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EXTREMAL VALUES OF TWO MULTIPLICATIVE TYPE TOPOLOGICAL
INDICES

Chunlei Xu1 , Kinkar Chandra Das2,* , Guanru Li1 and Yiming Lei3

Abstract. The multiplicative-type topological index of a graph is defined as the product of a symmet-
ric function of the degrees of all adjacent vertices. It can be regarded as the multiplicative version of
the vertex-degree-based topological index of the graph. Based on some graph operations, the extremal
values of the multiplicative sum Zagreb index for trees with at most three branch vertices are deter-
mined. Some upper bounds of the multiplicative sum Zagreb index in relation to graph parameters are
also provided. Furthermore, the extremal values of the multiplicative Sombor index for chemical graphs
and chemical trees are completely characterized, respectively.
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1. Introduction

In mathematical chemistry and chemical graph theory, topological indices can be seen as descriptors of a
molecule graph. Since the Wiener index was introduced in 1972, a series of topological indices have been defined
over the past fifty years. Among the most well-known are the first Zagreb index and the second Zagreb index,
defined as follows:

𝑀1(𝐺) =
∑︁

𝑢𝑣∈𝐸(𝐺)

(𝑑𝐺(𝑢) + 𝑑𝐺(𝑣)) =
∑︁

𝑢∈𝑉 (𝐺)

𝑑𝐺(𝑢)2

and

𝑀2(𝐺) =
∑︁

𝑢𝑣∈𝐸(𝐺)

𝑑𝐺(𝑢)𝑑𝐺(𝑣),

where 𝐺 is a graph with vertex set 𝑉 (𝐺) and edge set 𝐸(𝐺), 𝑑𝐺(𝑢) = 𝑑𝑢 denotes the degree of the vertex
𝑢 ∈ 𝑉 (𝐺) (sometimes 𝑑𝑖 is used to denote the degree of the vertex 𝑣𝑖). For discussions on the mathematical
properties and chemical applications of 𝑀1 and 𝑀2, see [2, 3, 5–8, 13, 16, 17, 19, 26, 28, 30]. The main results
concerning the properties of these indices are summarized in [10,15,23,24].
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The general formula for a multiplicative version of a topological index is given as

MTI = MTI(𝐺) =
∏︁

1≤𝑖≤𝑗≤𝑛−1

𝐹 (𝑑𝑖, 𝑑𝑗)𝑥𝑖𝑗 =
∏︁

1≤𝑖≤𝑗≤𝑛−1

𝐹
𝑥𝑖𝑗

𝑖𝑗 ,

where 𝐹 (𝑑𝑖, 𝑑𝑗) = 𝐹𝑖𝑗 is a symmetric function, and 𝑥𝑖𝑗 represents the number of edges between vertices of degrees
𝑖 and 𝑗. Different choices of 𝐹𝑖𝑗 yield various multiplicative topological indices. For example, 𝐹𝑖𝑗 = 𝑑𝑖𝑑𝑗 , 𝐹𝑖𝑗 =

𝑑𝑖 +𝑑𝑗 , and 𝐹𝑖𝑗 =
√︁

𝑑2
𝑖 + 𝑑2

𝑗 correspond to the second multiplicative Zagreb index Π2(𝐺) =
∏︀

𝑣𝑖𝑣𝑗∈𝐸(𝐺) 𝑑𝑖 𝑑𝑗 , the
multiplicative sum Zagreb index Π*1(𝐺) =

∏︀
𝑣𝑖𝑣𝑗∈𝐸(𝐺) (𝑑𝑖 + 𝑑𝑗), and the multiplicative Sombor index ΠSO(𝐺) =∏︀

𝑣𝑖𝑣𝑗∈𝐸(𝐺)

√︁
𝑑2

𝑖 + 𝑑2
𝑗 , respectively. The multiplicative second Zagreb index was proposed by Todeschini and

Consonni [27] and further studied by Gutman [14], while the multiplicative sum Zagreb index was introduced
by Eliasi et al. [12] in 2012. The Multiplicative Sombor index was introduced by Kulli [21] and further explored
in [22, 32]. For recent results associated with the multiplicative sum Zagreb index, see [9, 11, 12, 18, 20, 29, 31].
Very recently, several researchers have explored various aspects of the topological indices of graphs as discussed
in [1, 4, 25].

We now recall some useful definitions and notations used in this article. Let Ω(𝑛, 𝑝) denote the class of all
trees with 𝑝 branch vertices and 𝑛 vertices. Let 𝒯𝑛 denote the class of all trees of order 𝑛, and let 𝑃𝑛 and
𝑆𝑛

∼= 𝐾1,𝑛−1 represent the path and star of order 𝑛, respectively. The double star of order 𝑛, denoted by
DS(𝑝, 𝑞) with 𝑝+ 𝑞 + 2 = 𝑛, is constructed by joining the central vertices of two stars 𝐾1,𝑝 and 𝐾1,𝑞 by an edge.
Other definitions and notations will be introduced as needed.

This paper is organized as follows. In Sections 2 and 3, we determine the extremal values for the multiplicative
versions of topological indices. In particular, the extremal Π*1-values for trees with at most three branch vertices
are entirely characterized. In Section 4, some upper bounds for Π*1 in terms of graph parameters are obtained.
Sections 5 and 6 are devoted to determining the extremal ΠSO-values for chemical graphs and chemical trees,
respectively.

2. Extremal trees on multiplicative sum Zagreb index with at most two
branch vertices

In this section, we investigate the extremal Π*1-values for trees with at most two branch vertices. Denote
by 𝑆(𝑛1, 𝑛2, . . . , 𝑛𝑘) the star-like tree such that 𝑆(𝑛1, 𝑛2, . . . , 𝑛𝑘) − 𝑢 = 𝑃𝑛1 ∪ 𝑃𝑛2 ∪ · · · ∪ 𝑃𝑛𝑘

, where 𝑢 ∈
𝑉 (𝑆(𝑛1, 𝑛2, . . . , 𝑛𝑘)), 1 ≤ 𝑛1 ≤ 𝑛2 ≤ · · · ≤ 𝑛𝑘, and 𝑘 ≥ 3. Let Ω𝑛,𝑘 denote the class of all star-like trees of order
𝑛 with a unique vertex of degree 𝑘 ≥ 3. For any 𝑇 ∈ Ω𝑛,𝑘, denote by 𝑘𝑖 the number of branches of length 𝑖 in
𝑇 , and by 𝑡 the length of the longest branch in 𝑇 . Then

𝑡∑︁
𝑖=1

𝑘𝑖 = 𝑘 and
𝑡∑︁

𝑖=1

𝑖𝑘𝑖 = 𝑛− 1. (1)

Theorem 2.1. If 𝑇 ∈ Ω𝑛,𝑘, then

MTI(𝑇 ) = (𝑋𝑘)𝑘1 (𝑌𝑘)𝑘
𝐹𝑛−1

22 ,

where 𝑋𝑘 = 𝐹1𝑘𝐹22
𝐹12𝐹2𝑘

, and 𝑌𝑘 = 𝐹12𝐹2𝑘

𝐹 2
22

·

Proof. If 𝑇 ∈ Ω𝑛,𝑘, then the three degrees of vertices in 𝑇 are only 1, 2, 𝑘. One can easily see that

𝑥1𝑘 = 𝑘1, 𝑥12 = 𝑥2𝑘 = 𝑘2 + · · ·+ 𝑘𝑡, 𝑥22 = 𝑘3 + 2𝑘4 + · · ·+ (𝑡− 2)𝑘𝑡.

Using (1), from the above, we obtain

𝑥1𝑘 = 𝑘1, 𝑥12 = 𝑥2𝑘 = 𝑘 − 𝑘1, 𝑥22 = 𝑛− 1 + 𝑘1 − 2𝑘.
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Figure 1. Trees 𝑆𝑛 and 𝑆(2, 2, 𝑛− 5) in Corollary 2.3.

Therefore, by the definition of MTI,

MTI(𝑇 ) = 𝐹 𝑥12
12 𝐹 𝑥1𝑘

1𝑘 𝐹 𝑥22
22 𝐹 𝑥2𝑘

2𝑘

= 𝐹 𝑘−𝑘1
12 𝐹 𝑘1

1𝑘 𝐹𝑛−1+𝑘1−2𝑘
22 𝐹 𝑘−𝑘1

2𝑘 =
(︂

𝐹1𝑘𝐹22

𝐹12𝐹2𝑘

)︂𝑘1
(︂

𝐹12𝐹2𝑘

𝐹 2
22

)︂𝑘

𝐹𝑛−1
22 .

We complete the proof of this theorem. �

Corollary 2.2. Let MTI be the multiplicative version of a topological index. Also let 𝑇 ∈ Ω𝑛,𝑘 and 𝑋𝑘 ≥ 1.

(a) Then MTI attains maximal value if and only if 𝑇 ∼= 𝑆(1, 1, . . . , 1⏟  ⏞  
𝑘−1

, 𝑛− 𝑘).

(b) If 𝑛 ≥ 2𝑘 + 1, then MTI attains minimal value if and only if 𝑇 ∼= 𝑆(2, 2, . . . , 2⏟  ⏞  
𝑘−1

, 𝑛 + 1 − 2𝑘). Otherwise,

MTI attains minimal value if and only if 𝑇 ∼= 𝑆(1, 1, . . . , 1⏟  ⏞  
2𝑘+1−𝑛

, 2, 2, . . . , 2⏟  ⏞  
𝑛−1−𝑘

).

Proof. For a pair 𝐴, 𝐵 ∈ Ω𝑛,𝑘,

MTI(𝐵)
MTI(𝐴)

= 𝑋
𝑘1(𝐵)−𝑘1(𝐴)
𝑘

by Theorem 2.1. Thus, we distinguish the two cases in the following.

(a) If 𝑋𝑘 ≥ 1, then the MTI-value attains it maximum when 𝑇 is isomorphic to the tree with the greatest
number of branch vertices of length 1, that is, 𝑇 ∼= 𝑆(1, 1, . . . , 1⏟  ⏞  

𝑘−1

, 𝑛− 𝑘).

(b) If 𝑋𝑘 ≥ 1, then the MTI-value attains it minimum when 𝑇 is isomorphic to the tree with the fewest
branches of length 1.

(i) If 𝑛 ≥ 2𝑘 + 1, then 𝑆(2, 2, . . . , 2⏟  ⏞  
𝑘−1

, 𝑛 + 1− 2𝑘) admit 𝑘1(𝑆) = 0.

(ii) If 𝑘 + 1 ≤ 𝑛 < 2𝑘 + 1, then 𝑆(1, 1, . . . , 1⏟  ⏞  
2𝑘+1−𝑛

, 2, 2, . . . , 2⏟  ⏞  
𝑛−1−𝑘

) has the minimum number of branches of length 1

(Fig. 1).

�

According to the discussion in Theorem 2.1, we can determine the extremal Π*1-values in the following
corollary.
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Figure 2. Graphs 𝐺 and 𝐺′ in Lemma 2.4.

Corollary 2.3. If 𝑇 ∈ Ω(𝑛, 1), then

𝑛𝑛−1 ≥ Π*1(𝑇 ) ≥

{︃
3𝑘4𝑛−1−2𝑘(𝑘 + 2)𝑘 if 𝑛 ≥ 2𝑘 + 1,

(𝑘 + 1)2𝑘+1−𝑛[3(𝑘 + 2)]𝑛−1−𝑘 if 𝑘 + 1 ≤ 𝑛 < 2𝑘 + 1

with the right equality holds if and only if 𝑇 ∼= 𝑆(𝑛1, 𝑛2, . . . , 𝑛𝑘) and the left equality holds if and only if 𝑇 ∼= 𝑆𝑛,
where 𝑛𝑖 ≥ 2, 1 ≤ 𝑖 ≤ 𝑘.

We now consider the extremal values for trees with exactly two branch vertices. Write

Ω(𝑛, 2) = {𝑆(𝑎1, . . . , 𝑎𝑟; x; 𝑏1, . . . , 𝑏𝑠) : 𝑎𝑖 ≥ 0, 𝑏𝑗 ≥ 0, 1 ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝑗 ≤ 𝑠,x ≥ 1, 𝑟, 𝑠 ≥ 2} .

Lemma 2.4 ([18]). Let 𝑢𝑣 be a non-pendant cut edge of graph 𝐺. Denote by 𝐺′ = 𝐺 · (𝑢𝑣) + 𝑢𝑣 the graph
obtained by the contraction of 𝑢𝑣 onto the vertex 𝑢 and adding a new pendant vertex 𝑣 to 𝑢 (see, Fig. 2). Then
Π*1(𝐺) < Π*1(𝐺′).

By repeatedly applying Lemma 2.4 to 𝑇 ∈ Ω(𝑛, 2), the maximal Π*1-value is attained when 𝑇 is isomorphic
to some double star DS(𝑝, 𝑞), where 𝑝 ≥ 𝑞 ≥ 2. Therefore, to determine the maximal Π*1-value in Ω(𝑛, 2), it
is sufficient to find the maximum Π*1-value among all double stars DS(𝑝, 𝑞). Let 𝑑 denote the diameter of the
graph 𝐺.

Theorem 2.5. If 𝑇 ∈ 𝒯𝑛 (𝑇 /∈ {𝑆𝑛, DS(𝑛 − 3, 1)}), then Π*1(𝑇 ) ≤ 42𝑛(𝑛 − 2)𝑛−4 with equality if and only if
𝑇 ∼= DS(𝑛− 4, 2).

Proof. Note that for a double star DS(𝑝, 𝑞), (𝑝 + 1) + (𝑞 + 1) = 𝑛. Then ⌈𝑛−2
2 ⌉ ≤ 𝑝 ≤ 𝑛− 4 as 𝑇 /∈ {𝑆𝑛, DS(𝑛−

3, 1)}.
If 𝑑 = 3, then 𝑇 is isomorphic to a double star DS(𝑝, 𝑞). By the definition of multiplicative sum Zagreb index,

Π*1(DS(𝑝, 𝑞)) = 𝑛(𝑝 + 2)𝑝(𝑞 + 2)𝑞.

Now we consider a function

𝑓(𝑥) = (𝑥 + 2)𝑥(𝑛− 𝑥)𝑛−𝑥−2,
⌈︁𝑛− 2

2

⌉︁
≤ 𝑥 ≤ 𝑛− 4.

Since 𝑥 + 2 ≥ 𝑛− 𝑥,

𝑓 ′(𝑥) = 𝑓(𝑥)
[︂
ln(𝑥 + 2) +

𝑥

𝑥 + 2
− ln(𝑛− 𝑥)− 𝑛− 𝑥− 2

𝑛− 𝑥

]︂
> 0,

which means 𝑓(𝑥) is increasing for
⌈︀

𝑛−2
2

⌉︀
≤ 𝑥 ≤ 𝑛 − 4. It is deduced that 𝑓(𝑥) attain maximum value when

𝑥 = 𝑛 − 4, that is, 𝑓(𝑥)max = 𝑓(𝑛 − 4) = 42(𝑛 − 2)𝑛−4. Therefore, for any 𝑇 ∈ 𝒯𝑛, if 𝑇 /∈ {𝑆𝑛, DS(𝑛 − 3, 1)},
then

Π*1(𝑇 ) ≤ Π*1(DS(𝑝, 𝑞)) ≤ Π*1(DS(𝑛− 4, 2)) = 42𝑛(𝑛− 2)𝑛−4.
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Figure 3. Graph 𝐺 and 𝐺′ in Lemma 2.9.

If 𝑑 ≥ 3, then by repeatedly applying Lemma 2.4, the maximum Π*1-value is attained if and only if
𝑇 is isomorphic to a double star DS(𝑝, 𝑞) with 𝑑(DS(𝑝, 𝑞)) = 3. Therefore, we complete the proof of this
theorem. �

By Theorem 2.5, we can completely determine the maximum Π*1-value for trees with two branch vertices.

Corollary 2.6. For any 𝑇 ∈ Ω(𝑛, 2), Π*1(𝑇 ) ≤ 42𝑛(𝑛− 2)𝑛−4 with equality if and only if 𝑇 ∼= DS(𝑛− 4, 2).

Let 𝑃 = 𝑢𝑢1𝑢2 . . . 𝑢𝑘 be a path in 𝐺 such that 𝑑𝐺(𝑢) ≥ 3, 𝑑𝐺(𝑢𝑘) = 1 and 𝑑𝐺(𝑢𝑖) = 2 for 1 ≤ 𝑖 < 𝑘. Then it
is called a pendant path in 𝐺, vertex 𝑢 is called the origin and 𝑘 is the length of 𝑃 . We now look the minimum
Π*1-value among the trees in Ω(𝑛, 2). For this purpose, the following lemma is necessary.

Lemma 2.7 ([18]). Suppose that 𝑃 and 𝑄 are two pendant paths at origin 𝑢 and 𝑣 in 𝐺. Let 𝑢𝑥 ∈ 𝐸(𝑃 ), and
let 𝑦 be the pendant vertex in 𝑄. If 𝐺′ = 𝐺− 𝑢𝑥 + 𝑦𝑥, then:

(i) If 𝑑𝐺(𝑢) ≥ 4, then Π*1(𝐺′) < Π*1(𝐺).
(ii) If there exists a vertex 𝑢𝑖 ∈ 𝑁𝐺(𝑢) such that 𝑢𝑖 ̸= 𝑥 and 𝑑𝐺(𝑢) + 𝑑𝐺(𝑢𝑖) ≤ 16, then Π*1(𝐺′) < Π*1(𝐺).

Theorem 2.8. If 𝑇 ∈ Ω(𝑛, 2) has the minimum Π*1-value, then 𝑇 is isomorphic to a tree of the form
𝑆(𝑎, 𝑏; x; 𝑐, 𝑑), where 𝑎, 𝑏, 𝑐, 𝑑 ≥ 0.

Proof. Assume that 𝑆 = 𝑆(𝑎1, . . . , 𝑎𝑟; x; 𝑏1, . . . , 𝑏𝑠) has the minimum Π*1-value, where 𝑟 ≥ 3 or 𝑠 ≥ 3.
Without loss of generality, we assume that 𝑟 ≥ 3. Then by Lemma 2.7(i), one can obtain 𝑆′ = 𝑆(𝑎1 +
𝑎2, . . . , 𝑎𝑟; x; 𝑏1, . . . , 𝑏𝑠) such that Π*1(𝑆′) < Π*1(𝑆). Therefore, by repeatedly using Lemma 2.7(i), if 𝑇 ∈ Ω(𝑛, 2)
has the minimum Π*1-value, then 𝑇 is isomorphic to a tree of the form 𝑆(𝑎, 𝑏; x; 𝑐, 𝑑), where 𝑎, 𝑏, 𝑐, 𝑑 ≥ 0. �

By Theorem 2.8, to find the minimum Π*1-value in Ω(𝑛, 2), it is sufficient to determine the minimum Π*1-value
among trees of the form 𝑆(𝑎, 𝑏; x; 𝑐, 𝑑).

Lemma 2.9. Let 𝐺 and 𝐺′ be the graphs depicted in Fig. 3, where 𝑑𝐺(𝑢) ≥ 2. Then Π*1(𝐺′) ≤ Π*1(𝐺).

Proof. By the definition of Π*1,

Π*1(𝐺)
Π*1(𝐺′)

=
3× 4× (𝑑𝐺(𝑢) + 1)(𝑑𝐺(𝑣) + 2)

32(𝑑𝐺(𝑢) + 2)(𝑑𝐺(𝑣) + 2)
=

4𝑑𝐺(𝑢) + 4
3𝑑𝐺(𝑢) + 6

≥ 1

as 𝑑𝐺(𝑢) ≥ 2. Hence, Π*1(𝐺′) ≤ Π*1(𝐺). �

By Lemma 2.9, the minimum Π*1-value is attained when 𝑇 ∈ Ω(𝑛, 2) is of the form 𝑆(𝑎, 𝑏; x; 𝑐, 𝑑), where
𝑎, 𝑏, 𝑐, 𝑑 ≥ 2.

Lemma 2.10. Suppose 𝑆 and 𝑆′ are two trees in Ω(𝑛, 2), where 𝑆 = 𝑆(𝑎, 𝑏; x; 𝑐, 𝑑), 𝑆′ = 𝑆(𝑎 + 1, 𝑏; x− 1; 𝑐, 𝑑),
𝑎, 𝑏, 𝑐, 𝑑 ≥ 2, x ≥ 2. Then Π*1(𝑆) ≥ Π*1(𝑆′).
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Figure 4. Double star DS(𝑛− 4, 2) and a tree 𝑆(2, 2; 1; 2, 𝑛− 8) with extremal Π*1-values.

Proof. One can easily see that if x = 2, then

𝑥12(𝑆) = 4, 𝑥13(𝑆) = 0, 𝑥22(𝑆) = 𝑛− 11, 𝑥23(𝑆) = 6, 𝑥33(𝑆) = 0,

𝑥12(𝑆′) = 4, 𝑥13(𝑆′) = 0, 𝑥22(𝑆′) = 𝑛− 10, 𝑥23(𝑆′) = 4, 𝑥33(𝑆′) = 1.

By the definition of Π*1,

Π*1(𝑆)
Π*1(𝑆′)

=
344𝑛−1156

344𝑛−10546
=

25
24

> 1.

If x ≥ 3, then by the direct calculation, we obtain Π*1(𝑆) = Π*1(𝑆′). Hence, Π*1(𝑆) ≥ Π*1(𝑆′) (Fig. 4). �

Now by Lemma 2.10, we can completely determine the minimum Π*1-value for the trees in Ω(𝑛, 2) in the
following theorem.

Theorem 2.11. If 𝑇 ∈ Ω(𝑛, 2), then Π*1(𝑇 ) ≥ 344𝑛−10546 with equality if and only if 𝑇 is isomorphic to a tree
of the form 𝑆(𝑎, 𝑏; 1; 𝑐, 𝑑), where 𝑎, 𝑏, 𝑐, 𝑑 ≥ 1.

3. Extremal trees on multiplicative sum Zagreb index with three branch
vertices

In this section, we investigate for the extremal Π*1-values in Ω(𝑛, 3). At the beginning of this section, we
denote by 𝑆(𝑎1, . . . , 𝑎𝑟; x; 𝑏1, . . . , 𝑏𝑠; y; 𝑐1, . . . , 𝑐𝑡) the tree with three branch vertices, as depicted in Figure 5.
Then we define:

Ω(𝑛, 3) = {𝑆(𝑎1, . . . , 𝑎𝑟; x; 𝑏1, . . . , 𝑏𝑠; y; 𝑐1, . . . , 𝑐𝑡) : 𝑎𝑖, 𝑏𝑗 , 𝑐𝑙 ≥ 0, 1 ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝑗 ≤ 𝑠, 1 ≤ 𝑙 ≤ 𝑡, 𝑟, 𝑠, 𝑡 ≥ 2} .

In particular, if 𝑎1 = 𝑎2 = · · · = 𝑎𝑟, then tree 𝑆(𝑎1, . . . , 𝑎𝑟; x; 𝑏1, . . . , 𝑏𝑠; y; 𝑐1, . . . , 𝑐𝑡) can be simply written as
𝑆(𝑎𝑟; x; 𝑏1, . . . , 𝑏𝑠; y; 𝑐1, . . . , 𝑐𝑡). Similar simplifications apply when 𝑏1 = 𝑏2 = · · · = 𝑏𝑠 and 𝑐1 = 𝑐2 = · · · = 𝑐𝑡.

By repeatedly applying Lemma 2.4, if necessary, one can construct a Π*1-value sequence for any 𝑇 ∈ Ω(𝑛, 3)
as follows:

Π*1(𝑇 ) < Π*1(𝑇1) < Π*1(𝑇2) < · · · < Π*1(𝑈),

where 𝑈 = 𝑆(1𝑥; 1; 1𝑦; 1; 1𝑧). Therefore, the maximum Π*1-value is attained when 𝑇 is isomorphic to a tree of
the form 𝑈 = 𝑆(1𝑥; 1; 1𝑦; 1; 1𝑧).
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Figure 5. Tree 𝑆(𝑎1, · · · , 𝑎𝑟; x; 𝑏1, · · · , 𝑏𝑠; y; 𝑐1, · · · , 𝑐𝑡).

Lemma 3.1. Let 𝑇 = 𝑆(1𝑥; 1; 1𝑦; 1; 1𝑧) and 𝑇 ′ = 𝑆(1𝑥−1; 1; 1𝑦; 1; 1𝑧+1) be two trees in Ω(𝑛, 3). If 3 ≤ 𝑥 < 𝑧+1,
then Π*1(𝑇 ) < Π*1(𝑇 ′).

Proof. Let us now consider two functions

𝑓(𝑥) = (𝑥 + 2)𝑥(𝑥 + 𝑦 + 3), 𝑥 ≥ 0, 𝑦 ≥ 0,

𝑔(𝑥) = ln 𝑓(𝑥) = 𝑥 ln(𝑥 + 2) + ln(𝑥 + 𝑦 + 3), 𝑥 ≥ 0, 𝑦 ≥ 0.

Then

𝑔′′(𝑥) = [ln 𝑓(𝑥)]′′ =
𝑥 + 4

(𝑥 + 2)2
− 1

(𝑥 + 𝑦 + 3)2
> 0.

Thus, [ln 𝑓(𝑥)]′ is increasing. It follows that [ln 𝑓(𝑥 + 1)− ln 𝑓(𝑥)]′ > 0. Hence, ln 𝑓(𝑧 + 1)− ln 𝑓(𝑧) > ln 𝑓(𝑥)−
ln 𝑓(𝑥− 1) as 3 ≤ 𝑥 < 𝑧 + 1, that is, 𝑓(𝑥− 1)𝑓(𝑧 + 1) > 𝑓(𝑥)𝑓(𝑧). Hence, by the definition of Π*1,

Π*1(𝑇 ′)
Π*1(𝑇 )

=
(𝑥 + 1)𝑥−1(𝑥 + 𝑦 + 2)(𝑧 + 3)𝑧+1(𝑧 + 𝑦 + 4)

(𝑥 + 2)𝑥(𝑥 + 𝑦 + 3)(𝑧 + 2)𝑧(𝑧 + 𝑦 + 3)
=

𝑓(𝑥− 1)𝑓(𝑧 + 1)
𝑓(𝑥)𝑓(𝑧)

> 1.

Hence, Π*1(𝑇 ) < Π*1(𝑇 ′). �

Lemma 3.2. Let 𝑇 = 𝑆(12; 1; 1𝑦; 1; 1𝑧), 𝑇 ′ = 𝑆(12; 1; 1𝑦−1; 1; 1𝑧+1), and 𝐴 = 𝑆(12; 1; 1𝑛−7; 1; 12). Then:

(i) If 3 ≤ 𝑦 ≤ 𝑧, then Π*1(𝑇 ) < Π*1(𝑇 ′).
(ii) If 𝑦 > 𝑧 ≥ 2, then Π*1(𝑇 ) ≤ Π*1(𝐴).

Proof. Let 𝑓(𝑥) =
(𝑥 + 2)𝑥

(𝑥 + 1)𝑥−1
, where 𝑥 ≥ 3. We obtain

𝑓 ′(𝑥) = 𝑓(𝑥)
[︂
ln(𝑥 + 2) +

𝑥

𝑥 + 2
− ln(𝑥 + 1)− 𝑥− 1

𝑥 + 1

]︂
> 0. (2)

Thus 𝑓(𝑥) is an increasing function.

(i) If 3 ≤ 𝑦 ≤ 𝑧, then 𝑓(𝑧 + 1) ≥ 𝑓(𝑦 + 1). By the definition of Π*1,

Π*1(𝑇 ′)
Π*1(𝑇 )

=
(𝑦 + 4)(𝑦 + 𝑧 + 3)(𝑦 + 2)𝑦−1(𝑧 + 3)𝑧+1

(𝑦 + 5)(𝑦 + 𝑧 + 3)(𝑦 + 3)𝑦(𝑧 + 2)𝑧
=

(𝑦 + 4)(𝑦 + 2)𝑦−1(𝑧 + 3)𝑧+1

(𝑦 + 5)(𝑦 + 3)𝑦(𝑧 + 2)𝑧

=
𝑓(𝑧 + 1)(𝑦 + 4)(𝑦 + 2)𝑦−1

(𝑦 + 5)(𝑦 + 3)𝑦
≥ 𝑓(𝑦 + 1)(𝑦 + 4)(𝑦 + 2)𝑦−1

(𝑦 + 5)(𝑦 + 3)𝑦

=
(𝑦 + 3)𝑦+1

(𝑦 + 2)𝑦
· (𝑦 + 4)(𝑦 + 2)𝑦−1

(𝑦 + 5)(𝑦 + 3)𝑦
=

𝑦2 + 7𝑦 + 12
𝑦2 + 7𝑦 + 10

> 1.

Hence, Π*1(𝑇 ) < Π*1(𝑇 ′).



2622 C. XU ET AL.

Figure 6. Trees with extremal Π*1-values in Ω(𝑛, 3).

(ii) Note that 𝑦 + 𝑧 = 𝑛− 5 and 𝑦 > 𝑧 ≥ 2. Then 𝑛−5
2 < 𝑦 ≤ 𝑛− 7. We now consider a function

𝑓(𝑦) = (𝑦 + 3)𝑦(𝑛− 3− 𝑦)𝑛−5−𝑦, 𝑦 ≥ 3.

Then

𝑓 ′(𝑦) = 𝑓(𝑦)
[︂
ln(𝑦 + 3) +

𝑦

𝑦 + 3
− ln(𝑛− 3− 𝑦)− 𝑛− 5− 𝑦

𝑛− 3− 𝑦

]︂
> 0,

which means 𝑓(𝑦) is increasing when 𝑦 ≥ 3. Thus, 𝑓(𝑥) ≤ 𝑓(𝑛− 7) = 42(𝑛− 4)𝑛−7. Therefore,

Π*1(𝑇 ) = 42(𝑦 + 5)(𝑦 + 𝑧 + 3)(𝑦 + 3)𝑦(𝑧 + 2)𝑧

= 42(𝑦 + 5)(𝑛− 2)(𝑦 + 3)𝑦(𝑛− 3− 𝑦)𝑛−5−𝑦

≤ 44(𝑛− 2)2(𝑛− 4)𝑛−7 = Π*1(𝐴).

We complete the proof of this lemma. �

Now we determine the maximum Π*1-value in Ω(𝑛, 3) in the following theorem (Fig. 6).

Theorem 3.3. If 𝑇 ∈ Ω(𝑛, 3), then Π*1(𝑇 ) ≤ 436(𝑛 − 2)(𝑛 − 4)𝑛−6 with equality if and only if 𝑇 ∼=
𝑆
(︀
12; 1; 1; 1; 1𝑛−6

)︀
.

Proof. By Lemmas 3.1 and 3.2, it is sufficient to compare the Π*1-values for 𝐴 = 𝑆
(︀
12; 1; 1𝑛−7; 1; 12

)︀
and

𝑍 = 𝑆
(︀
12; 1; 1; 1; 1𝑛−6

)︀
. Therefore,

Π*1(𝑍)
Π*1(𝐴)

=
436(𝑛− 2)(𝑛− 4)𝑛−6

44(𝑛− 2)2(𝑛− 4)𝑛−7
=

3(𝑛− 4)
2(𝑛− 2)

≥ 1

as 𝑛 ≥ 8. Hence, for any 𝑇 ∈ Ω(𝑛, 3), Π*1(𝑇 ) ≤ 436(𝑛 − 2)(𝑛 − 4)𝑛−6 and the equality holds if and only if
𝑇 ∼= 𝑍. �

Lemma 3.4. Let 𝑋𝑛,1 and 𝑋𝑛,𝑖 be the graphs depicted in Fig. 7, where 𝑑𝑢 ≥ 3. Then Π*1(𝑋𝑛,1) < Π*1(𝑋𝑛,𝑖) for
2 ≤ 𝑖 ≤ ⌈𝑛

2 ⌉.

Proof. By the definition of Π*1, we obtain

Π*1(𝑋𝑛,𝑖)
Π*1(𝑋𝑛,1)

≥ 324𝑛−5(𝑑𝑢 + 1 + 1)(𝑑𝑢 + 1 + 2)
3× 4𝑛−3(𝑑𝑢 + 2)

×
∏︁

𝑢𝑖∈𝑁𝐻(𝑢)

𝑑𝑢 + 1 + 𝑑𝑢𝑖

𝑑𝑢 + 𝑑𝑢𝑖

>
3(𝑑𝑢 + 3)

16
> 1

as 𝑑𝑢 ≥ 3 and 2 ≤ 𝑖 ≤ ⌈𝑛
2 ⌉. Hence Π*1(𝑋𝑛,1) < Π*1(𝑋𝑛,𝑖). �
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Figure 7. Graphs 𝑋𝑛,1 and 𝑋𝑛,𝑖 in Lemma 3.4.

Lemma 3.5. Let 𝑛 ≥ 15. If the tree 𝑇 = 𝑆(𝑎, 𝑏; c; 𝑑; e; 𝑓, 𝑔) ∈ Ω(𝑛, 3) has minimum Π*1-value, then all pendant
paths have length greater than one.

Proof. Suppose that there is a pendant path of length one in 𝑇 . Without loss of generality, assume that 𝑎 = 1.
Then by Lemma 2.9, 𝑏, 𝑑, 𝑓, 𝑔 ≤ 2. Hence c + e = 𝑛− 1− (1 + 𝑏 + 𝑑 + 𝑓 + 𝑔) ≥ 𝑛− 10 ≥ 5. It is deduced that
one of c and e is strictly greater than 2. Assume that c ≥ 3, and 𝐷 = 𝑆(2, 𝑏; c− 1; 𝑑; e; 𝑓, 𝑔). Then we obtain

Π*1(𝑇 )
Π*1(𝐷)

=
4c−152

3× 4c−353
> 1.

It contradicts to the fact that 𝑇 has minimum Π*1-value in Ω(𝑛, 3). �

In light of Lemma 3.5, the minimum Π*1-value is attained when 𝑇 ∈ Ω𝑛,3 is of the form 𝑆(𝑎, 𝑏; c; 𝑑; e; 𝑓, 𝑔),
where 𝑎, 𝑏, 𝑑, 𝑓, 𝑔 ≥ 2.

Lemma 3.6. If c + e ≥ 3, 𝑇 = 𝑆(𝑎, 𝑏; c; 𝑑; e; 𝑓, 𝑔) and 𝑇 ′ = 𝑆(𝑎, 𝑏; 1; 𝑑; c + e− 1; 𝑓, 𝑔), then Π*1(𝑇 ) ≥ Π*1(𝑇 ′).

Proof. It is not hard to see that if c + e = 3, then Π*1(𝑇 ) ≥ Π*1(𝑇 ′). Now we can assume that c ≥ 2 and e ≥ 2.
By the definition of Π*1, we obtain

Π*1(𝑇 )
Π*1(𝑇 ′)

=
4c+e−454

4c+e−3526
=

25
24

> 1.

Hence, Π*1(𝑇 ) ≥ Π*1(𝑇 ′). �

Theorem 3.7. Let 𝑛 ≥ 15. Then, for any 𝑇 ∈ Ω(𝑛, 3), Π*1(𝑇 ) ≥ 354𝑛−155762 with equality if and only if 𝑇 is
isomorphic to a tree of the form 𝑌 = 𝑆(𝑎, 𝑏; 1; 𝑑; 1; 𝑓, 𝑔), where 𝑎, 𝑏, 𝑑, 𝑓, 𝑔 ≥ 2 and 𝑎 + 𝑏 + 𝑑 + 𝑓 + 𝑔 = 𝑛− 3.

Proof. For two trees 𝑋 = 𝑆(𝑎′, 𝑏′,1; 𝑑′, e; 𝑓 ′, 𝑔′) and 𝑌 = 𝑆(𝑎, 𝑏; 1; 𝑑; 1; 𝑓, 𝑔), it is easy to see that

𝑥22(𝑋) = 𝑛− 14, 𝑥23(𝑋) = 7, 𝑥33(𝑋) = 1, 𝑥12(𝑋) = 5,

𝑥22(𝑌 ) = 𝑛− 13, 𝑥23(𝑌 ) = 5, 𝑥33(𝑌 ) = 2, 𝑥12(𝑌 ) = 5.

By the definition of Π*1, we obtain

Π*1(𝑋)
Π*1(𝑌 )

=
354𝑛−14576
354𝑛−135562

=
25
24

> 1.

Hence, Π*1(𝑋) > Π*1(𝑌 ). �



2624 C. XU ET AL.

4. Upper Bounds of multiplicative sum Zagreb index

In this section, we investigate upper bounds for the multiplicative sum Zagreb index relative to some graph
parameters. For any two nonadjacent vertices 𝑣𝑘 and 𝑣ℓ in a graph 𝐺, we use 𝐺 + 𝑣𝑘𝑣ℓ to denote the graph
obtained by adding the edge 𝑣𝑘𝑣ℓ to 𝐺.

Lemma 4.1 ([29]). Let 𝐺 be a graph with 𝑣𝑖𝑣𝑗 ∈ 𝐸(𝐺) and 𝑣𝑘𝑣ℓ /∈ 𝐸(𝐺). Then Π*1(𝐺) > Π*1(𝐺 − 𝑣𝑖𝑣𝑗), and
Π*1(𝐺) < Π*1(𝐺 + 𝑣𝑘𝑣ℓ).

The number of vertices in the largest independent set of a graph is called the independence number, denoted
by 𝛼. If a graph on 𝑛 vertices contains a clique of 𝑛 − 𝛼 vertices and the rest 𝛼 vertices is a stable set, where
every vertex within the clique is linked to every vertex in the stable set, then the graph is called a complete split
graph and is denoted by CS(𝑛, 𝛼), 1 ≤ 𝛼 ≤ 𝑛− 1. We now give an upper bound on Π*1(𝐺) in terms of order 𝑛
and independence number 𝛼 of any graph 𝐺, and characterize the extremal graphs.

Theorem 4.2. Let 𝐺 be a graph of order 𝑛 with independence number 𝛼. Then

Π*1(𝐺) ≤ 2𝑎 (𝑛− 1)𝑎 (2𝑛− 𝛼− 1)𝛼 (𝑛−𝛼),

where 𝑎 =
(︀
𝑛−𝛼

2

)︀
. Moreover, the equality holds if and only if 𝐺 ∼= CS(𝑛, 𝛼).

Proof. If 𝐺 ∼= CS(𝑛, 𝛼), then the equality holds. Otherwise, 𝐺 � CS(𝑛, 𝛼). Let 𝐺′ be a graph of order 𝑛 with
independence number 𝛼 such that 𝐺′ = 𝐺 + 𝑒, where 𝑒 is not an edge in 𝐺. By Lemma 4.1, one can easily see
that

Π*1(𝐺) < Π*1(𝐺′) < · · · < Π*1(CS(𝑛, 𝛼)).

This completes the proof of the theorem. �

Let 𝑚𝑢 be the average degree of the adjacent vertices of the vertex 𝑢 in 𝐺. Then

𝑚𝑢 =

∑︀
𝑣:𝑢𝑣∈𝐸(𝐺) 𝑑𝑣

𝑑𝑢
, that is, 𝑑𝑢𝑚𝑢 =

∑︁
𝑣:𝑢𝑣∈𝐸(𝐺)

𝑑𝑣.

Lemma 4.3 ([7]). Let 𝐺 be a connected graph. Then 𝑑𝑢 + 𝑚𝑢 = 𝑑𝑣 + 𝑚𝑣 for any 𝑢, 𝑣 ∈ 𝑉 (𝐺) if and only if 𝐺
is a regular graph or a bipartite semiregular graph.

We now give an upper bound on Π*1(𝐺) of any graph 𝐺, and characterize the extremal graphs.

Theorem 4.4. Let 𝐺 be a graph with 𝑚 edges. Then

Π*1(𝐺) ≤ max
𝑢∈𝑉 (𝐺)

(𝑑𝑢 + 𝑚𝑢)𝑚, (3)

where 𝑑𝑢 is the degree of the vertex 𝑢 ∈ 𝑉 (𝐺), and 𝑚𝑢 is the average degree of the adjacent vertices of the vertex
𝑢 ∈ 𝑉 (𝐺). If 𝐺 is connected, then the equality holds in (3) if and only if 𝐺 is a regular graph or 𝐺 is a bipartite
semiregular graph.

Proof. Since 𝑚𝑢 is the average degree of the adjacent vertices of the vertex 𝑢, one can easily see that∑︀
𝑣:𝑢𝑣∈𝐸(𝐺) (𝑑𝑢 + 𝑑𝑣) = 𝑑2

𝑢 + 𝑑𝑢 𝑚𝑢. Using this, from the arithmetic-geometric-mean inequality, we obtain

∏︁
𝑣: 𝑢𝑣∈𝐸(𝐺)

(𝑑𝑢 + 𝑑𝑣) ≤

(︃∑︀
𝑣:𝑢𝑣∈𝐸(𝐺) (𝑑𝑢 + 𝑑𝑣)

𝑑𝑢

)︃𝑑𝑢

= (𝑑𝑢 + 𝑚𝑢)𝑑𝑢
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with equality if and only if 𝑑𝑣 = 𝑑𝑤 for every 𝑣, 𝑤 ∈ 𝑁𝐺(𝑢).
From the definition, we obtain

Π*1(𝐺)2 =

⎛⎝ ∏︁
𝑢𝑣∈𝐸(𝐺)

(𝑑𝑢 + 𝑑𝑣)

⎞⎠2

=
∏︁

𝑢∈𝑉 (𝐺)

∏︁
𝑣: 𝑢𝑣∈𝐸(𝐺)

(𝑑𝑢 + 𝑑𝑣)

≤
∏︁

𝑢∈𝑉 (𝐺)

(𝑑𝑢 + 𝑚𝑢)𝑑𝑢 . (4)

Let 𝑑𝑟 + 𝑚𝑟 = max
𝑢∈𝑉 (𝐺)

(𝑑𝑢 + 𝑚𝑢). Then we have 𝑑𝑢 + 𝑚𝑢 ≤ 𝑑𝑟 + 𝑚𝑟 for any 𝑢 ∈ 𝑉 (𝐺). From (4), we obtain

Π*1(𝐺)2 ≤
∏︁

𝑢∈𝑉 (𝐺)

(𝑑𝑟 + 𝑚𝑟)𝑑𝑢 = (𝑑𝑟 + 𝑚𝑟)

∑︀
𝑢∈𝑉 (𝐺)

𝑑𝑢

= (𝑑𝑟 + 𝑚𝑟)2𝑚,

that is,
Π*1(𝐺) ≤ (𝑑𝑟 + 𝑚𝑟)𝑚 = max

𝑢∈𝑉 (𝐺)
(𝑑𝑢 + 𝑚𝑢)𝑚

with equality if and only if 𝑑𝑢 + 𝑚𝑢 = 𝑑𝑣 + 𝑚𝑣 for any 𝑢, 𝑣 ∈ 𝑉 (𝐺).
Moreover, the equality holds in (3) if and only if 𝑑𝑢 + 𝑚𝑢 = 𝑑𝑣 + 𝑚𝑣 for any 𝑢, 𝑣 ∈ 𝑉 (𝐺), that is, by

Lemma 4.3, the equality holds in (3) if and only if 𝐺 is a regular graph or a bipartite semiregular graph as 𝐺
is connected. �

Corollary 4.5. Let 𝐺 be a graph with 𝑚 edges and maximum degree ∆. Then

Π*1(𝐺) ≤ (2∆)𝑚. (5)

If 𝐺 is a connected graph, then the equality holds in (5) if and only if 𝐺 is a regular graph.

Proof. Since 𝑑𝑢 ≤ ∆ for all 𝑢 ∈ 𝑉 (𝐺), we have 𝑚𝑢 ≤ ∆ for all 𝑢 ∈ 𝑉 (𝐺). Using this, from (3), we obtain the
result. By Theorem 4.4, the equality holds in (5) if and only if each connected component of 𝐺 is a ∆-regular
graph, that is, if and only if 𝐺 is a regular graph. �

The chromatic number of a graph 𝐺, denoted by 𝑟, is the minimum number of colors such that 𝐺 can be
colored with these colors such that no two adjacent vertices have the same color. We denote by 𝐾𝑛1,𝑛2,...,𝑛𝑟

the complete 𝑟-partite graph of order 𝑛, with partition sets of sizes 𝑛1, 𝑛2, . . . , 𝑛𝑟, respectively. Recall that the
Turán graph 𝑇𝑛(𝑟) is a special 𝑟-partite graph of order 𝑛, where the partition sets differ in size by at most 1.
We obtain

Π*1(𝑇𝑛(𝑟)) =
(︁√︀

2(𝑛− 𝑝)
)︁𝑝2 (𝑟−𝑞) (𝑟−𝑞−1) (︁√︀

2(𝑛− 𝑝− 1)
)︁(𝑝+1)2 𝑞 (𝑞−1)

× (2𝑛− 2𝑝− 1)𝑝𝑞 (𝑝+1) (𝑟−𝑞),

where 𝑝 = ⌊𝑛
𝑟 ⌋, and 𝑞 = 𝑛 − 𝑟 ⌊𝑛

𝑟 ⌋. We now give an upper bound on Π*1(𝐺) of graph 𝐺 in terms of 𝑛 and
chromatic number 𝑟, and characterize the extremal graphs.

Theorem 4.6. Let 𝐺 be a graph of order 𝑛 with chromatic number 𝑟. Then

Π*1(𝐺) ≤
(︁√︀

2(𝑛− 𝑝)
)︁𝑝2 (𝑟−𝑞) (𝑟−𝑞−1) (︁√︀

2(𝑛− 𝑝− 1)
)︁(𝑝+1)2 𝑞 (𝑞−1)

× (2𝑛− 2𝑝− 1)𝑝𝑞 (𝑝+1) (𝑟−𝑞), (6)

where 𝑝 = ⌊𝑛
𝑟 ⌋, and 𝑞 = 𝑛− 𝑟 ⌊𝑛

𝑟 ⌋. Moreover, the equality holds if and only if 𝐺 ∼= 𝑇𝑛(𝑟).
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Proof. Since 𝐺 has 𝑛 vertices with chromatic number 𝑟, we can assume that 𝑉 (𝐺) = 𝑉1 ∪ 𝑉2 ∪ · · · ∪ 𝑉𝑟, where
𝑉𝑖 ∩ 𝑉𝑗 = ∅ (1 ≤ 𝑖 ̸= 𝑗 ≤ 𝑟) and |𝑉𝑖| = 𝑛𝑖 (1 ≤ 𝑖 ≤ 𝑟), 𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛𝑟, 𝑛1 + 𝑛2 + · · · + 𝑛𝑟 = 𝑛. By
Lemma 4.1, we obtain Π*1(𝐺) ≤ Π*1(𝐾𝑛1,𝑛2,...,𝑛𝑟

) with equality if and only if 𝐺 ∼= 𝐾𝑛1,𝑛2,...,𝑛𝑟
. If 𝑛1 − 𝑛𝑟 ≤ 1,

then 𝐾𝑛1,𝑛2,...,𝑛𝑟
∼= 𝑇𝑛(𝑟), and hence Π*1(𝐺) ≤ Π*1(𝐾𝑛1,𝑛2,...,𝑛𝑟

) = Π*1(𝑇𝑛(𝑟)). Moreover, the equality holds in
(6) if and only if 𝐺 ∼= 𝑇𝑛(𝑟). Otherwise, 𝑛1 − 𝑛𝑟 ≥ 2.

Claim 1.

Π*1(𝐾𝑛1,𝑛2,...,𝑛𝑟
) < Π*1(𝐾𝑛1−1,𝑛2,...,𝑛𝑟+1).

Proof Claim 1. Since 𝑛1 − 𝑛𝑟 ≥ 2, one can easily see that

(2𝑛− 𝑛1 − 𝑛𝑖 + 1)(2𝑛− 𝑛𝑟 − 𝑛𝑖 − 1) = (2𝑛− 𝑛1 − 𝑛𝑖) (2𝑛− 𝑛𝑟 − 𝑛𝑖) + 𝑛1 − 𝑛𝑟 − 1
> (2𝑛− 𝑛1 − 𝑛𝑖) (2𝑛− 𝑛𝑟 − 𝑛𝑖),

that is,
(2𝑛− 𝑛1 − 𝑛𝑖 + 1) (2𝑛− 𝑛𝑟 − 𝑛𝑖 − 1)

(2𝑛− 𝑛1 − 𝑛𝑖) (2𝑛− 𝑛𝑟 − 𝑛𝑖)
> 1.

Moreover,
2𝑛− 𝑛1 − 𝑛𝑖 + 1

2𝑛− 𝑛1 − 𝑛𝑖
> 1 and

2𝑛− 𝑛𝑟 − 𝑛𝑖 − 1
2𝑛− 𝑛1 − 𝑛𝑖 + 1

≥ 1.

Thus we obtain

(2𝑛− 𝑛1 − 𝑛𝑖 + 1)(𝑛1−1) (2𝑛− 𝑛𝑟 − 𝑛𝑖 − 1)(𝑛𝑟+1)

(2𝑛− 𝑛1 − 𝑛𝑖)𝑛1 (2𝑛− 𝑛𝑟 − 𝑛𝑖)𝑛𝑟
=
(︂

(2𝑛− 𝑛1 − 𝑛𝑖 + 1) (2𝑛− 𝑛𝑟 − 𝑛𝑖 − 1)
(2𝑛− 𝑛1 − 𝑛𝑖) (2𝑛− 𝑛𝑟 − 𝑛𝑖)

)︂𝑛𝑟

×
(︂

2𝑛− 𝑛1 − 𝑛𝑖 + 1
2𝑛− 𝑛1 − 𝑛𝑖

)︂𝑛1−𝑛𝑟

×
(︂

2𝑛− 𝑛𝑟 − 𝑛𝑖 − 1
2𝑛− 𝑛1 − 𝑛𝑖 + 1

)︂
> 1.

Using the above result, we obtain

Π*1(𝐾𝑛1−1,𝑛2,...,𝑛𝑟+1)
Π*1(𝐾𝑛1,𝑛2,...,𝑛𝑟

)
=
∏︀𝑟−1

𝑖=2

(︀
(2𝑛− 𝑛1 − 𝑛𝑖 + 1)(𝑛1−1) 𝑛𝑖 (2𝑛− 𝑛𝑟 − 𝑛𝑖 − 1)(𝑛𝑟+1) 𝑛𝑖

)︀∏︀𝑟−1
𝑖=2 ((2𝑛− 𝑛1 − 𝑛𝑖)𝑛1 𝑛𝑖 (2𝑛− 𝑛𝑟 − 𝑛𝑖)𝑛𝑟 𝑛𝑖)

× (2𝑛− 𝑛1 − 𝑛𝑟)(𝑛1−1) (𝑛𝑟+1)

(2𝑛− 𝑛1 − 𝑛𝑟)𝑛1 𝑛𝑟

=
𝑟−1∏︁
𝑖=2

(︃(︀
(2𝑛− 𝑛1 − 𝑛𝑖 + 1)(𝑛1−1) (2𝑛− 𝑛𝑟 − 𝑛𝑖 − 1)(𝑛𝑟+1)

)︀
((2𝑛− 𝑛1 − 𝑛𝑖)𝑛1 (2𝑛− 𝑛𝑟 − 𝑛𝑖)𝑛𝑟 )

)︃𝑛𝑖

× (2𝑛− 𝑛1 − 𝑛𝑟)(𝑛1−𝑛𝑟−1) > 1.

This proves the Claim 1. �

By applying Claim 1 several times if necessary, we obtain

Π*1(𝐺) ≤ Π*1(𝐾𝑛1,𝑛2,...,𝑛𝑘
) < Π*1(𝐾𝑛1−1,𝑛2,...,𝑛𝑘+1) < · · · < Π*1(𝑇𝑛(𝑟)).

This completes the proof of the theorem. �
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5. Multiplicative Sombor index for chemical graphs

This section considers the extremal values of the multiplicative Sombor index for chemical graphs. We recall
that a chemical graph is a graph with maximum degree ∆ ≤ 4. Denoted by 𝒞𝒢𝑛 the class of all chemical graphs
of order 𝑛. Denoted by 𝑛𝑖 the number of vertices with degree 𝑖. Then one can easily get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑛1 + 𝑛2 + 𝑛3 + 𝑛4 + · · ·+ 𝑛𝑛−1 = 𝑛,

2𝑥11 + 𝑥12 + 𝑥13 + · · ·+ 𝑥1,𝑛−1 = 𝑛1,

𝑥12 + 2𝑥22 + 𝑥23 + · · ·+ 𝑥2,𝑛−1 = 2𝑛2,

𝑥13 + 𝑥23 + 2𝑥33 + · · ·+ 𝑥3,𝑛−1 = 3𝑛3,

· · · · · · · · · · · ·
𝑥1,𝑛−1 + 𝑥2,𝑛−1 + · · ·+ 2𝑥𝑛−1,𝑛−1 = (𝑛− 1)𝑛𝑛−1.

Therefore,

𝑛 =
∑︁

1≤𝑖≤𝑗≤𝑛−1

𝑖 + 𝑗

𝑖𝑗
𝑥𝑖𝑗 .

For the sake of simplicity, write

Ω = {(𝑖, 𝑗) : 1 ≤ 𝑖 ≤ 𝑗 ≤ 4}, Ω1 = {(𝑖, 𝑗) ∈ Ω : (𝑖, 𝑗) ̸= (4, 4)}.

Theorem 5.1. For any graph 𝐺 ∈ 𝒞𝒢𝑛, ΠSO(𝐺) ≤ 1024
𝑛
2 with equality if and only if 𝐺 is isomorphic to

4-regular graph.

Proof. By the definition of ΠSO, we obtain

ΠSO(𝐺)2 =
∏︁

(𝑖,𝑗)∈Ω

(𝑖2 + 𝑗2)𝑥𝑖𝑗 = (42 + 42)𝑥44
∏︁

(𝑖,𝑗)∈Ω1

(𝑖2 + 𝑗2)𝑥𝑖𝑗

= 322𝑛−2
∑︀

(𝑖,𝑗)∈Ω1
𝑖+𝑗
𝑖𝑗 𝑥𝑖𝑗

∏︁
(𝑖,𝑗)∈Ω1

(𝑖2 + 𝑗2)𝑥𝑖𝑗 =
1024𝑛

∏︀
(𝑖,𝑗)∈Ω1

(𝑖2 + 𝑗2)𝑥𝑖𝑗

1024
∑︀

(𝑖,𝑗)∈Ω1
𝑖+𝑗
𝑖𝑗 𝑥𝑖𝑗

≤ 1024𝑛 (7)

as for all (𝑖, 𝑗) ∈ Ω1, 𝑖2 + 𝑗2 < 1024
𝑖+𝑗
𝑖𝑗 . The equality holds in (7) if and only if for any (𝑖, 𝑗) ∈ Ω1, 𝑥𝑖𝑗 = 0, that

is, 𝐺 is isomorphic to a 4-regular graph. �

Theorem 5.2. If 𝑛 is even, then ΠSO(𝐺) ≥ 2
𝑛
4 with equality if and only if 𝐺 ∼= 𝑛

2 𝑃2.

Proof. Write

Ω2 = {(𝑖, 𝑗) ∈ Ω : (𝑖, 𝑗) ̸= (1, 1)}.

By the definition of ΠSO, we obtain

ΠSO(𝐺)2 =
∏︁

(𝑖,𝑗)∈Ω

(𝑖2 + 𝑗2)𝑥𝑖𝑗 = (12 + 12)𝑥11
∏︁

(𝑖,𝑗)∈Ω2

(𝑖2 + 𝑗2)𝑥𝑖𝑗

= 2
𝑛
2−

1
2

∑︀
(𝑖,𝑗)∈Ω2

𝑖+𝑗
𝑖𝑗 𝑥𝑖𝑗

∏︁
(𝑖,𝑗)∈Ω2

(𝑖2 + 𝑗2)𝑥𝑖𝑗 =
2

𝑛
2
∏︀

(𝑖,𝑗)∈Ω2
(𝑖2 + 𝑗2)𝑥𝑖𝑗

2
1
2

∑︀
(𝑖,𝑗)∈Ω2

𝑖+𝑗
𝑖𝑗 𝑥𝑖𝑗

≥ 2
𝑛
2

as for any (𝑖, 𝑗) ∈ Ω2, 𝑖2 + 𝑗2 ≥ 2
1
2

𝑖+𝑗
𝑖𝑗 . The equality holds if and only if for any (𝑖, 𝑗) ∈ Ω2, 𝑥𝑖𝑗 = 0, that is,

𝐺 ∼= 𝑛
2 𝑃2. �

Theorem 5.3. If 𝑛 is odd, then ΠSO(𝐺) ≥ 2
𝑛−3

4 5, where 𝐺 is isomorphic to 𝑛−3
2 𝑃2 ∪ 𝑃3.

Proof. Since 𝑛 is odd, then there is no isolated vertex in 𝐺. Then 𝑥11 ≤ 𝑛−3
2 · Write

Ω3 = {(𝑖, 𝑗) ∈ Ω : (𝑖, 𝑗) ̸= (1, 1), (𝑖, 𝑗) ̸= (1, 2)}.
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Since

𝑛 = 2𝑥11 +
3
2
𝑥12 +

∑︁
(𝑖,𝑗)∈Ω3

𝑖 + 𝑗

𝑖𝑗
𝑥𝑖𝑗 ,

we have

𝑥12 =
2
3
𝑛− 4

3
𝑥11 −

2
3

∑︁
(𝑖,𝑗)∈Ω3

𝑖 + 𝑗

𝑖𝑗
𝑥𝑖𝑗 .

By the definition of ΠSO and for any (𝑖, 𝑗) ∈ Ω3, 𝑖2 + 𝑗2 > 𝑖+𝑗
𝑖𝑗 , and we obtain

ΠSO(𝐺)2 =
∏︁

(𝑖,𝑗)∈Ω

(𝑖2 + 𝑗2)𝑥𝑖𝑗 = (12 + 12)𝑥11(12 + 22)𝑥12
∏︁

(𝑖,𝑗)∈Ω3

(𝑖2 + 𝑗2)𝑥𝑖𝑗

= 2𝑥115
2
3 𝑛− 4

3 𝑥11− 2
3

∑︀
(𝑖,𝑗)∈Ω3

𝑖+𝑗
𝑖𝑗 𝑥𝑖𝑗

∏︁
(𝑖,𝑗)∈Ω3

(𝑖2 + 𝑗2)𝑥𝑖𝑗 =
2𝑥115

2
3 𝑛
∏︀

(𝑖,𝑗)∈Ω3
(𝑖2 + 𝑗2)𝑥𝑖𝑗

5
4
3 𝑥11+

2
3

∑︀
(𝑖,𝑗)∈Ω3

𝑖+𝑗
𝑖𝑗 𝑥𝑖𝑗

≥
(︂

2
5

4
3

)︂𝑥11

× 5
2𝑛
3 ×

∏︀
(𝑖,𝑗)∈Ω3

(𝑖2 + 𝑗2)𝑥𝑖𝑗

5
∑︀

(𝑖,𝑗)∈Ω3
𝑖+𝑗
𝑖𝑗 𝑥𝑖𝑗

≥
(︂

2
5

4
3

)︂𝑥11

× 5
2𝑛
3 ≥

(︂
2

5
4
3

)︂𝑛−3
2

× 5
2𝑛
3 = 2

𝑛−3
2 52. (8)

If the equality in (8) holds, then 𝑥11 = 𝑛−3
2 and for any (𝑖, 𝑗) ∈ Ω3, 𝑥𝑖𝑗 = 0, that is, 𝐺 ∼= 𝑛−3

2 𝑃2 ∪ 𝑃3. �

Corollary 5.4. If 𝐺 is a connected chemical graph, then 5 × 8
𝑛−3

2 = ΠSO(𝑃𝑛) ≤ ΠSO(𝐺) ≤ 1024
𝑛
2 , where the

right equality holds if and only if 𝐺 is isomorphic to a 4-regular graph.

6. Multiplicative Sombor index for chemical trees

In this section, we consider the multiplicative Sombor index for chemical trees. The following lemma can be
easily obtained from the definition of the multiplicative Sombor index.

Lemma 6.1. For any tree 𝑇 ∈ 𝒯𝑛, ΠSO(𝑇 ) ≥ ΠSO(𝑃𝑛) = 5× 8
𝑛−3

2 .

Note that 𝑃𝑛 is a chemical tree, it follows that the minimal ΠSO-value is determined by Lemma 6.1. Write

Ω4 = {(𝑖, 𝑗) ∈ Ω : (𝑖, 𝑗) ̸= (1, 1), (𝑖, 𝑗) ̸= (1, 4), (𝑖, 𝑗) ̸= (4, 4)}.

Denoted by 𝒞𝒯 𝑛 the class of all chemical trees of order 𝑛. Obviously, for any chemical tree 𝑇 ∈ 𝒞𝒯 𝑛, 𝑥11(𝑇 ) = 0.
By the definition of chemical trees,

5
4
𝑥14 +

1
2
𝑥44 +

∑︁
(𝑖,𝑗)∈Ω4

𝑖 + 𝑗

𝑖𝑗
𝑥𝑖𝑗 = 𝑛, 𝑥14 + 𝑥44 +

∑︁
(𝑖,𝑗)∈Ω4

𝑥𝑖𝑗 = 𝑛− 1.

Therefore,

𝑥14 =
2𝑛 + 2

3
− 1

3

∑︁
(𝑖,𝑗)∈Ω4

(︂
4
𝑖 + 𝑗

𝑖𝑗
− 2
)︂

𝑥𝑖𝑗 , 𝑥44 =
𝑛− 5

3
+

1
3

∑︁
(𝑖,𝑗)∈Ω4

(︂
4
𝑖 + 𝑗

𝑖𝑗
− 5
)︂

𝑥𝑖𝑗 .

We denote

𝒰1 = {𝑇 ∈ 𝒞𝒯 𝑛 : 𝑛2 = 𝑛3 = 0},
𝒰2 = {𝑇 ∈ 𝒞𝒯 𝑛 : 𝑛2 = 1, 𝑛3 = 0},
𝒰3 = {𝑇 ∈ 𝒞𝒯 𝑛 : 𝑛2 = 0, 𝑛3 = 1}.

Then the following theorem determine the maximal ΠSO-value for chemical trees (Fig. 8).
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Figure 8. Tree in 𝒰1 and a chemical tree on 22 vertices in 𝒰3.

Figure 9. Two chemical trees with 18 vertices in 𝒰2.

Theorem 6.2. For any chemical tree 𝑇 ∈ 𝒞𝒯 𝑛, ΠSO(𝑇 ) ≤ 17
2𝑛+2

6 32
𝑛−5

6 with equality if and only if 𝑇 ∈ 𝒰1.

Proof. By the definition of ΠSO, we obtain

ΠSO(𝑇 )2 =
∏︁

(𝑖,𝑗)∈Ω

(𝑖2 + 𝑗2) = (12 + 42)𝑥14(42 + 42)𝑥44
∏︁

(𝑖,𝑗)∈Ω4

(𝑖2 + 𝑗2)𝑥𝑖𝑗

= 17
2𝑛+2

3 − 1
3

∑︀
(𝑖,𝑗)∈Ω4(4 𝑖+𝑗

𝑖𝑗 −2)𝑥𝑖𝑗 32
𝑛−5

3 + 1
3

∑︀
(𝑖,𝑗)∈Ω4(4 𝑖+𝑗

𝑖𝑗 −5)𝑥𝑖𝑗
∏︁

(𝑖,𝑗)∈Ω4

(𝑖2 + 𝑗2)𝑥𝑖𝑗

= 17
2𝑛+2

3 32
𝑛−5

3
32

1
3

∑︀
(𝑖,𝑗)∈Ω4(4 𝑖+𝑗

𝑖𝑗 −5)𝑥𝑖𝑗

17
1
3

∑︀
(𝑖,𝑗)∈Ω4(4 𝑖+𝑗

𝑖𝑗 −2)𝑥𝑖𝑗

∏︁
(𝑖,𝑗)∈Ω4

(𝑖2 + 𝑗2)𝑥𝑖𝑗 ≤ 17
2𝑛+2

3 32
𝑛−5

3 (9)

as for any (𝑖, 𝑗) ∈ Ω4,
32

1
3 (4 𝑖+𝑗

𝑖𝑗 −5)

17
1
3 (4 𝑖+𝑗

𝑖𝑗 −2)
(𝑖2 + 𝑗2) ≤ 1.

The equality holds in (9) if and only if for all (𝑖, 𝑗) ∈ Ω4, 𝑥𝑖𝑗 = 0, that is, 𝑛2 = 𝑛3 = 0. �

Corollary 6.3. Suppose 𝑛 ≥ 5 and 𝑛 ≡ 2 (mod 3). If the ΠSO-value attains its maximum in 𝒞𝒯 𝑛, then 𝑇 ∈ 𝒰1.

Proof. Note that for any 𝑇 ∈ 𝒰1, ΠSO-value is always a constant, that is, ΠSO(𝑇 ) = 17
2𝑛+2

6 32
𝑛−5

6 . �

Corollary 6.4. Suppose 𝑛 ≥ 9 and 𝑛 ≡ 0 (mod 3). If the ΠSO-value attains its maximum in 𝒞𝒯 𝑛, then 𝑇 ∈ 𝒰2

and 𝑥12 = 0 (Fig. 9).

Proof. If 𝑇 ∈ 𝒰1 ∪ 𝒰3, then by the famous Handshaking Lemma, the following equations hold:

2(𝑛− 1) = 𝑛1 + 4𝑛4 or 2(𝑛− 1) = 𝑛1 + 3𝑛3 + 4𝑛4.

However, these equations are not valid if 𝑛 ≡ 0 (mod 3). It gives that 𝑇 /∈ 𝒰1 ∪ 𝒰3. Assume that

𝜑(𝑖, 𝑗) =
32

1
3 (4 𝑖+𝑗

𝑖𝑗 −5)

17
1
3 (4 𝑖+𝑗

𝑖𝑗 −2)
(𝑖2 + 𝑗2).
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Obviously, 𝜑(1, 3) < 1, 𝜑(3, 3) < 1, 𝜑(3, 4) < 1, 𝜑(1, 2) < 𝜑(2, 3) < 𝜑(2, 4) < 1 and 𝜑(2, 2) < 𝜑(2, 4)2. Therefore,
by the definition of ΠSO, we obtain

ΠSO(𝑇 )2 =
∏︁

(𝑖,𝑗)∈Ω

(𝑖2 + 𝑗2) = (12 + 42)𝑥14(42 + 42)𝑥44
∏︁

(𝑖,𝑗)∈Ω4

(𝑖2 + 𝑗2)

= 17
2𝑛+2

3 32
𝑛−5

3
32

1
3

∑︀
(𝑖,𝑗)∈Ω4(4 𝑖+𝑗

𝑖𝑗 −5)𝑥𝑖𝑗

17
1
3

∑︀
(𝑖,𝑗)∈Ω4(4 𝑖+𝑗

𝑖𝑗 −2)𝑥𝑖𝑗

∏︁
(𝑖,𝑗)∈Ω4

(𝑖2 + 𝑗2)𝑥𝑖𝑗

= 17
2𝑛+2

3 32
𝑛−5

3 ×
∏︁

(𝑖,𝑗)∈Ω4

𝜑(𝑖, 𝑗)𝑥𝑖𝑗

≤ 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(1, 2)𝑥12𝜑(2, 2)𝑥22𝜑(2, 3)𝑥23𝜑(2, 4)𝑥24

≤ 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(2, 4)𝑥12+2𝑥22+𝑥23+𝑥24 = 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(2, 4)2𝑛2 .

If 𝑛2 = 0, then ΠSO(𝑇 ) ≤ 17
2𝑛+2

6 32
𝑛−5

6 , where the equality holds if and only if 𝑇 ∈ 𝒰1, which is impossible.
Otherwise, 𝑛2 ≥ 1. Then by combining the fact 𝜑(2, 4) < 1, we have

ΠSO(𝑇 )2 ≤ 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(2, 4)2𝑛2 ≤ 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(2, 4)2,

where the equality holds if and only if 𝑥24 = 2 and 𝑥12 = 𝑥22 = 𝑥13 = 𝑥23 = 𝑥33 = 𝑥34 = 0. It follows that
the ΠSO-value attains maximal if and only if 𝑛2 = 1 and 𝑛3 = 0. Therefore, if 𝑛 ≡ 0 (mod 3) and 𝑛 ≥ 9, the
maximal ΠSO-value is attained when 𝑇 ∈ 𝒰2 and 𝑥12 = 0. �

Corollary 6.5. Suppose 𝑛 ≥ 13 and 𝑛 ≡ 1 (mod 3). If the ΠSO-value attains its maximum in 𝒞𝒯 𝑛, then 𝑇 ∈ 𝒰3

and 𝑥13 = 0.

Proof. If 𝑇 ∈ 𝒰1 ∪ 𝒰2, then by the famous Handshaking Lemma, the following equations hold:

2(𝑛− 1) = 𝑛1 + 4𝑛4 or 2(𝑛− 1) = 𝑛1 + 3𝑛3 + 4𝑛4.

However, these equations are not valid if 𝑛 ≡ 1 (mod 3). It gives that 𝑇 /∈ 𝒰1 ∪ 𝒰2. Assume that

𝜑(𝑖, 𝑗) =
32

1
3 (4 𝑖+𝑗

𝑖𝑗 −5)

17
1
3 (4 𝑖+𝑗

𝑖𝑗 −2)
(𝑖2 + 𝑗2).

Obviously, 𝜑(1, 3) < 1, 𝜑(3, 3) < 1, 𝜑(2, 2) < 1, 𝜑(2, 4) < 1, 𝜑(1, 2) < 𝜑(2, 3) < 𝜑(3, 4) < 1, 𝜑(3, 3) < 𝜑(3, 4)2.
Therefore, by the definition of ΠSO, we obtain

ΠSO(𝑇 )2 = (12 + 42)
2𝑛+2

3 (42 + 42)
𝑛−5

3
32

1
3

∑︀
(𝑖,𝑗)∈Ω4(4 𝑖+𝑗

𝑖𝑗 −5)𝑥𝑖𝑗

17
1
3

∑︀
(𝑖,𝑗)∈Ω4(4 𝑖+𝑗

𝑖𝑗 −2)𝑥𝑖𝑗

∏︁
(𝑖,𝑗)∈Ω4

(𝑖2 + 𝑗2)𝑥𝑖𝑗

= 17
2𝑛+2

3 32
𝑛−5

3 ×
∏︁

(𝑖,𝑗)∈Ω4

𝜑(𝑖, 𝑗)𝑥𝑖𝑗

≤ 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(1, 3)𝑥13𝜑(2, 3)𝑥23𝜑(3, 3)𝑥33𝜑(3, 4)𝑥34

≤ 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(3, 4)𝑥13+𝑥23+2𝑥33+𝑥34 = 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(3, 4)3𝑛3 .

If 𝑛3 = 0, then ΠSO(𝑇 ) ≤ 17
2𝑛+2

6 32
𝑛−5

6 , the equality holds if and only if 𝑇 ∈ 𝒰1, which is impossible.
Otherwise, 𝑛3 ≥ 1. Then by combining the fact 𝜑(3, 4) < 1, we have

ΠSO(𝑇 )2 ≤ 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(3, 4)3𝑛3 ≤ 17
2𝑛+2

3 32
𝑛−5

3 × 𝜑(3, 4)3,
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where the equality holds if and only if 𝑥34 = 3 and 𝑥12 = 𝑥22 = 𝑥13 = 𝑥23 = 𝑥24 = 𝑥33 = 0. It follows that the
ΠSO-value attains maximum if and only if 𝑛2 = 0 and 𝑛3 = 1. Therefore, if 𝑛 ≡ 1 (mod 3) and 𝑛 ≥ 13, the
maximum ΠSO-value is attained when 𝑇 ∈ 𝒰3 and 𝑥13 = 0. �

7. Conclusions

This paper focuses two multiplicative variants of topological indices. After giving a general formula for the
multiplicative version of the topological index of graphs, we determine the extremal values of the multiplicative
sum Zagreb indices for trees with at most three branch vertices, as well as the extremal values of the multi-
plicative Sombor index for chemical graphs and chemical trees. In addition, the bounds of the multiplicative
sum Zagreb index in terms of various graph parameters are established. Furthermore, the graphs that achieve
these extremal values and bounds are completely characterized.
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