝑏
for 𝑎 ≥ 2, 𝑏 ≥ 0 and 1 ≤ 𝑞1 ≤ 5. Then 𝜆2(𝑇 ) = 2 +

√
3.

3. Proof of Theorem 1.1

Let 𝐻 be a graph with 𝜆2(𝐻) > 2 +
√

3. Let 𝐺 be a connected graph with 𝜆2(𝐺) ≤ 2 +
√

3. By Lemma 2.1,
𝐻 can not be a subgraph of 𝐺, that is, 𝐻 is forbidden in 𝐺. In this paper, we are concerned with a connected
graph 𝐺 with 𝜆2(𝐺) ≤ 2 +

√
3, so any connected graph 𝐻 with 𝜆2(𝐻) > 2 +

√
3 is called a forbidden subgraph.

It is not difficult to check that the following 32 trees in Table 1 are forbidden subgraphs.
For simplicity, we compute the second largest Laplacian eigenvalues of some graphs, which are listed in

Table 2. We refer to Table 2 frequently in our proof.
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Table 2. 𝜆2(𝐺) of graphs 𝐺.

𝐺 𝜆2(𝐺) 𝐺 𝜆2(𝐺) 𝐺 𝜆2(𝐺)

𝑆6,4,1 2 +
√

3 𝑆6,3,2 2 +
√

3 𝐷1
3,2;3,2 2 +

√
3

𝐷1
3,3;2,2 3.7202 𝐷1

3,1;3,3 3.7030 𝐷1
4,4;2,1 3.7014

𝐷1
4,2;2,2 2 +

√
3 𝐷1

4,2;3,1 3.7163 𝐷1
4,1;3,2 2 +

√
3

𝐷1
4,1;4,1 2 +

√
3 𝐷1

5,2;2,1 2 +
√

3 𝐷1
2,1;1,1,1,1 2 +

√
3

𝐷1
2,2;1,1,1 2 +

√
3 𝐷1

3,1;1,1,1 3.7046 𝐷1
2,1;3,2,2 2 +

√
3

𝐷1
2,1;3,3,1 3.7263 𝐷1

2,1;4,2,1 2 +
√

3

Proof of Theorem 1.1. Since 𝜆2(𝑃𝑛) = 2 − 2 cos (𝑛−2)𝜋
𝑛 , we have 𝜆2(𝑃𝑛) ≤ 2 +

√
3 for 𝑛 ≤ 12 with equality if

and only if 𝑛 = 12. Any graph in ∪5
𝑖=1𝒯𝑖 is a subgraph of some graph in Table 2 or some graph 𝐹𝑎,𝑞1,...,𝑞𝑏

(and
hence 𝑇𝑎,𝑏) with 1 ≤ 𝑞1 ≤ 5. Note that the second largest Laplacian eigenvalue of any graph in Table 2 is at
most 2 +

√
3. By Lemma 2.3, 𝜆2(𝑇𝑎,𝑏) ≤ 2 +

√
3 for 𝑎, 𝑏 ≥ 0 with 3𝑎 + 5𝑏 > 5. By Lemma 2.1, the second largest

Laplacian eigenvalue of any graph in ∪5
𝑖=1𝒯𝑖 and 𝐹𝑎,𝑞1,...,𝑞𝑏

also does not exceed 2 +
√

3.
Let 𝑇 be a tree on 𝑛 ≥ 3 vertices with second largest Laplacian eigenvalue at most 2 +

√
3. It suffices to show

that 𝑇 is one tree in (i)–(vi) in Theorem 1.1.
Let ∆ be the maximum degree and 𝑑2 the second largest degree of 𝑇 . By Lemma 2.2, 𝑑2 ≤ 𝜆2(𝑇 ) ≤ 2 +

√
3,

so 𝑑2 ≤ 3.
If 𝑑2 = 1, then 𝑇 ∼= 𝐾1,𝑛 for some 𝑛 ≥ 1.
Suppose that 𝑑2 = 2. If ∆ = 2, then 𝑇 ∼= 𝑃𝑛 with 𝑛 ≥ 3. Since 𝜆2(𝑃𝑛) = 2− 2 cos (𝑛−2)𝜋

𝑛 , we have 𝑛 ≤ 12.
Suppose that ∆ ≥ 3. Then there is exactly one vertex of degree at least 3 in 𝑇 , so 𝑛 ≥ 5 and it is easily seen

that 𝑇 ∼= 𝑆ℓ1,...,ℓΔ for ℓ1 ≥ · · · ≥ ℓΔ ≥ 1 and ℓ1 ≥ 2. From Table 1, 𝑆7,1,1 is a forbidden subgraph, so ℓ1 ≤ 6.
It follows that 2 ≤ ℓ1 ≤ 6. Suppose that ℓ1 = 6. From Table 1, 𝑆6,1,1,1 is a forbidden subgraph, so ∆ = 3.
Similarly, as 𝑆6,5,1 is a forbidden subgraph, we have ℓ2 ≤ 4. If ℓ2 = 4, then, as 𝑆6,4,2 is a forbidden subgraph,
we have ℓ3 = 1, so 𝑇 ∼= 𝑆6,4,1. If ℓ2 = 3, then, as 𝑆6,3,3 is a forbidden subgraph, we have ℓ3 ≤ 2, so 𝑇 ∼= 𝑆6,3,1,
𝑆6,3,2. If ℓ2 ≤ 2, then 𝑇 ∼= 𝑆6,1,1, 𝑆6,2,1, 𝑆6,2,2. Thus 𝑇 ∈ 𝒯1.

If ℓ1 ≤ 5, then 𝑇 ∼= 𝑆ℓ1,...,ℓΔ with 2 ≤ ℓ1 ≤ 5 and ∆ ≥ 3.
Suppose next that 𝑑2 = 3.
Let 𝑢 be a vertex with degree 3 in 𝑇 and 𝑣 a vertex with maximum degree in 𝑇 such that 𝑑𝑇 (𝑢, 𝑣) is as

large as possible. It follows that 𝑇 contains a subgraph 𝑇 ′ := 𝐷𝑘
𝑝1,𝑝2;𝑞1,𝑞2

, where 𝑘 = 𝑑𝑇 (𝑢, 𝑣). If 𝑘 ≥ 6, then 𝑇 ′

contains 𝑆7,1,1, which is a forbidden subgraph from Table 1, a contradiction. So 𝑘 ≤ 5. Since 𝐷5
1,1;1,1, 𝐷4

1,1;1,1

and 𝐷3
1,1;1,1 are all forbidden subgraphs, we have 𝑘 ≤ 2.

Case 1. ∆ = 3.
Note that there are exactly two pendant paths of lengths 𝑝1 and 𝑝2 at 𝑢 and two pendant paths of lengths
𝑞1, 𝑞2 at 𝑣.
Suppose that 𝑘 = 2. If 𝑝1 ≥ 2 or 𝑞1 ≥ 2, then 𝑇 ′ contains 𝐷2

2,1;1,1, which is a forbidden subgraph according
to Table 1, a contradiction. So 𝑝1 = 𝑞1 = 1. Let 𝑤 be the common neighbor of 𝑢 and 𝑣 in 𝑇 . Evidently,
𝑑𝑇 (𝑤) = 2, 3.
If 𝑑𝑇 (𝑤) = 2, then 𝑇 ∼= 𝐷2

1,1;1,1 = 𝐹2.
Suppose that 𝑑𝑇 (𝑤) = 3. Then either there is a pendant path at 𝑤 in 𝑇 or there is exactly one vertex, say
𝑧 of degree 3 different from 𝑢 and 𝑣 that is adjacent with 𝑤 in 𝑇 . In former case, as 𝑆7,1,1 is a forbidden
graph, we have 𝑇 ∼= 𝐹2,𝑞 with 1 ≤ 𝑞 ≤ 5. In later case, as 𝐷2

2,1;1,1 is a forbidden graph, the two pendant
paths at 𝑧 in 𝑇 are of length 1, so 𝑇 ∼= 𝐹3.
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Suppose next that 𝑘 = 1. As 𝐷1
6,1;1,1 is a forbidden subgraph of 𝑇 , we get 𝑝1, 𝑞1 ≤ 5. Suppose without loss

of generality that 𝑝1 ≥ 𝑞1.
If 𝑞1 = 1, then 𝑇 ∼= 𝐷1

𝑝1,𝑝2;1,1 = 𝐹1,𝑝1,𝑝2 for 1 ≤ 𝑝1 ≤ 5.
Suppose in the following that 𝑞1 ≥ 2. Then 𝑝1 = 2, 3, 4, 5.
Case 1.1. 𝑝1 = 2.

In this case, 𝑇 ∼= 𝐷1
2,1;2,1, 𝐷1

2,2;2,1, 𝐷1
2,2;2,2, so 𝑇 ∈ 𝒯2.

Case 1.2. 𝑝1 = 3.
Then 𝑞1 = 2, 3.
If 𝑞1 = 2, then 𝑇 ∼= 𝐷1

3,𝑝2;2,𝑞2
with 1 ≤ 𝑝2 ≤ 3 and 1 ≤ 𝑞2 ≤ 2. It is easily checked that 𝑇 ∈ 𝒯3.

Suppose that 𝑞1 = 3. Then 𝑞2 = 2, 3. Suppose that 𝑞2 = 2. Since 𝐷1
3,3;3,2 is a forbidden subgraph, we

have 𝑝2 ≤ 2, so 𝑇 ∼= 𝐷1
3,𝑝2;3,𝑞2

, where 𝑝2 = 1, 2, 𝑞2 = 1, 2 and 𝑝2 ≤ 𝑞2. Thus 𝑇 ∈ 𝒯3. If 𝑞2 = 3, then as
𝐷1

3,2;3,3 is a forbidden subgraph, we have 𝑝2 = 1, i.e., 𝑇 ∼= 𝐷1
3,1;3,3 ∈ 𝒯3.

Case 1.3. 𝑝1 = 4.
Then 𝑞1 = 2, 3, 4. Suppose that 𝑞1 = 2. If 𝑞2 = 1, then 𝑇 ∼= 𝐷1

4,𝑝2;2,1 with 1 ≤ 𝑝2 ≤ 4, and so 𝑇 ∈ 𝒯4. If
𝑞2 = 2, then, as 𝐷1

4,3;2,2 is a forbidden subgraph, 𝑝2 ≤ 2, it follows that 𝑇 ∼= 𝐷1
4,1;2,2 or 𝐷1

4,2;2,2, and so
𝑇 ∈ 𝒯4. Suppose that 𝑞1 = 3. As 𝐷1

4,1;3,3 is a forbidden subgraph, 𝑞2 ≤ 2. If 𝑞2 = 1, then since 𝐷1
4,3;3,1

is a forbidden subgraph, we have 𝑝2 ≤ 2, which follows that 𝑇 ∼= 𝐷1
4,1;3,1 or 𝐷1

4,2;3,1, and so 𝑇 ∈ 𝒯4. If
𝑞2 = 2, then as 𝐷1

4,2;3,2 is a forbidden subgraph, we have 𝑝2 = 1, i.e., 𝑇 ∼= 𝐷1
4,1;3,2 ∈ 𝒯4. If 𝑞1 = 4, then

since 𝐷1
4,2;4,1 is a forbidden subgraph, we have 𝑝2 = 1, i.e., 𝑇 ∼= 𝐷1

4,1;4,1 ∈ 𝒯4.
Case 1.4. 𝑝1 = 5.

Since 𝐷1
5,1;3,1 is a forbidden subgraph, 𝑞1 = 2. As 𝐷1

5,1;2,2 is a forbidden subgraph, 𝑞2 = 1, and as 𝐷1
5,3;2,1

is a forbidden subgraph, 𝑝2 ≤ 2. It follows that 𝑇 ∼= 𝐷1
5,1;2,1 or 𝐷1

5,2;2,1. Thus 𝑇 ∈ 𝒯5.
Case 2. ∆ ≥ 4.

As 𝐷2
1,1;1,1,1 is a forbidden subgraph, we have 𝑑𝑇 (𝑢, 𝑣) = 1. As 𝑑𝑇 (𝑢, 𝑣) is as large as possible, each vertex

of degree 3 is adjacent to 𝑣 in 𝑇 , and there are two pendant paths at any neighbor of 𝑣 with degree 3 in
𝑇 . Let 𝑎 be the number of vertices of degree 3 in 𝑇 , and let 𝑡 = ∆ − 𝑎. Evidently 𝑎 ≤ ∆. Then there are
exactly two pendant paths of lengths, say 𝑝1 and 𝑝2, at 𝑢 and 𝑡 pendant paths of lengths, say 𝑞1, . . . , 𝑞𝑡, at
𝑣, where 𝑝1 ≥ 𝑝2 ≥ 1, 𝑞1 ≥ · · · ≥ 𝑞𝑡 ≥ 1. It follows that 𝑇 contains a subgraph isomorphic to 𝐹𝑎,𝑞1,...,𝑞𝑡

.
Case 2.1. 𝑎 ≥ 2.

As 𝑆6,1,1,1 is a forbidden subgraph, any pendant path at 𝑣 has length at most 5. As 𝐷2
1,1;2,1 is a forbidden

subgraph, each pendant path at any neighbor of 𝑣 with degree 3 in 𝑇 is of length 1. Thus 𝑇 ∼= 𝐹𝑎,𝑞1,...,𝑞𝑡

for 𝑎 ≥ 2, 1 ≤ 𝑞1 ≤ 5.
Case 2.2. 𝑎 = 1.

In this case, 𝑇 ∼= 𝐷1
𝑝1,𝑝2;𝑞1,...,𝑞𝑡

, where 𝑝1 ≥ 𝑝2 ≥ 1 and 𝑞1 ≥ · · · ≥ 𝑞𝑡 ≥ 1. As 𝑆6,1,1,1 is a forbidden
subgraph, we have 𝑞1 ≤ 5.
If 𝑞1 = 5, then as 𝐷1

2,1;5,1,1 is a forbidden subgraph, we have 𝑝1 = 1. So, if 𝑝1 = 1, then 𝑇 ∼= 𝐷1
1,1;𝑞1,...,𝑞𝑡

=
𝐹1,𝑞1,...,𝑞𝑡 with 𝑞1 ≤ 5.
Suppose that 𝑞1 ≤ 4 and 𝑝1 ≥ 2.
Case 2.2.1. 𝑞1 = 1.

As 𝐷1
4,1;1,1,1 is a forbidden subgraph, we have 𝑝1 ≤ 3, i.e., 𝑝1 = 2, 3.

Suppose that 𝑝1 = 2. Then 𝑝2 = 1, 2. If 𝑝2 = 1, then as 𝐷1
2,1;1,1,1,1,1 is a forbidden subgraph, we

have ∆ = 4, 5, so 𝑇 ∼= 𝐷1
2,1;1,1,1 or 𝐷1

2,1;1,1,1,1, implying that 𝑇 ∈ 𝒯2. If 𝑝2 = 2, then as 𝐷1
2,2;1,1,1,1 is

a forbidden subgraph, we have ∆ = 4, so 𝑇 ∼= 𝐷1
2,2;1,1,1 ∈ 𝒯2. Suppose that 𝑝1 = 3. As 𝐷1

3,1;1,1,1,1 is
a forbidden subgraph, we have ∆ = 4. As 𝐷1

3,2;1,1,1 is a forbidden subgraph, we have 𝑞2 = 1. Thus
𝑇 ∼= 𝐷1

3,1;1,1,1 ∈ 𝒯3.
Case 2.2.2. 𝑞1 = 2.

As 𝐷1
3,1;2,1,1 is a forbidden subgraph, we have 𝑝1 = 2. As 𝐷1

2,2;2,1,1 is a forbidden subgraph, we have
𝑝2 = 1. If ∆ ≥ 5, then 𝑇 contains 𝐷1

2,1;2,1,1,1 as a subgraph, which is a contradiction by Lemma 2.1
and Table 1. So ∆ = 4, implying that 𝑇 ∼= 𝐷1

2,1;2,1,1, 𝐷
1
2,1;2,2,1 or 𝐷1

2,1;2,2,2. Thus 𝑇 ∈ 𝒯2.
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Case 2.2.3. 𝑞1 = 3.
As 𝐷1

3,1;2,1,1 and 𝐷1
2,2;2,1,1 are forbidden subgraphs, we have 𝑝1 = 2 and 𝑝2 = 1. Since 𝑇 can not

contain 𝐷1
2,1;2,1,1,1 as a subgraph, we have ∆ = 4. Note that

𝜆2(𝐷1
2,1;3,3,2) > 2 +

√
3,

𝜆2(𝐷1
2,1;3,2,2) = 2 +

√
3,

𝜆2(𝐷1
2,1;3,3,1) < 2 +

√
3.

So we have 𝑇 ∼= 𝐷1
2,1;3,1,1, 𝐷

1
2,1;3,2,1, 𝐷

1
2,1;3,3,1 or 𝐷1

2,1;3,2,2. That is, either 𝑇 ⊆ 𝐷1
2,1;3,3,1 or 𝑇 ∼=

𝐷1
2,1;3,2,2. Thus 𝑇 ∈ 𝒯2.

Case 2.2.4. 𝑞1 = 4.
As 𝐷1

3,1;2,1,1 and 𝐷1
2,2;2,1,1 are forbidden subgraphs, we have 𝑝1 = 2 and 𝑝2 = 1. Since 𝐷1

2,1;2,1,1,1 can
not be a subgraph in 𝑇 , it has ∆ = 4. As 𝐷1

2,1;4,3,1 and 𝐷1
2,1;4,2,2 are forbidden subgraphs, it has

𝑞2 ≤ 2 and 𝑞3 = 1, which follows that 𝑇 ∼= 𝐷1
2,1;4,1,1 or 𝐷1

2,1;4,2,1, and so 𝑇 ∈ 𝒯2.

Combining all above cases, the proof is completed. �

Corollary 3.1. Let 𝑇 be a tree with exactly one Laplacian eigenvalue exceeding 2 +
√

3. Then 𝑇 is one of the
following trees:

(i) 𝐾1,𝑛 with 𝑛 ≥ 3;
(ii) 𝑃𝑛 with 𝑛 = 7, . . . , 12;

(iii) a tree in ∪5
𝑖=1𝒯𝑖;

(iv) 𝑆ℓ1,...,ℓ𝑠
with 𝑠 ≥ 3 and 2 ≤ ℓ1 ≤ 5;

(v) 𝐹𝑎 for 𝑎 ≥ 2;
(vi) 𝐹𝑎,𝑞1,...,𝑞𝑏

for 𝑎 ≥ 2, 𝑏 ≥ 1 and 1 ≤ 𝑞1 ≤ 5.

Proof. Let 𝑛 be the order of 𝑇 . As 𝜆1(𝑇 ) ≤ 𝑛 (see [12]), we have 𝑛 ≥ 4. Let ∆ be the maximum degree of 𝑇 .
Evidently, ∆ ≥ 2. If ∆ = 2, then 𝑇 ∼= 𝑃𝑛. By Theorem 1.1, 𝑛 ≤ 12. Since 𝜆1(𝑃𝑛) = 2− 2 cos (𝑛−1)𝜋

𝑛 > 2 +
√

3,
we have 𝑛 ≥ 7. Thus 𝑇 ∼= 𝑃𝑛 for 7 ≤ 𝑛 ≤ 12. Suppose that ∆ ≥ 3. Note that 𝜆1(𝑇 ) ≥ ∆ + 1 (see [12]). So
𝜆1(𝑇 ) > 2 +

√
3. Thus 𝑇 may be any tree in By Theorem 1.1 with ∆ ≥ 3. �

By Theorem 1.1 and Corollary 2.1, we have

Corollary 3.2. Let 𝑇 be a tree. Then 𝜆2(𝑇 ) = 2 +
√

3 if and only if either 𝑇 ∈ {𝑃12, 𝑆6,4,1, 𝑆6,3,2, 𝐷1
3,2;3,2,

𝐷1
4,2;2,2, 𝐷1

4,1;3,2, 𝐷1
4,1;4,1, 𝐷1

5,2;2,1, 𝐷1
2,1;1,1,1,1, 𝐷1

2,2;1,1,1, 𝐷1
2,1;3,2,2, 𝐷1

2,1;4,2,1} or 𝑇 ∼= 𝐹𝑎,𝑞1,...,𝑞𝑏
for 𝑎 ≥ 2, 𝑏 ≥ 0,

1 ≤ 𝑞1 ≤ 5 and 3𝑎 +
∑︀𝑏

𝑖=1 𝑞𝑖 + 1 ≥ 7.

Corollary 3.3. Let 𝐺 be a graph whose complement is a nontrivial tree. Then 𝜆2(𝐺) ≥ 𝑛− 2−
√

3 if and only
if 𝐺 is one of the following trees:

(i) 𝐾1,𝑛 with 𝑛 ≥ 1;
(ii) 𝑃𝑛 with 𝑛 = 4, . . . , 12;

(iii) a tree in ∪5
𝑖=1𝒯𝑖;

(iv) 𝑆ℓ1,...,ℓ𝑠
with 𝑠 ≥ 3 and 2 ≤ ℓ1 ≤ 5;

(v) 𝐹𝑎 for 𝑎 ≥ 2;
(vi) 𝐹𝑎,𝑞1,...,𝑞𝑏

for 𝑎 ≥ 1, 𝑏 ≥ 1 and 1 ≤ 𝑞1 ≤ 5.
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