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EXTREMAL VALUES OF TWO MULTIPLICATIVE TYPE TOPOLOGICAL
INDICES

CHUNLEI XU'®, KINKAR CHANDRA DAs?*®, GUANRU L1'® AND YIMING LEI

Abstract. The multiplicative-type topological index of a graph is defined as the product of a symmet-
ric function of the degrees of all adjacent vertices. It can be regarded as the multiplicative version of
the vertex-degree-based topological index of the graph. Based on some graph operations, the extremal
values of the multiplicative sum Zagreb index for trees with at most three branch vertices are deter-
mined. Some upper bounds of the multiplicative sum Zagreb index in relation to graph parameters are
also provided. Furthermore, the extremal values of the multiplicative Sombor index for chemical graphs
and chemical trees are completely characterized, respectively.
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1. INTRODUCTION

In mathematical chemistry and chemical graph theory, topological indices can be seen as descriptors of a
molecule graph. Since the Wiener index was introduced in 1972, a series of topological indices have been defined
over the past fifty years. Among the most well-known are the first Zagreb index and the second Zagreb index,
defined as follows:

Mi(G)= > (de(u)+da@) = Y da(u)?

weE(G) ueV(G)

and

My(G)= Y dg(u)da(v),

wweE(G)

where G is a graph with vertex set V(G) and edge set E(G), dg(u) = d,, denotes the degree of the vertex
u € V(G) (sometimes d; is used to denote the degree of the vertex v;). For discussions on the mathematical
properties and chemical applications of M; and Ma, see [2,3,5-8,13,16, 17,19, 26, 28, 30]. The main results
concerning the properties of these indices are summarized in [10,15,23,24].
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The general formula for a multiplicative version of a topological index is given as

MTI = MTI(G) = H F(d;, d;)% = H Fizjij’

1<i<j<n—1 1<i<j<n—1

where F(d;,d;) = F;; is a symmetric function, and x;; represents the number of edges between vertices of degrees
¢ and j. Different choices of Fj; yield various multiplicative topological indices. For example, Fi; = d;d;, Fi; =

d;+dj, and Fy; = | /df + d? correspond to the second multiplicative Zagreb index Tla(G) = HvivjeE(G) d; d;, the

multiplicative sum Zagreb index 111(G) = [,,,,. e (e (di + d;), and the multiplicative Sombor indez Ilso(G) =

ViVj
vaj cE(G) \/m, respectively. The multiplicative second Zagreb index was proposed by Todeschini and

Consonni [27] and further studied by Gutman [14], while the multiplicative sum Zagreb index was introduced
by Eliasi et al. [12] in 2012. The Multiplicative Sombor index was introduced by Kulli [21] and further explored
in [22,32]. For recent results associated with the multiplicative sum Zagreb index, see [9,11, 12,18, 20, 29, 31].
Very recently, several researchers have explored various aspects of the topological indices of graphs as discussed
in [1,4,25].

We now recall some useful definitions and notations used in this article. Let €(n,p) denote the class of all
trees with p branch vertices and n vertices. Let 7,, denote the class of all trees of order n, and let P, and
Sp = Kj -1 represent the path and star of order n, respectively. The double star of order n, denoted by
DS(p, q¢) with p+¢+2 = n, is constructed by joining the central vertices of two stars K4 , and K 4 by an edge.
Other definitions and notations will be introduced as needed.

This paper is organized as follows. In Sections 2 and 3, we determine the extremal values for the multiplicative
versions of topological indices. In particular, the extremal IIj-values for trees with at most three branch vertices
are entirely characterized. In Section 4, some upper bounds for II in terms of graph parameters are obtained.
Sections 5 and 6 are devoted to determining the extremal IIgp-values for chemical graphs and chemical trees,
respectively.

2. EXTREMAL TREES ON MULTIPLICATIVE SUM ZAGREB INDEX WITH AT MOST TWO
BRANCH VERTICES

In this section, we investigate the extremal IIj-values for trees with at most two branch vertices. Denote
by S(ni,na,...,ni) the star-like tree such that S(ni,ng,...,ng) —u = Py, U Py, U---U P,,, where u €
V(S(ni,na,...,nk)), 1 <ny <ng <--- < mnyg,and k > 3. Let Q, 1, denote the class of all star-like trees of order
n with a unique vertex of degree k > 3. For any T' € Q,, 1, denote by k; the number of branches of length 7 in
T, and by t the length of the longest branch in 7. Then

t t
Y ki=kand Y ik =n-—1. (1)
i=1 i=1

Theorem 2.1. IfT € Q,, j, then

MTI(T) = (X;)™ (2)* Fiy
where X, = %’;gji, and Y, = Lﬁagﬁ.
Proof. If T' € €, i, then the three degrees of vertices in T" are only 1,2, k. One can easily see that
Tk = k1, T12 = Tok = ko + -+ ky, To2 = k3 +2ka + -+ (t = 2)ky.
Using (1), from the above, we obtain

Tk = ki, v1i2 =29 =k — k1, voo=n—1+k — 2k.
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n—1
1 n—6
coo@g—@ "t — O
Sn S(2,2,n —5)

FIGURE 1. Trees S,, and S(2,2,n — 5) in Corollary 2.3.

Therefore, by the definition of MTTI,
MTI(T) = Fyy* Fy* Foz Fy

k1 k
Fi.F: FyoF:
k—k1 gk pn—1+k1—2k pk—k 1k4'22 12472k n—
= Fiy " Fy h 2k 1:<F12F2k) ( ) Fy L

We complete the proof of this theorem. O

Corollary 2.2. Let MTI be the multiplicative version of a topological index. Also let T € Q,, 1, and X3 > 1.

(a) Then MTI attains maximal value if and only if T = S(1,1,...,1,n— k).
———

k—1
(b) If n > 2k + 1, then MTI attains minimal value if and only if T = S(2,2,...,2, n+ 1 — 2k). Otherwise,
——

k-1
MTTI attains minimal value if and only of T = S(1,1,...,1,2,2,...,2).
— ——

2k+1—n n—1—k

Proof. For a pair A, B € Q, 1,

MTI(B) _ ha(B)—ka(4)
-k
MTI(A)

by Theorem 2.1. Thus, we distinguish the two cases in the following.
(a) If Xy > 1, then the MTI-value attains it maximum when T is isomorphic to the tree with the greatest
number of branch vertices of length 1, that is, T2 S(1,1,...,1,n — k).
—_——

k—1
(b) If X; > 1, then the MTI-value attains it minimum when T is isomorphic to the tree with the fewest
branches of length 1.

(i) If n > 2k + 1, then S(2,2,...,2,n+ 1 — 2k) admit k,(S) = 0.
—_——

k-1
(i) fk+1<n<2k+1, then S(1,1,...,1,2,2,...,2) has the minimum number of branches of length 1
—— —

2k+1—n n—1—k
(Fig. 1).

O

According to the discussion in Theorem 2.1, we can determine the extremal IIj-values in the following
corollary.
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G

FIGURE 2. Graphs G and G’ in Lemma 2.4.

v

G/

Corollary 2.3. If T € Q(n,1), then

3Fan—1-2k (| 4 2)k if n>2k+1,
n"~t > II(T) >
(k+ 1)PH-n3(k+2)" 7% ifk+1<n<2k+1

with the right equality holds if and only if T = S(ny,na,...,ng) and the left equality holds if and only if T = S,
wheren; > 2, 1 <i<k.

We now consider the extremal values for trees with exactly two branch vertices. Write
Qn,2) ={S(a1,...,ar;x;b1,...,bs5) :a; >0,0; >0,1 <i<r,1<j<s,x>171:5>2}.

Lemma 2.4 ([18]). Let uv be a non-pendant cut edge of graph G. Denote by G' = G - (uv) + uv the graph
obtained by the contraction of wv onto the vertex u and adding a new pendant vertex v to u (see, Fig. 2). Then

I} (G) < I(G).

By repeatedly applying Lemma 2.4 to T € Q(n,2), the maximal ITj-value is attained when T is isomorphic
to some double star DS(p, q), where p > ¢ > 2. Therefore, to determine the maximal IIj-value in Q(n,2), it
is sufficient to find the maximum ITj-value among all double stars DS(p, q). Let d denote the diameter of the
graph G.

Theorem 2.5. If T € 7, (T ¢ {Sn, DS(n — 3,1)}), then I}(T) < 42n(n — 2)"~* with equality if and only if
T = DS(n —4,2).

Proof. Note that for a double star DS(p,q), (p+ 1)+ (¢+1) = n. Then f%l <p<n—4asT ¢ {S,, DS(n—
3,1}
If d = 3, then T is isomorphic to a double star DS(p, ¢). By the definition of multiplicative sum Zagreb index,
I3 (DS(p, q)) = n(p + 2)"(q + 2)*.

Now we consider a function

Since x +2>n —z,

n—x—2

n—x

f'(z) = f(x) ln(m+2)+%+2 —In(n —z) — } >0,

which means f(z) is increasing for [252] < z < n — 4. It is deduced that f(z) attain maximum value when

x =n—4, that is, f(2)max = f(n —4) = 42(n — 2)"~4. Therefore, for any T € T,,, if T ¢ {S,,, DS(n — 3,1)},
then
I1;(T) < I5(DS(p, q)) < T} (DS(n — 4,2)) = 4*n(n —2)" .



EXTREMAL VALUES OF TWO MULTIPLICATIVE TYPE TOPOLOGICAL INDICES 2619

G G’

FIGURE 3. Graph G and G’ in Lemma 2.9.

If d > 3, then by repeatedly applying Lemma 2.4, the maximum IIj-value is attained if and only if
T is isomorphic to a double star DS(p, q) with d(DS(p,q)) = 3. Therefore, we complete the proof of this
theorem. (]

By Theorem 2.5, we can completely determine the maximum IIj-value for trees with two branch vertices.
Corollary 2.6. For any T € Q(n,2), ;(T) < 4?n(n — 2)"~* with equality if and only if T = DS(n — 4,2).

Let P = uujus ... u; be a path in G such that dg(u) > 3, dg(ux) = 1 and dg(u;) = 2 for 1 < ¢ < k. Then it
is called a pendant path in G, vertex u is called the origin and k is the length of P. We now look the minimum
IT3-value among the trees in 2(n,2). For this purpose, the following lemma is necessary.

Lemma 2.7 ([18]). Suppose that P and Q are two pendant paths at origin u and v in G. Let ux € E(P), and
let y be the pendant verter in Q. If G’ = G — ux + yz, then:

(1) If dg(u) > 4, then II1(G') < II5(G).
(ii) If there exists a vertex u; € Ng(u) such that u; # x and dg(u) + dg(u;) < 16, then IIT(G') < II5(G).

Theorem 2.8. If T € Q(n,2

,2) has the minimum II;-value, then T is isomorphic to a tree of the form
S(a, b;x;¢,d), where a,b,c,d > 0.

Proof. Assume that S = S(ay,...,a,;%;b1,...,bs) has the minimum IIj-value, where r > 3 or s > 3.
Without loss of generality, we assume that » > 3. Then by Lemma 2.7(i), one can obtain S’ = S(a; +
ag,...,ar;X;b1,...,bs) such that II5(S”) < II5(S). Therefore, by repeatedly using Lemma 2.7(i), if T € Q(n,2)
has the minimum ITj-value, then T is isomorphic to a tree of the form S(a, b; x;¢,d), where a,b,c,d > 0. O

By Theorem 2.8, to find the minimum IT}-value in Q(n, 2), it is sufficient to determine the minimum ITj-value
among trees of the form S(a, b;x; ¢, d).

Lemma 2.9. Let G and G’ be the graphs depicted in Fig. 3, where dg(u) > 2. Then II{(G") < II5(G).
Proof. By the definition of II7,

I3 (G) _ 3x4X (da(u) +1)(de(v) +2) _ ddg(u) +4 -
I3 (G") 32(dg(u) + 2)(dg(v) +2) 3dg(u)+6 —

as dg(u) > 2. Hence, II5(G") < II}(G). O

By Lemma 2.9, the minimum ITj-value is attained when T € Q(n,2) is of the form S(a,b;x;c,d), where
a,b,c,d > 2.

Lemma 2.10. Suppose S and S’ are two trees in Q(n,2), where S = S(a,b;x;¢,d), S’ = S(a+1,b;x—1;¢,d),
a,b,c,d > 2, x > 2. Then II5(S) > I (S).
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DS(n—4,2) S5(2,2;1;2,n — 8)

FIGURE 4. Double star DS(n — 4,2) and a tree S(2,2;1;2,n — 8) with extremal ITj-values.

Proof. One can easily see that if x = 2, then

3312(5) = 4, 3313(5) = 0, .IQQ(S) =N — 11, .1323(5) = 6, 3333(5) = O,
x12(S/) = 4, 1‘13(51) = 0, 1‘22(5/) =Nn— 10, .%‘23(5/) = 4, 3333(5/) =1.

By the definition of IIj,

II;(S)  3%4n—i56 25 .
I5(S7)  344n—10546 24 ~

If x > 3, then by the direct calculation, we obtain IIj(S) = II5(S"). Hence, II5(S) > II5(S") (Fig. 4). O

Now by Lemma 2.10, we can completely determine the minimum IIj-value for the trees in (n,2) in the
following theorem.

Theorem 2.11. If T € Q(n,2), then IT;(T) > 3*4"~105%6 with equality if and only if T is isomorphic to a tree
of the form S(a,b;1;c,d), where a,b,c,d > 1.

3. EXTREMAL TREES ON MULTIPLICATIVE SUM ZAGREB INDEX WITH THREE BRANCH
VERTICES

In this section, we investigate for the extremal II5-values in Q(n,3). At the beginning of this section, we
denote by S(ai,...,ar;x;b1,...,bs;¥;5¢1,...,¢) the tree with three branch vertices, as depicted in Figure 5.
Then we define:

Qn,3) ={S(a1,...,ar;x;b1,...,bs;¥5¢1,...,¢) 1 @i, b5, > 0,1 <i<r1<j<s,1<1<trst>2}.

In particular, if a; = ag = -+ = a,, then tree S(ai,...,a,;X;b1,...,bs;y;¢1,...,¢) can be simply written as
S(a";x;b1,...,bs;y;¢1,...,c). Similar simplifications apply when by = by =---=bsand c; =co =+ = ¢;.

By repeatedly applying Lemma 2.4, if necessary, one can construct a IIj-value sequence for any T' € Q(n, 3)
as follows:

I(T) <I(Th) < M(T2) < --- < T (U),

where U = S(1%;1;1¥;1;1%). Therefore, the maximum IIj-value is attained when T is isomorphic to a tree of
the form U = S(1%;1;1Y;1;1%).



EXTREMAL VALUES OF TWO MULTIPLICATIVE TYPE TOPOLOGICAL INDICES 2621
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. 1 1 1 1 .
. 1 X y 1 .
(Lr/ .\Cz
FIGURE 5. Tree S(a1, - ,a,;X;b1,-+- ,bs;y;¢1,++ ,Ct).

Lemma 3.1. Let T = S(1%;1;19;1;1%) and T" = S(171;1;19; 1; 12F1) be two trees in Q(n,3). If 3 < x < 2+1,
then ITH(T) < ITH(T").

Proof. Let us now consider two functions
f@)=@+2)"(x+y+3), 220, y >0,
g(x) =Inf(z) = wn(z +2) + In(z +y +3),2 20, y > 0.

Then

i _ " __ z+4 . 1
¢"(x) =[Inf(z)]" = @122 @igia? > 0.

Thus, [In f(z)]’ is increasing. It follows that [In f(z+1) —In f(x)]’ > 0. Hence, In f(z+ 1) —In f(2) > In f(z) —
Inf(r—1)as3 <z <z+1,thatis, f(x —1)f(z+ 1) > f(z)f(2). Hence, by the definition of II7,

(1) _ (@+1)"Na+y+2)(z+3)"*(z+y+4)  fla—1)f(z+1) -

I3(T) (z+2)*(z+y+3)(z+2)*(z+y+3) f(@)f(2)
Hence, II(T") < II5(T7). O
Lemma 3.2. Let T = S(1%;1;1%;1;1%), T" = S(12;1; 1v~1;,1; 1*%1), and A = S(12;1;1"77;1;12). Then:

(i) If 3 <y <z, then II5(T) < IIT(T7).
(i) Ify >z > 2, then II5(T) < IIj(A).

Proof. Let f(x) = m, where x > 3. We obtain
f(x) = f(x) ln(x+2)+x+2—ln(x+l)—i;1 > 0. (2)

Thus f(x) is an increasing function.
(i) f3 <y <z then f(z+1) > f(y + 1). By the definition of IIf,

(7)) (+9@+2+3)w+2" ' (=+3)"  +4)@+2)" (2 +3)°"

I (T) (y+5)(y+z+3)(y+3)v(z+2) (y+5)(y+3)¥(z+2)°

_ e+ D+ +20 T S+ D+ )+
(y+5)(y+3)¥ - (y+5)(y+3)¥

W Y+ Ty 12

(y+2)Y  (y+5)y+3)Y  y*+Ty+10
Hence, II5(T") < II5(T").
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n—6

FIGURE 6. Trees with extremal IIj-values in Q(n, 3).

(ii) Note that y +z=n—5and y > z > 2. Then "7_5 <y <n—"7. We now consider a function
fy)=(y+3)(n—-3-y)" "% y=3.
Then

) = Yl n-5-y
f'(y) = f(y) |In(y +3) + S 3 In(n —3—y) - w3y 70

which means f(y) is increasing when y > 3. Thus, f(z) < f(n — 7) = 4%(n — 4)"~7. Therefore,

I} (T) = 4*(y+5)(y + 2+ 3)(y + 3)Y(2 + 2)*
=2(y+5)(n—-2)(y+3)Y(n—3—y)" >
<4t n —2)%(n —4)" T =15 (A).

We complete the proof of this lemma. O

Now we determine the maximum IIj-value in ©(n, 3) in the following theorem (Fig. 6).

Theorem 3.3. If T € Q(n,3), then IG(T) < 4%6(n — 2)(n — 4)"~% with equality if and only if T
S (12; 1;1;1; 1”76).

Il

Proof. By Lemmas 3.1 and 3.2, it is sufficient to compare the IIj-values for A = S (12; 1;1"77;1; 12) and
Z =S5 (12; 1;1;1; 1"_6). Therefore,

I (Z)  4%6(n—2)(n—4)"% 3(n—4)
i (A)  4*(n—2)2(n—4)"7  2(n—2)

as n > 8. Hence, for any T € Q(n,3), II;(T) < 436(n — 2)(n — 4)"7% and the equality holds if and only if
T=7Z. (]

>1

Lemma 3.4. Let X, 1 and X, ; be the graphs depicted in Fig. 7, where d,, > 3. Then II7(X,, 1) < II§(X,, ;) for
2<i<[3].

Proof. By the definition of II}, we obtain

>1

3247 5(dy + 1+ 1)(dy + 1+ 2) I du+1+du, _ 3(dut3)

>
= 3 x 47=3(d, + 2) dy + dy, 16

u; ENpg (u)

as dy, > 3 and 2 <4 < [§]. Hence IT7(X,, 1) < II§ (X5, ). O
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FIGURE 7. Graphs X, ; and X, ; in Lemma 3.4.

Lemma 3.5. Let n > 15. If the tree T = S(a,b;c;d;e; f,g) € Q(n,3) has minimum I} -value, then all pendant
paths have length greater than one.

Proof. Suppose that there is a pendant path of length one in T. Without loss of generality, assume that a = 1.
Then by Lemma 2.9, b,d, f,g < 2. Hencec+e=n—1—(1+b+d+ f+g) >n—10 > 5. It is deduced that
one of ¢ and e is strictly greater than 2. Assume that ¢ > 3, and D = S(2,b;c — 1;d;e; f, g). Then we obtain

I (T) 4952
(D) 3 x 4353

> 1.

It contradicts to the fact that T has minimum IIj-value in Q(n, 3). O

In light of Lemma 3.5, the minimum IIj-value is attained when T' € 1, 3 is of the form S(a,b;c;d;e; £, g),
where a,b,d, f,g > 2.

Lemma 3.6. Ifc+e >3, T =S5(a,b;c;d;e; f,g9) and T' = S(a,b;1;d;c+e —1; f,g), then II5(T) > II5(T").

Proof. Tt is not hard to see that if ¢ + e = 3, then II}(T") > I3 (7”). Now we can assume that ¢ > 2 and e > 2.
By the definition of IIj, we obtain
IH(T)  4cte—451 25

M(T") ~ 4te—35% 24~

Hence, I13(T") > 113 (T"). O

Theorem 3.7. Let n > 15. Then, for any T € Q(n,3), I} (T) > 354"~155762 with equality if and only if T is
isomorphic to a tree of the form'Y = S(a,b;1;d;1; f, g), where a,b,d, f,g > 2 anda+b+d+ f+g=n—3.

Proof. For two trees X = S(a’,b',1;d',e; f',¢') and Y = S(a,b;1;d;1; f,g), it is easy to see that

T22(X) =n — 14, 223(X) =7, 233(X) =1, 212(X) =5,
222(Y) =n—13, a3(Y) =5

By the definition of IIj, we obtain

(X))  3%4n~1576 25

= =251
M(Y) 3547135562 24~

Hence, IT5(X) > I (Y). O
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4. UPPER BOUNDS OF MULTIPLICATIVE SUM ZAGREB INDEX

In this section, we investigate upper bounds for the multiplicative sum Zagreb index relative to some graph
parameters. For any two nonadjacent vertices vy and vy in a graph G, we use G + vivy to denote the graph
obtained by adding the edge vv, to G.

Lemma 4.1 ([29]). Let G be a graph with v;v; € E(G) and viyve ¢ E(G). Then II5 (G) > II5 (G — vv,), and
II3(G) < I3 (G + vivy).

The number of vertices in the largest independent set of a graph is called the independence number, denoted
by a. If a graph on n vertices contains a clique of n — « vertices and the rest « vertices is a stable set, where
every vertex within the clique is linked to every vertex in the stable set, then the graph is called a complete split
graph and is denoted by CS(n,a), 1 < a < n — 1. We now give an upper bound on I} (G) in terms of order n
and independence number « of any graph G, and characterize the extremal graphs.

Theorem 4.2. Let G be a graph of order n with independence number «. Then
I(G) <29 (n—1)* (2n —a — 1)@ (=),
where a = (”;O‘) Moreover, the equality holds if and only if G = CS(n, a).

Proof. If G = CS(n, ), then the equality holds. Otherwise, G 2 CS(n,«). Let G’ be a graph of order n with
independence number « such that G’ = G + e, where e is not an edge in G. By Lemma 4.1, one can easily see
that

I (G) < I (G') < -+ < IT5(CS(n, )).

This completes the proof of the theorem. O

Let m,, be the average degree of the adjacent vertices of the vertex u in G. Then

Zv:quE(G) dy
dy, ’

My, =

that is, dym., = Z dy.
viuvEE(G)

Lemma 4.3 ([7]). Let G be a connected graph. Then d,, +m,, = d,, +m,, for any u, v € V(G) if and only if G
18 a reqular graph or a bipartite semiregular graph.

We now give an upper bound on II5(G) of any graph G, and characterize the extremal graphs.
Theorem 4.4. Let G be a graph with m edges. Then

I (G) < dy +my)™, 3
(G) < max (d,+m) 3

where d,, is the degree of the vertez u € V(G), and m,, is the average degree of the adjacent vertices of the vertex
u € V(G). If G is connected, then the equality holds in (3) if and only if G is a reqular graph or G is a bipartite
semiregular graph.

Proof. Since m,, is the average degree of the adjacent vertices of the vertex u, one can easily see that
Y viuve B(G) (dy +dy) = d? + d,, m,,. Using this, from the arithmetic-geometric-mean inequality, we obtain

dy
H (du 4 dv) S (Zv:quE(G) (du + dv)> _ (du + mu)d“

du
v:uvEE(G)
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with equality if and only if d,, = d,, for every v, w € Ng(u).
From the definition, we obtain

@ = [] @ut+d)| = [ I (dutdy)

weEE(G) uweV(G) v:uwveE(G)

< I (du+ma)™. (4)

ueV(QG)

Let d +m, = II%/@()&) (dy, +my,). Then we have d,, + m, < d, +m, for any u € V(G). From (4), we obtain
ue

> d
(G2 < [ 4+ me)™ =(dr+mp) <@ = (d +m,)>",
ueV(G)

that is,
H*G<dr+ rm: dy + um
1(G) < (dr +my) uggé)( My)
with equality if and only if d,, + m, = d,, + m, for any u, v € V(QG).
Moreover, the equality holds in (3) if and only if d,, + m, = d, + m, for any u, v € V(G), that is, by
Lemma 4.3, the equality holds in (3) if and only if G is a regular graph or a bipartite semiregular graph as G
is connected. O

Corollary 4.5. Let G be a graph with m edges and mazimum degree A. Then
II}(G) < (2A)™. ()
If G is a connected graph, then the equality holds in (5) if and only if G is a regular graph.

result. By Theorem 4.4, the equality holds in (5) if and only if each connected component of G is a A-regular
graph, that is, if and only if G is a regular graph. (]

Proof. Since d,, < A for all u € V(G), we have m,, < A for all u € V(G). Using this, from (3), we obtain the

The chromatic number of a graph G, denoted by r, is the minimum number of colors such that G can be
colored with these colors such that no two adjacent vertices have the same color. We denote by Ky, n,, .. n.
the complete r-partite graph of order n, with partition sets of sizes n1, ns,..., n,, respectively. Recall that the
Turdn graph T,(r) is a special r-partite graph of order n, where the partition sets differ in size by at most 1.
We obtain

p® (r—q) (r—q-1) (p+1)* q(¢—1) .
I3 (T(r)) = ( 2(n—p)> ( 2(n—p— 1)) X (2n — 2p — 1)Pa P+ (r=a),

where p = [%], and ¢ = n — r [%]|. We now give an upper bound on IIj(G) of graph G in terms of n and
chromatic number 7, and characterize the extremal graphs.

Theorem 4.6. Let G be a graph of order n with chromatic number r. Then

2 _ r—g— 2 -
P (r=a) (r—q-1) ( )“’“) " en—gp - @O E-0 ()

M (G) < (v2(n—p)) 200 —p—1)

where p= ||, and ¢ =n — 1 | ]. Moreover, the equality holds if and only if G = T,,(r).
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Proof. Since G has n vertices with chromatic number r, we can assume that V(G) =V UVaU--- UV, where
VinV; =01 <i#j<r)jand |Vi] =n;(1<i<7r),n >ng >->n,,ng+ng+--+n, =n. By
Lemma 4.1, we obtain IT§(G) < II§(Kp, n,,...n,.) with equality if and only if G =2 K, n,, ... fni —n, <1,
then Ky, ny..om,. = Tn(r), and hence II§(G) < I (K, ns....n,.) = II5(T,(r)). Moreover, the equality holds in
(6) if and only if G = T,,(r). Otherwise, n; — n, > 2.

Claim 1.
HT(Kmmm---mr) < HT(Km—l,nmm,nr-&-l)'

Proof Claim 1. Since ny —n, > 2, one can easily see that

2n—n1—n;+1)2n—n,—n;—1)=0Cn—ny —n;) 2n—n, —n;) +ny —n, — 1

> (2n—n1 —n;) (2n —n, —ny),

that is,
2n—mn1—n;+1)(2n—n,. —n; — 1)
> 1.
(2n—n1 —n;) (2n —n, — ny)
Moreover,
2n—mny —n; +1 ~1 and 2n—n, —n; —1 >
2n—n1 —n, 2n—n1 —n; +1

Thus we obtain

(2n —ny —n; + 1))=Y (2n —n, —n; — 1)+ ((Qn —np—n;+1)(2n—n,. —n; — 1))7”

(2n —np —n;)™ (2n — n, — n;)"r - (2n—n1 —n;) (2n —n, —ny)

2 —ng —ng +1\" " 2n—mn, —n; — 1
X X > 1.
2n—n1 —n; 2n—n1 —n; +1

Using the above result, we obtain

T (K~ 1mmmn1) H:;Ql ((2n —ny —n; + 1)(m=Dni (2 —p, —n; — 1)(m+1)m)
3 (K, ng,...n,) H;:—Ql ((2n —ny —ny)™ ™ (2n — nyp — ny)"r ™)
(2n —ny — n,) (=D (et D)

(2n —ng —n, )M e

_ ﬁ <((2n —ny —n;+ 1) (20 —n, —n; — 1)(m+1))>m
=2

((2n —ng —ny)™ (20 — np — ng)™r)

x (2n —mnq — nr)("l_"r_l) > 1.

This proves the Claim 1. O

By applying Claim 1 several times if necessary, we obtain
HT(G) < HT(Km,nz ,,,,, ng) < HT(Kmfl,nz ,,,,, nk+1) << HT(Tn(T))~

This completes the proof of the theorem. O
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5. MULTIPLICATIVE SOMBOR INDEX FOR CHEMICAL GRAPHS

This section considers the extremal values of the multiplicative Sombor index for chemical graphs. We recall
that a chemical graph is a graph with maximum degree A < 4. Denoted by CG,, the class of all chemical graphs
of order n. Denoted by n; the number of vertices with degree ¢. Then one can easily get

ny+ng+ng+ng+---+n,_1=n,
2x11 + 12 + w13+ -+ X1 = N,
T12 + 2%22 + X2z + -+ + Tap_1 = 2n2,

13 + x23 +2x33 + -+ + 23 1 = 3n3,

T1,n—1 + T2 n—1 +--+ 23771—1,71—1 = (n - 1)nn—1-
Therefore,
_ i+J
= >
1<i<j<n—1
For the sake of simplicity, write
Q={(@,j):1<i<j<4}, U ={(i,j) €Q:(4,)) # (4,4}
Theorem 5.1. For any graph G € CG,, Hso(G) < 10243 with equality if and only if G is isomorphic to
4-regular graph.
Proof. By the definition of Ilgp, we obtain
HSO(G)2 _ H (Z'2+j2)$ij _ (42+42)x44 H (Z'2+j2)$ij

e (i,5)€
1024™ H(i,j)eﬂl (12 + j2)vs
1024Z(i»j)6ﬂ1 %wu

_ it
= 322" 22 G0y 7 i H (i2 +j2)””ij =
(4,5) €

< 1024™ (7)

as for all (i,5) € Qy, 2+ 52 < 10247 . The equality holds in (7) if and only if for any (¢, j) € 4, 2;; = 0, that
is, G is isomorphic to a 4-regular graph. |

Theorem 5.2. If n is even, then lso(G) > 2% with equality if and only if G = 5P,
Proof. Write
Qo ={(i,5) € 2: (4,5) # (1,1)}.
By the definition of IIgo, we obtain
HSO(G)2 _ H (i2 +j2)w,5j _ (12+12)w11 H (i2 +j2)I”
(i,5)€Q (1,7)€Q2
2% [1ii jyeq, (2 + %)%

1 itd .
22 Z(i,j)ESZQ 75 Tij

|3

> 2

n it
— 9575 Lgeny i T H (i% + j2)% =
(2,7)€Q2

as for any (i,7) € Qo, i + j2 > 22" The equality holds if and only if for any (i,j) € Qs, z;; = 0, that is,
G=1p, O

Theorem 5.3. If n is odd, then IIgo(G) > 2%5, where G is isomorphic to %Pg U Ps.

Proof. Since n is odd, then there is no isolated vertex in G. Then z1; < "2;3 Write

QB = {(Z?]) €Q: (Zaj) 7é (171)’(7;’]') 7& (172)}'
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Since
3 i1+ 7
n=2r11 + 51‘12 + Z sz‘jv
(4,5)€9Q3
we have
2 4 2 1+7
T12 = gn— 55311 Y Z wa
(4,5)€9Q3

By the definition of Ilgo and for any (i, j) € Q3, i2 + 52 > %7, and we obtain

HSO(G)2 _ H (Z-2+j2):cij — (12+12)m11(12+22)m12 H (Z'2+j2)$ij

(.)€ (i,7)€03

1 gn - s o
27155 [ 1yeq, (12 +52)%0

4 2 itd .
53$11+3 Z(i,j)es'z3 i; Tij

2 4 2 itd ..
— 9T113T3TITS >i)es i H (i2 +j2)93ij —
(1,7)€Q3

T11 . 12 + 2\ r11 " ang N e
2 (3) e () ot 2 () Tt

-4 itg 4 4
53 52, )ens 37 Tid 53 53

If the equality in (8) holds, then z1; = ”773 and for any (i, j) € Q3, z;; = 0, that is, G = "T%Pg U Ps. O
Corollary 5.4. If G is a connected chemical graph, then 5 x 8" = so(P,) < Hso(G) < 10243, where the
right equality holds if and only if G is isomorphic to a 4-reqular graph.

6. MULTIPLICATIVE SOMBOR INDEX FOR CHEMICAL TREES

In this section, we consider the multiplicative Sombor index for chemical trees. The following lemma can be
easily obtained from the definition of the multiplicative Sombor index.

Lemma 6.1. For any tree T € T, llso(T) > so(P,) =5 X 8"7.
Note that P, is a chemical tree, it follows that the minimal IIgo-value is determined by Lemma 6.1. Write
Qo ={(4,5) € Q: (4,5) # (1,1),(4,5) # (1,4), (4,5) # (4,4)}.

Denoted by C7 ,, the class of all chemical trees of order n. Obviously, for any chemical tree T € CT ,,, x11(T) = 0.
By the definition of chemical trees,

5 1 L
Z$14+§z44+ Z Zjﬁ.]xzj:’n, T14 + Tgq + Z wij:nfl.
(4,5)€Qa (4,7)€Q
Therefore,
n+2 1 i+ n—5 1 i+
T14 = 3 —g'z (4 i —2)$ij>3344= 3 +§_Z (4 7 —5)37@.
(1,5) € (i,5)EQ
We denote

Z/ﬁ:{TECTnI’/lQ:ng:O},
UQ:{TECTn:TLQ:l,ng,:O},
Us ={T €CT, :ng=0,n3 =1}.

Then the following theorem determine the maximal IIgo-value for chemical trees (Fig. 8).
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FIGURE 8. Tree in U/; and a chemical tree on 22 vertices in Uf3.

FIGURE 9. Two chemical trees with 18 vertices in Us.

2n+42

Theorem 6.2. For any chemical tree T € CT p,, Tlgo(T) <177

325 with equality if and only if T € U;.
Proof. By the definition of IIgo, we obtain

Oso(T)? = [ @ +5%) =@ +4) @+ 4 [[ (@ +j%)"

L (,5)EQ
— 175 3 Shyen, (15 =225 3950+ i jea, (45 —5) H (% 5%
(4,5)€Qy
) it
) - 32§Z(i,j)€ﬂ (4 = —5)%‘1 n n—
) 17% s 1 . L:] H (i2 +]2)w“ < 172 o 32 e (9)
173 Sinen, (455 ~2)eis (4,5)€EQ
as for any (i, ) € Qa,
140435
3234575
3227V sy
173(45-2) SRR
The equality holds in (9) if and only if for all (i,5) € Q4, z;; = 0, that is, ny = nz = 0. -

Corollary 6.3. Supposen > 5 andn =2 (mod 3). If the llgo-value attains its mazimum in CT ,,, then T € U;.

=5

Proof. Note that for any T € U, llgp-value is always a constant, that is, lgo(T') = 175523275 O

Corollary 6.4. Suppose n > 9 andn =0 (mod 3). If the Ugo-value attains its mazimum in CT ,, then T € Us
and z12 =0 (Fig. 9).

Proof. If T' € Uy UUs, then by the famous Handshaking Lemma, the following equations hold:
2(n—1)=mny +4ns or 2(n—1)=ny+ 3nz + 4ny.

However, these equations are not valid if n = 0 (mod 3). It gives that T' ¢ U; UU5. Assume that

395 (4574 -5)
1
3

-2 -2
pare=ne AU

¢(Z7.7) =
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Obviously, ¢(1,3) < 1,9(3,3) < 1,6(3,4) < 1, $(1,2) < ¢(2,3) < ¢#(2,4) < 1 and ¢(2,2) < ¢(2,4)%. Therefore,
by the definition of IIgo, we obtain

Oso(T) = [ @+5%) =@+ @+ a2y J[ @+

e (4,5)€Q
1 it
n n—5 323 2(.5)e0 (4775)301-1-
— 177572325 S [T @+
17% Siea, (A5 —2)zy;
e (i.1) €%
= 17271;2 32%75 % H (b(%])z”

(i,j)EQ4

2n+2

<1775732"5 x B(1,2)"12 (2, 2)722 (2, 3)722 (2, 4) 724

2n+2

<17 s 32%75 X ¢(274)51?12+29622+w23+124 =17

2n+2

503275 X p(2,4)2m2.

2n+42

If ng = 0, then Igo (7)) < 17 5 32%5, where the equality holds if and only if T € U, which is impossible.
Otherwise, ny > 1. Then by combining the fact ¢(2,4) < 1, we have

2n+2 2n+2

Mso(T)2 < 177573275 x ¢(2,4)2" < 17757 32"F x ¢(2,4)2,

where the equality holds if and only if z94 = 2 and x15 = T2 = 13 = To3 = 233 = w34 = 0. It follows that
the Tgp-value attains maximal if and only if ny = 1 and ng = 0. Therefore, if n = 0 (mod 3) and n > 9, the
maximal IIgo-value is attained when T' € Us and x5 = 0. O

Corollary 6.5. Supposen > 13 andn =1 (mod 3). If the llgo-value attains its mazimum in CT ,,, then T € Us
and x13 = 0.

Proof. If T' € U; UUs, then by the famous Handshaking Lemma, the following equations hold:
2(n—1)=mn1+4ng or 2(n—1)=mny+ 3ng+4n,.
However, these equations are not valid if n = 1 (mod 3). It gives that T' ¢ Uy UlUs. Assume that

5 5)

. 32
¢(Zaj) =
17
Obviously, ¢(1,3) < 1, 6(3,3) < 1, 6(2,2) < 1, $(2,4) < 1, 6(1,2) < §(2,3) < $(3,4) < 1, $(3,3) < ¢(3,4)2.
Therefore, by the definition of Ilgg, we obtain

(i* +j%).

W= Wl

(4
(451 —2)

©j

1 itJ
e ns 325 Zipea, (457 5)wis
HSO(T)2 _ (12 +42)2 3+z (42 —|—42)T J 4

- (i2 4 j2)®
175 Ztigea, (45 —2)zi <J1>_£ﬂ
=173 [ ¢ 5)®

(2,7)€EQ

2n+2

SIT5 325 x §(1,3)"9(2,3)" $(3,3)" 6 (3,4)"

2n+2 -5 2n42 n—5

<17%5% 39"3 X¢(374)m13+m23+2r33+m34 =1773 3273 X¢(3,4)3"3.

2n+2 n—>5

If ng = 0, then IIgo(T) < 1776 3275 , the equality holds if and only if T € U, which is impossible.
Otherwise, ng > 1. Then by combining the fact ¢(3,4) < 1, we have

2n+2

30325 x ¢(3,4)%" < 17

2n+2

303275 X ¢(3,4)3,

Ogo(T)* < 17
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where the equality holds if and only if 234 = 3 and z12 = T92 = 13 = x93 = x94 = x33 = 0. It follows that the
[Igo-value attains maximum if and only if no = 0 and ng = 1. Therefore, if n = 1 (mod 3) and n > 13, the
maximum IIgpo-value is attained when T' € U3 and x13 = 0. (I

7. CONCLUSIONS

This paper focuses two multiplicative variants of topological indices. After giving a general formula for the
multiplicative version of the topological index of graphs, we determine the extremal values of the multiplicative
sum Zagreb indices for trees with at most three branch vertices, as well as the extremal values of the multi-
plicative Sombor index for chemical graphs and chemical trees. In addition, the bounds of the multiplicative
sum Zagreb index in terms of various graph parameters are established. Furthermore, the graphs that achieve
these extremal values and bounds are completely characterized.
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