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POSITIVE/NEGATIVE EFFECTS OF UNDESIRABLE OUTPUT ON
TECHNOLOGY GAP RATIO UNDER META-FRONTIER FRAMEWORK

Xu Guo® aAnND Lrr CHEN*

Abstract. In nonradial data envelopment analysis (DEA), the efficiency of meta-frontier may ex-
ceed that of group frontier, leading to technology gap ratio (TGR) greater than 1. Although existing
methods have attempted to resolve this problem, they have severely limitations: (1) The influence of
weak disposability within undesirable outputs on TGR remains unclear, particularly in distinguishing
its effects on meta-frontier and group frontier; (2) Current methods fail to systematically account for
undesirable outputs in projection processes, potentially distorting efficiency evaluation. According to
these limitations, graphical method is used to analyze the influence of undesirable output on TGR.
Then, in order not to interfere with undesirable output in projection process, new models are proposed
based on the closest targets, which can control the efficiency of meta-frontier is not greater than that of
group frontier. Subsequently, undesirable output possible sets are defined for different models, and thus
developed to determine its minimum/maximum variation ranges under different frontiers. By determin-
ing variation range of undesirable output under variable returns to scale (VRS), the positive/negative
effects on TGR are obtained. The advantages of our methods over existing methods are as follows:
(1) Our methods ensure theoretical consistency in efficiency evaluation; (2) The potential impact of
undesirable output on TGR is first studied; (3) Our methods offer actionable insights for efficiency
improvement through undesirable output ranges. Finally, two examples are provided to illustrate the
validity and effectiveness of our methods.
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1. INTRODUCTION

Data Envelopment Analysis (DEA) has been widely recognized in the literature, because it can compre-
hensively evaluate performance based on a limited number of assumptions and combining multiple input and
output dimensions [31]. In traditional DEA method, all DMUs are in a unified technical environment for effi-
ciency evaluation. However, there may be many factor differences in actual production activities, which make
the technology sets of different decision-making units (DMUs) different. In the framework of efficiency mea-
surement, the existence of technical heterogeneity leads to the bias of efficiency measurement. To relax the
constraints of technological heterogeneity, O’Donnell et al. [33] proposed meta-frontier DEA analysis framework
for the first time, which brought technological heterogeneity into the efficiency evaluation process. Subsequently,
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the meta-frontier framework has been widely used in efficiency evaluation in many fields, such as technologi-
cal innovation [29], Supplier service [1], transportation industry [5,43], educational development [17], customs
system [2], agriculture [34].

Direction distance function (DDF'), which can provide a diversified improvement direction choice for DMUs.
Due to this advantage, it is often introduced into meta-frontier framework to analyze the efficiency of DMU
with technical heterogeneity [8]. In addition, radial DDF model is the most common in meta-frontier framework,
but in recent years, nonradial DDF model has gradually attracted the attention of many scholars. However,
in nonradial DDF model, the efficiency of meta-frontier may be greater than that of group frontier [44]. To
solve this problem, Wang et al. [37] proposed an alternative three-stage method to measure the technology gap.
In the second stage, the projection point of DMU on group frontier in the first stage is used to improve, so
that the improved optimization point is located on meta-frontier. Then, Wang et al. [38] expanded the above
work, and proposed a new choice of projection direction. Wang et al. [37,38] methods made the projection
distance from DMU to meta-frontier always larger than that of group frontier, thus ensuring the rationality of
TGR. In addition, under nonradial slacks-based measure (SBM) model, Chen et al. [10] proposed an alternative
meta-frontier framework by introducing slack variables, which also effectively solved the problem that TGR is
greater than 1. However, the above studies only ensured the rationality of TGR, ignoring the factors that lead
to TGR greater than 1.

In recent years, under meta-frontier DDF, although some achievements have been made in solving the problem
that TGR is greater than 1, they still have the following defects: First, at present, the inconsistency of directional
vectors between meta-frontier and group frontier has been considered as the main reason for TGR being greater
than 1. However, it has not been confirmed whether this is the only reason for TGR greater than 1, and whether
it is affected by other factors, which have not been proposed and properly solved. Second, we find that the models
proposed by Wang et al. [37] and Yu et al. [44] all contain undesirable output. Then, in the nonradial DEA,
under meta-frontier framework, does the undesirable output have an effect on TGR? And, is this effect positive
or negative? These questions have not been raised and properly solved in the current research. Third, at present,
in the proposed method to solve the problem that TGR is greater than 1, it interferes with the optimal increase
and decrease ratio of each element in the projection process, which is not conducive to measuring the affected
level of TGR.

In addition, at present, most traditional DEA methods pursue the maximization of projection distance, which
can find more inefficient DMUs and improve potential [35]. In recent years, closest targets have been widely
used, which have provided the most relevant solution for inefficient DMU [24]. To provide the closest targets by
using mathematical programming, a complementary set of nonconvex polyhedron sets must be firstly established
[4]. Aparicio et al. [4] was the first to develop mixed integer linear program (MILP) method, and the closest
distance combination was found out through different closest targets measurement methods, which was superior
to the evaluated DMU. After that, many studies have been extended on this basis. For example, Wu et al. [40]
extended it to VRS hypothesis for research. Li et al. [24] introduced undesirable output, established the closest
targets method with undesirable output, and verified that it satisfies strong monotonicity. Li et al. [25] extended
the closest targets to two-stage DEA. However, as far as we know, the closest targets have not been introduced
into meta-frontier framework, which deserves further attention.

Therefore, this paper mainly solves the above problems from the following aspects:

— Reveal the influence mechanism of undesirable output on TGR: By graphic method, the influence
of weak disposability of undesirable output on TGR unreasonable (TGR > 1) is systematically analyzed
for the first time, and its theoretical root is clarified.

— New models are proposed to control TGR in a reasonable range: To interfere with the undesirable
output in projection process, based on closest targets methods, NC-DDF and NR-DDF are proposed, which
can effectively control TGR not to be greater than 1.

— New methods are developed to determine minimum/maximum variation ranges: In case of
reasonable TGR value, the undesirable output possible sets are defined for different models, and some
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methods are thus developed to determine its minimum/maximum variation ranges under meta-frontier and
group frontier, respectively.

— Positive/negative effects, interval value and variation range on TGR are obtained: Under the
influence of undesirable output, positive/negative effects on TGR are obtained, and the interval value and
variation range of TGR are measured.

The rest of the paper is organized as follows. Section 2 introduces the basic knowledge. Some DDF models
are constructed in Section 3. Section 4 develops the minimum/maximum methods of undesirable output under
VRS. Section 5 makes some discussions for these methods. Two examples are provided in Section 6, while the
conclusions are given in Section 7.

2. LITERATURE REVIEW

2.1. DDF in DEA

Traditional DEA model, such as Charnes-Cooper-Rhodes (CCR) and Banker—Charnes-Cooper (BCC), can
only measure the proportional improvement of input or output, but in reality, it often needs to deal with
undesirable output and asymmetric adjustment. As an extension of traditional DEA model, DDF method has
broken the limitations of traditional DEA, and gradually become a nonparametric research method widely
used in economics and management [27]. Subsequently, Chung and Fére [12], Chambers et al. [7] considered the
situation including bad output, which further promoted the theoretical development of DDF method. Compared
with traditional DEA, the main advantages of DDF are as follows: (1) DDF can deal with the problems of excess
input and insufficient output at the same time; (2) Different preferences are reflected by setting the direction
vector; (3) DDF is more suitable for environmental efficiency evaluation including undesirable output.

At present, DDF has been widely used in empirical research. However, the expansion of the existing DDF
method is not comprehensive, and under the meta-frontier framework, there are three critical limitations:

(1) Nonradial bias: Nonradial DDF models (e.g., SBM-DDF) allow independent adjustment of variables but
may violate the meta-frontier envelopment condition, causing TGR > 1.

(2) Directional arbitrariness: Ad-hoc direction vectors (e.g., observed values or unit vectors) distort cross-frontier
comparability, which may lead to the unreasonable TGR value under the framework of meta-frontier, which
is not conducive to the comparison of technology gap and the decision of resource allocation.

(3) Undesirable output oversight: Most studies assume strong disposability for undesirable outputs, ignoring
weak disposability’s impact on frontier shapes. This directly impedes TGR validity but remains unaddressed
in meta-DDF frameworks.

2.2. Meta-frontier

In traditional data envelopment analysis (DEA) method, all DMUs are evaluated in a uniform technical
environment. However, because DMU often operates in different industries, regions and environments, there is a
gap in its production technology. Obviously, under the assumption of unified technical environment, traditional
DEA may lead to inaccurate efficiency evaluation results. Therefore, O’'Donnell et al. [33] proposed meta-frontier
framework, which can be divided into group production technology and meta-frontier production technology
according to different industries or regions, and so on. This framework allows different technologies to be com-
pared, which also becomes the advantage of meta-frontier. Among them, meta-frontier production technology
represents the best production technology that DMU can adopt. In recent years, meta-frontier framework has
been widely used [17].

Ensuring that the efficiency of meta-frontier is always not greater than group frontier is the main difficulty
of meta-frontier framework [33], and it is often ignored by the existing methods. While Wang et al. [37] pro-
posed a new method to constrain TGR within [0, 1], their approach did not examine the role of undesirable
outputs in distorting TGR. Furthermore, Guo et al. [21] revealed that weak disposability assumptions for unde-
sirable outputs can significantly affect the efficiency evaluation results, yet no study has systematically linked
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this to TGR anomalies. This omission highlights the novelty of our focus on undesirable outputs’ dual effects
(positive/negative) on TGR.

In addition, meta-frontier has become one of the main tools for environmental efficiency assessment. However,
as a “frequent visitor” to environmental efficiency assessment, undesirable output and its disposal hypothesis
have not attracted enough attention. Despite progress, two fundamental gaps undermine meta-frontier reliability:

(1) Defect in efficiency evaluation: Due to the conflict in the selection of reference points for different frontiers,
the efficiency of group frontier may be less than that of meta-frontier in non-radial model.

(2) Neglect of application rationality: At present, the meta-frontier framework has been widely used in envi-
ronmental efficiency assessment, energy allocation optimization and other fields, and most of the proposed
models contain bad outputs. However, in the non-radial DEA under the framework of meta-frontier, the
influence of unexpected output on TGR has not been further explored. This leads to controversy about the
efficiency evaluation of meta-frontier including unexpected output.

2.3. TGR

TGR reflects the technical efficiency gap between meta-frontier and group frontier. Since group frontiers are
included in meta-frontier, in the radial DDF, the technical efficiency measured under meta-frontier must be less
than that of group frontier, that is, the technology gap ratio (TGR) value in the radial DEA model is between
0 and 1 [33]. However, in the nonradial DDF model, the efficiency of meta-frontier may be greater than that of
group frontier, which results in TGR is greater than 1 [44]. This contradicts that the technical efficiency under
meta-frontier is less than that under group frontier. Some scholars have proposed an alternative meta-frontier
framework to solve the problem of unreasonable TGR:

(1) Projection-based methods: Wang et al. [37,38] proposed some new projection direction selections, which
improved the projection direction from group frontier to meta-frontier, and thus ensured the rationality of
TGR. On this basis, Guo and Chen [20] further ensured the rationality of TGR in three-level meta-frontier
framework by improving projection direction selection.

(2) Slack-based adjustments: Chen et al. [11] introduced slack variables, and added constraints to cap meta-
efficiency at group-efficiency levels.

Existing solutions, such as slack-based adjustments (Chen et al., [11]) or directional vector improvement [38],
focus on model improvement without addressing root causes. For example, Chen et al. [11] introduced slack
variables to cap TGR at 1 but ignored how undesirable outputs’ weak disposability might exacerbate TGR
distortions. There are three unresolved gaps:

(1) The lack of empirical validation for directional vector inconsistency as the sole cause of TGR > 1.

(2) The unexamined role of undesirable outputs in TGR volatility, particularly in distinguishing its effects on
meta-frontier and group frontier.

(3) The absence of methods to quantify undesirable outputs’ variation ranges under different frontiers.

In summary of literature review, we summarize the improvements and limitations of previous research, as

shown in Table 1.

3. PRELIMINARIES

3.1. CCR model

CCR model is the basis of DEA model, and it is also the most classic DEA model. Supposed that there
are n DMUs to be evaluated, and for each DMUy, x4 = (214, %2d; - - - s Tmd) € R is the input vector, yq =
(Y1d, Y2d, - - - s Ysd) € R? is the desirable output vector. Then, for any DMU4, CCR model can be constructed as
follows.
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Methods Advantage Limitations Improvement

Directional Enabled asymmetric adjust- Direction vector selection Introduced chance con-
Distance ments of inputs/outputs; remains subjective; strained [27]; Con-
Function Incorporated preferences via May produce unreasonable structed parallel entropy
(DDF) direction vectors; TGR values under meta- dynamic DDF [42]; Com-

Improved environmental
efficiency evaluation with
undesirable outputs.

frontier;
Weak disposability of unde-
sirable outputs often over-
looked.

bined super-efficiency
model  [45];  Considered
null-jointness  assumptions
[26]; Handle nonpositive
data [23].

Meta-Frontier

Enabled cross-group tech-

Needs to guarantee meta-

Introduced nash bargaining

Framework nology comparisons; frontier efficiency is less than  [43]; Considered benefit-
Distinguished group and group frontier. of-the-doubt technique
meta-frontier efficiency; [17]; Considered non-
Determine the gap between convex [32]; Constructed
DMU and its best technol- meta-frontier  slacks-based
ogy. measure dynamics network

DEA [22]; Combined hybrid
super-efficiency [16].

Technology Quantified technology gaps Nonradial models may vio- Under  two-level  meta-

Gap Ratio  between frontiers; late TGR less than 1; frontier [37, 38]; (Chen

(TGR) Provided benchmarks for No clear explanation for et al, [11]) and the three-

policy targeting.

TGR greater than 1 cause;
Undesirable outputs’ impact

level meta-frontier [20], new
projection direction were
proposed to solve the prob-
lem that TGR is greater
than 1; Made double shared
ratio selection [18].

Max 9d

n
s.t. Z )\jxij
j=1

n
Z )\jyrj > Yrd,

Jj=1

VA; >0

on TGR remains unex-

plored.

gedxiah Z:]wvma
r=1,...,s;

(1)

where A\; and 6y are all decision variables. A; gives each DMU different weights. 6,4 is the efficiency of DMU,
and when the input-oriented CCR model is selected, its value is between 0 and 1.

3.2. Meta-frontier

In meta-frontier framework, DMUs and their possible linear combinations form a convex set. Under meta-

frontier, the meta-frontier efficiency of DMU is marked as

ME
Hd

meta-frontier as the evaluation benchmark. Then, meta-frontier model considering is shown as follows.

, and the efficiency obtained by taking the
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n
s.t. Zijij S GME‘Iid, 1= 1, e,y

j=1

Z/\jym-gyrd, r=1,...,s;

j=1

Z/\jijZZfd, f=1,...,h;

j=1

VA; >0, j=12,...,n. (2)

Among them, the optimal solution GQ/IE* of meta-frontier can be obtained. A; is intensity variable, m and s
represent the number of input categories and output categories, respectively.

In addition, the group efficiency set of DMU is #%F, and the efficiency obtained by taking the group frontiers
as the evaluation benchmark. Supposed that there are n DMUs to be evaluated, then, these DMUs are divided
into k groups (¢ = 1,2,...,k), and the number of DMUs in each group g is n9. Thus, §SF can be obtained by
the following formula.

Min §CF

n9
s.t. E )\jl‘ij < HGEl‘id, 1= 1, e,y
j=1

ng

Z)‘jyrjgy’r(b 7":1,...,8;

=1

ng

> Nizgj =z, f=1..h

j=1

YA; >0, ji=12,....,n9. (3)

Among them, the optimal solution GgE* of group g can be obtained. n¢ is the number of DMUs of group g,
A; is intensity variable, k is the number of groups.

Furthermore, under the assumption of convexity, the production possible sets of meta-frontier and group
frontier are as follows.

TM
TG

{(z,y)|z can produce y; x > 0;y > 0}
{(z,y)|x can produce y with group technology g;x > 0;y > 0}. (4)

3.3. TGR

Through the calculation of model (2) and model (3), the TGR4 of DMU, with respect to the meta-frontier
and the group frontier, is calculated as follows.

oy
d

In equation (5), OMF" and §F*" are the efficiency scores of meta-frontier and group frontier, respectively. In

input-oriented DEA model, the closer TGR is to 1, the smaller the technical gap between meta-frontier and

group frontier, and the lower the heterogeneity of the corresponding frontier.
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3.4. DDF model

DDF extends traditional DEA model, which allows the input and output to be adjusted simultaneously in

the specified direction. 171; = (2,Y; —9x, gy) can be solved by linear programming method, and the direction
distance function is abbreviated as (4. Then, for any DMU,, traditional DDF model can be constructed as
follows.

Max ﬂd

n
s.t. Zx\jxi]‘ < %iqg — Bdagz, 1=1,...,m;
=1

n
ZA]y’!]Zde_'_ﬂdgya T'Zl,...78;
j=1

VA >0 (6)

where \; gives each DMU different weights. At present, the related research mainly defines the direction vector
g = (—gxz, —gy) as three different directions: (z,y), (x,0) and (0, y). Different from CCR model, DDF measures

the efficiency by judging the distance between DMU and its frontier. According to model (6), the efficiency

S 1-8
value of DMU is 1+63'

(1) Farthest distance projection (F-DDF)

Under traditional DDF framework, many studies have introduced undesirable output z4, in addition, z4 =
(214, 22ds - - - » 2hd) € Ri represents undesirable output vector. In this paper, we assume that undesirable outputs
zq is weak disposability, that is, decision makers cannot reduce it without affecting inputs and desirable outputs.
Chambers et al. [7] introduced undesirable outputs into the DDF.

Max G + G Max 03 + 55
n Y n?
j=1 J=1
n n?
Z)‘jyrjzyrd—’—ﬁ;ngyu T:17"'7S; Z)‘jy’rjzyrd—"ﬂggyu 7':1,...,8;
=1 and Jn:gl (7a)
Z)\jzszzfdfﬂ;ngm f:]-aahv Z)\jij:Zfd—/ngz, f:].,,h,
j=1 j=1

j=1 ; T

where (" and B]" are the technological inefficiency scores of y and z of DMU, under meta-frontier. 3 and
(39 are the technological inefficiency scores of y and z of DMU, under group frontier. This paper assumes that
undesirable output is weak disposability. The direction vector in meta-frontier is defined as g™ = (y™, —2z™)%,
and the direction vector in group frontier is defined as g = (y, —z)?. Based on it, TGR is calculated as follows.

. 1=pm . 1-p9
= 11

0" = —2_ and 09 = . 7b
L+ 1+ 69 (7b)
TGR = 6™ /69" (7c)

Among them, 6™ and 69 are the efficiency scores of meta-frontier and group frontier, respectively. The
closer TGR is to 1, the smaller the technical gap between meta-frontier and group frontier, and the lower the
heterogeneity of the corresponding frontier.
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(2) Closest projection distance model (N-DDF)

The closest targets, which is the minimum effort to improve the invalid DMU and achieve effectiveness.
Aparicio and Pastor [3] have extended it to VRS.

Min (Z B. + Z ﬂy>
i=1 r=1

s.t. Z/\jxij < Zid, t=1,...,m;
j=1
n
Z/\jyrjzyrd+ﬁy97yv r=1,...,s;
j=1
n
Z/\jzijZfd—ﬁzgfc, f=1,...,h
j=1
s m
Zu'r'yrj - Zvimz’j +do+d; =0
r=1 i=1
Aj <M - (1= 1bj)
dj < M -b;
A =1
j=1
>\j7dj 2 Ovbj € {071}7 Vi
Up, V; 2> 0. (7d)

Here, M is a sufficiently large positive number. dy is free variables. Constraints (1) and (2) are the form of DEA
envelopment model. Constraint (3) constructs a strong efficient frontier, and it is the supporting facet of DDF
multiplier model. When d; = 0, DMUj is located on the strong efficient frontier Zi:l UpYrj —Z?il v;Z45+dg = 0.
Constraints (4) and (5) are to integrate multiplier constraint and envelope constraint. Based on it, efficiency
value is calculated as follows.

s h
0N =1 Y B,/ yra+ > Befza | /(s + ). (7e)
r=1 f=1

3.5. Disposability of undesirable output

Strong disposability and weak disposability of undesirable output were proposed by Fére et al. [15]. On this
basis, Chen et al. [9] further proposed semi-disposability hypothesis of undesirable output. These hypotheses
have been widely concerned by scholars. Based on this, this paper systematically sorts out and compares several
theoretical hypotheses of undesirable output in order to provide theoretical reference and method selection basis
for related research.

(1) Strong disposability assumes that decision makers are free to increase or decrease undesirable output accord-
ing to demand, and strong hypothesis is defined as follows:

j=1 j=1 j=1
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(2) Weak disposability assumes that decision makers cannot reduce undesirable outputs without affecting inputs
and outputs, and weak hypothesis is defined as follows:

PUX) =S (V. 2) D NY; 2V, NZi>Z)Y NX; <X A >0 =12 ,n) . (8h)

j=1 j=1 j=1

(3) Semi-disposability assumes that decision makers can only reduce undesirable output relatively freely at the
current technical level without affecting input and output, and it cannot be achieved beyond the technical
level. Semi-disposability introduces the degree of non-disposability 7, which is between 0 and 1 and is
obtained by Delphi method, expert meeting method, and so on. Semi-hypothesis is defined as follows:

PSUX) =S (Y 2)) NY; 2V, NZi<Z)Y NZp=Z,y MX; <X, N >0 0. (8¢)

j=1 j=1 j=1 j=1

Compared with different disposability of undesirable output, weak disposability of undesirable outputs is
more popular in empirical research. When undesirable output is set to strong disposability, it is more conducive
to frontier analysis, because it does not change the shape of frontier, while other disposability changes the
original shape of frontier. In addition, compared with strong and weak disposability, semi-disposability needs
to be considered in more complicated situations.

4. CAUSES OF TGR GREATER THAN 1 UNDER THE INFLUENCE OF UNDESIRABLE OUTPUT

Mergoni et al. [30] indicated that only by effectively utilizing existing resources can environmental risks be
reduced, and undesirable output is considered in DEA model, which provides a theoretical basis for sustainable
development. According to the statistics of Emrouznejad et al. [13], a total of 311 papers from 1989 to 2022
focused on undesirable output in the measurement of ecological efficiency. Large-scale research fully confirmed
the widespread concern and important position of undesirable output in the field of DEA research. Therefore, it
is necessary to analyze the influence of undesirable output. By using the numerical example of Yu et al. [44], the
influence of undesirable output on TGR greater than 1 is analyzed. Thirty DMUs with one input, one output
and one undesirable output are included in this numerical example, which can be divided into three groups
based on technical heterogeneity.

As shown in Figure 1, in radial DEA, the projection direction of meta-frontier is consistent with group
frontier. BSB6A1A6 shows meta-frontier, ASA2A1 shows group frontier of group A (i.e., Al, A2 and A8 are
efficient DMUs), B6B5B3 shows group frontier of group B (i.e., B3, B5, B6 and B8 are efficient DMUs), and
C4C7C1 shows group frontier of group C (i.e., C1, C4, C7 are efficient DMUs). A3 is an invalid DMU, and it
is used as an example to explain the projection direction. In radial DEA, the projection points are all at A1),
Obviously, in radial DDF, since group frontier is included in meta-frontier, the efficiency of meta-frontier is less
than that of group frontier, and then TGR is not greater than 1.

As shown in Figure 2, the projection direction of meta-frontier is inconsistent with group frontier. A"

and A are the target DMUs of A3, A3AM and A3A® are the corresponding projection directions of A3.
By comparing Figure 1, under meta-frontier, it can be found that DMU can obtain two different projection
directions in nonradial E-DEA model, which is widely considered as the main reason for the unreasonable TGR
value at present.

Then, the influence of undesirable output on the unreasonable value of TGR is analyzed. In this paper, we
set the undesirable output as weak disposability. Guo et al. [21] think that weak disposability will overestimate
the efficiency of DMU. In Figure 2, the downward trend of A1-A2, B6-B8, A1-B6 and C1-C7 reflects the
weak disposability of undesirable output. Meta-frontier reference point of A3 is located in B6-B8, and its group
frontier reference point is located in A1 and A2. Therefore, the weak disposability of undesirable output has
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FI1GURE 2. The projection direction is inconsistent with undesirable output.

an impact on A3, which makes its meta-frontier technical efficiency overestimated, and its overestimation level
exceeds the efficiency of group frontier, resulting in the TGR of A3 being greater than 1. By comparing Figure 1,
the reference points of A3 are all located on A1-A6, which is not affected by the weak disposability of undesirable
output.

Definition 1. On the premise that the projection directions of meta-frontier and group frontier are inconsistent,
the weak disposability characteristics of undesirable output will interfere with TGR, which is the direct reason
that the TGR value is greater than 1.

The inconsistency of projection directions between group frontier and meta-frontier is considered as the main
reason of TGR greater than 1. Therefore, at present, most methods to solve TGR greater than 1 are to unify the
projection direction. However, although unifying the projection direction avoids the problem of unreasonable
TGR value, it ignores the influence of undesirable output on TGR, and also neglects the choice of the optimal
increase and decrease ratio of undesirable and desirable output. Therefore, on the basis of not interfering with
the optimal increase and decrease ratio of undesirable output and desirable output, how to control the TGR
value within a reasonable range is key to measure the influence of undesirable output on TGR.
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5. RELIEVE OF TGR GREATER THAN 1 UNDER THE INFLUENCE OF UNDESIRABLE OUTPUT

The farthest distance projection is used for both meta-frontier and group frontier. To relieve that TGR is
greater than 1, this paper uses the closest targets for the group frontier. First, this method can control TGR
within a reasonable range, because the nearest distance projection method minimizes the slack variable and
distance to effective frontier, thus reducing the difference of DMU projection between meta-frontier and group
frontier, so as to better distinguish the influence level of undesirable output on TGR.

5.1. Conservative DDF model based on closest targets (NC-DDF)

Cooper et al. [6] propose a range adjustment model based on relaxation variables, which can get strong
efficient projection. NC-DDF model first ensures that o and o reach the minimum, and then minimizes the
values of S;", S;" and S7 Iy which is a conservative efﬁmency measurement method.

Min |(of +ad) +¢ Z

h ST
f

E . /(m+s+h)
=1

1=1
s.t. Z)\gfﬂij:xid*S;a 1=1,...,m;
Z)\gyrj=yrd+a§g£+5ﬁr, r=1,...,s
j:l
Z)\ ij—zfd_a gf N f:].,...,h;
Jj=1
s m h
Zuryrj—zvil‘ij—wazfj+do+dj20
— im1 =1
/\ <M -(1-b,)
di <M -b;
Aj,dj >0,b; € {0,1}, Vi
5;75:'_75;207 Vi,r,f
Up, Vi, Wf > 0. (9)

Here, \ represents intensity variables. We set the directional distance vector equal to (¢¥ = y, g2 = 2).
€ is a non-Archimedean infinitesimal. When the projection directions are inconsistent, o and af represent
technological inefficiency scores of desirable output and undesirable output respectively. s~ and s are slack
variables of desirable output and undesirable output, respectively. R; = max;(z;;)—min;(x;;), R, = max;(y,;)—
min;(y,;), Ry = max;(zs;) — min;(ys;) are the allowable adjustment range of input, desirable output and
undesirable output. § is a parameter between 0 and 1, which is different from model (7a), and it is because the
proportional change of relative weight will not break the constraint.

Assume that (o ,S; .Sk, S} ) are the optimal solution of model (9), then the efficiency of DMUy based
on NC-DDF can be set as follows

ONC = Zs /Ri +Zs+/R +Zs /Ry | /(m+s+h), g=1,. .k (10)

r=1
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Then, the TGRNC of DMU, based on NC-DDF can be set as follows.

TGRNC = g™ /gNC",

Theorem 1. NC-DDF can relieve the situation that TGR is greater than 1.
Proof. See Appendix A.

5.2. Radical DDF model based on closest targets (NR-DDF)
Compared with NC-DDF, NR-DDF directly minimizes the values of S,

S and S}, and this model only

pursues the smallest improvement path, which is a radical efficiency evaluation method.

m s h
Min | Y S7 +> SF+) "S5
i=1 =1 =1
n
s.t. Z /\gscm = Tid — Sz_7
j=1

n
D Ny = yra + 09! + S,
j=1

n
Z /\ngj = zfa — lgF — St
=1
s m h
Zury,«j — Zvixij — waij +do + dj =0
=1 i=1 =1

X< M- (1-by)
dj < M b

zn:)\g =1
j=1

Aj,dj > 0,b; € {0,1},
S, 85,87 >0,

Up, Vi, W 2 0.

1=1,...,m;
T_17 75’
f:17' 7h7
vy

Viarmf

(12)

Assume that (ag* , ag* ST, ST S}) are the optimal solution of model (12), then the efficiency of DMUyg based

on NR-DDF can be set as follows.

s h
N =1— (> af/yra+ Y al/za|/(s+h), g
r=1 f=1

=1,....k (13)

Then, the TGRNR of DMU, based on NC-DDF can be obtained by model (11).

Theorem 2. NR-DDF can relieve the situation that TGR is greater than 1.

Proof. See Appendix B.
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6. VARIATION RANGE OF UNDESIRABLE OUTPUT BASED ON CLOSEST TARGETS

6.1. Variation range of undesirable output under group frontier

Section 6.1 is to keep meta-frontier as the farthest distance projection (F-DDF) unchanged, and group
frontier based on the closest targets (N-DDF), so as to control TGR not to be greater than 1. Then, by
minimizing/maximizing the range of undesirable output, the influence of undesirable output on the efficiency
of group frontier and TGR is measured.

(1) Minimize/ maximize the variation range of undesirable output based on NC-DDF (NC-CI
and NC-CA)

Based on Chen et al. [11], the key to determining the variation range of undesirable output under VRS is to
define the undesirable output possible set (UPS) of all DMUs. According to the definition of PPSY, the PPSNC
and UPSNC under VRS can be defined as follows.

PPSY = (XY, Z | Y Njwij = @ia = 75 ) Njyrj = Yra + Bygy + S,

j=1 j=1

N NZi=Z-Bz-57:Y A =1X=>0
j=1

j=1

ups?

Z|Y NZj=Z—o0.97-S;:> N=1LXA>0j=1..,n,. (14)

j=1 j=1
According to the improved path Kcll\lc = 0.9, —1—5; of undesirable output, then a new UPSN® can be obtained.

UPSNC =upPsNn{z |z >z - K. (15)

Theorem 3. For the change range of undesirable output Kgc, when it is in UPSNC, it has a feasible solution,
that is, the corresponding efficiency values of each factor can be obtained.

Proof. See Appendix C. O

Then, under group frontier, by minimizing /maximizing K yc, we can find the range of minimizing/maximizing
the undesirable output.
First, minimize the variation range of undesirable output based on NC-CI.

KYCCr (K}Vdc-CI*, .. ,KdeC-CI*) — min{ (KNCO, .. KNGO 2 — KYOO e UPSNCY. (16)

The model (16) can be transformed into a single objective linear programming, that is, the model (16) is
transformed into a model (17).

s h m s h
KEC‘CI* = min Zag+za§ +e€ Zsi_ “‘ZS;F“'ZS; : (17)
=1 f=1 i=1 =1 f=1

According to model (17), the optimal improved path of undesirable output is Z = Z; — (8%g. + SJT*) =
Zq — KEC'CI*; Let 8q = Byg, + S, then the new PPSNC can be obtained.

PPSNC-CI — ppgNC {(X,Y,Z) ‘ X>X -8 Y <Y 4042 > 7~ KNC > 7 — gNCe-or } (18)
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Therefore, the optimal solution (S; ", d3, K}fc*) can be obtained as follows.
(5 * on KNO-CT ) :mm{(sm,...,sid);((sld,... Gra); (KNE, ... KNEY -
(X—S;,Y+5d,Z—K§C*) e PPSNC‘CI}. (19)
The model (19) is a multi-objective linear programming (MOLP) model, which refers to simultaneously
optimizing multiple conflicting objective functions, and it can be transformed into a single objective linear

programming, that is, the model (19) is transformed into a model (20).

S

(S *5d7KNCCI):min (af +al) +¢ Z

=1

h _
ZR—f (m+s+h)p. (20)

The optimal solution (S;*, 5%, KY°CI") can be obtained by model (20), and thus the efficiency value NC-CI"
and TGRNSCT" can be calculated by models (10) and (11).
Similarly, maximize the variation range of undesirable output based on NC-CA.

KYCON = (KNCOA L RNEOAT) = max{ (KNCOA, L KROY) 2 - KYCO e UPSYO) (21

The model (21) is transformed into a model (23).

s h m s h
KyOOY =maxq | Y a9+ af | +e( D Sr+> ST+> 5| ¢ (22)
r=1 f=1 i=1 r=1 =1

The new PPSN®-CA ig similar to formula (18), and the optimal solution (S; *, 85, K}¥©-©A") can be obtained
by model (22), thus, the efficiency value §N-CA" and TGRNSCA” can be calculated by model (10) and model

(11).

(2) Minimize/maximize the variation range of undesirable output based on NR-DDF (NR-RI
and NR-RA)

According to model (14), based on the radical efficiency evaluation method, the variation range K}i\IR =
8.9, + SJ? of undesirable output, then a new UPSM® can be obtained.

UPs"™ =urPsV n{z |z >z - KJ*}. (23)

Theorem 4. For the variation range of undesirable output K}i\IR, when it is in UPSNR it has a feasible solution,
that is, the corresponding efficiency values of each factor can be obtained.

Proof. See Appendix D. O
Then, under group frontier, by minimizing/maximizing K }1\107 we can find the range of minimizing/maximizing

the undesirable output.
First, minimize the variation range of undesirable output based on NC-DDF (NC-CI).

KRR — i ZS +ZS++ZS . (24)
r=1
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According to model (24), the optimal improved path of undesirable output is Z} = Z; — (8%g. + S]T*) =
Zg— KYRRU: Tet 64 = B,9, + S then the new PPSNRRI can be obtained.

ppgNR-RI :PPst{(X,Y,Z) ‘ X>X-SY<Y+40552>7—K)R > ZfK(TR'RI*}- (25)

Therefore, the optimal solution (S;*, 85, KY®RI") can be obtained.

(570 KR ) = min { (S1as- s Sia)s (s 0pa)s (KNP, KNFRT)

(X — ST Y +64,7 — KyR-RI*) e PPSNR-RI}. (26)

The model (26) is a MOLP model, and it can be transformed into a single objective linear programming,
that is, the model (26) is transformed into a model (27).

m s h
(5760, KX —mind 3787+ DS+ >80 (27)
i=1 r=1 f=1

The optimal solution (S; *, 5%, KRR can be obtained by model (27), thus, §N*R1" and TGRNR can
be calculated by model (13) and model (11).

Similarly, maximize the variation range of undesirable output based on NR-RA.

m s h
KgR'RA* = max Z S, + Z ST+ Z Si o (28)
i=1 =1 =1

The new PPSNR-RA g similar to formula (25), and the optimal solution (S; *, 6%, KEI\IR‘RA*) can be obtained

by model (28), thus, ONRFRA™ and TGRNFRA* can be calculated by model (13) and model (11).

6.2. Variation range of undesirable output under meta-frontier

Section 6.2 is to keep group frontier as the closest targets (NC-DDF) unchanged, and meta-frontier based
on the farthest distance projection (F-DDF), so as to control TGR not to be greater than 1. Then, by min-
imizing/maximizing the range of undesirable output, the influence of undesirable output on the efficiency of
meta- frontier and TGR is measured. By maximizing/minimizing the range, the potential impact of undesirable
output on TGR can be clarified, which can help decision makers to better understand the potential impact of
different undesirable outputs on current technological progress, so as to make more informed decisions, that is,
to give priority to reducing which undesirable output through technological optimization can be more conducive
to shortening the gap with the best technology.

(1) Conservative minimize/maximize the variation range of undesirable output based on F-DDF
(F-CI and F-CA)

Based on the farthest distance projection, F-CI is the conservative minimum variation range of undesirable
output, which is obtained by conservative objective function of meta-frontier, and it is in case of the projection
of group frontier unchanged, while F-CA is the conservative maximum variation range of undesirable output

obtained in this case. Under F-DDF, the PPS¥ and UPSF under VRS can be defined as follows.

n

PPS" = X,Y,Z | > Njwiy < @ia; > Njyes = Yra+ Bygy 3 NiZj = Z =Bz p_Aj =134, >0
7=1 j=1 j=1 j=1
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UPS' =0 Z | Y NZj=Z Pz =555 N=LN20j=1....n (29)

j=1 j=1
Then a new UPSF can be obtained, as shown below.
UpPST'=uprsVn{z|z>z- K} }. (30)
Under meta-frontier, by minimizing/maximizing K, we can find the range of minimizing/maximizing the
undesirable output.
First, minimize the variation range of undesirable output based on F-CI.
K50 = (K5O, KT ) = min{ (KT K1) 2 - K5O e UPST), (31)
The model (31) can be transformed into model (32).
s h m s h
Ki =mind [ > ag+> af |+ DS +> SF+> S| ¢ (32)
r=1 f=1 i=1 r=1 f=1

According to model (32), the optimal variation range of undesirable output is Z% = Z; — (8*g. + SJ?*) =
Zg— Kg'CI*; Let 64 = Bygy then the new PPSF¥-CI can be obtained.

PPSF-C! = ppSY N {(K Z) ‘ Y <Y4ou2Z>27—KE >z KFCU } (33)
Therefore, the optimal solution (5%, K5©1") can be obtained.
(5;,K§C-CI*) - max{(éld, Oy (KECL L KECT) (Y b6y 7 — K};-CI*) c PPSF-CI}. (34)
The model (34) can be transformed into model (35).
(5;;, Kg-cl*) = max {3 + B}, (35)
The optimal solution (475, KE‘CI*) can be obtained by model (35), thus, 671" and TGRF " can be calculated

by calculated by equation (5) and (6).
Similarly, maximize the variation range of undesirable output based on F-DDF (F-CA).

KE];‘—CA* — (deCA* e KJ];C—lCA*) — max{ (K{‘:\C}CA’ RN ?&CA) - Kg_CA S UPSF} (36)

The model (36) is transformed into a model (37).

s h m s h
KOO =maxq | Y a9+ > af | +e[ D ST +> ST+> 57| ¢ (37)
r=1 f=1 i=1 r=1 f=1

The new PPS™CA is similar to formula (34), and the optimal solution (8%, K527 can be obtained by model
(36), thus, 7-CA" and TGRY“" can be calculated by equations (5) and (6).
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(2) Radical minimize/ maximize the variation range of undesirable output based on F-DDF (F-RI
and F-RA)

According to equations (29) and (30), under meta-frontier, by radical minimizing/maximizing KY, we can
find the range of radical minimizing/maximizing the undesirable output.
First, radical minimize the variation range of undesirable output based on F-RI.

Kg_RI* _ (deRI*’ L K]}:&RI*) _ mln{ (KféRIa L ,K}\&C_RI) /- K}?RI S UPSF} (38)

The model (38) can be transformed into model (39).

m s h
KR =mind Y S0 +> S +) S, 8. (39)
i=1 =1 f=1

According to model (39), the optimal variation range of undesirable output is Z% = Z; — (8*g. + S:7) =
Zg— Kg'RI*; Let d4 = 3,9y, then the new PPS™R! can be obtained as follows.

PPSF-RI — ppSF {(Y, Z) ‘ Y<Y+6:2>7— KV >z KERU } (40)
Therefore, the optimal solution (6%, K5 ™®1") can be obtained.
(65, B3N) = max{ Bra o, Ga)s (K5, K5 < (Y 4+ 80,2 = KF7) e PPSTRIL (a1
The model (41) can be transformed into model (42).
(97, KR ) = max{ gy + 52} (42)

The optimal solution (d7, Kg'RI*) can be obtained by model (42), thus, 8- %" and TGR™ ™" can be calculated
by equations (5) and (6).
Similarly, radical maximize the variation range of undesirable output based on F-RA.

KIRA® = (deRA*, . ]E;RA*) — max{ (K™, ... KF4) : 7 — K5 € UPST), (43)

The model (43) is transformed into a model (44).

m s h
K —max{ Y87 +> SF+) 57 0. (44)
i=1 f=1

r=1

The new PPSFRA is similar to formula (41), (6%, K5®4") can be obtained by model (43), thus, A" and
TGR™CA" can be calculated by equations (5) and (6).

6.3. Expansion: TGR impact analysis based on dynamic slacks-based DEA

Tone and Tsutsui [36] first combined slack variables with dynamic DEA, and constructed dynamic slacks-
based DEA model. Then, dynamic slacks-based measure (SBM) model has been wildly used in environmental
efficiency analyses [28]. In addition to its advantages in dynamic analysis, Emrouznejad et al. [14] pointed
out that SBM is also very mature in dealing with undesirable output. At present, there are two main SBM
methods to solve undesirable output: (1) SBM model for handling desirable output and undesirable output
is distinguished; (2) SBM model of jointly dealing with desirable output and undesirable output. Obviously,
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SBM model can deal with undesirable output flexibly and efficiently. Therefore, we further expand this research
method of this paper, and combine dynamic SBM with NC-DDF and NR-DDF respectively, so that we can
deeply analyze the dynamic changes of TGR caused by undesirable output.

First, we combine dynamic SBM with NC-DDF, and the new model SNC-DDF is constructed as follows:

h - ninput nln ut
S p

Min |(e? 4+ 0ad) +¢ ——— | /(m + s + h + ninput

R VO S R R L >
] o .
st ) M=) A (t1) it t=1,...,T;

Jj=1 j=1

Z)‘]gtxijt:xidtf‘si_u Z':].,...,m;

input __ _input input . . .
Z)\]t Ty =T — Sy »4=1,...,ninput;

g — 9 Y + B .
§ )\jtyrjt = Yrdt + Qg + St r=1,...,s;

n
DNz =z~ oligh — Sp, F=1,...h

s m h
D Unlrji— Y vawige — > wpizpe + dos + djp =0

r=1 i=1 f=1
n
D Mz < Gy f=1 0k
j=1
Ay <M - (1= bjy)
djy < M - by,
PRVESE
Jj=1
)\jt7 djt Z Oa bjt € {07 1}7 vj
S35 St = 0, e, vig, wre > by (45)

Among them, constraint (1) is the continuity of link flows (carry-overs) between terms ¢ and t+1, and x;?f g

carried over from period t to period ¢ + 1. ¢ is a non-Archimedean infinitesimal. When the projection directions
are inconsistent, o, and af, represent technological inefficiency scores of desirable output and undesirable
output in times ¢, respectively. s, and s, are slack variables of desirable output and undesirable output in
times t, respectively.

Second, we combine dynamic SBM with NR-DDF, and the new model SNR-DDF is constructed as follows:

ninput

Zszt +Z +Zsﬁ+ Z Gimput
r=1
5.t Z)‘ Ut Z)‘?(tﬂ)ﬂ?jt, t=1,...,T,
j=1
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n
g _ - . )
Z)‘jtxijt_xidt_sitv 1=1,...,m;
J=1
n
g _input __ _input input . . .
E :)‘jtxijt =T — Sy ¢ =1,...,ninput;
J=1
n
g - g + _ .
E AeYrit = Yrar + Gy + 575, r=1,...,s;
Jj=1
n
g —_ m z - _ .
E :)\jtzftj_Zfdt_aztgft_‘s’ft7 f=1...h;
Jj=1

s m h
Z UrtYrjt — Z Vit Tije — Z Wz + dor + djr =0
— i=1 =1

ZA?ththCtv leaaha
j=1
A?t <M-(1- bjt)
djs < M -bjy
n
-
j=1
Ajt7djt 2 Oybjt € {Oa l}a v]
51;7’5’:;,75;75 Z O,Urt,’()it,w'ft Z 515- (46)

SNC-DDF and SNR-DDF replace NC-DDF and NR-DDF| respectively. On this basis, the range of undesirable
output is measured according to Section 6. Then, combined with Section 7, the range of TGR can be calculated.
According to the above process, the method proposed in this paper can be further extended to dynamic DEA
for analysis.

7. DiscussioN oN NC-DDF anp NR-DDF

The influence of undesirable output is defined as follows:

Definition 2. Under the undesirable output influence, the value interval of new TGR is as follows.
{min (TGRlowcr’ TGROﬂginal) , max (TGRUppcr7 TGRoriginal>:| ) (47)

Definition 3. When meta-frontier keeps using F-DDF unchanged, on the basis of NC-DDF and NR-DDF,
conservative minimization/maximization and radical minimization/maximization are proposed, and they are
used to measure the variation range of undesirable output in group frontier. Therefore, the variation range of
the newly obtained TGR is as follows.

|:0’ TGR™Y — TGRorigina]}, TGR™Y — TGRoriginal >0

|:TGRneW _ TGRoriginal’ 0:| , TGRMY — TGRoriginal < 0. (48)

In the above case, when TGR"*" is obtained by NC-CI or NC-CA, TGR&12! stands for TGRNPPF, When
TGR"™" is obtained by NR-RI or NR-RA, TGR°"#"2! gtands for TGRNR-PPF,
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FI1GURE 3. Projections of NC-DDF and NR-DDF.

On the basis of F-DDF, conservative minimization/maximization and radical minimization/maximization are
proposed, and they are used to measure the variation range of undesirable output in meta-frontier. Therefore,
the variation range of the newly obtained TGR is the same as Formula (48). However, TGR'¢™! stands for
TGRNCPPF at this time.

Definition 4. Positive effects, that is, when TGR™®" — TGR°"8™2! > ) the variation range of TGR is positive.
In this case, maintaining or appropriately reducing undesirable output is beneficial to reducing technological
heterogeneity.

Definition 5. Negative effects, that is, when TGR"" —TGR°"#"8! < (), the variation range of TGR is negative.
In this case, it is necessary to strictly control the undesirable output, otherwise, it will lead to an increase in
technological heterogeneity.

7.1. Advantages of NC-DDF and NR-DDF in controlling TGR value reasonably

The key to measure the influence of undesirable output on TGR is to find out its variable range. Before that,
we must ensure that the TGR value is reasonable, while both NC-DDF and NR-DDF can effectively relieve the
unreasonable TGR value. Based on the closest targets, NC-DDF and NR-DDF are in the case of not interfering
with the optimal increase or decrease ratio of each factor in the projection process, which is beneficial to measure
the influence of undesirable output on TGR.

According to the numerical example of Yu et al. [44], the TGR of A3 is greater than 1. Thus, taking A3 as an
example. In Figure 3a, the farthest distance projection of meta-frontier is kept unchanged, A(!) is the projection

—_—
point of A3 on meta-frontier. A3A® is the projection direction of A3, which is the closest targets of group
—_—

frontier. In Figure 3b, A3A® s the projection direction of A3 on group frontier in NR-DDF, and A®) is the
projection point of A3 on group frontier. Obviously, in NC-DDF and NR-DDF, the closest targets point of A3
is A6 (A®). In the case of keeping the farthest distance projection of meta-frontier unchanged, both NC-DDF
and NR-DDF project at the closest targets, which will not interfere with the optimal increase or decrease ratio
of undesirable output and expected output in projection process.

In Table 2, both TGRN® and TGRNR are not greater than 1, and it is controlled within a reasonable range.
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TABLE 2. TGR of NC-DDF and NR-DDF.

3099

DMU TGRN® TGRY™™ DMU TGRY® TGRY® DMU TGRN® TGRNR

Al 1.0000  1.0000 Bl 0.7941 03871 C1 1.0000  0.5000
A2 0.6000  0.6000 B2 1.0000  0.5625  C2 0.1667  0.1626
A3 0.1250  0.1851 B3 0.5000  0.3333  C3 1.0244  0.5143
Ad 0.5714  0.3236 B4 0.6750 03125  C4 0.5455  0.2246
A5 0.6000  0.3169  B5 1.0000  0.5000 C5 0.5000  0.3333
A6 1.0000  0.5000 B6 1.0000  1.0000 C6 0.2763  0.2000
A7 0.2500  0.2069  B7 0.4286  0.3817 C7 1.0000  0.6667
A8 0.3333  0.3333 B8 1.0000  1.0000 C8 0.2059  0.2229
A9 0.1667  0.2262 B9 1.0000  0.5000 C9 0.5000  0.3333
Al10  0.6000 0.3169 B10  0.2903  0.4000 C10  0.5455  0.2246
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F1GURE 4. Minimum change of undesirable output of NC-CI and NR-RI.

7.2. Advantage of the variation range of undesirable output to measure TGR

(1) NC-CI and NR-RI of the minimum change of undesirable output

The projection path of A3 is shown in Figure 4. Comparing Figures 4a and 3a, obviously, the projection path
of A3 has changed under the minimum change of undesirable output. After minimizing the undesirable output,
NC-DDF mainly makes group frontier extend vertically by relaxing variables, and then obtains the projection
reference point of A3.

In Table 3, although the variation range of undesirable output is minimized, its TGR values are all within
a reasonable range. Meanwhile, after minimizing the range of undesirable output, the TGR value fluctuates to
some extent, so it can be preliminarily judged that undesirable output has an impact on the TGR value.

(2) NC-CA and NR-RA of the maximum change of undesirable output

Based on the closest targets, the variation range of undesirable output is maximized, and the projection
path of A3 is shown in Figure 5. Obviously, when the range of undesirable output reaches the maximum, A3 is
located on frontier of group A in NC-CA and NR-RA, that is, A3 is an effective DMU. Meanwhile, we can also
find that after the range of undesirable output is maximized, the efficiency of group frontier decreases to some
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TABLE 3. Upper limit of TGR for NC-CI and NR-RI.

DMU TGRNCC  TGRNERL  DMU TGRNSCT TGRNRRI DMU TGRNCCl  TGRNR-RI

Al 1.0000 1.0000 B1 0.8438 0.7500 C1 1.0000 1.0000
A2 0.6000 0.6000 B2 1.0286 1.0000 C2 0.1667 0.1161
A3 0.1250 0.1322 B3 0.5455 1.0000 C3 1.0244 1.0000
Ad 0.5714 0.5744 B4 0.7200 0.6383 C4 0.5455 0.4468
A5 0.6000 0.6000 B5 1.0000 1.0000 Ch 0.5000 0.5000
A6 1.0000 1.0000 B6 1.0000 1.0000 C6 0.2763 0.2667
AT 0.2500 0.2500 B7 0.3913 0.3827 C7 1.0000 1.0000
A8 0.3333 0.3333 B8 1.0000 1.0000 C8 0.2059 0.1765
A9 0.1667 0.1791 B9 1.0000 1.0000 C9 0.5000 0.5000
Al0 0.6000 0.6000 B10 0.3103 0.5000 C10 0.5455 0.4468

N
\
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N
e e N )
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N
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FIGURE 5. Maximum change of undesirable output of NC-CA and NR-RA.

extent, so some TGR are improved. In case of keeping TGR not greater than 1, TGRN®-CA and TGRNR-RA i
Table 4 are the lower limit of TGR change caused by undesirable output.

Taking A3 as an example, in NR-RA/RI, that is [0.1250,0.1851]; and A9 is [0.1667,0.2262] in NR-RA/RI,
however, in NC-CA /CI, the TGRN®-C4 of A9 remains unchanged; C2is [0.1111,0.1626] and C8 is [0.1667, 0.2229]
in NR-RA/RI, and they are [0.1111,0.1667] and [0.5000, 0.5000] in NC-CA /CI, respectively.

(3) F-CI and F-RI of the minimum change of undesirable output

A3 is insensitive to the variation range of undesirable output under meta-frontier, we take B2 as an example.
In Figure 6, under F-CI and F-RI, meta-frontier is composed of B6 and B8, and B2 is projected in the same way
in F-CI and F-RI. In addition, we further compare TGRF-C! and TGRF-R®! and find that they are completely
the same, which shows that the F-DDF model is insensitive to the conservative and radical minimum variation
range of undesirable output under meta-frontier. Moreover, both TGRF-C! and TGRF-R! are not greater than
1. As shown in Table 5.
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TABLE 4. Lower limit of TGR for NC-CA and NR-RA.
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C-CA

DMU TGRN TGRNFRA - DMU  TGRNSCA  TGRNVRA - DMU  TGRNCCA  TGRNR-RA
Al 1.0000 1.0000 B1 0.7500 0.7500 C1 1.0000 1.0000
A2 0.6000 0.6000 B2 1.0000 1.0000 C2 0.1111 0.1111
A3 0.1250 0.1250 B3 0.5455 0.5000 3 1.0000 1.0000
A4 0.5714 0.5714 B4 0.6000 0.6000 Cc4 0.4286 0.4286
A5 0.6000 0.6000 B5 1.0000 1.0000 c5 0.5000 0.5000
A6 1.0000 1.0000 B6 1.0000 1.0000 C6 0.2500 0.2500
AT 0.2500 0.2500 B7 0.3750 0.3750 7 1.0000 1.0000
A8 0.3333 0.3333 B8 1.0000 1.0000 8 0.1667 0.1667
A9 0.1667 0.1667 B9 1.0000 1.0000 9 0.5000 0.5000
A10  0.6000 0.6000 B10  0.2727 0.2500 C10  0.4286 0.4286

FIGURE 6. Minimum change of undesirable output of F-CI and F-RI.

(a)

(b)

TABLE 5. Upper limit of TGR for F-CI and F-RI.

DMU TGRF® TGRF® DMU TGRF Y TGRF® DMU TGRF¢ TGRFH!
Al 0.5000 0.5000 B1 0.5294 0.5294 C1 0.5000 0.5000
A2 0.2000 0.2000 B2 0.7500 0.7500 C2 0.3000 0.3000
A3 0.2000 0.2000 B3 0.2500 0.2500 Cc3 0.5122 0.5122
Ad 0.1500 0.1500 B4 0.1125 0.1125 Cc4 0.1273 0.1273
A5 0.1000 0.1000 B5 0.5000 0.5000 C5 0.2500 0.2500
A6 0.2500 0.2500 B6 1.0000 1.0000 C6 0.2763 0.2763
A7 0.2500 0.2500 B7 0.2286 0.2286 C7 0.7500 0.7500
A8 0.2000 0.2000 B8 1.0000 1.0000 C8 0.2471 0.2471
A9 0.2000 0.2000 B9 0.5000 0.5000 9 0.2500 0.2500
A10  0.1000 0.1000 B10  0.2903 0.2903 C10  0.1273 0.1273
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(a) ()

FIGURE 7. Maximum change of undesirable output of F-CA and F-RA.

TABLE 6. Lower limit of TGR for F-CA and F-RA.

DMU TGRF®* TGRFR* DMU TGRF®* TGRFRA DMU TGRFC4 TGRFRA

Al 1.0000 0.4000 B1 0.3971 0.4235 C1 0.5000 0.4000
A2 0.6000 0.8000 B2 0.5625 0.6000 C2 0.3000 0.3000
A3 0.2000 0.2000 B3 0.3333 0.2000 C3 0.5122 0.4098
A4 0.4500 0.6000 B4 0.4500 0.4500 C4 0.5091 0.5091
A5 0.4000 0.4000 B5 0.5000 0.4000 Ch 0.3333 0.2000
A6 0.5000 0.2000 B6 1.0000 0.8000 C6 0.2456 0.2211
A7 0.2222 0.2000 BT 0.6857 0.9143 c7 0.6667 0.6000
A8 0.6000 0.8000 B8 1.0000 1.0000 C8 0.2471 0.2471
A9 0.2000 0.2000 B9 0.5000 0.4000 C9 0.3333 0.2000
A10 0.4000 0.4000 B10 0.2581 0.2323 C10 0.5091 0.5091

(4) F-CA and F-RA of the maximum change of undesirable output

In Figure 7, the frontier facet of F-CA is composed of Al, B6 and B8. Due to the influence of the range of
undesirable output, the projection path of B2 in F-CA and F-CI has changed. In addition, TGRF-C! is 0.7500
and TGRF-CA is 0.5625. Obviously, undesirable output has a significant impact on TGR, and when the range
of undesirable output is maximized by conservative method, the efficiency of group frontier increases, and then
TGR decreases. That is, in case of TGR is not greater than 1, TGRF-¢A and TGRFEA in Table 6 are the lower
limits of TGR change caused by undesirable output.

Taking B2 as an example, due to the influence of undesirable output, in F-DDF, that is [0.5625, 1.0000] in F-
CI/CA; and A9 is [0.1667,0.2262] in F-CI/CA, however, in F-RI/RA, the range of TGR of A9 is [0.2000, 0.2262];
A3 is [0.1250,0.2000] and C8 is [0.2059,0.2471] in F-CI/CA, and they are [0.1250,0.2000] and [0.2229,0.2471]
in F-RI/RA, respectively.
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TABLE 7. The variation range of TGR in different methods.

TGRNC—CI TGRNR—RI TGRNC-CA TGRNR—RA

Group A 0 [0, 0.1260] [—0.1240,0] [0,0.1237]
Group B [0,0.0151]  [0,0.2804]  [~0.1900,0] [0, 0.2008]
Group C 0 0,0.2071]  [-0.2382,0]  [0,0.2003]

TGR™T  TGR"™  TGR"“  TGRF™
Group A [-0.3096,0] [-0.3096,0] [—0.0674,0] [—0.1046, 0]
Group B [-0.2527,0] [-0.2527,0] [-0.2001,0] [—0.2268,0]
Group C [—0.2424,0] [-0.2424,0] [—0.1608,0] [—0.2168, 0]

7.3. Advantages comparison of different methods

Under the influence of undesirable output, the variation range of TGR caused by it is further calculated, and
the results are shown in Table 7.

In Table 7, when the closest targets of meta-frontier unchanged, based on F-DDF, TGRF-CI, TGRF-RI,
TGRF-CA and TGRFRA will be reduced to some extent by adjusting undesirable output, and it is due to the
weak disposability may overestimate the efficiency value on meta-frontier.

Similarly, when the projection of the farthest distance of meta-frontier unchanged, due to the weak dispos-
ability of the undesirable output, the efficiency value may be overestimated. By minimizing the undesirable
output, the efficiency value of group frontier may be reduced, so that the range of TGRNC-Cl and TGRNR-RI
increase to some degrees. In addition, the variation range of TGRN®CA has decreased, which is because after
conservatively maximizing the variation range of undesirable output, its undesirable output has decreased, and
then group frontier efficiency has increased, thus the TGR has decreased. This also shows that the NC-CA
method can measure the lower limit of TGR under NC-DDF. Moreover, compared with group frontier, the
variation change of undesirable output has a greater impact on TGR of meta-frontier.

7.4. Monte Carlo simulations

In this section, we use Monte Carlo simulation method to verify the robustness of new method in solving
unreasonable value of TGR, and further analyze the influence of carbon pricing mechanism on TGR.

(1) Robustness test

We use Monte Carlo simulation method to check the robustness of the new method, and compare it with
the existing methods to verify the reliability of the new method. First, under VRS, 200, 2000 and 6000 DMUs
are randomly generated in the interval [1,10000], respectively, and then they are randomly divided into two
groups, each DMU contains an input, an output and an undesirable output. On the premise of using F-DDF in
meta-frontier, we test conservative and radical DDF models, respectively, and gradually increased the number
of DMUs to check whether TGR is less than 1, and further verified the traditional DDF model by the same
steps.

In Figure 8, after Monte Carlo simulation, traditional DDF has many unreasonable TGR values. This is due
to traditional DDF does not constrain DMU projection path, which leads to the situation that the efficiency
of meta-frontier is greater than that of group frontier. With increase of DMU simulation number, the number
of unreasonable TGR in traditional DDF also increases, which shows that traditional DDF cannot maintain
the rationality of TGR. In addition, with the increase of DMU simulation number, the unreasonable value of
TGR becomes larger and larger. When the number of DMUs in the group is 3000, the maximum value of TGR
is greater than 200, far exceeding TGR reasonable range [0, 1], which further proves that the traditional DDF
cannot guarantee the theoretical consistency of TGR.
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TGR distribution under different DMU scales
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FIGURE 8. Test results of traditional DDF models.

In Figure 9, after Monte Carlo simulation, with the increase of DMU simulation number, the TGR of con-
servative DDF is strictly not greater than 1, which keeps the theoretical consistency well. However, when the
number of DMUs in the group is 100 and 1000, the radical DDF has detected a TGR greater than 1. With
the increase of DMUs to 3000, the number of unreasonable TGR becomes three, that is, the probability of
reasonable TGR measured by radical DDF is 99%, which may be caused by the idea that radical DDF only
pursues the minimum improvement path.

By comparing Figures 8 and 9, there are a lot of unreasonable TGR phenomena in traditional DDF, and
the TGR deviates greatly. In contrast, the robustness and conservative DDF proposed in this paper control the
rationality of TGR above 95%, showing better robustness in rationality measuring TGR.

(2) Carbon pricing mechanism analysis

We use Monte Carlo simulation method to analyze the influence of carbon pricing mechanism on TGR. First,
under VRS, 2000 DMUs are randomly generated in the interval of [1,10000], and then they are randomly
and evenly divided into two groups, each DMU contains an input, an output and an undesirable output. We
use model (49) which introduces relaxation variables to measure the efficiency of meta-frontier. Because of
the introduction of carbon price, when measuring the efficiency of group frontier and meta-frontier, we change
the objective function of model (7d) and model (49) to Max PS}, respectively. Then, we test TGR when
carbon price (P) is 100 USD/ton, 120 USD/ton, 140 USD/ton, 160 USD/ton, 180 USD/ton and 200 USD/ton
respectively, and analyze the convergence of TGR.

Max Sy

n
s.t. E )\jxij:xid—S;, i:l,...,m;
j=1

n
Z)\jyrj:yrd—i—ﬁdgy—i—S;", r=1,...,s;
j=1
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FIGURE 9. Test results of radical and conservative DDF models proposed in this paper.
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v/\j,S;,S;*,S; > 0. (49)

In Figure 10, with the increase of carbon price, the mean of TGR has not fluctuated obviously, which
indicates that carbon price may have little influence on the absolute level of technology growth rate. In contrast,
the median of TGR fluctuated greatly under different carbon prices. When P = 200, the difference between
median and mean of TGR is the largest, indicating that there are many TGR close to 1, which indicates that
the technical gap between group frontier and meta-frontier is reduced in high carbon price. In addition, the
standard deviation of TGR fluctuates obviously under different carbon price, and standard deviation is the
largest when P = 200, indicating that TGR has the largest fluctuation when P = 200.

We further evaluate the coefficient of variation (CV) at different carbon prices. CV quantifies the relative
dispersion of TGR, with lower values indicating stronger convergence in TGR. In Figure 11, CV is the lowest
at P = 200, which indicates that TGR is relatively stable and has the best convergence at this price. When
160 < P < 180, CV increases the most, which may lead to polarization of technical response, that is, efficient
enterprises reduce input and undesirable output through innovation, and thus maintain TGR; However, inef-
ficient enterprises have reduced overall TGR due to insufficient investment in technology. Therefore, carbon
pricing has a significant impact on the technical level, and paying close attention to its impact on TGR is
important, which enables enterprises across varying capability levels to develop tailored and effective strategies.
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FIGURE 11. Coefficient variation of TGR.

8. EMPIRICAL APPLICATION
8.1. Example description

Under meta-frontier, Wang et al. [38] select energy, labor and capital stock as input indicators, and they
are often regarded as input in other carbon emission studies [39]. Furthermore, gross domestic product (GDP),
which refers to the total market value of all final goods and services produced by a country or region in a certain
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TABLE 8. Variables selection.
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Variables Variables Unit Data
source
Net agricultural production (z) Input indicator of primary industry Nation
(1000 000 metric tons) Master
Added value of agriculture, forestry, Desirable output indicators of primary  World
Primary animal husbandry and fishery (y*) industry (100000000 USD) Bank
Agricultural carbon emission (z") Undesirable output indicator of pri- Climate
mary industry development (MtCO2e) Watch
Material consumption of fossil fuels Input indicator of secondary industry Nation
(z?) (1000000 metric tons) Master
Added value of manufacturing industry — Desirable output indicators of sec- World
Secondary  (y?) ondary industry (100000000 USD) Bank
Carbon emissions from manufacturing Undesirable output indicator of Climate
and construction industries (2?) secondary  industry  development Watch
(MtCO2e)
Number of air passengers carried (xS) Input indicator of tertiary industry Nation
(1000 000 metric tons) Master
Added value of service industry (y°) Desirable output indicators of tertiary =~ World
Tertiary industry (100000000 USD) Bank
Carbon emission from transportation Undesirable output indicator of ter- Climate
industry (z%) tiary industry development (MtCO2e)  Watch

period of time. It is usually as a desirable output, and in the study of Wang et al. [38], industrial output value
as desirable output factor, and COs emissions as undesirable outputs [41]. According to the above analysis, the
variable selection of this paper refers to the inputs/desirable outputs/undesirable outputs framework of Wang
et al. [38], and further refines the inputs/desirable outputs/undesirable outputs indicators according to the
characteristics of three industries, such as the primary industry replacing the traditional energy input indicators
with net agricultural output, and replacing the traditional undesirable output indicators with agricultural carbon
emissions. By measuring the inputs, desirable outputs and undesirable outputs of three industries, the influence
of undesirable outputs on TGR is further measured. According to the mentioned analysis, the corresponding
indicators were selected as shown in Table 8.

In this paper, we collect relevant data from 36 countries, which include 12 European countries, 12 Asian
countries and 12 African countries. Summarize the above indicators in Table 9, as shown below.

8.2. Empirical analysis

(1) TGR of three industries based on NC-DDF and NR-DDF

In Table 10, values calculated by NC-DDF and NR-DDF are within a reasonable range, which means that
they can well measure the technological gap of the three industries.

From the calculation results of NC-DDF model of Asia, the tertiary industry is more efficient than other
industries in adopting the best available technology, followed by the secondary industry, and the overall uti-
lization efficiency of the primary industry is the lowest. The overall ranking is consistent with NR-DDF; From
the calculation results of NC-DDF and NR-DDF in Europe, the tertiary industry is more efficient than other
industries in adopting the best available technology, followed by the secondary industry, and the overall utiliza-
tion efficiency of the primary industry is the lowest; From the calculation results of NC-DDF and NR-DDF in
Africa, the secondary industry is more efficient than other industries in adopting the best available technology,
followed by the tertiary industry, and the overall utilization efficiency of the primary industry is the lowest.
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TABLE 9. Descriptive statistics of the variables.

Sample

Variables size Std. Dev  Min Max Mean
Net agricultural production (z') 1% 36 847.24 0.29  6075.38 258.03
Material consumption of fossil fuels (?) 136 653.43 0.13  4907.08 177.23
Number of air passengers carried (z*) 136 915.96 0.08  6596.29 386.68

Added value of agriculture, forestry, animal husbandry 1 % 36 1428.44 1.09 10200.00  407.69
and fishery (y')

Added value of manufacturing industry (y?) 136 7402.33 2.48 55100.00 2342.16
Added value of service industry (y*) 136 11425.67 15.51 77500.00 4456.72
CO2 emissions (Zl) 1% 36 125.01 0.02 728.42 48.60
COg emissions (z?) 1% 36 366.24 0.02  2797.19 80.70
CO; emissions (z%) 1%36 135.60 0.20  965.51 59.14

The TGR value calculated by NR-DDF model is between 0 and 1, which can also effectively measure technical
heterogeneity.

(2) TGR of three industries based on NC-CI and NR-RI

In Table 11, after minimizing the variation range of undesirable output, NC-CI and NR-RI for unreasonable
TGR are still applicable. In Asia, based on NC-CI, the efficiency of adopting the best available technology is
the highest in the tertiary industry. The above TGR ranking is consistent with that in NC-CA. Meanwhile,
influenced by the minimization of undesirable output, based on NC-CI, the variation range of TGR of primary
industry is [0,0.0013], that of secondary industry is [0,0.0025], and that of tertiary industry is [0,0.0066];
Similarly, in Europe, based on NC-CI, the efficiency of adopting the best available technology is the highest
in the tertiary industry. The above TGR ranking is consistent with NC-CA. Affected by the minimization of
undesirable output, based on NC-CI, the variation range of TGR of the primary industry in Europe is [0, 0.0004],
that of the secondary industry is [0,0.0005] and that of the tertiary industry is [0,0.0061]; In Africa, based on
NC-CI and NR-RI, the efficiency of adopting the best available technology is the highest in the primary industry.
Affected by the minimization of undesirable output, based on NC-CI, the variation range of TGR of the primary
industry in Europe is [—0.0024, 0], that of the secondary industry is [—0.0054, 0] and that of the tertiary industry
is [-0.0017,0].

(3) TGR of three industries based on F-CI and F-CA

In Table 12, the TGR values calculated by F-CI and F-CA are not greater than 1. The overall average
value of TGR in F-CI and F-CA industries is different. The average TGR of the primary industry, in Asia, the
secondary industry and the tertiary industry of F-CI is 0.1476, 0.3074 and 0.4099, respectively, while that of
F-CA is 0.0559, 0.3335 and 0.3561. This means that the change of undesirable output has a significant impact on
TGR. Meanwhile, in Asia, influenced by conservative minimize/ maximize of undesirable output, based on F-CI,
the variation range of TGR; of primary industry is [—0.0018, 0], that of TGRy of secondary industry is [0, 0.0392],
and that of TGRj the tertiary industry is [0,0.0052]; In Europe, influenced by conservative minimize/maximize
of undesirable output, based on F-CI, the variation range of TGR; of primary industry is [0,0.0004], that of
TGRy of secondary industry is [0,0.0005], and that of TGR3 the tertiary industry is [0,0.0063]; In Africa,
influenced by conservative minimize/maximize of undesirable output, based on F-CI, the variation range of
TGR; of primary industry is [—0.0022,0], that of TGRy of secondary industry is [—0.0054,0], and that of
TGR3 the tertiary industry is [—0.0017, 0].
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TABLE 10. TGR of NC-DDF and NR-DDF.

NC-DDF NR-DDF

TGR: TGR: TGR3 TGR: TGR: TGR3

India 0.0574 0.0723 0.1484 0.0710 0.0831 0.1754
Japan 0.1177 0.5483 1.0000 0.1177 0.5483 1.0000
South Korea 0.0865 0.5102 0.4828 0.0866 0.5154 0.4939
Saudi Arabia 0.0956  0.3068 0.2025 0.0956 0.3115 0.2120
Singapore 1.0000 0.3174 1.0000 1.0000 0.3192 1.0000
China 0.1695 0.2221 1.0000 0.1695 0.2221  1.0000
Asia Thailand 0.0421 0.2431 0.2242 0.0428 0.2447 0.2353
Kazakhstan 0.0188 0.1252 0.3190 0.0188 0.1263 0.3197
Malaysia 0.0975 0.2638 0.1588 0.0980 0.2643 0.1656
Iraq 0.0151 0.4519 0.1196 0.0152 0.4541 0.1208
Iran 0.0571 0.0740 0.0767 0.0575 0.0758 0.0802
Viet Nam 0.0356 0.0833 0.1243 0.0365 0.0839 0.1276
Germany 0.0290 0.6151 0.8470 0.0298 0.6151 0.8470
Greece 0.0385 0.1766 0.3686 0.0386 0.1770 0.3670
Italy 0.0589 0.6837 1.0000 0.0593 0.6837 1.0000
France 0.0348 0.6885 0.8442 0.0357 0.6885 0.8442
Spain 0.0441 0.5356 0.5452 0.0448 0.5326 0.5539
The Netherlands 0.0376 0.4421 0.9559 0.0378 0.4398 0.9559
Europe Russia 0.0365 0.1244 0.2064 0.0379 0.1329 0.2266
Poland 0.0225 0.3216 0.3553 0.0228 0.3237 0.3592
Ukraine 0.0218 0.0590 0.2001 0.0222 0.0588 0.1998
Austria 0.0240 0.3316 0.4979 0.0241 0.3320 0.5011
Hungary 0.0257 0.2200 0.2428 0.0257 0.2201  0.2425
Ireland 0.0089 1.0000 0.4594 0.0088 1.0000 0.4979
South Africa 0.0156 0.1135 0.2828 0.0156 0.1155 0.2866
Algeria 0.0734 0.2360 0.1074 0.0735 0.2333 0.1081
Morocco 0.0427 0.1642 0.1866 0.0428 0.1607 0.1866
Nigeria 0.0735 0.4579 0.2258 0.0735 0.4579  0.2285
Jamaica 0.0487 0.0378 0.1078 0.0487 0.0378 0.1078
Mauritius 0.0685 0.1838 0.2144 0.0685 0.1838 0.2144
Africa Paraguay 0.0077  1.0000 0.0730 0.0076 1.0000 0.0714
Namibia 0.0050 0.2995 0.1008 0.0047 0.2995 0.1008
Gabon 0.0437 0.3237 1.0000 0.0437 0.3237 1.0000
Albania 0.0283 0.1605 0.0952 0.0283 0.1000 0.0952
Suriname 0.0209 0.3859 0.0743 0.0154 0.3860 0.0706
Belize 0.0341 1.0000 0.0941 0.0114 1.0000 0.0721

8.3. Models comparison

In Table 13, when the variation range of undesirable output is minimized, the TGR of the tertiary industry in
Asia is most affected by NC-CI. Because its variation change has increased, it shows that if undesirable output
of the tertiary industry in Asia decreases, the heterogeneity of the tertiary industry will decrease significantly.
Under F-CI, the secondary industry in Africa has been most affected, and its TGR is decline, which means that
it is necessary to strictly control the increase of undesirable output in this region, otherwise, the heterogeneity
of the secondary industry will be adversely affected. Under NR-RA, the tertiary industry in Europe has been
most affected. Because its variation range has decreased, it is similar to the secondary industry in Africa, and
it is necessary to strictly supervise the undesirable output of the tertiary industry in Europe.
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In this paper, the direct reason of unreasonable TGR value is explored, which makes up the blank of exploring
the influence of undesirable output on technological heterogeneity. By introducing the closest targets into meta-
frontier framework, and determining the variation range of undesirable output under VRS, the positive/negative
effects on TGR are obtained. Based on the calculation results, the following conclusions can be drawn.

— Methodological advancements: We propose NC-DDF and NR-DDF, two improved models that strictly
constrain TGR not to be greater than 1, resolving a longstanding issue of inflated TGR values in traditional
approaches; Eight derived methods (NC-CI, NC-CA, NR-RI, NR-RA, F-CI, F-CA, F-RI, F-RA) are validated
to remain statistically and computationally robust even after minimizing/ maximizing undesirable output

X. GUO AND L. CHEN

TABLE 11. TGR of NC-CI and NR-RI.

NC-CI NR-RI

TGR: TGR: TGR3 TGR: TGR: TGR3

India 0.0710 0.0831 0.1758 0.0574 0.0723 0.1485
Japan 0.1177 0.5483 1.0000 0.1177 0.5483 1.0000
South Korea 0.0865 0.5154 0.4989 0.0865 0.5102 0.4842
Saudi Arabia 0.0956 0.3115 0.2120 0.0956 0.3068  0.2027
Singapore 1.0000 0.3192 1.0000 1.0000 0.3174 1.0000
China 0.1695 0.2221 1.0000 0.1695 0.2221  1.0000
Asia Thailand 0.0428 0.2447 0.2353 0.0421 0.2431 0.2250
Kazakhstan 0.0188 0.1263 0.3190 0.0188 0.1252 0.3190
Malaysia 0.0975 0.2643 0.1656 0.0975 0.2632 0.1592
Iraq 0.0152 0.4541 0.1208 0.0151 0.4519 0.1209
Iran 0.0575 0.0758 0.0805 0.0571 0.0740 0.0767
Viet Nam 0.0365 0.0839 0.1280 0.0357 0.0833 0.1247
Germany 0.0298 0.6151 0.8523 0.0291 0.6151 0.8472
Greece 0.0385 0.1770 0.3670 0.0385 0.1766 0.3665
Italy 0.0593 0.6837 1.0000 0.0589 0.6837 1.0000
France 0.0357 0.6885 0.8450 0.0348 0.6885 0.8443
Spain 0.0448 0.5326 0.5595 0.0442 0.5356 0.5470
The Netherlands  0.0378 0.4398 0.9559 0.0376 0.4428 0.9559
Europe Russia 0.0379 0.1329 0.2288 0.0366 0.1244 0.2066
Poland 0.0228 0.3237 0.3592 0.0225 0.3216 0.3557
Ukraine 0.0222 0.0588 0.2002 0.0218 0.0590 0.2015
Austria 0.0241 0.3320 0.4927 0.0240 0.3316  0.4927
Hungary 0.0257 0.2201 0.2424 0.0256 0.2200 0.2387
Ireland 0.0088 1.0000 0.4932 0.0089 1.0000 0.4594
South Africa 0.0156 0.1155 0.2866 0.0156 0.1135 0.2836
Algeria 0.0734 0.2333 0.1083 0.0734 0.2326 0.1077
Morocco 0.0428 0.1607 0.1861 0.0427 0.1650 0.1858
Nigeria 0.0735 0.4579 0.2285 0.0735 0.4579 0.2264
Jamaica 0.0487 0.0378 0.1079 0.0487 0.0378 0.1078
Mauritius 0.0685 0.1838 0.2145 0.0703 0.1851 0.2144
Africa Paraguay 0.0076  1.0000 0.0714 0.0077 1.0000 0.0743
Namibia 0.0047 0.2995 0.1008 0.0050 0.2995 0.1008
Gabon 0.0437 0.3237 1.0000 0.0437 0.3237 1.0000
Albania 0.0283 0.1000 0.0952 0.0283 0.1605 0.0952
Suriname 0.0154 0.3860 0.0706 0.0241 0.3859 0.0743
Belize 0.0114 1.0000 0.0721 0.0424 1.0000 0.0941

9. CONCLUSIONS

ranges, ensuring their applicability across diverse empirical settings.
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TABLE 12. TGR of F-CI and F-CA.

FCI FCA

TGR: TGR: TGR3 TGR: TGR: TGR3

India 0.0598 0.0831 0.1641 0.1242 0.2256 0.2136
Japan 0.1177 0.5483 1.0000 0.0648 0.8358 1.0000
South Korea 0.0866 0.5154 0.4939 0.0521 0.3875 0.3533
Saudi Arabia 0.0956 0.3115 0.2120 0.0812 0.3008 0.2584
Singapore 1.0000 0.3192 1.0000 0.0282 0.2002 0.1599
China 0.1430 0.6625 1.0000 0.1390 0.8592 1.0000
Asia Thailand 0.0428 0.2447 0.2353 0.0317 0.2687 0.1372
Kazakhstan 0.0188 0.1263 0.3197 0.0179 0.0986 0.2740
Malaysia 0.0980 0.2643 0.1656 0.0335 0.2494 0.0980
Iraq 0.0152 0.4541 0.1208 0.0413 0.2898 0.5765
Iran 0.0575 0.0758 0.0802 0.0297 0.0794 0.1422
Viet Nam 0.0365 0.0839 0.1276 0.0278 0.2070 0.0598
Germany 0.0298 0.6151 0.8470 0.0212 0.6880 0.7809
Greece 0.0386 0.1770 0.3670 0.0202 0.1101 0.1793
Italy 0.0593 0.6837 1.0000 0.0288 0.6505 1.0000
France 0.0357 0.6885 0.8442 0.0278 0.7702 0.8387
Spain 0.0448 0.5326 0.5539 0.0248 0.6855 0.3650
The Netherlands 0.0378 0.4398 0.9559 0.0211 0.4760 0.3671
Europe Russia 0.0379 0.1329 0.2266 0.0334 0.2528 0.3111
Poland 0.0228 0.3237 0.3592 0.0150 0.2483 0.6539
Ukraine 0.0222 0.0588 0.1998 0.0103 0.1083 0.2078
Austria 0.0241 0.3320 0.5011 0.0192 0.6572 0.1643
Hungary 0.0257 0.2201 0.2470 0.0188 0.2473  0.0591
Ireland 0.0088 1.0000 0.4979 0.0131 1.0000 0.0642
South Africa 0.0156 0.1155 0.2866 0.0120 0.0902 0.2062
Algeria 0.0735 0.2333 0.1081 0.0421 0.2100 0.2202
Morocco 0.0445 0.1607 0.1866 0.0304 0.1926 0.1422
Nigeria 0.0735 0.4579 0.2285 0.0605 0.9250 0.6339
Jamaica 0.0487 0.0378 0.1078 0.0236 0.1409 0.5430
Mauritius 0.0685 0.1838 0.2144 0.0183 0.1190 0.0731
Africa Paraguay 0.0076  1.0000 0.0714 0.0112 0.6799 0.3680
Namibia 0.0047 0.2995 0.1008 0.0255 0.2347 0.3695
Gabon 0.0437 0.3237 1.0000 0.0351 0.5682  1.0000
Albania 0.0283 0.1000 0.0952 0.0244 0.2267 0.2768
Suriname 0.0154 0.3860 0.0706 0.0233 0.1464 0.1028
Belize 0.0114 1.0000 0.0721 0.0098 1.0000 0.0156

— Theoretical insights: From the degree of influence on TGR, compared with group frontier, under the influ-
ence of meta-frontier, the change of undesirable output has a greater influence on TGR, which is embodied
in its wider variation range of TGR.

— TGR bounds identification: From the variation range of TGR, the lower limit of TGR can be obtained
by maximizing the variation range of undesirable output. Similarly, the upper limit of TGR can be obtained
by minimizing the range of undesirable output. These results provide policymakers with a practical tool to
assess worst- and best-case efficiency scenarios.

— Empirical insights: From the practical application of these methods, these methods can measure the level of
industrial heterogeneity of different industries in different countries, which are affected by undesirable output,
and can further clarify whether it is positive or negative impact, so as to propose targeted suggestions.
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TABLE 13. The variation range of TGR in different methods.

NC-CI NR-RI

TGRI TGR2 TGR3 TGRI TGR2 TGR3
Asia [0,0.0013]  [0,0.0025]  [0,0.0066]  [—0.0013,0] [—0.0026,0] [—0.0058,0]
Europe [0,0.0004]  [0,0.0005]  [0,0.0061]  [-0.0004,0] [—0.0004,0] [—0.0066,0]
Africa  [—0.0024,0] [—0.0054,0] [—0.0017,0] [0,0.0038]  [0,0.0053]  [0,0.0018]

NC-CA NR-RA

TGRI TGR2 TGR3 TGRI TGR2 TGR3
Asia 0 [0,0.0016]  [0,0.0039]  [—0.0014,0] [—0.0029,0] [—0.0064,0]
Europe [0,0.0002]  [0,0.0001]  [0,0.0044]  [—0.0005,0] [—0.0012,0] [—0.0072,0]
Africa  [—0.0024,0] [—0.0054,0] [—0.0024,0] [0,0.0001]  [—0.0002,0] [0,0.0054]

F-CI F-RI

TGRI TGR2 TGR3 TGRI TGR2 TGR3
Asia [—0.0018,0] [0,0.0392]  [0,0.0052]  [—0.0018,0] [0,0.0392]  [0,0.0052]
Europe  [0,0.0004]  [0,0.0005]  [0,0.0064]  [0,0.0004]  [0,0.0005]  [0,0.0064]
Africa  [~0.0022,0] [—0.0054,0] [-0.0017,0] [-0.0022,0] [—0.0054,0] [—0.0017,0]

F-CA F-RA

TGR1 TGR2 TGR3 TGRI TGR2 TGR3
Asia [—0.0934,0] [0,0.0653]  [—0.0486,0] [—0.0934,0] [0,0.0653]  [—0.0486,0]
Europe [—0.0107,0] [0,0.0580]  [-0.1276,0] [-0.0107,0] [0,0.0580]  [—0.1276,0]
Africa  [—0.0122,0] [0,0.0142]  [0,0.1158]  [-0.0122,0] [0,0.0142]  [0,0.1158]

Although this paper has contributed to meta-frontier framework, some limitations are worth noting: first,
this study explores the influence of undesirable output on TGR from static level, and only considers theoretical
influence, without further considering external influences, such as national policies promulgated in reality. In
the future, the dynamic meta-frontier model can be further developed to track technological evolution under
policy shocks, and it can also be extended to multi-objective optimization scenarios, for example, to explore
how to balance the impact of economic development and undesirable output on TGR.
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APPENDIX A.

Theorem A.1. NC-DDF can relieve the situation that TGR is greater than 1.

Proof. From Section 3.1, it can be seen that undesirable output can affect TGR, and overestimate the efficiency of DMU.
When its overestimation level of meta- frontier efficiency exceeds that of group frontier, TGR will be greater than 1.
Therefore, NC-DDF is based on the closest targets, the efficiency of group frontier is obtained on the strong efficient
frontier, that is, in TGRY® = Gm*/GNC*, 6N will increase and 6™ remain unchanged, so as to relieve TGR, and it
also can maintain the optimal increase and decrease ratio of each factor in the projection process. O

APPENDIX B.

Theorem B.1. NR-DDEF can relieve the situation that TGR is greater than 1.

Proof. Based on the closest targets, NR-DDF minimizes the improved path of each element in group frontier, and on
the effective frontier, the target DMU of the evaluated DMU is the production combination closest to its input/output
level. That is, in TGRNC = o™ /GNC*7 by minimizing S; , S;" and Sy, ONC” is increased and 6™ remains unchanged,
so that the optimal increase and decrease ratio of each element in the projection process is not disturbed, and the TGR
is relieved to be greater than 1. ]

AprpPENDIX C.

Theorem C.1. For the change range of undesirable output KJC, when it is in UPSNC, it has a feasible solution, that
is, the corresponding efficiency values of each factor can be obtained.

Proof. According to model (9), Ko = B.g. + S;. if Kq is in UPSY, then 21 Njzpj < 2pa — Ka in the case of

T A7 =1 (A} > 0). Meanwhile, K4 > 0, and Kg is also in PPSY. Then, there must be a corresponding K to
satisfy Z?=1 /\ng]- < zyq — Kg4, that is, NC-DDF has the optimal feasible solution under VRS. Similarly, if KY€ is in
UPS™NC, then Yo N zpi < zpa — KY€ in the case of i1 A =1 (A > 0). Meanwhile, KYC >0, and KJ€ is also in
PPSNC. Then, there must be a corresponding KdNC* to satisfy Z;;l )\?ij < zpq— KYC. Therefore, NC-DDF can get

the optimal solution with UPSNC, and with KY©, the change of undesirable output ZY'© can affect the efficiency of group
frontier, and then its influence on TGR is measured. |

APPENDIX D.

SN R

Theorem D.1. For the variation range of undesirable output K%, when it is in UP. , it has a feasible solution, that

is, the corresponding efficiency values of each factor can be obtained.
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Proof. From the proof process of Theorem C.1, obviously, if K} is in UPS™®, then Z?:1 )\?Zf]' < zpa — KJ® in the
case of 337 ; A7 =1 (A} > 0). Meanwhile, KJ® >0, and KJ® is also in PPSN®. Then, there must be a corresponding
KNB to satisfy Yoo MNzps < zpa — KY®. Therefore, NC-DDF can get the optimal solution with UPSN®, and with
KI® | the change of undesirable output Z;'® can affect the efficiency of group frontier, and then its influence on TGR is
measured. O
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