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EXPLORING MONOTONE PRIORITY QUEUES FOR DIJKSTRA
OPTIMIZATION

JoNAs CosTA*®, LucAs CASTRO® AND ROSIANE DE FREITAS

Abstract. The Shortest Path Problem (SPP) is one of the most significant problems in combinatorial
optimization. Beyond the vast number of direct applications, the SPP frequently serves as a subroutine
in solving other optimization problems. This paper presents a comprehensive review of monotone pri-
ority queues, a class of data structures that play a crucial role in solving the SPP efficiently. Monotone
priority queues are characterized by the property that their minimum key does not decrease over time,
making them particularly effective for label-setting algorithms like Dijkstra’s. Some key data structures
within this category are explored, emphasizing those derived directly from Dial’s algorithm, including
variations of multi-level bucket structures and radix heaps. Theoretical complexities and practical
considerations of these structures are discussed, with insights into their development and refinement
provided through a historical timeline.
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1. INTRODUCTION

A priority queue is a data structure that stores a dynamic set of elements and generally supports three
operations:

— insert(e, priority, @) add the element e in the queue Q;
— delete or remove(e, () removes the element e from Q;
— and extract-min((Q)) removes and returns an element of @ with minimum priority?.

The name “priority queue” derives from the idea that the moment an element leaves the queue depends on
its priority rather than the time it was inserted, in contrast with the principle first in, first out (FIFO) that
rules regular queues.

Among several applications, priority queues have a special role in label-setting algorithms for the Shortest
Path Problem (SPP). This problem has two main versions: to find the shortest path from a source s to all
other vertices and find a shortest path between a pair of nodes s and ¢. The first is sometimes called the Single
Source Shortest Path problem, or Shortest Path Tree Problem and, in spite of generalizing the second, it is not
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11t could be alternatively the maximum. In this paper, only minimum priority queues were considered because of their role in
algorithms for the SPP.
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harder. Therefore, from now on, only the single source version is considered. Typically, for a weighted directed
graph G = (V, A,w) and a vertex s € V(G), a label-setting method for the SPP builds a rooted directed tree Ty
containing a shortest path from s to all vertices reachable from s2. At the same time, it computes ds(v) which
is the distance from s to v for each vertex v € V(G) as follows:

(1) Set T'= {s} and ds(s) = 0,ds(v) = 00,Vv € V(G) \ {s}.

(2) Select an arc uv from a vertex u € T to a vertex v € V(G) \ T that minimizes d(u) + w(uv). Add wv in T
and set d(v) = d(u) + w(uw).

(3) Repeat the previous step until either T'= V(G) or ¢t € T'(G) depending on the version of the SPP.

The most iconic of these algorithms is due to Dijkstra [9]. While in 1959 the concept of priority queues was
not yet established, today it is clear that the complexity of Dijkstra’s algorithm is attached to the complexity
of the priority queue used in the selection step, i.e., step 2 above. Therefore, optimizing these data structures
leads to more efficient algorithms for the SPP, which, as pointed out in [12], is one of the most representative
problems of operational research. This is because solving the SPP is often required as a subroutine for many
combinatorial optimization problems.

To be efficiently used by a label-setting algorithm, a priority queue must support an extra operation of
decrease-key which reduces the priority of an element already inside the structure. In general, this operation
has the same effect as removing the element and reinserting it with a lower priority, but it was introduced
by Fredman and Tarjan in [13] with the goal of providing a more efficient alternative. It is worth noting that
Fredman and Tarjan used the term key to refer to what has so far been called priority. The same convention
is used in this paper, where the term key is used in a weaker sense, interchangeably with priority, to remain
consistent with the terminology of the decrease-key operation®.

The way it is presented today, Dijkstra’s algorithm maintains the candidates to be added in T in a priority
queue, with priority given by the shortest distance from the source vertex s observed so far. However, the
addition of a new vertex to T may change these distances and therefore the priority of some vertices. This is
why the possibility of changing priorities is important in this context.

The binary heap is probably the most popular among the priority queues and was introduced by Williams
[34] inside Algorithm 232: Heapsort. Although it was designed for a sorting algorithm, the use of binary heaps in
Dijkstra’s algorithm dates back to the early 1970s. In [21], Johnson describes how to use d-heaps, a generalization
of binary heaps, to find the next node to be added to T" and analyzes the performance of this approach. He also
points to an older reference that tried a similar approach. However, binary heaps work for general purposes,
whereas there are priority queues optimized for shortest paths algorithms.

As defined by Thorup in [26], a priority queue is monotone if its minimum priority is non-decreasing over
time. This implies, for example, that one cannot insert an element with a key smaller than the key of the last
minimum extracted. A priori, this is a restriction on the sequence of operations that will be performed rather
than a restriction on a data structure. In this context, a monotone priority queue is a data structure designed
or optimized to work on such a restricted sequence of operations. They are suited for label-setting algorithms
because they naturally “produce” monotone sequences of operations. Sometimes, for further optimization, it is
also assumed that the keys are integers and that an upper bound for the maximum key to be inserted is known.
Again, this is plausible in the context of shortest path algorithms. In this work, a monotone priority queue is
considered in a broader sense of a structure optimized for Dijkstra-like algorithms.

The existence of such priority queues predates their designation as monotone. Dial’s algorithm [8] for the
shortest path problem implicitly uses a monotone priority queue. Further analyses identified that the time
complexity of the operations on this priority queue was bounded by the maximum arc weight rather than by the
number of elements inside the queue, as in the case of binary heaps. Over time, Dial’s data structure evolved

2This particular kind of directed tree is often called arborescence.

3In other dynamic sets contexts, a key is regarded an immutable and unique value associated with an element. However, such
restrictions are not always required in the context of priority queues.
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into more sophisticated priority queues with better bounds. Much of this development was due to DIMACS 5th-
Implementation Challenge® in 1995 which focused Priority queues, Dictionaries, and Multi-Dimensional Point
Sets. Some results in both theoretical and practical fronts date from quite after that edition of the Challenge.

This paper provides an overview of monotone priority queues, emphasizing their application in shortest path
algorithms. It aims to elucidate the key characteristics and time complexities of the primary data structures
within this category, specifically those that are directly derived from Dial’s algorithm and are expected to work
well in practice. Theoretical results within the broader context of monotone priority queues are also provided.
Additionally, the paper seeks to present a historical perspective on the evolution of these structures, offering
insights into their development and refinement over time.

The remainder of this paper is organized as follows: Section 2 provides some groundwork by introducing the
shortest path problem and related definitions. Section 3 delves into Dial’s algorithm, discussing its origins and
implementation. Section 4 explores the evolution into multi-level bucket structures, including two-level, k-level
buckets, and hot queues. Section 5 focuses on the radix-heap data structure, reviewing its variants and their
respective time complexities. In Section 6, the theoretical limits of Dijkstra’s algorithm with different priority
queues are examined, under the constraint of integer weights. Finally, Section 7 provides a historical timeline
of the key developments in monotone priority queues.

2. PRELIMINARIES

The shortest path problem considered here is defined over a directed graph G = (V, A, w) and a vertex s € V(G),
where w : A — Z is a non-negative integer weight function of the arcs. The letters n and m denote the number
of vertices and edges of the graph respectively. The problem asks then for the shortest paths from s to all the
other vertices of G. The vertex s is often called source or root and C = max{w(a) : a € A(G)} is the maximum
weight of an arc of G. One may assume that G does not have loops, i.e., arcs on the form vv. Considering a
vertex u € V(G), the set N*(u) = {v: uv € A(G)} is the out-neighborhood of u. The distance from the source
to w is denoted by ds(u). The graph G is said to be dense if the number of its edges is close to the maximum,
that is, m = 6(n?). Conversely, G is sparse if m = O(n).

This paper deals with bucket-based priority queues. In this context, a bucket is a data structure that stores a
dynamic set of elements, supporting insertion and deletion. Usually, a double-linked list is enough to implement
a bucket, but one may also implement it as a dynamic array. The latter may use more memory but is a more
cache-friendly approach. The data structures will be discussed here from a higher level of abstraction so this
kind of technicality will be left out.

Unless specified otherwise, an element that will be stored in a priority queue is a pair (v, k) where v is a
vertex of the graph and k is a non-negative integer priority or label. Concerning the operations of a priority
queue, generally, only k is relevant, so an abuse of language is used to compare elements in terms of their keys.
For example, for two elements a = (u, k1) and b = (v, k2), to say that a is greater than b means that k; > ko
and so on.

The most famous algorithm for the SPP is Dijkstra’s labeling method [9]. In Algorithm 1, a modern imple-
mentation of this method that explicitly uses a priority queue is described. Initially, all vertices are inserted
into a priority queue ) with infinite priority, except for s which is inserted with priority 0. Extracting a vertex
v from @ is equivalent to adding it to the shortest path tree T, implying that its distance will no longer change.
The first extracted vertex is always s because it is the only one with non-infinite priority. The algorithm also
keeps two arrays ds(v) and 7 so that at the end of the execution dg(v) holds the distance from s to v and 7(v)
has the predecessor of v in the shortest path from s to v®. The decrease-key((v,k), Q) function in line 13 is
equivalent to removing the element (v, k'), where k' > k, from @, and inserting the element (v, k).

4http ://dimacs.rutgers.edu/programs/challenge/.

5Here the notation ds(v) and 7(v) is used instead of ds[v] and [v] because these are graph parameters, not merely algorithm
variables.
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Algorithm 1: Dijkstra’s algorithm.

Dijkstra(G = (V, A,w), s)
forallv € V(G) \ s do

ds(v) = oo, w(v) = null;

insert ((v,0), @);
end
ds(s) =0, 7(s) = null;
insert((s,0),Q);
while Q # () do
u «— extract-min(Q);
forall v € N*(u) do

if ds(v) > ds(u) + w(uv) then
da(v) — dy(u) +w(wo) ;
w(v) =u;
decrease-key ((v, ds(u) + w(uwv), Q));
end
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Dijkstra’s algorithm performs a balanced sequence of operations on the priority queue, i.e., a sequence where
the queue starts and ends empty [4]. In particular, it performs initially n operations of insert (lines 3 and 6)
and, consequentially, n extract-min operations in line 8. Combined, the loops on lines 7 and 9, will iterate O(m)
times (each outgoing arc of each vertex) and therefore the number of decrease-key is at most O(m). Thus, the
complexity of this algorithm is O(nl + nX + mD), where I, X, and D are the costs (in the worst case) per
insert, extract-min, and decrease-key, respectively.

In the original implementation of Dijkstra’s algorithm, the vertices are kept in an array with direct addressing
(vertex j at position j). Thus, the insertion and decrease-key are performed in constant time while the extract-
min costs ©(n) which is the time of scanning the whole array looking for the element with the smallest key. This
gives a total complexity of O(m +n?) = O(n?). Using a binary heap, the complexity drops to O((n+m)log(n))
because all three operations can be done in log(n) on this priority queue. However, an efficient decrease-key
implementation for binary heaps requires an efficient way to locate and remove a given element, which is not
naturally supported by this data structure. This issue is usually solved with the help of an auxiliary structure
(e.g., a hash map or a direct-addressing array) that allows constant-time retrieval of an element’s position in
the heap, such as its index in the underlying array.

3. THE DIAL’S ALGORITHM AND THE ONE-LEVEL BUCKET STRUCTURE

The algorithm presented in this section was also credited to Loubar by Hitchner [20], who pointed to a reference
from 1964. More recent references like [12,19,23] refer to Dial’s algorithm as an alternative implementation of
Dijkstra’s algorithm. However, in [8], Dial originally built his algorithm as an implementation of Moore’s [22]
algorithm. Moreover, from the five algorithms studied by Hitchner in [20], the one he attributed to Loubar is
the only one that is not tagged as a Dijkstra variation. A decade later, in [7], this algorithm is identified as
“Dijkstra address calculation sort” in a work of Dial himself along with Glover, Karney, and Klingman. Back
then, different ways of processing vertices were seen as different label-setting algorithms. Over time most of
those differences were abstracted by the priority queues, becoming what is called Dijkstra’s algorithm today.
Thus, Dial’s algorithm can indeed be seen as a version of Dijkstra’s algorithm that uses an array of buckets as a
priority queue. In [19], Goldberg also mentions that the same data structure had been independently proposed
in [10,32].
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Dial’s algorithm provides a good intuition on how bucket-based algorithms work in general, how they take
advantage of the monotone structure of the problem as well as the fact that the arc weights are integers from
which the maximum is known.

The key idea is to keep an array of buckets B such that the bucket B[i] will hold only vertices with distance
¢ from s, that is, vertices v with ds(v) = 4. Since a path can have at most n — 1 arcs, the maximum cost of
a path and therefore the largest possible distance from s is (n — 1)C, where C is the maximum arc weight.
Thus, an array of nC buckets is sufficient to represent all possible distances (actually (n — 1)C' is enough, but
nC is simpler). This array will work as a monotone priority queue. The algorithm keeps a pointer « to the
lowest-indexed non-empty bucket from which the next vertex to be scanned will be selected. Observe that «
points to the bucket containing the vertices of minimum distance in B. The bucket B[a] is called the active
bucket and when it gets empty, « is incremented to the next non-empty bucket. Once a vertex is scanned, it
is checked whether the distance of its out-neighbors can be lowered. In the affirmative case, those already in B
must be relocated to the buckets relative to their new best distance and the others inserted in the appropriated
buckets. The pseudo-code of Dial’s algorithm is presented in Algorithm 2.

Algorithm 2: Dial’s algorithm.
Dial(G = (V, A, w), s)
forall v € V(G) \ s do ds(v) = oo, m(v) = null ;
ds(s) = 0;7(s) = null;
a—0;
insert (s, Bla]);
while o < Cn do
u «— pop(Bla]); /* Return and remove an element of the bucket. */
forall v € N+( ) do
if ds ( ) > ds(u) + w(uv) then
du(v) — da(u) + w(uv) ;

m(v) =u;

relocate(v,B); /* If v is already in B, remove it from its previous bucket. Insert v in

Blds(v)]. */
12 end
13 end
14 f Bla] = 0 then
15 o < next(a, B) ; /* Return the index of next non-empty bucket or oo if all buckets larger
than « are empty. */
16 end
17 end
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As mentioned earlier, Dial’s technique for shortest paths provides an implicit monotone priority queue, which
is precisely the array of buckets B. To insert an element v with key & it suffices to call the insert function of
the bucket B[k]. Each bucket B[i] can be implemented, for example, as a double-linked list to allow insertion
in constant time, the deletion can also be done in constant time if a reference to the node where each element
is stored inside the bucket is kept. The function relocate used in Algorithm 2 is equivalent to the decrease-key
operation. Since it is an insertion possibly preceded by a removal, it can be done in constant time. The operation
of extract-min is the combination of the extraction of an element from the active bucket index (as in Line 6)
and the possible update of the active bucket (Line 15). In the case of update (Line 14), by the monotone nature
of the problem, one can consider only buckets of index higher than «, this means that a linear search for a
non-empty bucket “on the right” of « suffices to implement the next (Line 15) function of the Algorithm 2.
This priority queue will be called a one-level bucket structure for further reference.
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FIGURE 1. Example on how Dial’s algorithm works with a one-level bucket. The input graph
with C' = 4 is shown in (a). The numbers around the arcs denote their weights. Outside the
main loop, the source vertex s was inserted in B[0]. In the first iteration of the loop, s is removed
and its out-neighbors are added into the proper buckets (b). Another vertex is selected in the
following step and its neighbors are also added in B . The vertex h is relocated from B[4] to

B[2] ().

The Algorithm 2 was stated this way for didactic purposes, but Dial’s original technique uses fewer buckets.
Indeed, Algorithm 2 can be easily modified to work only with C' 4+ 1 buckets in B instead of nC'. Given that
scanned vertices are selected only from the active bucket (Line 6), the range of labels in the structure is [«, a+C],
therefore at most C' + 1 consecutive buckets can be used at any time of the algorithm’s execution. Thus, to
determine the position of a vertex inside B, one can use its temporary label modulo C 4+ 1 to “wrap around”
when the end of B is reached. Namely, a vertex of label k£ must be inserted into bucket B[k mod C + 1]. The
active bucket o update must also be modified to return to the beginning when it reaches C' and B is not empty.
In this case, o will receive the index of the first non-empty bucket.

When using nC buckets, as the vertex index in B matches its label, it is possible to modify Algorithm 2
so that the temporary labels are not explicitly stored. For example, the test in Line 8 could be replaced by
iy > a + w(uwv), where i, is the index of v in B. As mentioned earlier, storing i, is necessary to perform the
operations delete and decrease-key in constant time. This approach only makes sense if one is not interested in
the cost or length of the shortest path but only in the path itself. However, it highlights that the position of
an element inside B is uniquely determined by its key and wvice-versa. The same does not happen in other data
structures, such as a binary heap, because the other keys present in the data structure may also influence the
insertion of a new element. By reducing the number of buckets to C'+1, it is necessary to keep extra information
to infer the label of a vertex from its index in B. One way to do it is to maintain a counter r of how many rounds
the active bucket has made around B. So, r is set to 0 at the beginning of the algorithm and is incremented
each time « is updated to a smaller value. This way, the label of a vertex is given by rC + ,. In the following
sections, one may refer to the status of the data structure on round r.

Assuming buckets insertions and deletions in constant time, insert and decrease-key also takes constant time.
The extract-min may cost a search in O(C') buckets for updating the active bucket. Thus, the complexity of
Dial’s algorithm as stated in Algorithm 2 is O(m + nC'). A representation of the behavior of a one-level bucket
inside Dial’s algorithm is shown in Figure 1.
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4. THE MULTI-LEVEL BUCKET STRUCTURE

In 1973, Gilsinn and Witzgall [15] did a performance comparison on labeling algorithms for shortest paths.
They considered three techniques to improve the basic label correcting method and four improvements to the
basic label setting method. Among these seven, Dial’s algorithm showed the best performance, often by a large
margin, as pointed out by the authors. In order to extend that study, Dial et al. [7] evaluated other procedures for
the same problem. However, in contrast with the previous work, they found that different algorithms performed
best in varying density scenarios. They considered five label-correcting and four label-setting methods. This
time, the label-setting algorithms are Dial’s algorithm and three modifications of it. The first is a better idea on
when to add the nodes in the data structure. They observed that, when scanning the node wu, it is not necessary
to add all vertices in N*(u) in the priority queue but only one. Namely, the vertex v such that ds(v) > ds(u)
and w(uwv) is minimum. Based on this fact, the algorithm was modified to postpone the inclusion of vertices
into B.

The other two improvements added changes to the one-level bucket structure and were built upon the first
modification. To decrease the number of empty-buckets scans, they partitioned B into segments of equal size
and added a counter for the number of non-empty buckets in each segment. Then, to update the active bucket
these counters could be used to skip entire segments of empty buckets. However, Dial et al. observed that this
strategy did not improve the performance of the algorithm. They also noted that, in their experiments, the
non-empty buckets were approximately uniformly distributed along B, probably because w was generated by
a uniform probability distribution. This means that for instances where w is not random, this still might be a
profitable strategy. The second change consists of grouping each one of these segments into a “larger” bucket.
This adjustment decreases the number of buckets but causes vertices with different distances to fall inside the
same bucket. To deal with this, when a bucket becomes active, its vertices are sorted by their distances.

Years later in 1996, Prins [23] conducted a performance comparison among several SPP algorithms, focusing
on sparse graphs. In his experiments, Dial’s algorithm outperformed Dijkstra’s algorithm implemented with
binary heaps, Fibonacci heaps, and Radix heaps (see Sect. 5) in almost all cases. Interestingly, the pseudocode
in [23] suggests that Prins did not incorporate any of the improvements proposed in [7]. For the scenario
considered in that study, the simpler version of Dial’s algorithm proved to be sufficiently efficient.

4.1. Two-levels of buckets

Denardo and Fox [6] proposed stronger structural modifications on Dial’s one-level bucket structure by
creating a level hierarchy of buckets. Their data structure is suited to work with floating-point keys, for more
general shortest paths scenarios. Goldberg and Silverstein revisited this data structure in [19] and performed
empirical experiments comparing the data structure’s performance for different numbers of levels, but their
implementation was restricted to integer keys.

From a conceptual perspective, a two-level bucket structure works as follows: the top level is an array of
v C + 1 buckets, and each top-level bucket comports a range of /C + 1 distances. The size of the range of
labels that fits into the bucket is called the width of that bucket®. Moreover, inside a top-level bucket, there are
v/ C + 1 bottom-level buckets, each of width one, i.e., holding a single distance label. This structure is illustrated
in Figure 2. To keep track of the active bucket, «; is the top-level index while ¢, is the bottom-level index, that
is, if B is the whole structure, then Blay][ap] is the active bucket. To find a position of a new element with key &
inside B, one must compute its top-level index i = |k/+/C + 1| mod v/C + 1 and its bottom-level index j = k
mod /C + 1.

In this way, the two-level bucket structure has no important advantage over the one-level version because
it has the same number of buckets. One can decrease this number by keeping only one array of bottom-level
buckets. This is reasonable because grouping the vertices with the same distance inside the same bucket is useful
only when they are about to be extracted from the structure (by the extract-min operation). Furthermore, the

6The original description by Denardo and Fox [6] is suited to handle a more general distribution of buckets and widths.
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vertices with minimum distance in B are always in the buckets of Bloy]. Thus, B can be modified to work with
only two arrays B; and B, of v/C + 1 buckets, i.e., top and bottom level, respectively. The bottom level B, is
associated with the active top-level B[a]. To find the appropriate place of a new vertex of key k, its indexes i
and j are computed as before. If i = ay, it is inserted directly in Bp[j], otherwise, it is inserted in B[i]. When
the bottom level gets empty, a; must be updated to the index ¢ of the next non-empty top-level bucket, then the
elements of B,[i] will be distributed among the buckets of the bottom level, and a; is set to 4. This procedure
is called expansion.
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With this scheme, the number of buckets is reduced to 24/C' + 1. The operations insert, remove, and decrease-
key can also be performed in constant time. Moreover, the worst-case complexity for the extract-min operation
is now O(v/C + 1). This is because after an extract-min it may be necessary to update the indexes of the active
buckets, which in the worst case will cause a linear search in nearly all buckets. Recall that each top-level bucket
covers a range of distances +/C + 1. Therefore, each empty scan on the top level of a two-level bucket structure
skips v/C + 1 empty scans from its one-level counterpart (Fig. 3).

Fori € {0,1,...,+/C 4+ 1—1}, the range of B;[i] on round r is [iv/C + 1+rv/C + 1, (i+1)v/C + 1-1+r/C + 1]
while the range of By[j] is the label ay/C + 1+ 17v/C + 1+ 3. If i < oy, that is, By[i] is on the left of the active
bucket, instead of r one must consider r + 1.

The total time of the Dijkstra algorithm using this data structure is O(m + n(1 +/C)).

4.2. k-levels of buckets

Denardo and Fox [6] also extended the two-level implementation to a more general nested structure with
k > 3 levels. It can also be seen as a k-dimensional matrix of buckets, as in the case of two levels presented
earlier, but, as before, the implementation only keeps two dimensions.

The structure B have k levels By, By, ..., Bi_1, where each level B;, for i € {0,1,...,k — 1}, is an array of
d=1[(C+ 1)1/ k} buckets. The top-level is B,_; while the bottom-level is By. On each level, all buckets have
the same width which narrows from top to bottom. Namely, the width on level i is d’. In particular, the top
and bottom levels have widths d*~! and 1, respectively. Associated with each level 4, there is also the index
a; indicating the current active bucket of that level. The buckets on level j correspond to the bucket ajiq
expanded, for every j € {0,1,...,k —2}.

The lower bound of the level ¢ in the round 7, given by L,.(7), is the smallest label that can be stored in that
level on this particular round. Formally, L,(k — 1) = 7d*~! and L,.(i — 1) = L,(i) + ayd’, for 0 < i < k — 2.
In turn, the range of bucket B;[j] is [L,(i) + jd*, L,(i) + (j + 1)d* — 1], for 0 < j < d — 1. Similarly, one can
define the upper bound of the level as U,.(k — 1) = L,41(k—1) — 1 and U,.(i — 1) = L,.(i) + (o; + 1)d* — 1. The
following proposition enlightens the meaning of the above ranges and bounds.

Proposition 4.1. In any round r > 0, the range of the active bucket in level i corresponds to the bounds of
level i — 1, for every level i € {1,2,...,k—1}.

Proof. By definition, [L,(i —1),U,(i — 1)] = [L,(i) + ;d*, L.(i) + (v + 1)d* — 1] which is exactly the range of
(678 O

With more levels, inserting a new element is less straightforward because one must first determine the correct
level. In the initial state, B is empty and has r = 0. Suppose an element x with key 0 (a reasonable assumption
for a label setting algorithm) was the first to be inserted, and that no extract-min or decrease-key was performed
so far. In this scenario, observe that a; = 0 for every level 7. Now, consider the insertion of 2’ with key y. Let ¢
be the minimum level such that y € [Lo (i), Up(i)]. The claim is that 2’ must be inserted in B;[|y/d’ |], recalling
that d’ gives the width of level i. Clearly, 2’ cannot be inserted in a lower level since y does not match the
bounds and, if ¢ is not the top level, by Proposition 4.1 y is in the range of B[a;1], which is expanded at
level 4. Either way, i is the correct level. Let j be the index such that y must inserted into B;[j]. By definition,
the range of B;[j] is [L.(i) + jd', L,(i) + (j + 1)d* — 1] which is [jd’, (j + 1)d* — 1] since L,(i) = 0. Thus, if
y € [jd', (j +1)d" — 1], then j = [y/d'].

After some operations of extract-min, active buckets may be incremented, pushing the bounds of the levels.
But, as the widths and number of buckets on each level remain the same, bounds are always updated by
multiples, so it is easy to find the appropriate index. In general, ' must be inserted in B;[j], where i =
min{z |y € [Ly(2),U,(2)], z€{0,1,...,k—1}} and j = L%ﬁ(l)j With a linear search, finding 4 costs O(k) in
the worst case (more efficient methods for finding ¢ will be discussed later). Decreasing the key of an element
costs a constant time if it remains at the level and it costs O(k) if a linear search for its proper level is necessary.
Note that the decrease-key can only cause elements to descend in the levels of B.
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All the extract-min operations should occur at the bottom level. The procedure removes and returns an
element of By[ag]. If By[ag] is empty, ag will receive the index of the next non-empty bucket in By or an
expansion must be performed. The expansion on a k-level bucket structure is the generalization of the preceding
one. One must first determine the index i of the lowest non-empty level. To expand level i, «; is updated with
the index of the first non-empty bucket at level i (since all levels below 4 just became empty, certainly j > «).
Next, distribute the elements from B;[«;] into the appropriate buckets of level ¢ — 1 while updating a;_1 to
the lowest index used in level ¢ — 1. Continue this process until reaching the level 0, distributing elements and
updating active buckets at each level. After the expansion, level 1 is non-empty, and the extract-min can occur
normally. Considering the abstract notion of B as a k-dimensional matrix, the expansion procedure is analogous
to finding the bucket with the smallest elements. Finding the level ¢ for starting the expansion may cost O(k)
with extra O(d) = O(C'/*) to find the first non-empty bucket inside B; resulting in the total time of O(k+C1/*)
for the extract-min operation.

The total time of Dijkstra’s algorithm with this k-level buckets structure is O (k:m +n (k‘ + Cl/k)) and it

uses approximately kC'/* buckets. As shown in [6], this bound can be improved to O(mlog(k) + n %

where W is the size of a machine word. This enhanced bound results from more sophisticated techniques to find
non-empty levels and buckets. By storing the levels’ breakpoints in an array, it is possible to use a binary search
to find the correct level for an insertion; reducing the insertion time to O(log(k)). To speed up the expansion
one can use a binary k-vector with ‘1’ entries representing non-empty levels. With appropriate bit operations,
one can find the first non-zero entry in a machine word in constant time and therefore the first non-empty level
in O(k/W) time (O(1) if k fits in a machine word). Applying the same strategy the first non-empty bucket is
found in O(CY/*/W).

4.3. Hot queues

In [4], Cherkassky et al. introduced what they called heap-on-top priority queues. This data structure is a
combination of a multilevel bucket priority queue B and a heap H. The best bounds of time for Dijkstra’s
algorithm with hot queues are obtained when H is a monotone s-heap, i.e., a priority queue in which the
complexity of the operations grows with the number of elements inside the structure. In particular, these
bounds are O(m + nlog(C)?z) when H is a Fibonacci heap [13], and O(m + nlog(C)3+¢) using the Thorup’s
heap of [26] instead. The last assumes a stronger RAM model”. Raman argues in [25] that this bound can be
reduced to O(m + nlog(C)i+¢) by using an stronger result of [26].

Cherkassky et al. were not only interested in a data structure with lower theoretical bounds but also in one
that could work well in practice. Using a stronger RAM model, they give another description of the k-level
bucket structure. In their description, there is no need to keep the bounds of the levels because they manage
to compute the level of a new element with bit operations between its key and the key of the last minimum
extracted. This reduces the insertion and decrease-key times to O(1) and therefore the total time to O(m~+nC+).

The main structural change added to the hot queues, concerning its predecessor, is designed to minimize
empty scans after the expansion of a bucket with few elements. For example, consider the expansion of the
bucket B;[a;] of a k-level bucket structure B during one execution of Dijkstra’s algorithm. Before the expansion,
all levels below 4 (if ¢ > 0) are empty. If the number of elements in B;[«;] is small, some levels below i will be
empty or nearly empty. This scenario may lead to successive expansions which is bad because, in terms of time
complexity, an expansion is the most expensive procedure in a multi-level bucket. The heap H is employed to
prevent this kind of issue.

Let By[ay] denote the bucket containing the element with the smallest key in B, and let ¢(B) denote the
number of elements inside the bucket B. Whenever ¢(B;[ay]) < t and £ > 0 (the buckets in level 0 do not require

"The standard RAM model provide a basis for assessing the efficiency of an algorithm. It defines basic operations like arithmetic
(addition, subtraction, multiplication), data manipulation (load, store, copy), and control flow (branching) that execute in constant
time (O(1)). This model mirrors real-world computing capabilities and is widely used in algorithm design. Stronger RAM models
extend this by including operations such as bitwise logic and specialized bit manipulations, making it more theoretical and extending
the range of operations beyond practical computer architectures [5,31].
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expansions), instead of expanding By[ay] its elements are duplicated in H, where ¢ is a predefined threshold.
Any operation that should happen in the range of By[ay] will be performed both in the bucket and in H,
“freezing” the buckets below Bylay]. On the other hand, inserts and decrease-keys in buckets above Bg[ay] can
occur normally. When eventually By[ay] gets large enough, i.e., ¢(By[ay]) > t, it is expanded, H is emptied, and
the structure returns to operate as a regular k-level bucket structure. The number of elements in H is always
limited this is why using a s-heap is preferable.

The bounds mentioned at the beginning of this section are obtained by properly choosing H and t as
Cherkassky et al. proved the following:

Theorem 4.2 ([4]). Let I"'(N), DY(N) and X™(N) the time bounds for the operations of insert, decrease-key,
and extract-min in H. Then, for a balanced sequence of operations, the amortized bounds for the hot queue are:

O (I™(t)) for insert, O (D™(t) + I (¢t)) for decrease-key, and O (k + XM(t) + @) for the extract-min.

4.4. Other versions

In [2], Andersson and Thorup implemented a monotone priority queue as part of the DIMACS implementation
challenge. From a high-level perspective, their structure can be viewed as a 4-level bucket structure. They
optimize it to work with a fixed number of levels given that the keys are 64 bits long. A major difference is
that they keep a sorted list with a subset of the elements in the data structure. The idea here is also to avoid
expansions of buckets with few elements (as H in the hot queue). The minimum element will always be in this
list, and since it has a fixed maximum size, keeping it sorted takes constant time. This priority queue performed
very well in the reported empirical evaluation being substantially faster than a standard heap in most of the
problem instances. Andersson and Thorup left the code of their implementation in the appendix of [2].

Goldberg proposed in [17] a label-setting method for the SPP that he called later, in [16,18], the smart queue
algorithm. Unlike Dijkstra’s algorithm, the smart queue will not necessarily scan the vertex with minimum
temporary distance as Raman showed how to detect vertices for which the temporary distance cannot decrease.
The algorithm keeps those vertices in a list F' scanning them first and in any order. The vertices not satisfying
such condition are kept in a multi-level bucket structure B as usual. If F' is empty, the minimum element of B
is extracted and scanned as usual. In [17], Goldberg showed that this algorithm has a linear-time average case.
With empirical experiments he verified in [16,18] that the smart queue ran, in the worst case, 2.5 slower than a
BFS (breath-first search). He also performed experiments with Dijkstra’s algorithm running with a multi-level
bucket. The latter also showed a performance close to the BFS even with a large number of levels. An interesting
improvement that can be implemented in any of the priority queues presented in this section is what is called in
[16] the wide bucket heuristic. Let £ = min{w(a) : a € A(G)} be the minimum arc weight of the graph. Then,
for 0 < p < ¢, the multi-level bucket structure works correctly if the width of the buckets is multiplied by p on
every level.

5. THE RADIX-HEAP

In 1990, Ahuja et al. [1] proposed a monotone priority queue they called radiz heap and their data structure
improved one proposed by D.B. Johnson in 1977. In reference to this work, Denardo and Fox affirm that a
preprint of [6] stimulated Johnson to build a variant of their multilevel bucket system. The complexity of
Dijkstra’s algorithm with Johnson’s data structure is O(mloglog(C)+nlog(C)loglog(C)) as indicated in [1,6].
Ahuja et al. present three versions of radix heaps: one-level radix heaps, two-level radix heaps, and two-level
radix heaps with Fibonacci heaps. The running times of Dijkstra’s algorithm with these data structures are
respectively: O(m + nlog(C)), O (m + nlog(C)/loglog(C)) and O (m +n log(C)>.

To build radix heaps Ahuja et al. took particular advantage of the following properties of Dijkstra’s algorithm:
ds(u) € {0,1,2,...,nC}; and ds(v) € {p,p+ 1,...,u+ C}, where p is the label of the last scanned vertex and
v is a vertex in @ (see Algorithm 1) with non-infinity label. They remark that the last implies that successive
extract-min operations return vertices with non-decreasing keys.
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FIGURE 4. Representation of a one-level radix heap at the initial state assuming C' = 15.

5.1. One-level radix heaps

A one-level radix heap is an array B with & = [lg(C + 1)] + 2 buckets which will be indexed from 1 to
k. Let |Bi]| denote the width of bucket Bli]. Then, |B[1]| = 1, |B[i]| = 272 for i € {2,3,...,k — 1}, and
|B[k]] = nC + 1. This way, it follows that 23;11 IB[j]| > min{|BJ[i]|,C + 1}, for every i € {2,3,...,k}. That
means that the buckets before BJ[i] have enough space to hold all different labels in B[i] (or C' + 1 labels when
i=k).

The bucket ranges are chosen to partition the interval [u, u 4+ 1,...,n(C + 1)], recalling that p denotes the
label of the last scanned vertex and therefore is initially 0. For each i € {1,2,...,k}, the range of B[i] is
[U(i — 1)+ 1,U(i)] with the convention that U(0) = p — 1. As in the multi-level bucket structure, these ranges
determine which labels can be inserted on each bucket and they vary during the algorithm’s execution while
the widths are fixed. However, here, the size of the range of a bucket and its width does not necessarily match®.
It is assumed, that the vertex s (with label 0) will be inserted in the first bucket, then initially the bounds are
set as U(i) = 27t — 1 for i € {1,2,...,k — 1} and U(k) = nC + 1. In Figure 4 there is a representation of a
radix heap for C' = 15.

In a one-level bucket structure (see Sect. 3), all buckets have width 1, and the “head” of the structure (the
active bucket) moves towards the lower key elements. In contrast, in a one-level radix heap, the lower key
elements will be moved toward the “head” of the structure (the first bucket) and the buckets get narrower as
they get closer to the head. So, the idea is to keep the elements with minimum label in B[1] and the algorithm
must properly adjust the bucket ranges to maintain this property.

The insertion of an element x with key y proceeds as follows: starting from ¢ = k iterate, in decreasing order,
until finding the first ¢ such that U(i) < y, then insert « in B[i + 1]. Observe that B[i + 1] is the lowest bucket
in which = can be inserted. Even if initially there is only one possible bucket for the insertion, eventually the
structure may have buckets with overlapping ranges, and therefore one must ensure that the new element is
placed in the lowest appropriate bucket. The time spent with an insertion is O(k) = O(log(C)).

To perform the decrease-key of an element x’ to a new key 7', one should find the index j of the bucket in
which 2’ is stored; remove z’ from Blj]; change its key to ¢/, and proceed as regular insertion but starting from

8In this case, the term width is an abuse of notation.
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i = j. As before, the first stage can be done in constant time if each element stores its index in B. On the other
hand, finding the new bucket costs O(k) in the worst case. However, the index of an element can only decrease,
and at most k£ times. Indeed this number is the complement to the cost of the first insertion. In other words,
an element initially inserted in B[f] can change of bucket at most k — £ times. Thus, in an amortized analysis,
as done in [1], one may charge the cost of every insertion to exactly k and consider that the decrease-key costs
O(1). This way, the total time spent with these operations will be O(m + nlog(C)). Observe that, the same
analysis also applies to the context of a multilevel bucket structure.

The extract-min operation returns and removes an element of B[1]. If B[1] is empty, the algorithm seeks the
first non-empty bucket B[j]. Then, the elements of B[j] are transferred to a temporary bucket 7 and, during
this transfer, an element  with the minimum label is isolated. The algorithm proceeds updating the structure
by setting U(0) = ds(z)—1,U(1) = ds(z) and U(4) = min{U (s — 1)+ |B[i]|, U(j)} for 2 < i < j—1. Except for z,
the elements in 7 are reinserted in the structure with the search for the appropriate bucket starting from j — 1,
as in the decrease-key operation, and, finally, z is returned. It takes O(k) = O(log(C)) to find BJj], and roughly
speaking it is also necessary log(C) steps to transfer each element in B[j]. But in an amortized sense, this last
log(C') factor can be discounted from the insertion. This way, the time of a single extract-min is O(log(C)).
Therefore, Dijkstra’s algorithm runs in O(m + nlog(C)) with this priority queue.

This update performed by the decrease-key operation is similar to the expansion procedure on the multi-level
bucket structure and it is possible because, as mentioned earlier, the buckets before B[j] have enough range to
accommodate all the elements in B[j]. However, two situations may occur after the update: buckets with invalid
or overlapping ranges. The first happens when U(i — 1) + 1 > U(i), for some ¢ € {2,3,...,k — 2}. It is not a
problem because B[i] will be considered empty and not chosen during the insertion since any key in its range
is also in the lower bucket B[i — 1] range. The second is when there is some i such that U(i) = U(j), where j
is the index found during the extract min. In this case, the bucket B[j], which is now empty, is the one that
will be ignored by insertions and remain empty until some update occurs starting from a bucket with an index
higher than j.

5.2. Two-level radix heaps

Ahuja et al. [1] remarked that reducing the number of reinsertions of elements into buckets was crucial for
decreasing the running time of Dijkstra’s algorithm using radix heaps. They also observed that this could be
done by increasing bucket widths but that would break the relation of bucket ranges. They overcame this issue
by adapting the two-level bucket structure of Denardo and Fox [6] (see Sect. 4.1). The idea is to split each
bucket into inner-buckets of the same size, where an inner-bucket is analogous to a bottom-level bucket (see
Sect. 4.1).

The number of buckets of a two-level radix heap is k = [loga (C + 1)] + 1 where A is the number of inner-
buckets within each bucket. From a high-level perspective, the behavior of this priority queue is the same as
the one-level version but with additional steps of accessing the correct inner-bucket inside the current bucket.
The bucket widths need to be redefined in terms of A: for i € {1,2,...,k — 1}, |B[i]| = A% and |B[k]| remains
nC + 1.

Assuming that initially © = 0, it follows that the first bucket ranges from 0 to A — 1 because |B[1]| = A.
Therefore, U(1) = A—1and U(2) = A — 1 + |B[2]| = A — 1 + A?. Thus, generally speaking, the initial upper
bounds are U(i) = 375 A7 — 1, fori € {1,2,...,k — 1} and U(k) = nC + 1.

The width of each bucket is equally shared among its inner-buckets. The inner-bucket j inside the bucket B[]
is denoted by B[i][j] and has width |B[i][j]| = |B[i]|/A = A=1%. If a key y is in the range of the bucket i, then
y=U(i—1)+d with 1 < d < A" = |B[i]|. Furthermore, [d/A*~!] gives the index j of the proper inner-bucket

for y in Bli], in other words, j = (%@fl)]

9The two-dimensional array notation is preferable here because the buckets of the first dimension are only virtual, the actual
buckets here are the inner-buckets.
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Dijkstra algorithm [9] one-Level Bucket [8] Radix Heap [1] Hot queues [4]
Loubar’s Algorithm Multilevel Bucket [7] Formalization of Monotone Queues [26] Thorup’s priority queue [28]
Heapsort algorithm [34] Hot queues (first version) [24]

FIGURE 5. Timeline showing key points of the evolution of monotone priority queues.

To insert a new element the index 7 of the proper bucket is found as in a one-level radix heap. Then the
element is inserted in Bli][j], where j is computed in constant time with the above-mentioned formula. The
decrease-key operation is also analogous to the simpler version. The total time spent with these two operations
is O(m + nk) = O(m + log (C)).

To perform an extract-min, there is an extra step of finding the first non-empty inner-bucket within the first
non-empty bucket. Moreover, only the content of this inner-bucket is relocated during the update. The other
details of the update can be easily modified from the one-level radix heap. Using a linear search, it takes O(k)
time to find the first non-empty bucket and O(A) for the proper inner-bucket. A vertex is extracted only once
and can be lowered k times during updates. Thus, the total time for extract-min operations will be O(nk +nA),
and the total time for Dijkstra’s algorithm is O(m + n(k + A)). As pointed out by Ahuja et al. [1], one can
get the bound of O(m + nlog(C)/loglog(C)) by merely choosing A = O(log(C')/loglog(C)) (recalling that k
is defined as [loga (C' + 1)] 4+ 1).

5.3. Radix heaps with Fibonacci heaps

The third approach for radix heaps presented by Ahuja et al. aims to speed up the time for finding non-empty
inner-buckets. The main idea is to keep the indices of non-empty inner-buckets in a Fibonacci heap. This priority
queue supports insert and decrease-key in constant amortized time and extract-min in O(log(n)) amortized. They
extended the Fibonacci heaps from [13] so that when working with keys in the set {1,2,..., N}, the amortized
time for the extract-min operation is O(log(min{n, N})), while the insert and decrease-key operations remain

constant in amortized time. The number of inner-buckets is N = kA. Thus, by choosing A = 2[VI&(1 gne gets
kE = O(loga(C)) = O(y/1log(C)) and therefore log(N) = O(4/log(C)). It takes constant time to decide when
to operate the Fibonacci heap because they are only necessary when an inner-bucket becomes empty or when
there is an insertion into an empty inner-bucket.

As seen in Section 4.3, the time complexity of O(m + ny/log(C)) for Dijkstra’s algorithm was also achieved
with hot queues operating with Fibonacci heaps. It should be noted that radix heaps preceded hot queues, and
hot queues achieve better amortized bounds by using Thorup’s heaps. However, it is important to mention that
Fibonacci and Thorup’s heaps are complex data structures, and combining these priority queues is useful to
provide good expected times, but, in practice, this may not be efficient.

6. THEORETICAL LIMITS

It is well-established that O(m + nlog(n)) is the best time possible for Dijkstra’s algorithm when using a
comparison-based priority queue and arbitrary arc weights [1,28]. In this section, some results regarding the
equivalent limit to the restricted case of non-negative integer weights are discussed. In particular, the bound
above is attained using the Fibonacci heaps developed by Fredman and Tarjan [13] which performs insertions and
decrease-key in amortized constant time and extract-min in O(log(n)) amortized. As discussed in Section 5.3,
Ahuja et al. improved this data structure to obtain a better bound for the extract-min when the keys are
non-negative integers limited by a constant N. At the time, they also discussed the problem of finding a bound
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TABLE 1. Table of with the time of complexities for different priority queues.

Priority queue Insert Extract-min Decrease-key Time complexity of Dijkstra
Binary heap O(log(n)) O(log(n)) O(log(n)) O((m + n)log(n))

One-level bucket O(1) o(C) O(1) O(m +nC)

Two-level bucket O(1) O(\/C) o(1 O(m +nVC)

Multi-level bucket O(1) (@) k+C%) O(k (@] (km+n (kJrC%))
One-level radix heaps o ) O(m + nlog(C))

Two-level radix heaps O (m + nlog(C)/loglog(C))
(0] (m + nlog(C’)%)

O(nloglog(n))

N[=

O (log(C)/ loglog(C)) O (log(C)/ loglog(C)) O
Hot queues with Fibonacci heap O (log (C)) O
@]

1) O(loglog(n)) %

(
(
(
(log(©)) O(log(C)) o1
(
(
Thorup’s heap (

on the form O(m + nf(C)) for the restricted case of integer arc weights, where f is minimum. Their result
implied that f(C) < +/C, but based on the existence of the van Emde Boas priority queue (vEB)? [11], which
performs all operations in time O(loglog(C)), they raised the question of whether f(C) could be reduced to
O(loglog(C)).

This question was answered by Thorup [28] with the following result:

Theorem 6.1 ([28]). One can implement a priority queue that, for n elements with keys in the range [0, N —1],
supports insert and decrease-key in constant time, and extract-min in O(loglog(min{n, N})) time.

His proof is constructive, so he presented how to build such a data structure and it is important to note
that the times of Theorem 6.1 are not amortized. Observe that one can use this priority queue in a hot queue,
and by carefully choosing the parameters in Theorem 4.2 obtain the amortized time of O(m + nloglog(C)) for
Dijkstra’s algorithm. However, Thorup shows as a corollary of Theorem 6.1 that this time can be achieved by
using his data structure and some extra buckets. The extra buckets will work as the highest level of a multi-level
bucket structure to ensure that, at each time, the main priority queue maintains only elements in the range
[iC, (i+1)C —1]. He does not say it explicitly in [28] but two buckets are enough for this purpose, because if one
keeps, for each i € {0,1,...,n—2}, a bucket B; for holding elements with distances in the range [:C, (i+1)C'—1],
only two buckets are non-empty in any given time.

The above-mentioned work of Thorup is one in a series of studies of RAM priority queues. These are not
necessarily monotone but, as defined in [3], store non-negative integers and have running time depending on
the maximum value stored NV, assuming that this value is known a priori. The vEB is considered the first data
structure of this category. Using a vEB one gets a solution for the SPP in time O(mloglog(C)). The vEB
operates with O(N) space in the version of [30]. Willard [33] achieved the same bounds of a vEB with a data
structure he called Y-fast tries and reduced the space used to O(n). But since he used dynamic perfect hashing,
the bounds are amortized randomized O(loglog(N)).

Going further on the idea of a limited universe of keys, namely, assuming that N fits in a RAM word,
one gets that N < 2" and therefore the number of distinct keys is also limited by . Then, by bucketing
elements with the same key one may assume that all elements in the queue have distinct keys, and therefore
n < N. In this scenario Fredman and Willard [14] introduced the fusion trees with insert and extract-min
in O(log(n)/loglog(n)) opening the door for priority queues with sublogarithm operations independent of the
word size, as pointed out in [3]. Fredman and Tarjan also observed that with fusion trees one obtains a sorting
algorithm (inserting all elements and then extracting them) that surpasses the limitations of the information-
theoretic lower bound, i.e., sorting n numbers requires at least nlog(n) comparisons. In [26], Thorup showed a

10The data structure was designed by the first author (see the acknowledgments of [11]) so it is mainly known by its name.
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RAM priority queue that achieves the time O(loglog(n)) per operation, which in turn, gives a sorting algorithm
of time O(nloglog(n)) and also the time O(mloglog(n)) for Dijkstra’s algorithm. Raman [24] reduced these
bounds to O(ny/log(n)loglog(n)) and O(m + n4/log(n)loglog(n)) with another RAM priority queue. From
these three data structures, only the first need to assume constant time multiplication.

In [26], Thorup also proved the following result:

Theorem 6.2 ([26]). For a RAM with arbitrary word size, if one can sort n keys in time nS(n), for a non-
decreasing function S, then there is a monotone priority queue with capacity for n keys, supporting insert in
constant time and decrease-key in O(S(n)).

In other words, there is an equivalence between sorting in a RAM and monotone priority queues. Thorup
extended this equivalence for general RAM priority queues. These results imply that the development of better
bounds for RAM priority queues is attached to the improvement of RAM sorting algorithms and wvice versa.
In particular, the bounds of Theorem 6.1 are currently the best for the general cases of directed graphs and
non-negative integer weights. However, there are linear bounds for some restricted cases, see [25] for a more
detailed list. There are also linear bounds for the shortest path problem in undirected graphs, as shown by
Thorup in [27].

7. FINAL REMARKS

This paper has provided a review of monotone priority queues, emphasizing those derived from Dial’s algorithm
and tracing their evolution through subsequent improvements. By bucketing together vertices with the same
distance, Dial’s technique for the shortest path problem implicitly used a monotone priority queue even before
the concept of priority queue was well-established.

Dial’s method requires knowledge of the maximum possible value to be stored, but this method has the
advantage that the complexity of the operations — insert, decrease-key, and extract-min — depends on this
maximum value rather than on the number of elements in the queue. This property is particularly interesting
for the SPP, because the maximum value is always known and is often smaller than the number of elements.

Dial’s implicit data structure was further improved, giving rise to various versions of monotone priority
queues. What follows is a timeline (Fig. 5) highlighting the key points of this evolution, along with a table
(Tab. 1) summarizing the time complexities discussed throughout this paper.
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