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HIGHER-ORDER DUALITY RESULTS FOR MULTIOBJECTIVE FRACTIONAL
VARIATIONAL PROBLEMS INVOLVING SUPPORT FUNCTIONS AND ITS
APPLICATION

VIVEK DHINGRA'®, NAVDEEP KAILEY?*®, IZHAR AHMAD?>® AND SONALI SETHI?

Abstract. This study investigates a class of multiobjective fractional variational problems that in-
corporate support functions. Utilizing the concept of higher-order pseudoinvexity, we establish dual-
ity results for these problems. We present an example of a non-trivial functional that demonstrates
higher-order pseudoinvexity, distinguishing it from first-order pseudoinvexity. Our theoretical analysis
elucidates the relationship between the primal and dual values within the proposed model. To validate
the weak duality theorem, we also provide a practical example.
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1. INTRODUCTION

The calculus of variations is a fundamental tool for addressing a wide range of real-world problems, such
as orbit optimization, rigid-body dynamics, and variational theory. In science and engineering, the primary
goal often involves determining the optimal value of a definite integral that includes a specific function under
fixed boundary conditions. Hanson’s [10] pioneering work in 1964 revealed connections between duality results
in mathematical programming and the calculus of variations. Following this, Mond and Hanson [22] extended
these duality concepts to scalar-valued optimization problems. A dual pair of problems is termed symmetric
when the original problem serves as the dual of its own dual. This concept of symmetric dual programs was
developed and refined by researchers like Dorn [6] and Dantzig et al. [4]. Mond and Hanson [23] focused on the
definition of symmetric duality in relation to the variational problems.

In the context of multiobjective variational programming, the focus shifts to optimizing multiple objective
functions, which may involve either minimization or maximization. The earliest dual models for multiobjective
variational problems, developed by Bector and Hussain [2], were based on convexity assumptions. Mishra and
Mukherjee [19] used the parametric approach to study the usual duality results for a class of multiobjective
fractional variational programs. Gulati et al. [9] studied the Mond-Weir type symmetric dual for a multiobjective
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variational problem and proved the weak and strong duality theorems under generalized convexity assumptions.
Mishra et al. [20] studied the symmetric dual pair for nondifferentiable multiobjective fractional variational
problems and discussed the usual duality theorems. The efficient solutions of multiobjective fractional variational
problems and the non-fractional problem were related by Mitilelu and Stancu-Minasian [21] using a parametric
approach. Further, Kailey and Gupta [15] achieved appropriate duality results for a pair of nondifferentiable
multiobjective symmetric fractional variational dual programs over arbitrary cones under generalized convexity
assumptions. More recently, researchers such as Upadhyay et al. [34] and Pokharna and Tripathi [28] have
contributed to the study of multiobjective problems, highlighting their growing relevance in optimization theory.

Second-order dual models for variational programming were introduced by Chen [3]. Motivated by Chen
[3], many authors have studied second-order duality for variational programming problems [8,11, 13,25, 27].
Various duality results for Mond-Weir type second-order variational dual programs were explored by Husain
et al. [11]. Later, Gulati and Mehndiratta [8] provided a modified version of the converse duality theorem for
the second-order dual model of a variational problem, which was studied by Husain et al. [11]. Since then, many
authors [1,12,30] have worked on variational problems. For the interval-valued variational problems, the duality
results were discussed by Dhingra and Kailey [5]. The study of these problems becomes challenging when the
objective functions involve support functions, making it nondifferentiable in nature. Singh et al. [31] addressed
this challenge by studying duality for multiobjective variational problems under second-order (®, p)-invexity.
Additionally, Prasad et al. [29] studied symmetric dual problems for second-order nondifferentiable fractional
variational problems under cone constraints using support functions and established the standard duality results
under second-order F-convexity assumptions.

Building on this foundation, we investigate higher-order duality results for nondifferentiable multiobjective
fractional variational problems under the framework of higher-order pseudoinvexity. The remainder of the paper
is organized as follows: Section 2 introduces key definitions and the concept of higher-order pseudoinvexity,
highlighting a functional that belongs exclusively to this class. Section 3 discusses the duality results for the
proposed primal-dual pair under higher-order pseudoinvexity assumptions. A practical application validating
the weak duality theorem is presented in Section 4. Finally, Section 5 offers concluding remarks on the work.

2. NOTATIONS AND PRELIMINARIES

In this section, we introduce the necessary notations, definitions, and preliminary results that will be utilized
in the subsequent analysis. Throughout the paper, we denote by Z C R the closed real interval [ag, a;]. The
notation R™ represents an n-tuple of real numbers (ay,as, ..., a,), and Ry refers to the set of non-negative real
numbers, including zero. Additionally, 7 denotes the transpose of the vector .

Suppose that the collection of piecewise smooth functions z: Z — R!, equipped with the norm

]l = [lzlloc + 1D|oo,

where the differentiation operator D is defined as

t

w= Dz if and only if z(t) =14 +/ n(g)dg,

ao

for a given boundary value vy, is denoted by F(Z, Rl). Therefore, the usual differential operator % = D, except
at discontinuities. Note that the spaces F(Z,R™) and F(Z,R™) are symbolized by U and V), respectively.

Also, we suppose that for x € U and y € V, with derivatives & and ¢, the function fj:: IXUXUXV XV — Ry
is twice continuously differentiable for each j € £ = {1,2,...,k}. Furthermore, f7, f7, fg, and f; represent the

gradient vectors of the scalar-valued function f7 (¢, z(t),(t), y(t), y(t)) with respect to z, &, y, and ¢, respectively.
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More precisely, we have

of’ ofi
=+ | and fi=| :
afi afi

We consider the multiobjective variational problem subject to certain constraints as follows:

(P) Minimize /a1 k(t,z(t),z(t)) dt = (/a1 kMt x(t), 2(t))dt, . . ., /a1 KRt z(t), @(t)) dt)

ao ao ao

subject to z(ag) = 0 = z(a1),
I"(ao) = O = jZ(CLl),
h(t,z(t),(t)) =0, teT,

where £: Z x R® x R® — R* and h: Z x R® x R” — R’ are continuously differentiable functions. Let & be the
set of all feasible solutions of (P) and is defined as:

S={zxeV|z(a)=0==x(a1), ©(ag) =0=x(a1), h(t,z(t),&(t)) < 0}.

Definition 2.1 ([15]). A point 2 € & is an efficient solution (or Pareto optimal) of (P) if there exists no other
Z € 6 such that

/a1 k(t, Z(t), 2(t))dt < /a1 k(t,z(t), 2(t)) dt.

0 ao

Definition 2.2 ([15]). A point z € & is a weak efficient solution of (P) if there exists no other Z € & such that

/al k(t,Z(t), z(t))dt < /a1 k(t,z(t), z(t)) dt.

ao ao

Definition 2.3 ([15]). The support function of a compact convex set D C R™ is defined as
S(#|D) = max{z"r: r € D}.

Since the support function is convex and finite everywhere, it admits a subdifferential. That is, there exists
z € R™ such that
S(r|D) = S(&|D) + 2T (r — &), for all r € D.

The subdifferential of S(Z|D) is given by
9S(z|D) = {2z e D: 2Ti = S(z|D) }.
For any convex set H C R", the normal cone to H at a point = € H is defined by
Nu(@)={reR":r"(z—3) 20, forall z € H}.
It follows that for a compact convex set D, a vector r belongs to the normal cone Np(Z) if and only if
S(r|D) = &',

or equivalently,

& € 0S8 (r|D).
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Example 2.4. The support function of the Euclidean unit ball
D={reR":|r|. <1}

is given by
S(@D) = |zl

where || - || denotes the Euclidean (2-norm) norm.

As discussed in problem (P), our goal is to minimize the objective function. Convex functions play an
important role in this context, as they possess the property that any line segment connecting two points on
the graph lies entirely above or on the graph itself. This property guarantees that every local minimum is also
a global minimum, which simplifies the solution process considerably. Nonetheless, many real-world problems
involve non-convex functions, highlighting the need for broader generalizations of convexity.

Mond and Weir [24] relaxed the convexity requirement to the weaker assumption of pseudo-convexity. For
variational problems, symmetric duality under invexity assumptions was investigated by Smart and Mond [32].
The concept of invexity was further generalized to pseudo-invexity by Kim and Lee [17]. Second-order duality
results under the assumption of second-order invexity were studied in [3,11,25], and this notion was subsequently
extended to higher-order invexity by Padhan and Nahak [26]. For the class of (F, «, p, d)-convexity assumptions,
duality results for variational problems were established by Kailey and Gupta [15], and these results were
extended to the second-order case in [13].

In the present work, we further extend these results by establishing higher-order duality results under the
framework of higher-order pseudo-invexity assumptions.

Definition 2.5. The functional faaol flt,z@),z(t),y(t),y())dt, f: TxU xUxV xV — R is defined as follows:

(i) First-order pseudoinvex [17] at u, @ with respect to n: T XU x U x U x U — R", for fixed y, 9, if it
satisfies for all z, % € U,

/ (b, L) (b s 9) — D(P)a (b sy, §)} dE 2 0

0
implies
ay
/ (f(taxaxay7y)7f(t’u7u7yay))dt§0
aop

(ii) Higher-order pseudoinvex at u, & with respect to n: T XU XU XU xU — R™ and $: T XU xU XV X
VYV x R" — R, for fixed y, g, if it satisfies for all (z,z,p) € U x U x R™,

al .
/ n(t7xa i7u7u){fw(t7uaa7ya y) - Dfa:(ta Uﬂ'hyyy) + vpﬁ(taua U»%Z/apj)}dt z 0
ao
implies
al ay
/ f(tv Z, j:a Y, y) di ; / (f(tv U, ’[La Y, y) + Sj(tv U, ’L.L, Y, yvp) - (p)TVp,f)(t, U, i”, Y, yap)) dt.
ap ao

Remark 2.6. If $§ = 0, the Definition 2.5(ii) simplifies to the definition of a first-order pseudoinvex functional.
Consequently, every first-order pseudoinvex functional is also higher-order pseudoinvex; however, the converse
does not hold. To illustrate this, we provide the following example.

Example 2.7. Let Z = [0.2,3], n = 1, m = 1, and let & and V be the spaces of piecewise smooth functions
x:Z —[0,00) and y: Z — [0, 00), respectively. Define the following functions:

FiIxUXxUXVxV —Ras f(t,x,2,9,9) = (x + 1)* +sin?(z + 1),
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NI XUXUXUXU— R as nt, o, &,u,a1) =u+z? +1,
AT XxUXUXVY xV xR =R as 9 (t,u,0,y,79,p) =u— 2.

Then the inequality of Definition 2.5(ii) can be viewed as

3
/ 77(157%55, 'I.L,’l.j,){fx(t, uauvyvy) - Dfml(ta uauvyvy) + Vpﬁl(tauvuaya yvp)} dt
0.2

- /3 (u+2”+1){2(u+1) +sin(2(u+1))}dt
0

2

1
=0, for x(t) e U, u(t) = y and p € R.

Next, evaluate:

3
/ (f(t,l‘,jﬁ,y, y) - f(ta U,ﬂ,y,y) - bl(t,u,’ll, y7y7p) + (p)TVp.?Jl(t,u,u, y7y7p)) dt
0.2

= /3 (z+1)*+sin*(z+1) — (u+1)* —sin®(u+ 1) — (u—2)) dt
0

.2

=0, for x(t) e U, u(t) = i and p € R.

Thus, the functional fO%Q f(t,z, &, y,y) dt is higher-order pseudoinvex at u(t) = %. However, verifying first-order
pseudoinvexity:

3

3
/ 0t @y L fo (b, g, §) — DAt ity g, )y dt = / (ut 2% + 1) {2(u+ 1) + sin(2(u + 1))} dt
0.2 0.2

1
=0, for x(t) e U, u(t) = 1 and p € R.

but

3

3
/OQ(f(t,x,:b,y7g)) — ftu,u,y,y))dt = /02((:6—1—1)2 —|—sin2(x+ 1) — (u—i—l)2 —Sinz(u—&— 1)) dt

% 0, for z(t) e U, u(t) = i and p € R.

Hence, the above functional is higher-order pseudoinvex but not first-order pseudoinvex.

This example demonstrates that there exist functionals that are higher-order pseudoinvex without being
first-order pseudoinvex.

3. HIGHER-ORDER DUAL FORMULATION

Researchers have been exploring the concept of duality for many years. Mond and Hanson [22] introduced a
dual model for variational programming problems, along with related results. Later, Husain et al. [11] extended
these ideas to second-order duality for variational problems. Gulati and Mehndiratta [8] expanded this further to
cover second-order multiobjective variational problems, focusing on both optimal solutions and duality results.
Recently, Singh et al. [31] and Dubey et al. [7] studied duality in multiobjective problems, while Kumar et al.
[18] worked on nondifferentiable second-order symmetric multiobjective fractional variational programming with
cone constraints. In this section, we present the higher-order multiobjective fractional variational primal and
dual formulations.

For each j € L, consider the following:
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() eI xUXUXV XV —-Ry,andg/: T xUxUxV xV — Ry /{0} are the continuously differentiable
functions;

(i) 9,8 IxUXUXV XV XR™ - Rand H,8,: T xU xU xV xV xR — R are the higher-order
approximation differentiable functions;

(ii )pJ Z—>Rmandq7 Z — R"for jeL;

(iv) Bi Fi, DJ, and HY, are compact convex sets in R”, R™,R"™, and R™, respectively;

(1V> ]:J(x’y) = a‘lol{fj(t7x’i.7y,y') + S('rléj) - yTZj + ,ﬁjl(t,l‘,l',y,y,pj) - (p7)TVpJfJ]1(t,x,m,y,y,]ﬂ)}dt,
Gi(zy) = [THe'(twd,9,9) — S@IET) + yTr! + &t 2, d,9,9,07) — () V& (t 2, 2,y,9,07)} dt;
M (u,v) fal{fj tou, i, 0,0) — SW|D7) + uTw + 95t u, i, v,0,¢7) — (qj)Tquﬁ%(t,u,u,v,b,qj)}dt;
N (u,v) f:ol {g7 (t, u, i, 0,9) + S(v|HT) —uT 57 —l—ﬁg(t, U, U, 0,0, ¢ ) — (qj)Tquﬁ%(t,u,u, v,v,q¢’)} dt, pro-
vided that G7(z,y) > 0, N (u,v) >0, Fi(x,y) =0, MI(u,v) 20, Vj € L.

Consider the following symmetric higher-order fractional variational primal problem, referred to as (SHFVP):

Fllzy)  Fzy)

GHz,y) Qk(x,y))

Minimize < (
Subject to a:(ao) 0=2x(a1), y(ao) 0= y(al)
)

k .
> e 17 ()

J J J @) <
jzlAJ{[f] Dfy zHVm} [ ~Dgj 410+ V8] ga‘(x,y)}‘o’
yTE :)\j{[fj —Dfl -4V jy)ﬂ — [gj — D¢l +17 +V Jﬁﬂ}w} >0,

i—1 ! ! ! Y Y ? Gi(z,y) )~

A>0, z(t) >0, teZ,
deDl, reH, jelL={12,...k}

The symmetric higher-order fractional variational dual formulation corresponding to the above primal problem
is presented below and is denoted by (SHFVD):

. M (u,v) MF(u,v)
Maximize (N1 o) N, v) )
Subject to u(ag) =0 =wu(a1), v(ag) =0=0v(a1),
U(ag) =0 ="1(a1), ¥(ap) =0=10(ay),
k
j (u7v)
;M{[ﬂ Df+wl + V93] = o) = Dy = 5" + Vo] T } =0
k .
, . , , . , . , 1 M (u,
uT; /\J{ {fé —Df} +w! + quﬁé} - [gZ; — Dg}, — s’ + quﬁg} NJ’((;L, ;J)) } <o,

A>0, v(t)>0, teZ,
w eBl, ek’ jel{l,2,. ..k}
Parametric prospective formulation
For sake of simplicity, we consider

i Fl(x,y)
G/ (z,y)
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fa(zl{fj(t,ﬂﬂyay) +S<IE‘B]) *yTZ] +ﬁjl(t’x,x,y7y’p]) . (pj)Tvaf_)Jl(t’x’x,y7y’p])}dt
St { gty 3) = S (ol B9) + 909 + R0, 0,6.07) — 09) VR (02 8y 5. p7) e
M (u,v)
Ni(u,v)

ay fj t,u,w,v,0) —S(v lA)j + ulwd _|_Sjj t,u,’[l71)71')7qj _ qj Tv jf’:)j t,u,’ll,’l)7’l')7qj dt
o 2 PERaL)
Jao {gj(t, i, v, 0) + S(v\ﬁj) —uTsT + Rt u, i, 0,0, q7) — (7)Y o0 R (t, u, i, v, 0, qj)} py

'fl]

The parametric perspective of the aforementioned problems (SHFVP) and (SHFVD) is defined as follows:

(SSHFVP) Minimize 1 = (', m?,...,m")

subject to z(ag) = 0 = z(a1), y(ap) =0=1y(a1),
i(ag) = 0 =(a1), ylao) =0=7y(a1),
F(w,y) — G (x,y) =0, VJ €L (1)
k
ZAJ’{[fg —Dff — 1 + V9] — il [gf —~ Dg+ 17 + 9, 8] } <0 2)

20, (3

——

yTi)\j{ [fg - ng s +ijf)ﬂ — 1l [gy Dgy + 7 +Vp]ﬁ1}
=

A>0, z(t) >0, tel,
zjef)j, rjeffj, jeL.
(SSHFVD) Maximize 7 = (n',7?,...,7%)
subject to u(ag) = 0 = u(a1), v(ag) =0=v(ay),
t(ag) = 0 =4(ay), (ao) 0=19(ay),
M (u,v) — AIN (u,v) = VieLl (4)

ZAJ{[fg ij—|—wj—|—Vqu)]}—n][g ~ Dy’ —suquﬁQ}}g (5)

UTZAJ‘{ [fg ~Dfl +w + vqm;] @l [gg — D¢l — s+ vqjﬁg}} <0, (6)
j=1
A>0, v(t)>0, teZ,
w eBl, ek, jeL.
The sets of feasible solutions for (SSHFVP) and (SSHFVD) are denoted by M and N, respectively, under the
assumption that m and n are nonnegative.

In the following, we discuss the duality theorems for (SSHFVP) and (SSHFVD), which are also applicable
to the problems (SHFVP) and (SHFVD).

Theorem 3.1 (Weak duality). Let (x,y,", A, z,7,p) € M and (u,v, M, \,w, $,q) € N. Suppose that the follow-
ing conditions hold:
(i) 25:1 by faa‘;{(fj(t7 So0,0) + ()Twl) —ad (g7 (L, -, -, v,0) — () Ts?)} dt is higher-order pseudoinvex at u and
@ with respect to ni, 2?21 N {f)% — ﬁjﬁg} and ¢ € R™ for fized v and v,
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(ii) Z?:l pY fjol{(—fj(t, x, @, )+ ()T 2+ (g7 (¢, z, i, -, )+ (1) Trd) } dt is higher-order pseudoinvez at y and
 with respect to n3 Z§=1 )\j{—S’J{ + mjﬁ{} and p’ € R™ for fized x and &,

(iii) m(t, 2, @, u,u) +u =0, where nl - T xU xU x U x U — R,

(iv) 772(15 0,0,9,9) +y 20, where ny : T xVxVxVxV—=R"

()f (¢ (t, x, &, 0,0) — S(z|EF) +vTri)dt > 0, Vj € L.

Then, it follows that
i £ .
Proof. Let (z,y,m, A, z,7,p) be a feasible solution for the primal problem (SSHFVP) and (u, v, 7, A\, w, s, q) be
a feasible solution for the dual problem (SSHEVD). Then, from equation (5) and hypothesis (iii), we have

k
URGEENTR Z [ = DA+ +9,85] — gl - Dyl — &' + V., 8]}
—uTZ)\JH ij—l—w]—i-vqh%} — 7 {gm Dgi—sj—&—vqjﬁé}}.
From the dual constraint (6), we obtain the following inequality

ni (t,, &, u, 1)

-

)\j{[fj Df]+w]+ngY)2}—nj[g — Dy, —sj—&-VqJﬁg”i

<
Il
—_

k
— S N0l (s u ) { [~ DfL+w! + Vi) - [gf - Dol — ' + V8] } 20,
j=1

which leads to the integral form

Dﬂ/ﬂ

Using equation (7) and hypothesis (i), we obtain the following expression

T x,a;«,u,u){[fg ~ Dfl +w +qu,6;'] — @i [gg; Dyl — +quﬁé}}dt >0. (1)

0

Z)\]/ {(fi(t, 2, 3,0,0) +2"w) — 2 (¢ (t, 2, &,0,9) —2"s7) } dt

Jj=1 @0
—Z)\J/ {7 (¢ u, 0,0,0) +uw?) — 2 (¢7 (¢, u, 0, 0,9) —u”s7) } dt
—Z/\J/ 1{,‘7)2 tuuvvq)—ﬁjﬁg(t,u,u,v,i},qj)}dt

+Z)\j/ {(qj)Tquﬁ%(Lu,a,v,@,qj)fnj( ) V, ﬁg(t,u,ﬂ,v,i},qj)}dtgo. (8)
=1 Jao

Using 27w’/ < S(z|B7), where wi € B7 and 2Ts? < S(x|E7), where s/ € E7, j € £, we substitute these into
equation (8) to obtain

Z)\J/ 1{( (t,x,d,v v)—i—S( |Bj))—ﬁj(gj(t,x,ﬁc,v,@)—S<x|Ej))}dt
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—ZA]/ {(f I(t,u, 1, 0,0) +u wj) ( I(t,u, 0, 0,0) — ul s])}dt
,Z)\J/ {YJQtUUUUq)*ﬁjﬁg(t,u,u,v,ij,qj)}dt

—i—Z)\j/ 1{(qj)TVq.y’ﬁ%(t7u7d,7),'D,qj) _nJ( ) Vq1ﬁ2(t U, U, U, 0, q )}dt > 0.
=1 Jao

Using equation (4), given by fal{fJ tou,i,0,0) — SD)) + WTw + 9Lt 0,0,0,¢7) —
(q])TquYJ%(t,U,U,’U,U,q])}dt - ﬁ] f;:{gj t,u,u,v,v) + S(U|ﬁj) - uTsj + ﬁg(tvuaaav7i}7qj) -
(qj)Tqu ﬁ% (t,u,1,v,7,¢°)}dt) = 0 in the above equation, then the resultant equation

Z”/ 1{<fj tx l’»v,vHS( IBj) —S(U\Dﬂ')) —ﬁj(gj(t,x,;'g,v,@) 75‘(;0\123') +5(U|ﬁj)>}d@ 0.

Next, applying the inequality v7r/ < S(v|H7) for r/ € HI, with 77 = 0 and M > 0 for all j, we derive the
following inequality:

Z”/ {( (t,i,0,0) + S(alB) = S(vD7) ) = (¢ (t, v, 0,0) = S(al B) + 077 ) fdt 2 0. (9)

Using the constraint (2) with hypothesis (iv) yields
T(t,v,0,9,9 Z)\]{ [ ij —y +Vp1f)1} + 1nd [gy Dgg—&-rj —&-ijﬁjl}}

,yTZ)\J{ { ijfzj+vpa5731]

r
o
<.

— Dg;: +77 + ij.ﬁ{] }
With the use of primal constraint (3), the above inequality concludes
ng(t7v7i)7y7y.) Z)\]{_ |:f; -D 'Z - ZJ + vpjﬁ{} + m] |:gy Dgy + T] + V;lﬂﬁli| } 2
j=1
= ijng(tavabayyy){_ |:fgz - Df'; -2+ vaﬁ‘i:| +m’ |:ggj; - Dg; +r + vaﬁ]l:| } Z 07

Jj=1

which further implies

z»/a

From hypothesis (ii) and above inequality, we deduce the following expression

1

nd(t,v,0,y,7 ){ [fj ng — 2 +ijﬁ]1} + 1m? [gz ng; + 77 +ijﬁﬂ}dt = 0.

Z)\J/ {(=Ftz,d,0,0) +0"27) + @ (¢ (t, 2,4, 0,0) +v"r?) }dt
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—ZAJ/a {(=F oz, d,y,9) +y" ) + @ (¢ (6,2, 4,y,9) +y"r!) }dt
=1
fz/\i/a { tx:cyyp)+mm{(t,x,x',y,y',pj)}dt
+Z)xj/al{—(pj)TijfJ{(t,x,ﬁc,y,ym])—|—m3( ) Vp,ﬁl(txmyyzﬂ)} >0.  (10)
=1 Jao

From equation (1) and vT 27 < S(v|D7), for 27 € DI, X > 0, Vj, equation (10) becomes

zk:/\j /aal{(—fj(t,x,x',v,iz) —S($|Bj) +S(v|f)j)> + ! (gj(t,x,j:,v,b) — 8(x|E]> —|—vT7‘j>}dt
- =0. (11)

Adding equations (9) and (11), we arrive at the following inequality

'Mw

R /a1 (gj(t,x,x', v,0) — S(x\Ej) + UTTj) dt =2 0. (12)

0

If i/ <@ for all j € £, and 7 < ' for some i € £, then, under the assumption (v) and condition A > 0, we
have
k a
Z/\j(mj —nl) / (gj(t,x,i,v,i)) — S(x|Ej) + zTuj) dt < 0,
i=1 a0
which contradicts the inequality (12). Hence, we conclude that 7 £ 7. O

Note that, for the fixed value A = A, the problem (SSHFVD) is abbreviated as (SSHFVD)j in the following
studies. Moreover, for better readability, we used the following notations in the next theorems.

fj :fj(t7x7j"7y7y)) g] :gj(t)x7j;7y?y)7
9] =9 (t,z,2,9,9,0°), & =& (t,a,i,y,9,p"), forevery je L.

Additionally, following the approach in [14,16], we make use of the following derivative expansion, which will be
employed in the proof of the strong duality result (Thm. 3.2). By the chain rule for total derivatives, we have

DfL = i+ [+ i+ 1,0+ £y (19

where D = %, x = z(t), y = y(t). From (13), it follows that the partial derivatives of ng with respect to the
independent variables (z, &, y, §) are given by:

9 , , 9 , . )

5o DA =Dfl, 5oDR =Dfli+ 1, 5=Dfl= 7 (14)
ﬁDf’ = Opfiepp vfi, Lppioyp jer (15)
acy’ ay xz zry xy? 8 xy’ :

Theorem 3.2 (Strong duality theorem). Let (Z,7,m, ), 2,7,D) be a weakly efficient solution for (SSHFVP).
Assume the following conditions:
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(i) The Hessian matrices V i, ﬁi m V i pi ﬁl, are nonsmgular for each j € L.

1 e set of vectors — 27+ V,; —m 9y g, +17 + Vi jE are linearly independent.
ii) Th f f] ij 2+ Vi S’J] Igl — Dy I+ V. ﬁ7 L li ly ind d
(iii) The following gmdient condztzons hold for all j € E

VoS, (t, 2, &,5,5,0) =0, Ve&i(t,z,%,7,7,0) =0, Vo € {y,a,9,%, 9,0 }.

Additionally,

Then, the following holds:
(i) There exists W' € Bi and 59 € E for each j € L, such that (Z,y, M, w,5,q=0) is feasible for (SSHFVD)5.
(ii) The objective values of (SSHFVP) and (SSHFVD); are equal.

Furthermore, if the hypotheses of a weak duality theorem are satisfied for all feasible solutions of (SSHEFVP)
and (SSHFVD)y, then (Z,y,m,w,5,q = 0) is an efficient solution of (SSHFVD)5.

Proof. Since (Z, 7,1, \, 2,7, p) is a weakly efficient solution of (SSHFVP), the Fritz John optimality conditions,
along with Lemma 1 of [33] imply the existence of p € Ri, x € R*, piecewise smooth functions w(t): T —
R™, ((t): Z — Ry, and § € R% | such that the following holds:

1= jz;p%j +§xj {(fj +S(:E\BJ’) —gTF 9l — (pj)Tvpjgﬂl') e (gj 75(33“;]-) T
+ 8] - (Pj)Tijﬁ{)} +(w—cp)" ZAJ{[P Dfj 7 +vp15§1} ey {95} Dy
j=1
+ 7+ V]| | - 67

satisfies the following conditions at (z, ¥, m, \, 2,7, p) :

A, = DA; + D*Ag] (a(t) - 2(8)) 2 0 Va(t) e R, teZ, (16)
A, — DAy + D*4; =0, tel, (17)
Ay = O, tel, (18)
Ay = tet, (19)
A, = tet, (20)
/ { P+ 8(alB7) =52 + 9] - (7) Vp0l) =i (97 - S (al )

+ 577 + & — (M)Tvpjﬁ{)} dt =0, jEL, teT,

k
Z J{[ -D g—zf‘+vpj53{] —mi[gg—Dgngrvajﬁﬂ” —0, tel,

1

J
g7 Z J ny?fzf+vpj5§{}—mﬂ[ggﬁDgJy.Jrervpjﬁ{” =0, tel,
j=1
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67X =0, (21)
S(i;|§j) =77, 3 B, jEL,
S(j:|]§j) =zTy7, A e B9, jecL,
X5+ [w = CgIN € Np, (7)), (22)
! [T+ (w — CGIN] € Ny, (7), (23)
(P, xw, ¢, 0) #0, tel. (24)

The above relations hold throughout the interval Z, except at the corners of (Z,%). By corners we mean the
points in Z where Z or 4 are discontinuous or non-differentiable. At such points, the conditions are interpreted in
terms of the corresponding right- and left-hand limits, and equations (16) and (17) are valid with these unique
one-sided limits. The piecewise smooth functions w and ¢ are continuously differentiable on Z, except possibly
at the corners of (Z,%).

Now, equations (16)—(20), together with the observations on D fj and Dgg for j € L, as derived from equations
(13)—(15) prior to the start of this theorem, reduce to

S [(24+ (54- 7 5,50)_— (ot < - )7n) )

Jj=1

~D(f+ (91 = @) Vpsl), =i (gl + (8= ) Vusl) ) + D2 ((91 - @) V91

— (8- () Vi) )|+ w-co)” zk: J{ Jo = Dfhe+ (Vo$i) = (g} — Dol
j=1

+ (Vi) )} - 2| @= ) | oV {# = D = fa+ (Vo$l) = (g1, — Dol

Jj=1

o () )} |40 =" | S st (B, 0 (i

+ (vpjﬁ{)i)} (@(t)—Z() 20  Va{t)>0, teT, (25)
S| (135 + (5t 0 %t), 0 (s 70 (- )79 )) 055+ (o1

= @) Twl) i (g (8- )V )+ 02 ((91 - ) Vwd), (s - )
<Wusi),) |+ el [0 {2ty + (Tt 0 (s, Paly + (9), )

_¢ iﬁj{[fgpf;zuvpmﬂﬁﬁ[gnggwuvpjﬁﬂ} ~D|w-cp)"
j=1
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k
S~ DAy A+ (T01), = (o= Dy =i + (V) ) ||+ 22| (o
j=1

— )" ; )\j{— i+ (vpm{)y — (—ggy + (v,m{)y)} —0, jeL teT (26)
(w—cp)” Hfg —Dfi — 5 + vpm{] =y {gg — Dgl + 7 + vpjﬁi{” —¢i =0, (27)
P = (9 = S(a1B) + 577 + &] - () V&) - (w— )" [V (9] - Dol + 7 + V,u/])| =0, (29)
(CRIE) {ijpjf){ - v%jvpjpjﬁﬂ =0, jeL, tel (29)

Since # > 0 and A > 0, equation (21) implies
0=0. (30)

Substituting # = 0 into equation (27) leads to
(w— CQ)THJ”J -Df] -7 + ijﬁ{} -/ [gg — Dgl +7 + ijﬁ{H =0, VjeL, teZ. (31)

From hypothesis (i), the matrices ijpjf_){ — V pipi ﬁ{ are nonsingular. Using these conditions in equation
(29), we obtain

(w=¢o)' N =X, jecL (32)
Additionally, hypothesis (i) states that the set of vectors {[f] — ng — 5 4V, 9] - i) 99 — Dgg +7 +V 5 8]]}
are linearly independent. Therefore, from equation (31), we deduce

w—(j=0. (33)
Substituting equation (33) into equation (32) gives
X'p =0, jeL (34)
Since x/ € R and p’ € R™, this implies either
X)=0or p =0, jeL (35)

Combining equations (26), (33), (35), and hypothesis (iii), we arrive at
S =N [ = Dfj = 2 + V] =i (g) - Do} + 7 + V,u8])| =0, jer (36)
j=1

Further, using assumption (ii) and equation (36), we have
X =CN, jeL,
ie., x=CA (37)

Now, if X/ = 0 for some j € £, then from equation (37) we have ¢ = 0, since A > 0. This further implies
that x/ = 0 for all j € £. Substituting these values into the equation (33) gives w = 0. In addition to this,
the equations (33) and (28) gives p = 0. As a result, (p, x,w,(,8) = 0 indicating from equation (30), which
contradicts equation (24). Thus x/ # 0V j € L, i.e., x # 0. Hence equation (34) implies

P =0 forall j. (38)
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Using equations (33), (38), hypothesis (iii) and A > 0, the equations (25) and (26) reduce to

k
S X[+ 8 = D+ Vus] = (9 - - Dol + V&) @) —2() 20, eI, (39)
j=1
and
(F = V) [ = 2 = Df + Vsl =i (g) + 7 — Dg) + V,u&])| =0, teT, (40)
j=1
respectively.

By invoking hypothesis (ii), the set of vectors {[f] — ng — 2+ V9] — gl — Dgg + 7 4 Vi 8]} is
linearly independent. Applying this to equation (40) gives

X' =C¢N or x=CA (41)
As x # 0 and A > 0 we conclude that ¢ # 0 that is ¢ > 0, equation (33) becomes

5= % e R™. (42)

Utilizing equations (38), (41), hypothesis (iii) and ¢ > 0, equation (39) becomes

1\

k
SN[ S4B~ D+ V0% i (gl 77— Dgl+ V) (@) — 2(t) 20,  teT.  (43)

Let z(t) > 0, then x(t) + Z(t) > 0. So, from equation (43), we have
SN [fg 43— DfI+ V05— (g; — 47 — Dgl + vqjﬁg)]x(t) >0, tef,
j=1
that is
SN[ B = DFL V% i (9~ - Dol + V)| 20, teT, (44)
j=1
Also, let z(t) = 0 and z(t) = 2z(t) simultaneously in equation (43) results in

k
#OT YN[+ 8 - DL+ V] -l (g — )~ Dol + V)| =0, teT (45)
j=1

From equations (22), (33) and (41) with ¢ > 0, gives
Ny e Np, (Zj), for j € L,
or §€ Np; (Zj), using A > 0.

Since D7 is compact convex set in R™, we have 37z = S(j|D7), j € L.
Moreover, from equations (23), (33), and (41) with ¢ > 0, we have

mI Ny e Ng, (),
or yeNHj(Fj), using M > 0, jeL.
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Since H7 is compact convex set in R™, 377 = S(y\ﬁj), jeL. B
Therefore, from equations (42), (44), (45), it concludes that (7, 7,7, w = (3,5 = v, = 0) is a feasible solution
for the dual problem (SSHFVD)y. Thus, (SSHFVP) and (SSHFVD)j5 have equal objectives values (i.e., m =

1 )
Further, if (z,y, 7, w, 5, ¢ = 0) is not an efficient solution of (SSHFVD)y then there exists (u, v, n, w, 5,7 = 0)
feasible solution for (SSHFVD)y such that

iyl

<

)

which contradicts weak duality theorem (Thm. 3.1). Thus (Z,7,m,w,5,¢§ = 0) is an efficient solution of
(SSHEVD);. Hence it completes the proof. O

Theorem 3.3 (Converse duality theorem). Let (@, v, 7, \, w0, 5, q) be a weakly efficient solution for (SSHFVD).
Assume the following conditions hold:

(i) The Hessian matrices ququyg — IV gigi &), j € L, are nonsingular.
(ii) The set of vectors {[fI — Df] + @’ + V ;93] — @l [g) — Dgl, — 57 + V, R)]; j € L} is linearly independent.
(iii) The following gradient conditions hold for all j € L:
ve‘ﬁ%(t7 a’ ﬁ7177/1570) = O’ vgﬁ%(t7 a’ Y.LL, 17) IlL}7O) = 07 ve 6 {x7i‘7 y" 'i.:’ g’ q‘]}'

Additionally,

Then:

(ii) The objective values of (SSHFVD) and (SSHFVP); are equal.
Furthermore, if the hypotheses of a weak duality theorem are satisfied for all feasible solutions of (SSHFEVP)5

Proof. The proof follows similarly to Theorem 3.2 and is therefore omitted. O

4. APPLICATION OF WEAK DUALITY THEOREM

In this section, we will be explaining the applicability of the weak duality theorem using the following
considered practical model.

In a textile industry, efficient production scheduling is crucial for optimizing resources, minimizing costs, and
ensuring smooth operations. The given functional models the industry’s goal of designing a production plan
over a one-year period while balancing production efforts and operational constraints.

fol (2% +y*+10) dt
Jo (g2 +5)at

Objective function

— The numerator fol (22 4+ y? + 10) dt represents the total production cost, which depends on two key factors:
e 1(t): Represents the production rate of one type of textile product (e.g., cotton fabric).
e y(t): Represents the production rate of another product (e.g., synthetic fiber).
e The term 10 accounts for fixed costs such as machinery maintenance, labor, and overhead costs.
— The denominator fol(y2 + 5)dt serves as a normalization factor, representing the total availability of pro-
duction resources, with y? indicating material usage and 5 capturing base operational capacity.

The industry aims to minimize this ratio, ensuring that production costs remain low while optimizing resource
utilization.
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Boundary conditions

- 2(0) = 0 = z(1), y(0) = 0 = y(1): The production starts and ends at zero within the planning period,
reflecting a cycle-based production schedule where output gradually increases and decreases.

— 2(0) =0= (1), y(0) = 0 = g(1): These conditions ensure smooth transitions in production without abrupt
changes, which aligns with practical scheduling constraints in textile manufacturing.

Constraints interpretation

1/ .2 2
10) dt
_<2y_2yfo(x +y? +10) )z

Jo (y? +5)dt

— Ensures that production levels y(¢) remain feasible by maintaining a balance between demand and cost-
effectiveness.

[ (y2 +5)dt

— Ensures that production decisions depend on market demand and available resources, preventing overpro-
duction.

1o 2 2
+y? +10)dt
y<2y—2yf°(x !/ ) >>0

Problem formulation

The optimization problem is as follows:

10,2 2
+y°+10)dt
(EP) Minimize J (xl Y )
Jo (w2 +5)dt
Subject to (0)

=0==2(1), y(0)=0=y(1),
©(0) =0=1i(1), y(0)=0=y(1),
- <2y b (a:f +y? + 10) dt) >0
Jo (W2 +5)dt

y2y72yﬁtﬁ+ﬂﬂ+1®dt >0
fol(y2 +5)dt -

where x: Z — [0,00) and y: Z — [0, 00) are smooth functions.

To discuss the implementation of the weak duality theorem, we first simplify the problem (EP) using a parametric
prospective as follows:

(SEP) Minimize 7!
Subject to 2(0) =0 = z(1), y(0) =
#(0) = 0=2(1), §(0) =
1 1
/ (Jc2+y2—|—10)dt—ﬁ11/ (y*+5)dt =0,
0 0
— (2y —2ym') 2 0,

y(2y — 2ym') 2 0,
x(t) € [0,00), t€]0,1].
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By considering the higher-order functions, $2(t,z,&,y,9,q) = ¢*, and Ra(t,z,4,y,7,q) = 0, we can define its
the dual model in the following manner:

(SED) Maximum 7!
Subject to u(0) =

u(0)
1 1
/(u2+v2+10—3q4)dt—ﬁ1/ (v*+5)dt =0,
0 0

(2u+4¢°) 20
u(2u + 4q3) <0,
v(t) € [0,00), te]0,1],

0
0=

wheren=m=1, fl =22+ 42 +10, g* =¢y*>+5, Bt = E' = D' = A =0,
s Flay) o (@ +y? +10)de
G'(z,y) [ (y2 +5)dt
1 M(u,v) fol(u2 +v? +10 — 3¢*) dt
N (u,v) i (02 +5)dt
We can easily verify that (z,y,7m' )\ z,7mp) = (2t — 1)2,0,m',1,0,0,¢t) and (u,v,n', N\, w,x,q) =

(0,0,71,1,0,0,t) are the feasible solutions of (SEP) and (SED), respectively, where ! = gfgé

Next, assume that 11 (¢, z,%,9,9) = (x+y+1)2, and 2 (t, s, $,9,9) = (s+y+1)* for establishing the following
weak duality assumptions of Theorem 3.1:

_ 47

) fol ((z? + v? + 10) — A'(v? 4 5)) dt is higher-order pseudoinvex at u(t) = 0 with respect to n{ , and v(t) = ¢.
We have

1 1
/ng(t,m,i‘,u,U)(Qu—i-élqg)dt:/ (x+u+1)4(2u+4q3)dt20
0 0

1

= / (2 + 02 +10— ' (0¥ +5) —u? —v? =10+ 7' (v? +5) — ¢* +4¢") dt
0

1
:/ (z% 4+ 3¢*)dt > 0.
0

(ii) Analogously, we can show that fo (= (2% + v* +10) + ! (v* + 5)) dt is higher-order pseudoinvex at y(t) = 0
with respect to nd, and x(t) = t3(t — 1)2. Thus, the explanation is omitted.

(iii) m(t, 2, @, u,0) +u = (z +u+1)2 =0,

(iv) ma(t.v,0,9,9) +y=(v+y+1)* 20,

(v) fo Yt @, d,0,0) — S(x|Ej>+v ri)dt = va +5)dt > 0.

Since, all hypothesis of Theorem 3.1 are satisfied, therefore, we have, m & 7, that is % 3;

5. CONCLUSION

In this manuscript, we have formulated a Mond-Weir type higher-order multiobjective fractional variational
symmetric dual program involving support functions. Theoretical relations between the primal and dual models
have been provided using duality theorems. Notably, we established weak duality and strong duality results
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under the supposition of higher-order pseudoinvexity. In addition, we provided an illustration of a non-trivial
functional, which is a higher-order pseudoinvex but not a first-order pseudoinvex. Furthermore, a detailed
discussion of the weak duality theorem is furnished by using the practical problem of the proposed class model.

ACKNOWLEDGMENTS

The authors sincerely thank the referees for their valuable comments and suggestions, which have greatly enhanced the
readability of the paper.

CONFLICT OF INTEREST

The authors declare that they have no conflict of interest.

DATA AVAILABILITY STATEMENT

No new data or code were created or analyzed in this study.

1]

12]
13]
14]
[15)
16]
17]
18]
19]
[20]

[21]

REFERENCES

T. Antczak and A. Pitea, Parametric approach to multitime multiobjective fractional variational problems under
(f, p)-convexity. Opt. Control App. Methods 37 (2016) 831-847.

C.R. Bector and I. Husain, Duality for multiobjective variational problems. J. Math. Anal. App. 166 (1992) 214-229.
X. Chen, Second-order duality for the variational problems. J. Math. Anal. App. 286 (2003) 261-270.

G. Dantzig, E. Eisenberg and R.W. Cottle, Symmetric dual nonlinear programs. Pac. J. Math. 15 (1965) 809-812.
V. Dhingra and N. Kailey, Optimality and duality for second-order interval-valued variational problems. J. Appl.
Math. Comput. 68 (2022) 3147-3162.

W.S. Dorn, A symmetric dual theorem for quadratic programs. J. Oper. Res. Soc. Jpn. 2 (1960) 93-97.

V.P. Dubey, D. Kumar, H.M. Alshehri, J. Singh and D. Baleanu, Generalized invexity and duality in multiobjective
variational problems involving non-singular fractional derivative. Open Phys. 20 (2022) 939-962.

T.R. Gulati and G. Mehndiratta, Optimality and duality for second-order multiobjective variational problems. Fur.
J. Pure Appl. Math. 3 (2010) 786-805.

T. Gulati, I. Husain and A. Ahmed, Symmetric duality for multiobjective variational problems. J. Math. Anal. App.
210 (1997) 22-38.

M.A. Hanson, Bounds for functionally convex optimal control problems. J. Math. Anal. App. 8 (1964) 84-89.

I. Husain, A. Ahmed and M. Masoodi, Second-order duality for variational problems. Fur. J. Pure Appl. Math. 2
(2009) 278-295.

A. Jayswal and S. Jha, Second order symmetric duality in fractional variational problems over cone constraints.
Yugoslav J. Oper. Res. 28 (2018) 39-57.

A. Jayswal, I. Stancu-Minasian and S. Choudhury, Second order duality for variational problems involving general-
ized convexity. Opsearch 52 (2015) 582-596.

A. Jayswal, S. Jha, A.K. Prasad and I. Ahmad, Second-order symmetric duality in variational control problems over
cone constraints. Asia-Pac. J. Oper. Res. 35 (2018) 1850028.

N. Kailey and S.K. Gupta, Duality for a class of symmetric nondifferentiable multiobjective fractional variational
problems with generalized (F, «, p, d)-convexity. Math. Comput. Model. 57 (2013) 1453-1465.

A. Kaur, M.K. Sharma and I. Ahmad, Multiobjective symmetric duality in higher-order fractional variational pro-
gramming. Asia-Pac. J. Oper. Res. 40 (2023) 2250008.

D.S. Kim and G.M. Lee, Symmetric duality with pseudo-invexity in variational problems. Optimization 28 (1993)
9-16.

R. Kumar, V.N. Mishra and R. Dubey, Non-differentiable second-order symmetric multiobjective fractional varia-
tional programming with cones constraints. RAIRO-Oper. Res. 58 (2024) 4553-4574.

S.K. Mishra and R.N. Mukherjee, Duality for multiobjective fractional variational problems. J. Math. Anal. App.
186 (1994) 711-725.

S.K. Mishra, S.Y. Wang and K.K. Lai, Symmetric duality for a class of nondifferentiable multi-objective fractional
variational problems. J. Math. Anal. App. 333 (2007) 1093-1110.

S. Mititelu and I.M. Stancu-Minasian, Efficiency and duality for multiobjective fractional variational problems with
(p, b)-quasiinvexity. Yugoslav J. Oper. Res. 19 (2009) 85-99.



[22]
[23]
[24]
[25]
[26]

[27]

[28]
[29]
[30]
31]
[32]
[33]

[34]

HIGHER-ORDER DUALITY RESULTS FOR MULTIOBJECTIVE FRACTIONAL VARIATIONAL PROBLEMS 3421

B. Mond and M.A. Hanson, Duality for variational problems. J. Math. Anal. App. 18 (1967) 355-364.

B. Mond and M.A. Hanson, Symmetric duality for variational problems. J. Math. Anal. App. 23 (1968) 161-172.
B. Mond and T. Weir, Generalized concavity and duality, in Generalized Concavity in Optimization and Economics,
edited by S. Schaible and W.T. Ziemba. Academic Press, New York (1981) 263-279.

S. Padhan and C. Nahak, Second order duality for the variational problems under p — (7, 8)-invexity. Comput. Math.
App. 60 (2010) 3072-3081.

S. Padhan and C. Nahak, Higher-order generalized invexity in variational problems. Math. Methods Appl. Sci. 36
(2013) 1334-1341.

S.K. Padhan, P.K. Behera and R.N. Mohapatra, Second-order symmetric duality andvariational problems, in Math-
ematics and Computing, edited by R.N. Mohapatra, D.R. Chowdhury and D. Giri. Springer India, New Delhi (2015)
49-57.

N. Pokharna and I.P. Tripathi, e-optimality and e-duality results for multiobjective variational problems and appli-
cation to the cake-eating problem. J. Ind. Manage. Opt. 20 (2024) 1867-1896.

A K. Prasad, A.P. Singh and S. Khatri, Duality for a class of second order symmetric nondifferentiable fractional
variational problems. Yugoslav J. Oper. Res. 30 (2020) 121-136.

G. Sachdev, K. Verma and T.R. Gulati, Second-order symmetric duality in multiobjective variational problems.
Yugoslav J. Oper. Res. 29 (2019) 295-308.

V. Singh, I. Ahmad, S.K. Gupta and S. Al-Homidan, Duality for multiobjective variational problems under second-
order (¢, p)-invexity. Filomat 35 (2021) 605-615.

I. Smart and B. Mond, Symmetric duality with invexity in variational problems. J. Math. Anal. App. 152 (1990)
536-545.

S.K. Suneja, S. Aggarwal and S. Davar, Multiobjective symmetric duality involving cones. Eur. J. Oper. Res. 141
(2002) 471-479.

B.B. Upadhyay, A. Ghosh, P. Mishra and S. Treanta, Optimality conditions and duality for multiobjective semi-
infinite programming problems on hadamard manifolds using generalized geodesic convexity. RAIRO-Oper. Res. 56
(2022) 2037-2065.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to
publish this journal in open access in the current year, free of charge for authors and
readers.

Check with your library that it subscribes to the journal, or consider making a personal donation to
the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.


mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Introduction
	Notations and preliminaries
	Higher-order dual formulation
	Parametric prospective formulation

	Application of weak duality theorem
	Objective function
	Boundary conditions
	Constraints interpretation
	Problem formulation


	Conclusion
	Conflict of Interest
	Data availability statement
	References

