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ANALYSIS AND OPTIMISATION OF A HETEROGENEOUS SERVERS WITH
VACATION SCHEME, SYSTEM DISASTER AND REPAIR

A. Mohammed shapique1,* and Ramupillai Sudhesh2

Abstract. This paper investigates a heterogeneous server system that incorporates vacation schemes,
system disasters, server failures, and repairs. Servers are categorized into two types based on their
service capabilities. Vacation durations vary for each server, and jobs are assigned to servers using a
fastest-first policy. Time-dependent solutions are derived using generating functions and Laplace trans-
forms, alongside steady-state solutions. The study explores key performance measures and presents
a comprehensive cost-revenue analysis for the proposed model. To optimize system performance, the
particle swarm optimization algorithm is employed to minimize the total expected cost function. Nu-
merical results are presented to illustrate the impact of system and cost parameters, providing insights
into the dynamic behavior and economic implications of the system.
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1. Introduction

Optimizing resource utilization and maintaining high service quality are critical in today’s computing, commu-
nication, and service industries. The analysis of multi-server queueing systems is fundamental for understanding
resource allocation and service delivery. In recent times, heterogeneous service systems have emerged, where
servers possess diverse processing capabilities and operational profiles. These systems reflect the increasing
complexity of contemporary environments. Researchers can gain valuable insights into the interplay of system
components and factors influencing performance by delving into these systems.

Heterogeneous queueing systems with vacation policies have been extensively studied, typically focusing on
scenarios where only one server takes a vacation while the other remains continuously active. However, these
models often assume a static vacation assignment. In this study, we consider a heterogeneous server system
where the two servers are classified based on their service rates: the Faster Server (FS) and the Slower Server
(SS). We propose a dynamic vacation policy in which either server may independently take a vacation under
specific conditions. The FS is permitted to take a vacation after completing service and finding no customers
waiting, while the SS may go on vacation following a system failure and subsequent repair, provided the system
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is empty. This flexible policy enhances adaptability and offers improved performance in systems with variable
workloads and asymmetric server capabilities.

The proposed model also accounts for system disasters, representing unforeseen events such as hardware
failures or cyberattacks that significantly impact service continuity. Modeling such disruptions is especially
relevant for high-reliability domains like cloud computing and telecommunication systems. Addressing both
server unreliability and system-level disasters allows for more robust queueing models capable of guiding resource
allocation and improving fault tolerance. Additionally, this study develops a cost optimization model for the
system. Within a defined cost structure, we apply the particle swarm optimization (PSO) technique to determine
optimal parameters that minimize total operational cost.

The proposed model can be effectively applied to cloud computing environments. Consider a data center with
high-performance servers (HPS) and low-performance servers (LPS). HPS handle complex, computationally
intensive tasks, while LPS handle routine tasks. During peak load, both types of servers are active. However,
during off-peak periods, HPS can enter low-power states or be powered off, while LPS handle the reduced
workload. This dynamic vacation policy, coupled with techniques like dynamic voltage and frequency scaling
and power gating, can significantly reduce energy consumption. Furthermore, the model can enhance system
reliability and fault tolerance. In case of HPS failures, LPS can take over the workload, albeit with reduced
performance. This graceful degradation ensures continuous service availability. By incorporating these strategies,
cloud service providers can optimize resource utilization, reduce operational costs, and improve overall system
efficiency

1.1. Related work

Prior research in multi-server queuing models has primarily centered around homogeneous server configura-
tions, where all servers in the system offer services at identical rates (see, e.g. [2,7,8]). However, this assumption is
often not applicable in contemporary real-world scenarios, especially in technologically advanced environments.
In modern queuing systems with human servers, electronic devices, or autonomous machines, the assumption
of homogeneity is frequently unrealistic. For instance, in a customer service contact center with a mix of human
agents and AI chatbots, the AI chatbots may process customer inquiries at different speeds. In automated
manufacturing facilities with robot-assisted assembly lines, the robots may have distinct processing capabilities.
In cloud computing environments, virtual machines or server instances may exhibit varying performance levels
and response times, affecting the overall system’s heterogeneity.

Many authors analysed queueing systems with heterogeneous servers. Krishnamoorthy [11] analysed queueing
systems with two heterogeneous servers by introducing modified queue disciplines. The author explored two
distinct queue disciplines: Queue Discipline-1 and Queue Discipline-2. In Queue Discipline-1, arriving units wait
in a line if both servers are busy. When only one server is free, they occupy it. If both servers are free, they
choose the fast server with probability 𝜋1 and the slow server with probability 𝜋2, where 𝜋1 + 𝜋2 = 1. Queue
Discipline-2 differs in that, when both servers are free, arriving units directly occupy the fast server. If the fast
server is busy, they wait for the first (fast) server, regardless of the status of the second (slow) server.

Singh [20] extends the work of Krishnamoorthy [11] by introducing the concept of balking. Singh’s study
focuses on comparing the performance of heterogeneous server queues with homogeneous server queues. The
primary goal is to identify the conditions under which the heterogeneous system exhibits superior performance
compared to its homogeneous counterpart. Leemans [15] investigated the distribution of queue lengths in a
heterogeneous 𝑀/𝑀/2 queuing system and presented a technique for computing the distribution of waiting
times. Sharma and Dass [19] conducted an analysis of an 𝑀/𝑀/2/𝑁 queuing system featuring heterogeneous
servers. Their investigation aimed to derive the probability density function of the busy period within this
queuing system. Additionally, they calculated the mean and variance of the queuing system. Sujatha and
Deekshitulu [23] analyzed a multiserver fractional queueing model with heterogeneous servers, acknowledging
that servers may operate with varying efficiencies and may not always be fully active. Their work primarily
focuses on the transient-state behaviour of the system.
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On a related note, Dharmaraja [4] explores a different yet pertinent dimension of the field by investigating a
two-processor heterogeneous system. In this system, jobs arrive according to a Poisson distribution and possess
exponentially distributed processing times. The author obtained the transient solution for this model, shedding
light on its dynamic behavior as it evolves over time. Sakalauskas et al. [18] analysed the stalling effect queueing
system using Markovian finite capacity queueing model with heterogeneous servers. Melikov [17] examined a
queueing system with heterogeneous servers with a Markov Modulated Poisson flow, and instantaneous feedback.
In this model, the primary call is initially serviced on a high-speed server, but may require re-servicing after
completion. Secondary calls, generated after primary call servicing, also have the possibility of re-servicing.

A vast body of literature in queuing theory exists, focusing on scenarios where servers remain continuously
idle while awaiting customer arrivals. However, in numerous real-world applications, servers incorporate break
periods when no customers arrive for extended durations. Consider a modern call center handling customer
inquiries. Instead of having operators idly wait for calls during slow periods, the center employs an intelligent
queuing system that allows operators to take brief breaks when no customer calls are in the queue for a specified
time. This approach enhances operator well-being and work efficiency, contributing to improved customer service
and overall operational productivity. Levy and Yechiali [16] laid the foundation for the exploration of the concept
of vacations in the context of queueing systems and the determination of the optimal vacation duration through
decomposition analysis. Subsequently, the review articles authored by Doshi [6] and Takagi [24] shed light on
the escalating research endeavors in the realm of queueing systems featuring intermittent service interruptions.

Kothandaraman and Kandaiyan [10] investigated heterogeneous queueing systems with a hybrid vacation
policy. In this model, server 1 is continuously accessible, while server 2 is either busy or on a working vacation.
Additionally, server 2 undertakes specific tasks when the queue length reaches or exceeds zero, but it must
complete its ongoing task before addressing any unusual requests. Kumar and Madheswari [14] applied the
matrix geometric method to examine the distribution of stationary queue length in an 𝑀/𝑀/2 heterogeneous
system featuring multiple vacations. Krishnamoorthy and Sreenivasan [12] studied steady state analysis of an
𝑀/𝑀/2 queueing system with heterogeneous servers. One of these servers remains consistently accessible, while
the other takes brief hiatuses when no customers are awaiting service. It is worth noting that the server on
vacation eventually resumes service, though at a reduced pace, in response to the arrival of a customer when the
other server is occupied. The study primarily focuses on the examination of this system’s steady-state behavior,
utilizing the matrix geometric method for a comprehensive understanding.

Sridhar and Allah Pitchai [21] conducted an extensive investigation of an 𝑀/𝑀/2 queueing system that
includes a vacation policy. In this system, it’s important to note that server 1 takes a single vacation, while
server 2 takes multiple vacations. Specifically, if there are no customers in the system, both servers go on
vacation. After their vacation period ends, if there are customers waiting for service, the servers return to their
active state to serve those customers. If the system subsequently becomes empty, only server 2 goes on vacation,
leaving server 1 in an idle state, ready to serve when needed. Yang et al. [27] investigated the steady-state
analysis of an 𝑀/𝑀/2 heterogeneous queue with multiple vacation and breakdowns. Within this study, Server
1 is depicted as dependable, with the ability to go on vacation when the system is devoid of customers. In
contrast, Server 2 is deemed less reliable and may experience breakdowns while serving customers. Notably,
when such breakdowns do occur, Server 2 doesn’t entirely cease its service but instead reduces its service rate.
Agarwal et al. [1] investigate an 𝑀𝑋/𝑀/2 queueing system with heterogeneous servers. In this model, Server 1
is reliable and takes a vacation when the system is empty, while Server 2 is unreliable, subject to breakdowns
during service. Upon failure, Server 2 enters immediate repair mode and continues to operate at reduced speed,
rather than halting completely

System disasters represent catastrophic events that cause immediate termination of all services, destruction
of existing customers, and require significant recovery time before normal operations can resume. Ammar [3]
analysed system disasters within heterogeneous server queues, notably in the absence of vacation policies.
Divya and Indhira [5] analyzed a heterogeneous queueing model featuring intermittent server availability, server
catastrophes, and a hybrid vacation policy. In their model, Server 1 remains continuously available, while
Server 2 experiences breakdowns and vacations. Using the matrix-geometric approach, they derived stationary
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probabilities and performance metrics. Recently Sudhesh et al. [22] discussed system disaster in dual-stage
vacation queueing system. A review of the literature confirms an absence of research addressing queuing systems
that simultaneously incorporate all four elements: heterogeneous servers, a dynamic vacation policy, system
disasters, and server failures with repair processes. Motivated by this gap, we investigate the transient system size
probabilities for a two-heterogeneous server vacation queueing system susceptible to disasters, server failures, and
repairs. Furthermore, we study a cost model for the investigated system. To optimize operational costs, this study
investigates a cost optimization problem within a predetermined cost structure, employing the particle swarm
optimization (PSO) technique. PSO, a renowned evolutionary computation method developed by Kennedy and
Eberhart [9], is leveraged to address the cost optimization challenge at hand. Recently, Tian et al. [25] examined
a dual-server parallel queueing system with heterogeneous service rates and dynamic priority assignments.
To analyze the system, the authors employed a truncated-approximation method combined with the matrix-
geometric approach, enabling tractable computation of steady-state probabilities. Furthermore, PSO technique
is applied to minimize operational costs, providing practical insights for improving system efficiency and resource
allocation.

The subsequent sections of the paper are organized as follows: Section 2 offers a detailed description of the
model for the investigated system. Section 3 delves into the transient analysis of the system. In Section 4, time-
dependent performance measures of the system are discussed. Section 5 presents the steady-state probabilities
of the system. The performance measures of the system in the steady state are outlined in Section 6. Section 7
provides a comprehensive cost analysis of the model. Section 8 offers a numerical illustration of the model. The
conclusion and future scope of this work are discussed in Section 9.

1.2. Notations

𝜆: Arrival rate
𝜇1: Service rate of the fast server
𝜇2: Service rate of the slow server
𝛾1: Idle timer of the fast server
𝛾2: Idle timer of the slow server
𝜃1: Vacation timer of the fast server
𝜃2: Vacation timer of the slow server
𝑃𝑛,𝑖,𝑗(𝑡): System size probabilities
𝑀(𝑡): Expected system size at time 𝑡
𝐵(𝑡): Number of busy servers at time 𝑡
𝐸{𝐵(𝑡)}: Mean of 𝐵(𝑡)
𝑃 (𝐵(𝑡) = 𝑚): Probability that the system has 𝑚 busy servers
𝜋𝑛,𝑖,𝑗 : Steady-state probabilities of the system size
𝐸(𝑁𝑠): Expected system size in the steady state
𝐸(𝑊𝑠): Expected number of jobs waiting in the steady state
TEC: Total expected cost
TER: Total expected revenue

2. Description of the model

In this section, a model description of the investigated system is presented.

– Job Arrival: Jobs arrive according to a Poisson process with rate 𝜆.
– Job Service: Jobs are served according to the Fastest Server First (FSF) discipline. Service times for the

Fast Server (FS) and Slow Server (SS) follow exponential distributions with rates 𝜇1 and 𝜇2, respectively,
where 𝜇1 > 𝜇2.

– Server Vacation: The duration of vacations is modelled as an exponentially distributed random variable.
This constitutes a standard assumption within the 𝑀/𝑀/1 and 𝑀/𝑀/𝑐 vacation queueing literature [24],
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primarily due to the resulting memoryless property and analytical tractability. Such models are frequently
employed to analyze scenarios where servers undergo rest periods, for instance for maintenance or energy
saving, in domains including wireless communications and manufacturing.
∙ FS Vacation:

∘ Upon completing all jobs in the system, the FS activates an idle timer with parameter 𝛾1.
∘ If no new job arrives before the timer expires, the FS enters a vacation state. The vacation duration

is exponentially distributed with rate 𝜃1.
∘ During the FS vacation, jobs continue to arrive and are served by the SS.

∙ SS Vacation:
∘ After a system failure and repair, if no jobs arrive, the SS sets an idle timer 𝛾2.
∘ If no jobs arrive before the timer expires, the SS enters a vacation state. The vacation duration

follows an exponential distribution with rate 𝜃2.
∘ During the SS vacation, jobs continue to arrive and are served by the FS.

– System disaster, failure and repair: The model also incorporates system disasters, which occur accord-
ing to a Poisson process with rate 𝜁, simultaneously disabling both servers. Upon such an event, all jobs
are removed, and the system transitions into a failure state. These catastrophic events are modeled using a
Poisson process, consistent with prior studies [13]. The system undergoes immediate repair, with the repair
time assumed to follow an exponential distribution with mean 𝜂−1. This modeling choice-standard in Marko-
vian reliability analysis [26] captures the memoryless nature of time-to-failure and time-to-repair processes
commonly observed in computing and telecommunications domains.

We define {𝑅(𝑡), 𝑆(𝑡), 𝑡 ≥ 0} as the state of the system at any given time 𝑡. Additionally, let 𝑁(𝑡) represent
the number of jobs present in the system.

(𝑅(𝑡), 𝑆(𝑡)) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(0, 0), if both FS and SS are idle.
(1, 0), if FS is busy and SS is idle.
(0, 1), if FS is idle and SS is busy.
(1, 1), if both FS and SS are busy.
(2, 0), if FS is in the vacation state and SS is idle.
(2, 1), if FS is in the vacation state and SS is busy.
(0, 2), if FS is idle and SS is in the vacation state.
(1, 2), if FS is busy and SS is in the vacation state.

Then, {𝑁(𝑡), 𝑅(𝑡), 𝑆(𝑡), 𝑡 ≥ 0} represents the three dimensional Markov process with state space 𝑊 =
({0} ∪ 𝑍+)× {0, 1, 2} × {0, 1, 2}.

Let𝑃𝑛,𝑖,𝑗(𝑡) = 𝑃
{︀
𝑁(𝑡) = 𝑛,𝑅(𝑡) = 𝑖, 𝑆(𝑡) = 𝑗

}︀
, 𝑖 = 0, 1, 2; 𝑗 = 0, 1, 2, 𝑛 = 0, 1, 2, . . .

Then 𝑃𝑛,𝑖,𝑗(𝑡) satisfies the following forward Kolmogorov equation. Figure 1 presents the investigated model.

𝑃 ′0,0,0(𝑡) = −(𝜆+ 𝛾1 + 𝛾2 + 𝜁)𝑃0,0,0(𝑡) + 𝜇1𝑃1,1,0(𝑡) + 𝜇2𝑃1,0,1(𝑡) + 𝜂𝑃𝐹 (𝑡) (2.1)
𝑃 ′1,1,0(𝑡) = −(𝜆+ 𝜇1 + 𝜁)𝑃1,1,0(𝑡) + 𝜆𝑃0,0,0(𝑡) + 𝜇2𝑃2,1,1(𝑡) (2.2)
𝑃 ′1,0,1(𝑡) = −(𝜆+ 𝜇2 + 𝜁)𝑃1,0,1(𝑡) + 𝜇1𝑃2,1,1(𝑡) (2.3)
𝑃 ′2,1,1(𝑡) = −(𝜆+ 𝜇+ 𝜁)𝑃2,1,1(𝑡) + 𝜆𝑃1,1,0(𝑡) + 𝜆𝑃1,0,1(𝑡) + 𝜇𝑃3,1,1(𝑡) + 𝜃1𝑃2,2,1(𝑡) + 𝜃2𝑃2,1,2(𝑡)) (2.4)
𝑃 ′𝑛,1,1(𝑡) = −(𝜆+ 𝜇+ 𝜁)𝑃𝑛,1,1(𝑡) + 𝜆𝑃𝑛−1,1,1(𝑡) + 𝜇𝑃𝑛+1,1,1(𝑡) + 𝜃1𝑃𝑛,2,1(𝑡) + 𝜃2𝑃𝑛,1,2(𝑡), 𝑛 ≥ 3 (2.5)
𝑃 ′0,2,0(𝑡) = −(𝜆+ 𝜁)𝑃0,2,0(𝑡) + 𝛾1𝑃0,0,0(𝑡) + 𝜇2𝑃1,2,1(𝑡) (2.6)
𝑃 ′1,2,1(𝑡) = −(𝜆+ 𝜇2 + 𝜁)𝑃1,2,1(𝑡) + 𝜆𝑃0,2,0(𝑡) + 𝜇2𝑃2,2,1(𝑡) (2.7)
𝑃 ′𝑛,2,1(𝑡) = −(𝜆+ 𝜇2 + 𝜃1 + 𝜁)𝑃𝑛,2,1(𝑡) + 𝜆𝑃𝑛−1,2,1(𝑡) + 𝜇2𝑃𝑛+1,2,1(𝑡), 𝑛 ≥ 2 (2.8)
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Figure 1. Pictorial representation of the investigated model.

𝑃 ′0,0,2(𝑡) = −(𝜆+ 𝜁)𝑃0,0,2(𝑡) + 𝛾2𝑃0,0,0(𝑡) + 𝜇1𝑃1,1,2(𝑡) (2.9)
𝑃 ′1,1,2(𝑡) = −(𝜆+ 𝜇1 + 𝜁)𝑃1,1,2(𝑡) + 𝜆𝑃0,0,2(𝑡) + 𝜇1𝑃2,1,2(𝑡) (2.10)
𝑃 ′𝑛,1,2(𝑡) = −(𝜆+ 𝜇1 + 𝜃2 + 𝜁)𝑃𝑛,1,2(𝑡) + 𝜆𝑃𝑛−1,1,2(𝑡) + 𝜇1𝑃𝑛+1,1,2(𝑡), 𝑛 ≥ 2 (2.11)
𝑃 ′𝐹 (𝑡) = 𝜁(1− 𝑃𝐹 (𝑡))− 𝜂𝑃𝐹 (𝑡) (2.12)

where 𝜇 = 𝜇1 + 𝜇2. It is assumed that the server is in the idle state initially. Therefore 𝑃0,0,0(0) = 1. Equations
(2.1)–(2.12) represent the forward Kolmogorov differential equations governing the time evolution of the state
probabilities in the Markovian queueing model. These equations are derived by balancing the rates of transitions
into and out of each state, considering arrivals 𝜆, service completions (𝜇1, 𝜇2), vacation entries (𝛾1, 𝛾2), vacation
exits (𝜃1, 𝜃2), server breakdowns 𝜁, and repairs 𝜂.

3. Transient analysis

In this section the transient probabilities of the busy state and vacation state are obtained.
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3.1. Evaluation of 𝑃𝑛+2,1,1(𝑡), 𝑛 ∈ 𝑍+

The transient probability of 𝑃𝑛+2,1,1(𝑡), 𝑛 ∈ 𝑍+ is obtained using the generating as follows. Let,

𝐺1(𝑧, 𝑡) = 𝐽(𝑡) +
∞∑︁

𝑛=0

𝑃𝑛+3,1,1𝑧
𝑛+1, 𝐺1(𝑧, 0) = 1,

where
𝐽(𝑡) = 𝑃0,0,0(𝑡) + 𝑃1,1,0(𝑡) + 𝑃1,0,1(𝑡) + 𝑃2,1,1(𝑡). (3.1)

Multiplying 𝑧𝑛, 𝑛 = 1, 2, 3, . . . on both sides of equation (2.5), we get

𝐺′1(𝑧, 𝑡) = 𝐺1(𝑧, 𝑡)
{︁
−𝜏1 + 𝜆𝑧 +

𝜇

𝑧

}︁
+ 𝜆𝑧𝑃2,1,1(𝑡)− 𝜇𝑃3,1,1(𝑡) + 𝜃1

∞∑︁
𝑛=1

𝑃𝑛+2,2,1(𝑡)𝑧𝑛 + 𝜃2

∞∑︁
𝑛=1

𝑃𝑛+2,1,2(𝑡)𝑧𝑛,

where, 𝜏1 = 𝜆+ 𝜇+ 𝜁. Using the above expression and equations (2.1)–(2.4), we get

𝐺′1(𝑧, 𝑡) = 𝜆(𝑧 − 1)𝑃2,1,1(𝑡) + 𝜂𝑃𝐹 (𝑡)− 𝑃0,0,0(𝑡)(𝛾1 + 𝛾2)

+ 𝜃1

{︃
𝑃2,2,1(𝑡) +

∞∑︁
𝑛=1

𝑃𝑛+2,2,1(𝑡)𝑧𝑛

}︃
+ 𝜃2

{︃
𝑃2,1,2(𝑡) +

∞∑︁
𝑛=1

𝑃𝑛+2,1,2(𝑡)𝑧𝑛

}︃

+𝐺1(𝑧, 𝑡)
{︁
−𝜏1 + 𝜆𝑧 +

𝜇

𝑧

}︁
− 𝐽(𝑡)

{︂
−(𝜆+ 𝜇) + 𝜆𝑧 +

𝜇

𝑧

}︂
·

Integrating the above expression yields,

𝐺1(𝑧, 𝑡) =

𝑡∫︁
0

[︃
𝜆(𝑧 − 1)𝑃2,1,1(𝑤) + 𝜂𝑃𝐹 (𝑤)− (𝛾1 + 𝛾2)𝑃0,0,0(𝑤)

+ 𝜃1

{︃
𝑃2,2,1(𝑤) +

∞∑︁
𝑛=1

𝑃𝑛+2,2,1(𝑤)𝑧𝑛

}︃
+ 𝜃2

{︃
𝑃2,1,2(𝑤) +

∞∑︁
𝑛=1

𝑃𝑛+2,1,2(𝑤)𝑧𝑛

}︃

+
{︁

(𝜆+ 𝜇)− 𝜆𝑧 − 𝜇

𝑧

}︁
𝐽(𝑤)

]︃
exp{−(𝜆+ 𝜇+ 𝜁)(𝑡− 𝑤)} exp

{︁(︁
𝜆𝑧 +

𝜇

𝑧

)︁
(𝑡− 𝑤)

}︁
d𝑤

+ exp{−𝜏1(𝑡)} exp
{︂(︁

𝜆𝑧 +
𝜇

𝑧

)︁
(𝑡)
}︂
. (3.2)

Let 𝜅1 = 2
√
𝜆𝜇 and 𝜈1 =

√︀
𝜆𝜇−1 then

exp
{︁(︁
𝜆𝑧 +

𝜇

𝑧

)︁
(𝑡− 𝑤)

}︁
=

∞∑︁
𝑛=−∞

(𝜈1𝑧)
𝑛
𝐼𝑛(𝜅1(𝑡− 𝑤)).

Using the above expression in equation (3.2) and comparing the coefficient 𝑧𝑛, 𝑛 ∈ 𝑍+

𝜈1
−𝑛𝑃𝑛+2,1,1(𝑡) =

𝑡∫︁
0

[︃
𝜆𝑃2,1,1(𝑤)

{︀
𝜈1
−1𝐼𝑛−1(.)− 𝐼𝑛(.)

}︀
+ {𝜂𝑃𝐹 (𝑤)− (𝛾1 + 𝛾2)𝑃0,0,0(𝑤) + 𝜃1𝑃2,2,1(𝑤) + 𝜃2𝑃2,1,2(𝑤)}𝐼𝑛(.)

+
∞∑︁

𝑚=1

{𝜃1𝑃𝑚+2,2,1(𝑤) + 𝜃2𝑃𝑚+2,1,2(𝑤)}𝜈1−𝑚𝐼𝑛−𝑚(.)
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+
{︀

(𝜆+ 𝜇)𝐼𝑛(.)− 𝜆𝜈1
−1𝐼𝑛−1(.)− 𝜇𝜈1𝐼𝑛+1(.)

}︀
𝐽(𝑤)

]︃
exp(−𝜏1(𝑡− 𝑤)) d𝑤

+ exp{−𝜏1(𝑡)}𝐼𝑛(𝜅1(𝑡)), (3.3)

where 𝐼𝑛(𝜅1(𝑡− 𝑤)) = 𝐼𝑛(.).
The above equation holds for 𝑛 ∈ 𝑍− and using the property 𝐼−𝑛(.) = 𝐼𝑛(.), we obtain

0 =

𝑡∫︁
0

[︃
𝜆𝑃2,1,1(𝑤)

{︀
𝜈1
−1𝐼𝑛+1(.)− 𝐼𝑛(.)

}︀
+ {𝜂𝑃𝐹 (𝑤)− (𝛾1 + 𝛾2)𝑃0,0,0(𝑤) + 𝜃1𝑃2,2,1(𝑤) + 𝜃2𝑃2,1,2(𝑤)}𝐼𝑛(.)

+
∞∑︁

𝑚=1

{𝜃1𝑃𝑚+2,2,1(𝑤) + 𝜃2𝑃𝑚+2,1,2(𝑤)}𝜈1−𝑚𝐼𝑛+𝑚(.)

+
{︀

(𝜆+ 𝜇)𝐼𝑛(.)− 𝜆𝜈1
−1𝐼𝑛+1(.)− 𝜇𝜈1𝐼𝑛−1(.)

}︀
𝐽(𝑤)

]︃
exp(−𝜏1(𝑡− 𝑤)) d𝑤

+ exp{−𝜏1(𝑡)}𝐼𝑛(𝜅1(𝑡)). (3.4)

Subtracting equation (3.4) from equation (3.3), we get

𝑃𝑛+2,1,1(𝑡) =

𝑡∫︁
0

exp(−𝜏1(𝑡− 𝑤))

[︃
𝜆𝜈1

𝑛−1𝑓𝑛(𝜅1(𝑡− 𝑤))𝑃2,1,1(𝑤)

+

(︃ ∞∑︁
𝑚=1

𝜃1𝑃𝑚+2,2,1(𝑤) + 𝜃2

∞∑︁
𝑚=1

𝑃𝑚+2,1,2(𝑤)

)︃
𝜈1

𝑛−𝑚𝑔𝑛,𝑚(𝜅1(𝑡− 𝑤))

]︃
d𝑤, (3.5)

where

𝑓𝑛(𝜅1𝑡) = (𝐼𝑛−1(𝜅1𝑡)− 𝐼𝑛+1(𝜅1𝑡)) =
2𝑛𝐼𝑛(𝜅1𝑡)

𝜅1𝑡
, (3.6)

and
𝑔𝑛,𝑚(𝜅1𝑡) = (𝐼𝑛−𝑚(𝜅1𝑡)− 𝐼𝑛+𝑚(𝜅1𝑡)). (3.7)

3.2. Evaluation of 𝑃2,1,1(𝑡)

The probability that both the servers are busy when there are two jobs in the system is derived in this section.
Equations (2.1)–(2.3) is expressed as

𝐾 ′(𝑡) = 𝐴𝐾(𝑡) + 𝜂𝑃𝐹 (𝑡)𝑒1 + 𝜇2𝑃2,1,1(𝑡)𝑒2 + 𝜇1𝑃2,1,1(𝑡)𝑒3, (3.8)

where

𝐾(𝑡) =

⎡⎣𝑃0,0,0(𝑡)
𝑃1,1,0(𝑡)
𝑃1,0,1(𝑡)

⎤⎦,
𝐴 =

⎡⎣𝜆+ 𝛾1 + 𝛾2 + 𝜁 𝜇1 𝜇2

𝜆 −(𝜆+ 𝜇1 + 𝜁) 0
0 0 −(𝜆+ 𝜇2 + 𝜁)

⎤⎦,
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and

𝑒𝑖 =

⎧⎪⎨⎪⎩
[1, 0, 0]𝑇 if 𝑖 = 1
[0, 1, 0]𝑇 if 𝑖 = 2
[0, 0, 1]𝑇 if 𝑖 = 3.

Taking Laplace transform on equation (3.8) yields

𝐾̂(𝑠) = (𝑠𝐼 −𝐾)−1
[︁
𝐾(0) + 𝜂𝑃𝐹 (𝑠)𝑒1 + 𝜇2𝑃2,1,1(𝑠)𝑒2 + 𝜇1𝑃2,1,1(𝑠)𝑒3

]︁
. (3.9)

with 𝐾(0) = [1, 0, 0]𝑇 . Equation (3.1) can be expressed as

𝐽(𝑠) = 𝑒𝑇 𝐾̂(𝑠) + 𝑃2,1,1(𝑠), (3.10)

where 𝑒 = [1, 1, 1]𝑇 . Now, comparing the constant term of equation (3.2), we obtain

𝐽(𝑡) =

𝑡∫︁
0

[︃
𝜆
{︀
𝜈1
−1𝐼1(.)− 𝐼0(.)

}︀
𝑃2,1,1(𝑤) + 𝐼0(.)

{︁
𝜂𝑃𝐹 (𝑤)− (𝛾1 + 𝛾2)𝑃0,0,0(𝑤)

+ 𝜃1𝑃2,2,1(𝑤) + 𝜃2𝑃2,1,2(𝑤)
}︁

+

{︃
𝜃1

∞∑︁
𝑚=1

𝑃𝑚+2,2,1(𝑤) + 𝜃2

∞∑︁
𝑚=1

𝑃𝑚+2,1,2(𝑤)

}︃
𝜈1
−𝑚𝐼𝑛(.)

+

{︃
(𝜆+ 𝜇)𝐼0(.)− 𝜆𝜈1

−1𝐼1(.)− 𝜇𝜈1𝐼1(.)

}︃
𝐽(𝑤)

]︃
exp(−𝜏1(𝑡− 𝑤)) d𝑤 + exp(−𝜏1(𝑡))𝐼0(𝜅1𝑡). (3.11)

Taking Laplace transform on equation (3.11), we obtain

𝐽(𝑠)(𝑠+ 𝜁) =
1
2

(︂
𝜔1 −

√︁
𝜔2

1 − 𝜅1
2 − 2𝜆

)︂
𝑃2,1,1(𝑠) + 𝜂𝑃𝐹 (𝑠)− (𝛾1 + 𝛾2)𝑃0,0,0(𝑠)

+ 𝜃1𝑃2,2,1(𝑠) + 𝜃2𝑃2,1,2(𝑠) + 𝜃1

∞∑︁
𝑚=1

𝑃𝑚+2,2,1(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅1
2

2𝜆

)︃𝑚

+ 𝜃2

∞∑︁
𝑚=1

𝑃𝑚+2,1,2(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅1
2

2𝜆

)︃𝑚

+ 1, (3.12)

where 𝜔1 = 𝑠+ 𝜆+ 𝜇+ 𝜁. Using equations (3.9) and (3.10) in (3.12), we obtain

𝑒𝑇 (𝑠𝐼 −𝐾)−1(𝑠+ 𝜁)
{︁
𝐾(0) + 𝜂𝑃𝐹 (𝑠)𝑒1 + 𝜇2𝑃2,1,1(𝑠)𝑒2 + 𝜇1𝑃2,1,1(𝑠)𝑒3

}︁
+ 𝑃2,1,1(𝑠)(𝑠+ 𝜁)

=
1
2

(︂
𝜔1 −

√︁
𝜔2

1 − 𝜅2
1 − 2𝜆

)︂
𝑃2,1,1(𝑠) +

{︁
𝜂𝑃𝐹 (𝑠)− 𝑃0,0,0(𝑠)(𝛾1 + 𝛾2)

}︁
+ 𝜃1

∞∑︁
𝑚=1

𝑃𝑚+2,2,1(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅2
1

2𝜆

)︃𝑚

+ 𝜃2

∞∑︁
𝑚=1

𝑃𝑚+2,1,2(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅2
1

2𝜆

)︃𝑚

+ 𝜃1𝑃2,2,1(𝑠) + 𝜃2𝑃2,1,2(𝑠) + 1.

After some algebraic manipulation, we get

𝑃2,1,1(𝑠) =

[︃
𝑒𝑇 {𝑠𝐼 −𝐾}−1(𝑠+ 𝜁){𝑒2𝜇2 + 𝑒3𝜇1}+ (𝑠+ 𝜁)− 1

2

(︂
𝜔1 −

√︁
𝜔2

1 − 𝜅1
2 − 2𝜆

)︂]︃−1
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×

[︃
𝜃1

∞∑︁
𝑚=1

𝑃𝑚+2,2,1(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅1
2

2𝜆

)︃𝑚

+ 𝜃2

∞∑︁
𝑚=1

𝑃𝑚+2,1,2(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅1
2

2𝜆

)︃𝑚

+ 1 + 𝜂𝑃𝐹 (𝑠)− (𝛾1 + 𝛾2)𝑃0,0,0(𝑠) + 𝜃1𝑃2,2,1(𝑠) + 𝜃2𝑃2,1,2(𝑠)− 𝑒𝑇 (𝑠𝐼 −𝐾)−1

× (𝑠+ 𝜁)
(︁

1 + 𝜂𝑃𝐹 (𝑠)𝑒1
)︁]︃
. (3.13)

Let

(𝑠𝐼 −𝐾)−1 =
[︁
𝑘𝑖𝑗(𝑠)

]︁
3×3

=
1

|𝐶(𝑠)|

⎡⎣𝑘1(𝑠)𝑘2(𝑠) 𝜇1𝑘2(𝑠) 𝜇2𝑘1(𝑠)
𝜆𝑘2(𝑠) 𝑘2(𝑠) 𝜆𝜇2

0 0 𝑙(𝑠)𝑘1(𝑠)− 𝜆𝜇1

⎤⎦, (3.14)

where
𝑘1(𝑠) = (𝑠+ 𝜆+ 𝜇1 + 𝜁), 𝑘2(𝑠) = (𝑠+ 𝜆+ 𝜇2 + 𝜁), 𝑙(𝑠) = (𝑠+ 𝜆+ 𝛾1 + 𝛾2 + 𝜁),

and

|𝐶(𝑠)| =
[︀
𝑠2 + 𝑠(2𝜆+ 𝜇1 + 𝛾1 + 𝛾2 + 2𝜁) + (𝜆+ 𝛾1 + 𝛾2 + 𝜁)(𝜆+ 𝜇1 + 𝜁)− 𝜇1𝜆

]︀
× (𝜆+ 𝜇2 + 𝜁).

The characteristic roots of (3.14) are given by

𝑠1 = −(𝜆+ 𝜇2 + 𝜁),

𝑠2, 𝑠3 =
−(2𝜆+ 𝜇1 + 𝛾1 + 𝛾2 + 2𝜁)±

√︁
(𝜇1 + 𝛾1 + 𝛾2)2 + 4𝜇1𝜆

2
·

We notice that the functions 𝑘𝑖𝑗(𝑠) are rational algebraic expressions in 𝑠. The cofactor of the (𝑖, 𝑗)th element
of (𝑠𝐼 −𝐾) is a polynomial with a degree of 2− |𝑖− 𝑗|. As the characteristic roots of matrix 𝐾 are all distinct,
the inverse transform 𝑘𝑖𝑗(𝑡) of 𝑘𝑖𝑗(𝑠) can be determined through partial fraction decomposition. Using equation
(3.14), we get

𝑒𝑇 (𝑠𝐼 −𝐾)−1
𝑒𝑖 =

3∑︁
𝑗=1

𝑘𝑗𝑖(𝑠), 𝑖 = 1, 2, 3, (3.15)

and

𝑒𝑇 (𝑠𝐼 −𝐾)−1(𝑒2𝜇2 + 𝑒3𝜇1) = 𝜇2

3∑︁
𝑗=1

𝑘𝑗2(𝑠) + 𝜇1

3∑︁
𝑗=1

𝑘𝑗3(𝑠). (3.16)

Applying the equations (3.15) and (3.16) in equation (3.13), we get

𝑃2,1,1(𝑠) =
[︂
𝜇2ℎ̂2(𝑠) + 𝜇1ℎ̂3(𝑠) + (𝑠+ 𝜁)− 1

2

(︂
𝜔1 −

√︁
𝜔2

1 − 𝜅1
2 − 2𝜆

)︂]︂−1

×

[︃
𝜃1

∞∑︁
𝑚=1

𝑃𝑚+2,2,1(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅1
2

2𝜆

)︃𝑚

+ 𝜃2

∞∑︁
𝑚=1

𝑃𝑚+2,1,2(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅1
2

2𝜆

)︃𝑚

+ 1 + 𝜂𝑃𝐹 (𝑠)− (𝛾1 + 𝛾2)𝑃0,0,0(𝑠) + 𝜃1𝑃2,2,1(𝑠) + 𝜃2𝑃2,1,2(𝑠)− ℎ̂1(𝑠)− 𝜂𝑃𝐹 (𝑠)ℎ̂1(𝑠)

]︃
, (3.17)

where

ℎ̂𝑖(𝑠) = (𝑠+ 𝜁)
2∑︁

𝑗=1

𝑘𝑗𝑖(𝑠), 𝑖 = 1, 2, 3,
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and
𝜇2ℎ̂2(𝑠) + 𝜇1ℎ̂3(𝑠) = 𝑒𝑇 (𝑠𝐼 −𝐾)−1(𝑠+ 𝜁)(𝑒2𝜇2 + 𝑒3𝜇1).

Equation (3.17) can be expressed as

𝑃2,1,1(𝑠) =
2

𝜔 +
√
𝜔2 − 𝜅1

2

⎡⎣1−
√
𝜇
(︀
𝜔1 −

√
𝜔1

2 − 𝜅1
2
)︀

𝜅1

√
𝜆

⎧⎨⎩1−

(︁
𝜇2ℎ̂2(𝑠) + 𝜇1ℎ̂3(𝑠)

)︁
𝜇

⎫⎬⎭
⎤⎦−1

×

[︃
𝜃1

∞∑︁
𝑚=1

𝑃𝑚+2,2,1(𝑤)
(︂
𝜔1 −

√
𝜔1

2 − 𝜅1
2

2𝜆

)︂𝑚

+ 𝜃2

∞∑︁
𝑚=1

𝑃𝑚+2,1,2(𝑤)
(︂
𝜔1 −

√
𝜔1

2 − 𝜅1
2

2𝜆

)︂𝑚

+ 1 + 𝜂𝑃𝐹 (𝑠)− (𝛾1 + 𝛾2)𝑃0,0,0(𝑠) + 𝜃1𝑃2,2,1(𝑠) + 𝜃2𝑃2,1,2(𝑠)− ℎ̂1(𝑠) − 𝜂𝑃𝐹 (𝑠)ℎ̂1(𝑠)

]︃
.

After some manipulation

𝑃2,1,1(𝑠) =
2
𝜅1

[︃
1 + 𝜂𝑃𝐹 (𝑠)(1− ℎ̂1(𝑠))− 𝑃0,0,0(𝑠)(𝛾1 + 𝛾2)− ℎ̂1(𝑠) + 𝜃1𝑃2,2,1(𝑠) + 𝜃2𝑃2,1,2(𝑠)

+ 𝜃1

∞∑︁
𝑚=1

𝑃𝑚+2,2,1(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅1
2

2𝜆

)︃𝑚

+ 𝜃2

∞∑︁
𝑚=1

𝑃𝑚+2,1,2(𝑤)

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅1
2

2𝜆

)︃𝑚]︃

×
∞∑︁

𝑖=0

𝑖∑︁
𝑗=0

(︂
𝑖

𝑗

)︂
(−1)𝑗 1

𝜈1𝑖

(︃
𝜔1 −

√︀
𝜔2

1 − 𝜅1
2

𝜅1

)︃𝑖+1(︃
𝜇2ℎ̂2(𝑠) + 𝜇1ℎ̂3(𝑠)

𝜇

)︃𝑗

. (3.18)

On inversion, we get

𝑃2,1,1(𝑡) =
∞∑︁

𝑖=0

𝑖∑︁
𝑗=0

(︂
𝑖

𝑗

)︂
(−1)𝑗 1

𝜈1𝑖

1
𝜇𝑗

𝑡∫︁
0

[︃ 𝑤∫︁
0

{︃
𝛿(𝑣) +

𝑣∫︁
0

𝜂𝑃𝐹 (𝑢)(𝛿(𝑣 − 𝑢)− ℎ1(𝑣 − 𝑢)) d𝑢

− (𝛾1 + 𝛾2)𝑃0,0,0(𝑣)− ℎ1(𝑣) + 𝜃1𝑃2,2,1(𝑣) + 𝜃2𝑃2,1,2(𝑣)

}︃
𝑓𝑖+1(𝜅1(𝑤 − 𝑣))

× exp(−𝜏1(𝑤 − 𝑣)) d𝑣 +

𝑤∫︁
0

∞∑︁
𝑚=0

{𝜃1𝑃𝑚+2,2,1(𝑣) + 𝜃2𝑃𝑚+2,1,2(𝑣)}𝜈1−𝑚

× 𝑓𝑚+𝑖+1(𝜅1(𝑤 − 𝑣)) exp(−𝜏1(𝑤 − 𝑣)) d𝑣

]︃
(𝜇2ℎ2(𝑡− 𝑤) + 𝜇1ℎ3(𝑡− 𝑤))*𝑗 d𝑤. (3.19)

3.3. Evaluation of 𝑃0,0,0(𝑡), 𝑃1,0,1(𝑡) and 𝑃1,1,0(𝑡)

The probability that both the servers are idle 𝑃0,0,0(𝑡), FS is idle and SS is busy 𝑃1,0,1(𝑡) and FS is busy and
SS is idle 𝑃1,0,1(𝑡) is derived in this section. Using equation (3.14) in equation (3.9), we get

𝑃0,0,0(𝑠) =
{︁

1 + 𝜂𝑃𝐹 (𝑠)
}︁
𝐾̂11(𝑠) +

{︁
𝜇2𝑃2,1,1(𝑠)

}︁
𝐾̂12(𝑠) +

{︁
𝜇1𝑃2,1,1(𝑠)

}︁
𝐾̂13(𝑠), (3.20)

𝑃1,0,1(𝑠) =
{︁

1 + 𝜂𝑃𝐹 (𝑠)
}︁
𝐾̂21(𝑠) +

{︁
𝜇2𝑃2,1,1(𝑠)

}︁
𝐾̂22(𝑠) +

{︁
𝜇1𝑃2,1,1(𝑠)

}︁
𝐾̂23(𝑠), (3.21)

𝑃1,1,0(𝑠) =
{︁

1 + 𝜂𝑃𝐹 (𝑠)
}︁
𝐾̂31(𝑠) +

{︁
𝜇2𝑃2,1,1(𝑠)

}︁
𝐾̂32(𝑠) +

{︁
𝜇1𝑃2,1,1(𝑠)

}︁
𝐾̂33(𝑠). (3.22)
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Inverting equations (3.20)–(3.22), we get

𝑃0,0,0(𝑡) = 𝐾11(𝑡) + 𝜂

𝑡∫︁
0

𝑃𝐹 (𝑢)𝐾11(𝑡− 𝑤) d𝑤 + 𝜇2

𝑡∫︁
0

𝑃2,1,1(𝑤)𝐾12(𝑡− 𝑤) d𝑤

+ 𝜇1

𝑡∫︁
0

𝑃2,1,1(𝑤)𝐾13(𝑡− 𝑤) d𝑤, (3.23)

𝑃1,0,1(𝑡) = 𝐾21(𝑡) + 𝜂

𝑡∫︁
0

𝑃𝐹 (𝑢)𝐾21(𝑡− 𝑤) d𝑤 + 𝜇2

𝑡∫︁
0

𝑃2,1,1(𝑤)𝐾22(𝑡− 𝑤) d𝑤

+ 𝜇1

𝑡∫︁
0

𝑃2,1,1(𝑤)𝐾23(𝑡− 𝑤) d𝑤, (3.24)

𝑃1,1,0(𝑡) = 𝐾31(𝑡) + 𝜂

𝑡∫︁
0

𝑃𝐹 (𝑢)𝐾31(𝑡− 𝑤) d𝑤 + 𝜇2

𝑡∫︁
0

𝑃2,1,1(𝑤)𝐾32(𝑡− 𝑤) d𝑤

+ 𝜇1

𝑡∫︁
0

𝑃2,1,1(𝑤)𝐾33(𝑡− 𝑤) d𝑤. (3.25)

3.4. Evaluation of 𝑃𝑛,2,1(𝑡) and 𝑃𝑛,1,2(𝑡)

The probability that FS is in vacation while the SS is busy 𝑃𝑛,2,1(𝑡) and FS is busy while SS is vacation
𝑃𝑛,1,2(𝑡) is derived in this section. We define generating functions as follows.

𝐺2(𝑧, 𝑡) =
∞∑︁

𝑛=1

𝑃𝑛,2,1𝑧
𝑛, 𝐺2(𝑧, 0) = 0,

and

𝐺3(𝑧, 𝑡) =
∞∑︁

𝑛=1

𝑃𝑛,1,2𝑧
𝑛, 𝐺3(𝑧, 0) = 0.

Using equations (2.7) and (2.8), we obtain

𝐺′2(𝑧, 𝑡) =

{︃
−(𝜆+ 𝜇2 + 𝜃1 + 𝜁) + 𝜆𝑧 +

𝜇2

𝑧

}︃
𝐺2(𝑧, 𝑡)− 𝜇2𝑃1,2,1(𝑡) + 𝜆𝑧𝑃0,2,0(𝑡) + 𝜃1𝑧𝑃1,2,1(𝑡). (3.26)

Integrating the above equation, we get

𝐺2(𝑧, 𝑡) =

𝑡∫︁
0

[︃
𝜆𝑧𝑃0,2,0(𝑡)− 𝜇2𝑃1,2,1(𝑡) + 𝜃1𝑧𝑃1,2,1(𝑡)

]︃
exp{−(𝜆+ 𝜇2 + 𝜃1 + 𝜁)(𝑡− 𝑤)}

× exp
(︀
𝜆𝑧 + 𝜇2𝑧

−1
)︀
(𝑡− 𝑤) d𝑤. (3.27)

Let 𝜅𝑖 = 2
√
𝜆𝜇𝑖, 𝜈𝑖 =

√︁
𝜆
𝜇𝑖

,𝑖 = 2, 3, 𝜏2 = 𝜆+ 𝜇2 + 𝜃1 + 𝜁 and 𝜏3 = 𝜆+ 𝜇1 + 𝜃2 + 𝜁. then

exp
{︁(︁
𝜆𝑧 +

𝜇2

𝑧

)︁
(𝑡− 𝑤)

}︁
=

∞∑︁
𝑛=−∞

(𝜈2𝑧)
𝑛
𝐼𝑛𝜅2(𝑡− 𝑤). (3.28)
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Using equation (3.28) in equation (3.27) and applying the method [22], we obtain

𝑃𝑛,2,1(𝑡) =

𝑡∫︁
0

{𝜆𝑃0,2,0(𝑡) + 𝜃1𝑃1,2,1(𝑡)}𝜈2𝑛−1𝑓𝑛(𝜅2𝑡) exp(−𝜏2(𝑡)) d𝑤. (3.29)

Similarly, using equations (2.10) and (2.11), we get

𝑃𝑛,1,2(𝑡) =

𝑡∫︁
0

{𝜆𝑃0,0,2(𝑡) + 𝜃2𝑃1,1,2(𝑡)}𝜈3𝑛−1𝑓𝑛(𝜅3𝑡) exp(−𝜏3(𝑡)) d𝑤. (3.30)

The expression for 𝑃0,0,2(𝑡), 𝑃0,2,0(𝑡), 𝑃1,2,1(𝑡) and 𝑃1,1,2(𝑡) is derived in Section 3.5.

3.5. Evaluation of 𝑃0,0,2(𝑡), 𝑃0,2,0(𝑡), 𝑃1,2,1(𝑡) and 𝑃1,1,2(𝑡)

Taking Laplace transform on equations (3.29) and (3.30), we get

𝑃𝑛,2,1(𝑠) =
{︁
𝜆𝑃0,2,0(𝑠) + 𝜃1𝑃1,2,1(𝑠)

}︁
𝜈2

𝑛−1𝑓𝑛(𝜔2𝜅2), (3.31)

𝑃𝑛,1,2(𝑠) =
{︁
𝜆𝑃0,0,2(𝑠) + 𝜃2𝑃1,1,2(𝑠)

}︁
𝜈3

𝑛−1𝑓𝑛(𝜔3𝜅3). (3.32)

Taking Laplace transform of (2.6), we get

𝑃0,2,0(𝑠) =
𝛾1

(𝑠+ 𝜆+ 𝜁)
𝑃0,0,0(𝑠) +

𝜇2

(𝑠+ 𝜆+ 𝜁)
𝑃1,2,1(𝑠). (3.33)

Setting 𝑛 = 1 in equation (3.31), after some manipulation, we obtain

𝑃1,2,1(𝑠) =
𝜆

𝜃1

∞∑︁
𝑘=0

{︁
𝜃1𝑓1(𝜔2𝜅2)

}︁𝑘+1

𝑃0,2,0(𝑠). (3.34)

Using equation (3.34) in equation (3.33) after some manipulation, we get

𝑃0,2,0(𝑠) =
𝛾1

𝜃1(𝑠+ 𝜆+ 𝜁)

∞∑︁
𝑖=0

(︂
𝜆𝜇2

𝑠+ 𝜆+ 𝜁

)︂𝑖 ∞∑︁
𝑗=0

(︂
𝑖+ 𝑗 − 1

𝑗

)︂{︁
𝜃1𝑓1(𝜔2𝜅2)

}︁𝑗

𝑃0,0,0(𝑠). (3.35)

Using equations (3.34) and (3.35) in equation (3.31), we get

𝑃𝑛,2,1(𝑠) = 𝜓1(𝑠) 𝜈2𝑛−1𝑓𝑛(𝜔2𝜅2)𝑃0,0,0(𝑠). (3.36)

Similarly, using equation (3.32), we obtain

𝑃𝑛,1,2(𝑠) = 𝜓2(𝑠) 𝜈3𝑛−1𝑓𝑛(𝜔3𝜅3)𝑃0,0,0(𝑠), (3.37)

where 𝜔2 = 𝑠+ 𝜏2, 𝜔3 = 𝑠+ 𝜏3,

𝜓1(𝑠) =
𝜆𝛾1

(𝑠+ 𝜆+ 𝜁)

⎡⎣1 +
∞∑︁

𝑖=0

∞∑︁
𝑗=0

(︂
𝑖+ 𝑗 − 1

𝑗

)︂{︂
𝜆𝜇2

(𝑠+ 𝜆+ 𝜁)𝜃1

}︂𝑖{︁
𝜃1𝑓1(𝜔2𝜅2)

}︁𝑖+𝑗

⎤⎦
×

[︃
1 +

∞∑︁
𝑘=0

{︁
𝜃1𝑓1(𝜔2𝜅2)

}︁𝑘+1
]︃
,
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and

𝜓2(𝑠) =
𝜆𝛾2

(𝑠+ 𝜆+ 𝜁)

⎡⎣1 +
∞∑︁

𝑖=0

∞∑︁
𝑗=0

(︂
𝑖+ 𝑗 − 1

𝑗

)︂{︂
𝜆𝜇1

(𝑠+ 𝜆+ 𝜁)𝜃2

}︂𝑖{︁
𝜃2𝑓1(𝜔3𝜅3)

}︁𝑖+𝑗

⎤⎦
×

[︃
1 +

∞∑︁
𝑘=0

{︁
𝜃2𝑓1(𝜔3𝜅3)

}︁𝑘+1
]︃
.

On inverting

𝑃𝑛,2,1(𝑡) =

𝑡∫︁
0

[︃ 𝑢∫︁
0

𝜓1(𝑣)𝜈2𝑛−1𝑓𝑛((𝑢− 𝑣)𝜅2) exp(−𝜏2(𝑢− 𝑣)) d𝑣

]︃
𝑃0,0,0(𝑡− 𝑢) d𝑢, (3.38)

𝑃𝑛,1,2(𝑡) =

𝑡∫︁
0

[︃ 𝑢∫︁
0

𝜓2(𝑣)𝜈3𝑛−1𝑓𝑛((𝑢− 𝑣)𝜅3) exp(−𝜏3(𝑢− 𝑣)) d𝑣

]︃
𝑃0,0,0(𝑡− 𝑢) d𝑢, (3.39)

where

𝜓1(𝑣) = 𝜆𝛾1

𝑣∫︁
0

[︃
exp{−(𝜆+ 𝜁)𝑥}+

∞∑︁
𝑖=0

∞∑︁
𝑗=0

(︂
𝑖+ 𝑗 − 1

𝑗

)︂(︂
𝜆𝜇2

𝜃1

)︂𝑖

×
𝑥∫︁

0

exp {−(𝜆+ 𝜁)𝑦}*(𝑖+1) × {𝜃1𝑓1((𝑥− 𝑦)𝜅2) exp(−𝜏2(𝑥− 𝑦))}*(𝑖+𝑗) d𝑦

]︃

×

[︃
𝛿(𝑣 − 𝑥) +

∞∑︁
𝑘=0

{𝜃1𝑓1((𝑣 − 𝑥)𝜅2) exp(−𝜏2(𝑣 − 𝑥))}*(𝑘+1)

]︃
d𝑥,

and

𝜓2(𝑣) = 𝜆𝛾2

𝑣∫︁
0

[︃
exp{−(𝜆+ 𝜁)𝑥}+

∞∑︁
𝑖=0

∞∑︁
𝑗=0

(︂
𝑖+ 𝑗 − 1

𝑗

)︂(︂
𝜆𝜇1

𝜃2

)︂𝑖

×
𝑥∫︁

0

exp {−(𝜆+ 𝜁)𝑦}*(𝑖+1){𝜃2𝑓1((𝑥− 𝑦)𝜅3) exp(−𝜏3(𝑥− 𝑦))}*(𝑖+𝑗) d𝑦

]︃

×

[︃
𝛿(𝑣 − 𝑥) +

∞∑︁
𝑘=0

{𝜃2𝑓1((𝑣 − 𝑥)𝜅3) exp(−𝜏3(𝑢− 𝑥))}*(𝑘+1)

]︃
d𝑥,

where, 𝛿 and *𝑘 denote Dirac delta function and 𝑘-fold convolution respectively. Thus we have expressed the
probabilities 𝑃𝑛,2,1(𝑡) and 𝑃𝑛,1,2(𝑡) interms of 𝑃0,0,0(𝑡). Using equations (3.36) and (3.37) in equation (3.18), we
get

𝑃2,1,1(𝑠) =
∞∑︁

𝑖=0

𝑖∑︁
𝑗=0

(︂
𝑖

𝑗

)︂
(−1)𝑗 1

𝜈1𝑖

1
𝜇𝑗

[︃{︃
1 +

𝜂𝜁

𝜁 + 𝜂

(︂
1
𝑠
− 1
𝑠+ 𝜁 + 𝜂

)︂(︁
1− ℎ̂1(𝑠)

)︁
− ℎ̂1(𝑠)

− 𝑃0,0,0(𝑠)(𝛾1 + 𝛾2)

}︃
𝑓𝑖+1(𝜔1𝜅1) +

∞∑︁
𝑚=0

{︃
𝜃1𝜓1(𝑠) 𝜈2𝑚+1𝑓𝑚+2(𝜔2𝜅2)
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+ 𝜃2𝜓2(𝑠) 𝜈3𝑚+1𝑓𝑚+2(𝜔3𝜅3)

}︃
1
𝜈1𝑚

𝑓𝑚+𝑖+1(𝜔1𝜅1)𝑃0,0,0(𝑠)

]︃(︁
𝜇2ℎ̂2(𝑠) + 𝜇1ℎ̂3(𝑠)

)︁𝑗

. (3.40)

Inverting the above yields

𝑃2,1,1(𝑡) =
∞∑︁

𝑖=0

𝑖∑︁
𝑗=0

(︂
𝑖

𝑗

)︂
(−1)𝑗 1

𝜈1𝑖

1
𝜇𝑗

∫︁ 𝑡

0

[︃{︃
𝛿(𝑢) +

𝜂𝜁

𝜁 + 𝜂
{1− exp(−(𝜁 + 𝜂)𝑢)} * (𝛿(𝑢)− ℎ1(𝑢))

− ℎ1(𝑢)− (𝛾1 + 𝛾2)𝑃0,0,0(𝑢)

}︃
* 𝑓𝑖+1(𝜅1𝑢) exp(−𝜏1𝑢) +

∞∑︁
𝑚=0

{︃
𝜃1𝜓1(𝑢) * 𝜈2𝑚+1𝑓𝑚+2(𝜅2𝑢)

× exp(−𝜏2𝑢) + 𝜃2𝜓2(𝑢) * 𝜈3𝑚+1𝑓𝑚+2(𝜅3𝑢) exp(−𝜏3𝑢)

}︃
* 1
𝜈1𝑚

𝑓𝑚+𝑖+1(𝜅1𝑢) exp(−𝜏1𝑢)

* 𝑃0,0,0(𝑢)

]︃
(𝜇2ℎ2(𝑡− 𝑢) + 𝜇1ℎ3(𝑡− 𝑢))*𝑗 d𝑢.

The probability 𝑃2,1,1(𝑡) is expressed interms of 𝑃0,0,0(𝑡). Using equation (3.40) in equation (3.20) and inverting,
we get

𝑃0,0,0(𝑡) =
{︂
𝛿(𝑡) +

𝜂𝜁

𝜁 + 𝜂
(1− exp{−(𝜁 + 𝜂)𝑡})

}︂
*𝐾11(𝑡) + {𝜇2𝐾12(𝑡) + 𝜇1𝐾13(𝑡)}

*
∞∑︁

𝑖=0

𝑖∑︁
𝑗=0

(︂
𝑖

𝑗

)︂
(−1)𝑗

𝜈1𝑖𝜇𝑗

{︂
𝛿(𝑡) +

𝜂𝜁

𝜁 + 𝜂
(1− exp{−(𝜁 + 𝜂)𝑡}) * (𝛿(𝑡)− ℎ1(𝑡))− ℎ1(𝑡)

}︂

* 𝑓𝑖+1(𝑡𝜅1) exp(−𝜏1𝑡) * (𝜇2ℎ2(𝑡) + 𝜇1ℎ3(𝑡))*𝑗 *
∞∑︁

𝑛=0

[︃
− (𝛾1 + 𝛾2)𝑓𝑖+1(𝑡𝜅1) exp(−𝜏1𝑡)

* {𝜇2𝐾12(𝑡) + 𝜇1𝐾13(𝑡)} *
∞∑︁

𝑖=0

𝑖∑︁
𝑗=0

(︂
𝑖

𝑗

)︂
(−1)𝑗 1

𝜈1𝑖

1
𝜇𝑗

(𝜇2ℎ2(𝑡) + 𝜇1ℎ3(𝑡))*𝑗

+
∞∑︁

𝑚=0

{︂
𝜃1𝜓1(𝑡)𝜈2𝑚+1 * 𝑓𝑚+2(𝑡𝜅2) exp(−𝜏2𝑡) + 𝜃2𝜓2(𝑡)𝜈3𝑚+1 * 𝑓𝑚+2(𝑡𝜅3) exp(−𝜏3𝑡)

}︂

* 1
𝜈1𝑚

𝑓𝑚+𝑖+1(𝜅1𝑡) exp(−𝜏1𝑡)

]︃*𝑛
.

3.6. Special cases

For 𝜃1 = 0, 𝜃2 = 0, 𝜁 = 0, 𝛾1 = 0, 𝛾2 = 0, 𝜅1 = 𝛼, 𝜈1 = 𝛽, equation (3.5) reduces to

𝑃𝑛+2,1,1(𝑡) = 𝜆

𝑡∫︁
0

𝜈1
𝑛−1𝑓𝑛(𝜅1(𝑡− 𝑤))𝑃2,1,1(𝑤) d𝑤.

Using (3.6), the above equation becomes

𝑃𝑛+2,1,1 = 𝑛𝛽𝑛

𝑡∫︁
0

exp{−(𝜆+ 𝜇)(𝑡− 𝑦)}𝐼𝑛(𝛼(𝑡− 𝑦))
𝑡− 𝑦

𝑃2,1,1 d𝑦, (3.41)
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and equation (3.18) reduces to

𝑃2,1,1(𝑠) =
2
𝜅1

∞∑︁
𝑖=0

𝑖∑︁
𝑗=0

(−1)𝑗 1
𝜈𝑖

(︂
𝑏*2(𝑠)
𝜇

)︂𝑗

(1− ℎ*1(𝑠))
(︂
𝜔1 −

√
𝜔2 − 𝜅1

2

𝜅1

)︂𝑖+1

.

On inversion, we get

𝑃2,1,1(𝑡) =
2
𝛼

∞∑︁
𝑖=0

𝑖∑︁
𝑗=0

(−1)𝑗 1
𝛽𝑖

1
𝜇𝑗

𝑡∫︁
0

𝑏*
𝑗

2 (𝑡− 𝑢)[exp{−(𝜆+ 𝜇)𝑤}{𝐼𝑖(𝛼𝑤)− 𝐼𝑖+2(𝛼𝑤)}

−
𝑤∫︁

0

ℎ1(𝑤 − 𝑢) exp{−(𝜆+ 𝜇)𝑢}{𝐼𝑖(𝛼𝑢)− 𝐼𝑖+2(𝛼𝑢)} d𝑢

⎤⎦d𝑤. (3.42)

The results (3.41) and (3.42) coincides with equations (3.40) and (3.41) respectively of Dharmaraja [4].

4. Performance measures

The time dependent performance measures such as expected system size, variance, number of busy servers
at a given time, expected busy servers and probability that an arriving job joins the queue are studied in this
section.

4.1. Expected system size

Let 𝑀(𝑡) denote the expected system size at time 𝑡. Then,

𝑀(𝑡) = 𝑃1,0,1(𝑡) + 𝑃1,1,0(𝑡) +
∞∑︁

𝑛=1

𝑛𝑃𝑛,2,1(𝑡) +
∞∑︁

𝑛=1

𝑛𝑃𝑛,1,2(𝑡) +
∞∑︁

𝑛=1

(𝑛+ 1)𝑃(𝑛+1),1,1(𝑡).

To facilitate the substitution of the Kolmogorov forward equations (2.1)–(2.12), we first differentiate the expres-
sion for 𝑀(𝑡)

𝑀 ′(𝑡) = 𝜆(1− 𝑃𝐹 (𝑡))−
∞∑︁

𝑛=1

{𝜇𝑃𝑛+1,1,1(𝑡) + 𝜇1𝑃𝑛,1,2(𝑡) + 𝜇2𝑃𝑛,2,1(𝑡)} − 𝜇1𝑃1,1,0(𝑡)− 𝜇2𝑃1,0,1(𝑡)− 𝜁𝑀(𝑡).

On integrating, we get

𝑀(𝑡) =
𝜆

𝜁
(1− exp{−𝜁𝑡})− 𝜆

𝑡∫︁
0

𝑃𝐹 (𝑢) exp{−𝜁(𝑡− 𝑢)} d𝑢

−
𝑡∫︁

0

{𝜇1𝑃1,1,0(𝑢) + 𝜇2𝑃1,0,1(𝑢)} exp{−𝜁(𝑡− 𝑢)}d𝑢

−
∞∑︁

𝑛=1

𝑡∫︁
0

{𝜇𝑃𝑛+1,1,1(𝑢) + 𝜇1𝑃𝑛,1,2(𝑢) + 𝜇2𝑃𝑛,2,1(𝑢)} exp{−𝜁(𝑡− 𝑢)} d𝑢.
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4.2. Variance of the system

The variance of the system at time 𝑡 is given by

𝑉 (𝑁(𝑡)) = 𝐸
(︀
𝑁2(𝑡)

)︀
− [𝐸(𝑁(𝑡))]2,

where

𝑄(𝑡) = 𝐸
(︀
𝑁2(𝑡)

)︀
= 𝑃1,0,1(𝑡) + 𝑃1,1,0(𝑡) +

∞∑︁
𝑛=1

𝑛2𝑃𝑛,2,1(𝑡) +
∞∑︁

𝑛=1

𝑛2𝑃𝑛,1,2(𝑡) +
∞∑︁

𝑛=1

(𝑛+ 1)2𝑃(𝑛+1),1,1(𝑡).

Differentiating the above

𝑄′(𝑡) = 2𝜆𝐸[𝑋(𝑡)] + 𝜆(1− 𝑃𝐹 (𝑡))− 𝜇1𝑃1,1,0(𝑡)− 𝜇2𝑃1,0,1(𝑡)− 𝜁𝑄(𝑡)

−
∞∑︁

𝑛=1

{𝜇(2𝑛+ 1)𝑃𝑛+1,1,1(𝑡) + 𝜇1(2𝑛− 1)𝑃𝑛,1,2(𝑡) + 𝜇2(2𝑛− 1)𝑃𝑛,2,1(𝑡)}.

On integration

𝑄(𝑡) =
𝜆

𝜁
{1− exp(−𝜁𝑡)}+

𝑡∫︁
0

{𝜆𝑃𝐹 (𝑢)− 2𝜆𝑀(𝑢)} exp{−𝜁(𝑡− 𝑢)}d𝑢

−
∞∑︁

𝑛=1

𝑡∫︁
0

{𝜇(2𝑛+ 1)𝑃𝑛+1,1,1(𝑢) + 𝜇1(2𝑛− 1)𝑃𝑛,1,2(𝑢) + 𝜇2(2𝑛− 1)𝑃𝑛,2,1(𝑢)}

× exp{−𝜁(𝑡− 𝑢)} d𝑢−
𝑡∫︁

0

{𝜇1𝑃1,1,0(𝑢) + 𝜇2𝑃1,0,1(𝑢)} exp{−𝜁(𝑡− 𝑢)} d𝑢.

4.3. Busy servers

Let 𝐵(𝑡) represents the number of busy servers at time 𝑡. The probability that the system has 𝑚 busy servers
is given by

𝑃 (𝐵(𝑡) = 𝑚) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑃1,0,1(𝑡) + 𝑃1,1,0(𝑡) +

∞∑︁
𝑛=1

𝑃𝑛,2,1(𝑡) +
∞∑︁

𝑛=1

𝑃𝑛,1,2(𝑡),𝑚 = 1

∞∑︁
𝑛=0

𝑃(𝑛+2),1,1,𝑚 = 2.

4.4. Expected busy servers

Let 𝐸{𝐵(𝑡)} denote the expected number of busy servers at time 𝑡. Then

𝐸{𝐵(𝑡)} = 𝑃1,0,1(𝑡) + 𝑃1,1,0(𝑡) +
∞∑︁

𝑛=1

𝑃𝑛,2,1(𝑡) +
∞∑︁

𝑛=1

𝑃𝑛,1,2(𝑡) + 2
∞∑︁

𝑛=0

𝑃𝑛+2,1,1(𝑡).

4.5. Probability that an arriving job joining the queue

The probability that an arriving customer joins the queue is given by

𝑃 (𝑁(𝑡) ≥ 2) = 𝑃2,1,1(𝑡) + 𝜆

∞∑︁
𝑛=0

[︃ 𝑡∫︁
0

𝜈1
𝑛−1𝑓𝑛(𝜅1(𝑡− 𝑤))𝑃2,1,1(𝑤) d𝑤
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+

𝑡∫︁
0

(︃ ∞∑︁
𝑚=1

𝜃1𝑃𝑚+2,2,1(𝑤) + 𝜃2

∞∑︁
𝑚=1

𝑃𝑚+2,1,2(𝑤)

)︃
𝜈1

𝑛−𝑚𝑔𝑛,𝑚(𝜅1(𝑡− 𝑤)) d𝑤

]︃
.

5. Steady state analysis

Let 𝜋0,0,0, 𝜋𝑛,1,1, 𝜋𝑛,2,1, 𝜋𝑛,1,2 denote the steady state probability of the idle state, busy state, vacation state
of the fast sever and vacation state of the slow server respectively. The governing equations of the proposed
model in the steady state is given by

0 = −(𝜆+ 𝛾1 + 𝛾2 + 𝜁)𝜋0,0,0 + 𝜇1𝜋1,1,0 + 𝜇2𝜋1,0,1 + 𝜂𝜋𝐹 , (5.1)
0 = −(𝜆+ 𝜇1 + 𝜁)𝜋1,1,0 + 𝜆𝜋0,0,0 + 𝜇2𝜋2,1,1, (5.2)
0 = −(𝜆+ 𝜇2 + 𝜁)𝜋1,0,1 + 𝜇1𝜋2,1,1, (5.3)
0 = −(𝜆+ 𝜇+ 𝜁)𝜋2,1,1 + 𝜆𝜋1,1,0 + 𝜆𝜋1,0,1 + 𝜇𝜋3,1,1 + 𝜃1𝜋2,2,1 + 𝜃2𝜋2,1,2, (5.4)
0 = −(𝜆+ 𝜇+ 𝜁)𝜋𝑛,1,1 + 𝜆𝜋𝑛−1,1,1 + 𝜇𝜋𝑛+1,1,1 + 𝜃1𝜋𝑛,2,1 + 𝜃2𝜋𝑛,1,2, 𝑛 = 3, 4, 5, . . . (5.5)
0 = −(𝜆+ 𝜁)𝜋0,2,0 + 𝛾1𝜋0,0,0 + 𝜇2𝜋1,2,1, (5.6)
0 = −(𝜆+ 𝜇2 + 𝜁)𝜋1,2,1 + 𝜆𝜋0,2,0 + 𝜇2𝜋2,2,1, (5.7)
0 = −(𝜆+ 𝜇2 + 𝜃1 + 𝜁)𝜋𝑛,2,1 + 𝜆𝜋𝑛−1,2,1 + 𝜇2𝜋𝑛+1,2,1, 𝑛 = 2, 3, 4, . . . , (5.8)
0 = −(𝜆+ 𝜁)𝜋0,0,2 + 𝛾2𝜋0,0,0 + 𝜇1𝜋1,1,2, (5.9)
0 = −(𝜆+ 𝜇1 + 𝜁)𝜋1,1,2 + 𝜆𝜋0,0,2 + 𝜇1𝜋2,1,2, (5.10)
0 = −(𝜆+ 𝜇1 + 𝜃2 + 𝜁)𝜋𝑛,1,2(𝑡) + 𝜆𝜋𝑛−1,1,2 + 𝜇1𝜋𝑛+1,1,2, 𝑛 = 2, 3, 4, . . . , (5.11)
0 = 𝜁(1− 𝜋𝐹 )− 𝜂𝜋𝐹 . (5.12)

Let
𝛽 =

1
𝜆+ 𝜇+ 𝜁

, 𝛽1 =
1

𝜆+ 𝜇1 + 𝜁
and 𝛽2 =

1
𝜆+ 𝜇2 + 𝜁

·

We define generating functions as follows:

𝐻1(𝑧, 𝑛) =
∞∑︁

𝑛=1

𝜋𝑛,2,1𝑧
𝑛, 𝐻2(𝑧, 𝑛) =

∞∑︁
𝑛=1

𝜋𝑛,1,2𝑧
𝑛 and 𝐻3(𝑧, 𝑛) = 𝐵 +

∞∑︁
𝑛=0

𝜋𝑛+3,1,1𝑧
𝑛+1,

where
𝐵 = 𝜋0,0,0 + 𝜋1,1,0 + 𝜋1,0,1 + 𝜋2,1,1.

Using equations (5.8) and (5.9), multiplying suitable powers of 𝑧, we obtain

𝐻1(𝑧, 𝑛)
{︀
𝜆𝑧2 − (𝜆+ 𝜇2 + 𝜃1 + 𝜁)𝑧 + 𝜇2

}︀
= (𝜇2 − 𝜃1)𝑧𝜋1,2,1 − 𝜆𝑧2𝜋0,2,0,

leading to

𝐻1(𝑧, 𝑛) =
(𝜇2 − 𝜃1)𝑧𝜋1,2,1 − 𝜆𝑧2𝜋0,2,0

(𝑧 − 𝛼1)(𝑧 − 𝛼̄1)
· (5.13)

Let 𝛼1 > 1 and 0 < 𝛼̄1 < 1 be two distinct roots of the denominator of equation (5.13). We have

𝛼1, 𝛼̄1 =
𝜆+ 𝜇2 + 𝜃1 + 𝜁 ±

√︁
(𝜆+ 𝜇2 + 𝜃1 + 𝜁)2 − 4𝜆𝜇2

2𝜆
·

Setting 𝑧 = 𝛼̄1 in equation (5.13) and comparing the coefficient of 𝑧𝑛, we get

𝜋𝑛,2,1 =
𝜆

(𝛼1)𝑛𝜋0,2,0, 𝑛 = 1, 2, 3, . . . (5.14)
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Similarly, using equations (5.10) and (5.11), we get

𝐻2(𝑧, 𝑛) =
(𝜇1 − 𝜃2)𝑧𝜋1,1,2 − 𝜆𝑧2𝜋0,0,2

(𝑧 − 𝛼2)(𝑧 − 𝛼̄2)
·

Setting 𝑧 = 𝛼̄2 and equating the coefficient of 𝑧𝑛, we obtain

𝜋𝑛,1,2 =
𝜆

(𝛼2)𝑛𝜋0,0,2, 𝑛 = 1, 2, 3, . . . (5.15)

where

𝛼2, 𝛼̄2 =
𝜆+ 𝜇1 + 𝜃2 + 𝜁 ±

√︁
(𝜆+ 𝜇1 + 𝜃2 + 𝜁)2 − 4𝜆𝜇1

2𝜆
·

Setting 𝑛 = 1 in the results (5.14) and (5.15) using it in equations (5.5) and (5.9) respectively, we get

𝜋0,2,0 = 𝜒1𝜋0,0,0 (5.16)
𝜋0,0,2 = 𝜒2𝜋0,0,0, (5.17)

where

𝜒1 =
𝛾1𝛼1

(𝜆+ 𝜁)𝛼1 − 𝜆𝜇2
,

⃒⃒⃒⃒
𝜆𝜇2

(𝜆+ 𝜁)𝛼1

⃒⃒⃒⃒
< 1,

and

𝜒2 =
𝛾2𝛼2

(𝜆+ 𝜁)𝛼2 − 𝜆𝜇1
,

⃒⃒⃒⃒
𝜆𝜇1

(𝜆+ 𝜁)𝛼2

⃒⃒⃒⃒
< 1.

Substituting equations (5.16) and (5.17) in (5.14) and (5.15) respectively, we obtain

𝜋𝑛,2,1 =
𝜆𝜒1

𝛼1
𝑛
𝜋0,0,0, 𝑛 = 1, 2, 3, . . . (5.18)

𝜋𝑛,1,2 =
𝜆𝜒2

𝛼2
𝑛
𝜋0,0,0, 𝑛 = 1, 2, 3, . . . (5.19)

Thus, the vacation state probabilities 𝜋𝑛,2.1 and 𝜋𝑛,1,2 are expressed interms of 𝜋0,0,0. Multiplying suitable
powers of 𝑧 in equation (5.5), after some manipulation, we get

𝐺3(𝑧)(𝑧 − 𝛼3)(𝑧 − 𝛼̄3) = 𝑧𝜆𝜋2,1,1(1− 𝑧)− 𝜂𝜋𝐹 − 𝜃1

{︃
𝜋2,2,1 +

∞∑︁
𝑛=1

𝜋𝑛+2,2,1𝑧
𝑛

}︃

− 𝜃2

{︃
𝜋2,1,2 +

∞∑︁
𝑛=1

𝜋𝑛+2,1,2𝑧
𝑛

}︃
+𝐵

{︁
−(𝜆+ 𝜇) + 𝜆𝑧 +

𝜇

𝑧

}︁
+ 𝜋0,0,0{𝛾1 + 𝛾2},

leading to

𝐵 +
∞∑︁

𝑛=0

𝜋𝑛+3,1,1𝑧
𝑛+1 = 𝑧

𝜆

(𝛼3 − 𝑧)
𝜋2,1,1 +

𝜃1
(𝛼3 − 𝑧)

∞∑︁
𝑛=1

𝜋𝑛+2,2,1

(︂
𝑧𝑛 − 𝛼̄𝑛

3

𝑧 − 𝛼̄3

)︂
+

𝜃2
(𝛼3 − 𝑧)

×
∞∑︁

𝑛=1

𝜋𝑛+2,1,2

(︂
𝑧𝑛 − 𝛼̄𝑛

3

𝑧 − 𝛼̄3

)︂
+

𝐵

(𝛼3 − 𝑧)

{︃
−𝜆+

𝜇

𝑧𝛼̄3

}︃
·

Comparing the coefficient of 𝑧𝑛, 𝑛 = 0, 1, 2, . . .

𝜋𝑛+3,1,1 = 𝜆

(︂
1
𝛼3

)︂𝑛+1

𝜋2,1,1 + {𝜃1𝜆𝜒1𝑄𝑛(𝛼1, 𝛼3, 𝛼̄3) + 𝜃2𝜆𝜒2𝑄𝑛(𝛼2, 𝛼3, 𝛼̄3)}𝜋0,0,0 (5.20)
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where

𝑄𝑛(𝛼𝑖, 𝛼3, 𝛼̄3) =

⎡⎢⎢⎢⎣
1−

(︂
𝛼̄3

𝛼3

)︂𝑛+1

(︂
1− 𝛼̄3

𝛼3

)︂ −

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1−

(︂
𝛼̄3

𝛼3

)︂𝑛

1−
(︂
𝛼̄3

𝛼3

)︂ −

(︂
𝛼̄3

𝛼1

)︂(︂
𝛼̄3

𝛼3

)︂𝑛

−
(︂
𝛼̄3

𝛼𝑖

)︂𝑛+1

𝛼̄3

𝛼3
− 𝛼̄3

𝛼𝑖

⎫⎪⎪⎪⎬⎪⎪⎪⎭
⎤⎥⎥⎥⎦

×

(︂
1
𝛼̄3

)︂𝑛+2(︂ 1
𝛼𝑖

)︂2
𝛼̄2

3

𝛼𝑖𝛼3

1− 𝛼̄3

𝛼𝑖

, 𝑖 = 1, 2.

and

𝛼3, 𝛼̄3 =
𝜆+ 𝜇+ 𝜁 ±

√︁
(𝜆+ 𝜇+ 𝜁)2 − 4𝜆𝜇

2𝜆
·

Thus we have obtained the busy state probability 𝜋𝑛+3,1,1 in terms of 𝜋0,0,0.
Using equations (5.2), (5.3) and (5.20) in equation (5.4), after some algebra, we get

𝜋2,1,1 =

[︃
𝜆𝛽1 + {𝜃1𝜒1𝑄0(𝛼1, 𝛼3, 𝛼̄3) + 𝜃2𝜒2𝑄0(𝛼2, 𝛼3, 𝛼̄3)}𝜇+ 𝜒1𝜃1

𝛼12 + 𝜒2𝜃2
𝛼22

1− 𝜆𝛽
(︁
𝜇2𝛽1 + 𝜇1𝛽2 + 𝜇

𝛼3

)︁ ]︃
𝜆𝛽𝜋0,0,0. (5.21)

Using the result (5.21) in equations (5.2) and (5.3), we get

𝜋1,1,0 =

[︃
𝜆𝛽1 + {𝜃1𝜒1𝑄0(𝛼1, 𝛼3, 𝛼̄3) + 𝜃2𝜒2𝑄0(𝛼2, 𝛼3, 𝛼̄3)}𝜇+ 𝜒1𝜃1

𝛼12 + 𝜒2𝜃2
𝛼22

1− 𝜆𝛽
(︁
𝜇2𝛽1 + 𝜇1𝛽2 + 𝜇

𝛼3

)︁ ]︃
𝜆𝛽𝜋0,0,0 ×

{︂
𝜇2𝛽1 + 𝜆𝛽1

}︂
, (5.22)

and

𝜋1,0,1 =

[︃
𝜆𝛽1 + {𝜃1𝜒1𝑄0(𝛼1, 𝛼3, 𝛼̄3) + 𝜃2𝜒2𝑄0(𝛼2, 𝛼3, 𝛼̄3)}𝜇+ 𝜒1𝜃1

𝛼12 + 𝜒2𝜃2
𝛼22

1− 𝜆𝛽
(︁
𝜇2𝛽1 + 𝜇1𝛽2 + 𝜇

𝛼3

)︁ ]︃
𝜆𝛽𝜇1𝛽2𝜋0,0,0. (5.23)

The normalisation condition is given by

𝐵 +
∞∑︁

𝑛=0

𝜋𝑛+3,1,1 + 𝜋0,2,0 +
∞∑︁

𝑛=1

𝜋𝑛,2,1 + 𝜋0,0,2 +
∞∑︁

𝑛=1

𝜋𝑛,1,2 = 1− 𝜋𝐹 .

Using equations (5.18)–(5.23) in the normalisation condition, we get

𝜋0,0,0 =
1− 𝜁

𝜁+𝜂

𝐷
, (5.24)

where

𝐷 = 𝜆𝛽1 + 𝜆𝛽

⎧⎨⎩𝜆𝛽1 + {𝜃1𝜒1𝑄0(𝛼1, 𝛼3, 𝛼̄3) + 𝜃2𝜒2𝑄0(𝛼2, 𝛼3, 𝛼̄3)}𝜇+ 𝜒1𝜃1
𝛼12 + 𝜒2𝜃2

𝛼22

1− 𝜆𝛽
(︁
𝜇2𝛽1 + 𝜇1𝛽2 + 𝜇

𝛼3

)︁
⎫⎬⎭

×
{︂

1 + 𝜇2𝛽1 + 𝜇1𝛽2 +
𝜆

𝛼3 − 1

}︂
+ 𝜆

∞∑︁
𝑛=0

{𝜃1𝜒1𝑄𝑛(𝛼1, 𝛼3, 𝛼̄3) + 𝜃2𝜒2𝑄𝑛(𝛼2, 𝛼3, 𝛼̄3)}

+ 𝜒1 +
𝜆𝜒1

𝛼1 − 1
+ 𝜒2 +

𝜆𝜒2

𝛼2 − 1
,

𝑄0(𝛼𝑖, 𝛼3, 𝛼̄3) =
1

(𝛼1 − 𝛼̄3)(𝛼𝑖)
2
𝛼3

, 𝑖 = 1, 2.
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6. Performance measures in the steady state

The performance measures of the system in the steady state are discussed in this section.

6.1. Expected system size

Let 𝐸(𝑁𝑠) denote the expected system size, then

𝐸(𝑁𝑠) = 𝜋1,1,0 + 𝜋1,0,1 +
∞∑︁

𝑛=1

𝑛𝜋𝑛,2,1+
∞∑︁

𝑛=1

𝑛𝜋𝑛,1,2+
∞∑︁

𝑛=0

(𝑛+ 2)𝜋𝑛+2,1,1·

Using Little’s formula, the expected number of jobs waiting in the system is given by

𝐸(𝑊𝑠) =
𝐸(𝑁𝑠)
𝜆

·

6.2. Expected number of jobs served

Let 𝐸(𝐽𝑠) denote the expected number of jobs served, then

𝐸(𝐽𝑠) = 𝜇1𝜋1,1,0 + 𝜇2𝜋1,0,1 + 𝜇2

∞∑︁
𝑛=1

𝜋𝑛,2,1 + 𝜇1

∞∑︁
𝑛=1

𝜋𝑛,1,2 + 𝜇

∞∑︁
𝑛=0

𝜋𝑛+2,1,1.

6.3. Busy servers

Let 𝜋𝑏𝑖 represents the probability that the server is in the busy state. Then

𝜋𝑏𝑖 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝜋1,1,0 +
∞∑︀

𝑛=1
𝜋𝑛,1,2, 𝑖 = 1 (FS is busy)

𝜋1,0,1 +
∞∑︀

𝑛=1
𝜋𝑛,2,1, 𝑖 = 2 (SS is busy)

𝜋2,1,1 +
∞∑︀

𝑛=0
𝜋𝑛+3,1,1, 𝑖 = 3 (FS and SS are busy),

where

𝜋𝑏1 = 𝜇2𝛽1𝜋2,1,1 +
(︂
𝜆𝛽1 +

𝜆𝜒2

𝛼2 − 1

)︂
𝜋0,0,0,

𝜋𝑏2 = 𝜇1𝛽2𝜋2,1,1 +
𝜆𝜒1

𝛼1 − 1
𝜋0,0,0,

and

𝜋𝑏3 =

[︃
𝛼3

𝛼3 − 1
+

∞∑︁
𝑛=0

{𝜃1𝜒1𝑄𝑛(𝛼1, 𝛼3, 𝛼̄3) + 𝜃2𝜒2𝑄𝑛(𝛼2, 𝛼3, 𝛼̄3)}

]︃
𝜆𝜋0,0,0 + 𝜋2,1,1.

6.4. Expected busy servers

Let 𝐸{𝑏𝑠} denote the expected number of busy servers. Then

𝐸{𝑏𝑠} = 𝜋1,0,1 + 𝜋1,1,0 +
∞∑︁

𝑛=1

𝜋𝑛,2,1 +
∞∑︁

𝑛=1

𝜋𝑛,1,2 + 2
∞∑︁

𝑛=0

𝜋𝑛+2,1,1.
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Using equations (5.18)–(5.23), we obtain

𝐸{𝑏𝑠} = (𝜇1𝛽2 + 𝜇2𝛽1 + 2)𝜋2,1,1 +
(︂
𝛽1 +

𝜒1

𝛼1 − 1
+

𝜒2

𝛼2 − 1

)︂
𝜆𝜋0,0,0

+ 2

[︃
𝛼3

𝛼3 − 1
+

∞∑︁
𝑛=0

{𝜃1𝜒1𝑄𝑛(𝛼1, 𝛼3, 𝛼̄3) + 𝜃2𝜒2𝑄𝑛(𝛼2, 𝛼3, 𝛼̄3)}

]︃
𝜆𝜋0,0,0.

6.5. Servers vacation

Let 𝜋𝑣1 and 𝜋𝑣2 represents probability that the FS and SS are in vacation respectively, then

𝜋𝑣𝑖 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝜋0,2.0 +

∞∑︁
𝑛=0

𝜋𝑛,2.1, 𝑖 = 1

𝜋0,0.2 +
∞∑︁

𝑛=0

𝜋𝑛,1.2, 𝑖 = 2

where

𝜋𝑣1 =
(︂
𝜒1 +

𝜆𝜒1

𝛼1 − 1

)︂
𝜋0,0,0 and𝜋𝑣2 =

(︂
𝜒2 +

𝜆𝜒2

𝛼2 − 1

)︂
𝜋0,0,0.

7. Cost analysis

Cost and revenue analysis is crucial in studying queuing systems, offering valuable insights into their economic
implications. Our study aims to identify optimal service rates to minimize the total expected cost function,
enhancing the efficiency and economic viability of queuing systems. We carefully consider various cost parameters
throughout the analysis, recognizing their significance in shaping the system’s overall economic interpretation.
The cost parameters are as follows:

𝐶1: Cost per job served by the mean service rate 𝜇1.
𝐶2: Cost per job served by the mean service rate 𝜇2.
𝐶ℎ: Holding cost per unit time.
𝐶𝑏: Cost incurred per unit time when both the servers are busy.
𝐶𝐼 : Cost incurred per unit time when the FS and SS are idle.
𝐶𝑣1 : Cost incurred per unit time during the vacation period of the FS.
𝐶𝑣2 : Cost incurred per unit time during the vacation period of the SS.
𝐶𝑅: Cost incurred per unit time for repair.

Using the aforementioned cost parameters and associated system performance metrics, the Total expected
cost (TEC) is given by

TEC = 𝐹 (𝜇1, 𝜇2) = 𝐶1𝜇1 + 𝐶2𝜇2 + 𝐶ℎ𝐸(𝑁𝑠) + 𝐶𝐼𝜋0,0,0 + 𝐶𝑏𝜋𝑏3 + 𝐶𝑣1𝜋𝑏2 + 𝐶𝑣2𝜋𝑏1 + 𝐶𝑅𝜋𝐹 .

It is important to highlight that the cost function seems to be an intricate and nonlinear expression. This is
due to the fact that there are many parameters such as 𝜆, 𝜇1, 𝜇2, 𝜃1, 𝜃2, 𝛾1, 𝛾2, and 𝜁. Our goal is to ascertain
the optimal service rate of the FS, denoted as 𝜇*1, and the optimal service rate of the SS, denoted as 𝜇*2, to
minimize the TEC function. The mathematical representation of the cost minimization problem is as follows:

𝐹 (𝜇*1, 𝜇
*
2) = min𝐹 (𝜇1, 𝜇2),

subject to: 𝜇1 > 𝜇2,

⃒⃒⃒⃒
𝜆𝜇2

(𝜆+ 𝜁)𝛼1

⃒⃒⃒⃒
< 1 and

⃒⃒⃒⃒
𝜆𝜇1

(𝜆+ 𝜁)𝛼2

⃒⃒⃒⃒
< 1.
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Algorithm 1. PSO for Cost Optimization with 𝜇1 > 𝜇2.
1: Initialize particle positions (𝜇𝑖

1, 𝜇
𝑖
2) and velocities randomly for 𝑖 = 1 to 5 such that 𝜇𝑖

1 > 𝜇𝑖
2

2: Evaluate the cost function for each particle
3: Set personal best 𝑝𝐵𝑒𝑠𝑡𝑖 and global best 𝑔𝐵𝑒𝑠𝑡
4: for iteration 𝑡 = 1 to 40 do
5: for each particle 𝑖 = 1 to 5 do
6: Update velocity:

𝑣𝑖 = 𝑤 · 𝑣𝑖 + 𝑐1 · rand() · (𝑝𝐵𝑒𝑠𝑡𝑖 − position𝑖) + 𝑐2 · rand() · (𝑔𝐵𝑒𝑠𝑡− position𝑖)

7: Update position:
position𝑖 = position𝑖 + 𝑣𝑖

8: Enforce bounds and ensure 𝜇𝑖
1 > 𝜇𝑖

2

9: Evaluate cost at new position
10: if new cost < cost at 𝑝𝐵𝑒𝑠𝑡𝑖 then
11: 𝑝𝐵𝑒𝑠𝑡𝑖 ← new position
12: end if
13: if new cost < cost at 𝑔𝐵𝑒𝑠𝑡 then
14: 𝑔𝐵𝑒𝑠𝑡← new position
15: end if
16: end for
17: end for
18: return optimal (𝜇*

1, 𝜇
*
2) = 𝑔𝐵𝑒𝑠𝑡, and minimum cost

Consider 𝑅 as the revenue generated from delivering services to a customer, then total expected revenue (TER)
is given by

TER = 𝑅× 𝐸(𝑁𝑠).

In this study, the Particle Swarm Optimization (PSO) algorithm is employed to solve the cost optimization
problem. Due to the intricate nature of the cost function, explicit expressions for the optimal service rates
(𝜇*1, 𝜇

*
2) are challenging to derive. The objective function is nonlinear and involves multiple performance measures

such as expected system size and server utilization, making analytical based methods impractical. PSO, a
population-based, derivative-free metaheuristic, is well-suited for this problem. It efficiently explores complex,
high-dimensional spaces, converging to near-optimal solutions with reasonable computational effort, and has
proven successful for similar queueing optimizations in the literature. We therefore adopt PSO as a practical,
efficient optimization method to find the service rates minimizing TEC.

8. Numerical illustration

In this section, numerical findings are showcased through graphs and tables, providing a visual representation
of how different parameters impact the system’s performance measures. The values of the parameters are chosen
as follows: 𝜆 = 0.7, 𝜇1 = 1.2, 𝜇2 = 1, 𝛾1 = 0.2, 𝛾2 = 0.3, 𝜃1 = 0.2, 𝜃2 = 0.1, 𝜂 = 0.1, and 𝜁 = 0.01. The cost
parameters are selected as follows: 𝐶1 = 100, 𝐶2 = 75, 𝐶ℎ = 50, 𝐶𝐼 = 20, 𝐶𝑏 = 150, 𝐶𝑣1 = 50, 𝐶𝑣2 = 40, and
𝐶𝐹 = 30. The following values are chosen for the PSO algorithm: the number of particles is 5, the maximum
number of iterations is 40, the cognitive coefficient 𝑐1 is set to 1.5, the social coefficient 𝑐2 is set to 1.5, and the
initial inertia weight 𝑤 is set to 0.7

Figure 2 illustrates probability curves depicting the system’s behaviour under different scenarios: both servers
being idle, and one being idle while the other is busy. The figure reveals that, over time, the probability
consistently rises until reaching a steady state. When the FS is in operation and only one customer is present
in the system, it tends to serve that customer swiftly, resulting in a high probability of having a lone customer
in the system. Conversely, with a SS, the likelihood of having one customer in the system remains reasonably
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high, especially if the job arrival rate is relatively low. However, it is conceivable that the SS might take a longer
time to serve the single customer, potentially leading to a slightly lower probability compared to the scenario
with a fast server.

Figure 3 illustrates the behavior of the system when both servers are busy. In such a scenario, incoming jobs
are promptly served and exit the system, leading to a decrease in the probability curve over time. Figures 4
and 5 illustrate the probability curves of the system when the FS and SS are on vacation, respectively. It is
observed that as the parameter 𝑛 increases, the probability curves decrease and then attain a steady state.
Figures 6 and 7 depict the expected system size and variance of the system. The graphs are plotted against time
by varying the disaster rate. An increase in the disaster rate leads to a decrease in the system size. Notably, as
the parameter 𝜁 increases, all jobs are removed from the system, resulting in a decrease in the expected system
size.

In Figure 8, we can observe the probability curves representing the busy state, denoted as 𝜋𝑛+3,1,1. These
curves are plotted against the parameter 𝑛 for different arrival rates. It is noticeable that as 𝑛 increases while
maintaining a fixed arrival rate of 𝜆, the probability curves for 𝜋3,1,1 decrease before eventually reaching a
stable state. Furthermore, when the arrival rate increases, the probability values for 𝜋3,1,1 initially rise and then
gradually decrease, eventually stabilizing. Figures 9 and 10 depict the probability curves for vacation states,
namely 𝜋𝑛,2,1 and 𝜋𝑛,1,2, respectively. These graphs illustrate how these vacation states change as 𝑛 varies under
different disaster rates 𝜁. It’s evident that as the disaster rate increases, the curves decline and eventually reach
a steady state.

From Figures 11 and 12, it is observed that as 𝜃1 increases (faster return of the fast server from vacation),
the values of 𝜋𝑛,2,1 decrease for each 𝑛. This is expected, as a quicker return to service reduces the chance
that the fast server is in vacation. A similar trend is observed for 𝜋𝑛,1,2 with respect to 𝜃2: increasing 𝜃2 leads
to a decrease in the probability that the slow server is in vacation. For both cases, the probabilities decline
as 𝑛 increases, indicating lower chances of having a high number of packets in the system when one server is
inactive. Notably, the values of 𝜋𝑛,1,2 are generally higher than those of 𝜋𝑛,2,1, suggesting that the system more
frequently experiences the scenario where the slow server is in vacation and the fast server is active, likely due to
the higher processing capability of the fast server. This numerical illustration highlights the sensitivity of system
state probabilities to the vacation switching rates, particularly 𝜃2, and underscores the importance of optimizing
these parameters to achieve desirable performance in heterogeneous server environments. In Figure 13, we
examine the expected system size, which shows a decreasing trend as the disaster rate increases.

Figure 14 illustrates the impact of 𝜇1 and 𝜇2 on the TEC. The graph takes the form of a bowl-shaped surface,
indicating that the cost function initially decreases and subsequently increases as both 𝜇1 and 𝜇2 increase. This
visual representation highlights specific values of 𝜇1 and 𝜇2 that lead to the minimization of the total expected
cost function, providing clarity on the combinations resulting in the optimal reduction of overall expected costs.
Figure 15 illustrates the impact of 𝜆 on both TEC and TER. Notably, as 𝜆 increases, both costs show an
upward trend. The figure distinctly reveals a breakeven point, occurring at approximately 𝜆 = 0.7, where TEC
equals TER, indicating a balance between costs and revenue – no loss or profit at this point. Furthermore, for
the specified set of cost values and other model parameters, a loss is incurred when 𝜆 < 0.7, while the system
becomes profitable when 𝜆 > 0.7. This insight empowers system managers to make informed decisions based on
the arrival rate of customers, allowing them to take proactive measures to minimize TEC and maximize TER.

Using PSO, the optimal values for the service rates 𝜇*1 and 𝜇*2, which lead to the minimization of the TEC,
are determined for various values of 𝜆, considering the specified cost values.

– Case (i) 𝐶1 = 100, 𝐶2 = 75, 𝐶ℎ = 50, 𝐶𝑏 = 150, 𝐶𝑣1 = 50, 𝐶𝑣2 = 40, 𝐶𝐹 = 30;
– Case (ii) 𝐶1 = 110, 𝐶2 = 75, 𝐶ℎ = 50, 𝐶𝑏 = 150, 𝐶𝑣1 = 50, 𝐶𝑣2 = 40, 𝐶𝐹 = 30;
– Case (iii) 𝐶1 = 100, 𝐶2 = 65, 𝐶ℎ = 50, 𝐶𝑏 = 150, 𝐶𝑣1 = 50, 𝐶𝑣2 = 40, 𝐶𝐹 = 30;
– Case (iv) 𝐶1 = 100, 𝐶2 = 75, 𝐶ℎ = 60, 𝐶𝑏 = 150, 𝐶𝑣1 = 50, 𝐶𝑣2 = 40, 𝐶𝐹 = 30;
– Case (v) 𝐶1 = 100, 𝐶2 = 75, 𝐶ℎ = 60, 𝐶𝑏 = 140, 𝐶𝑣1 = 50, 𝐶𝑣2 = 40, 𝐶𝐹 = 30;
– Case (vi) 𝐶1 = 100, 𝐶2 = 75, 𝐶ℎ = 60, 𝐶𝑏 = 150, 𝐶𝑣1 = 40, 𝐶𝑣2 = 40, 𝐶𝐹 = 30;
– Case (vii) 𝐶1 = 100, 𝐶2 = 75, 𝐶ℎ = 60, 𝐶𝑏 = 150, 𝐶𝑣1 = 50, 𝐶𝑣2 = 30, 𝐶𝐹 = 30.
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Figure 2. Probability curves of the idle server vs. time.

Figure 3. Probability cures of the busy state vs. time for different values of 𝑛.

Table 1 presents the optimal values of 𝜇*1 and 𝜇*2, along with their corresponding TEC*. An observation from
the table reveals that 𝜇*1, 𝜇*2 and TEC* exhibit an increase with the rising values of 𝜆, irrespective of the specific
set of cost values. From Table 2 it is observed that an increase in service rates 𝜇1 and 𝜇2 leads to increase in
TER and decrease in TEC, respectively.

While this study specifically analyzes an 𝑀/𝑀/2 heterogeneous system, the underlying model and opti-
mization framework possess significant breadth. The methodology readily extends to 𝑀/𝑀/𝑐 systems with an
arbitrary number of heterogeneous servers and can incorporate features like threshold policies, priority queueing,
customer impatience, and cost-sensitive resource allocation. The use of PSO further broadens the approach’s
applicability. As PSO’s structure is model-independent, it can optimize diverse decision variables – such as vaca-
tion thresholds, repair rates, or service configurations – aligned with various operational goals. Consequently,
these results not only depict cost-performance trade-offs in the studied system but also present a scalable,
generalizable methodology for analyzing complex multi-server queueing environments.
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Figure 4. robability curves of 𝑃𝑛,2,1(𝑡) vs. time for different values of 𝑛.

Figure 5. Probability curves of 𝑃𝑛,1,2(𝑡) vs. time for different values of 𝑛.

Figure 6. Expected system size.
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Figure 7. Variance.

Figure 8. Probabilities of the busy state when both FS and SS are busy.

Figure 9. Probability curves when the FS is on vacation and the SS is active.
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Figure 10. Probability curves when the SS is on vacation and the FS is active.

Figure 11. Probability curves of 𝜋𝑛,2,1 vs. 𝜃1 for various values of 𝑛.

Figure 12. Probability curves of 𝜋𝑛,1,2 vs. 𝜃2 for various values of 𝑛.
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Figure 13. Expected system size in the steady state.

Figure 14. Convexity of the TEC for combinations of 𝜇1 and 𝜇2.

Figure 15. Effect of arrival rate 𝜆 vs. TER and TEC.
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Table 1. Optimum values of 𝜇*1 and 𝜇*2, that minimsse TEC*.

Case 𝜆 0.5 0.7 0.9

(i) (𝜇*
1, 𝜇

*
2) (0.6468, 0.4379) (0.9067, 0.6175) (1.212, 0.7367)

TEC* 188.6734 250.8072 308.2055
(ii) (𝜇*

1, 𝜇
*
2) (0.6100, 0.4563) (0.866, 0.6385) (1.1538, 0.7676)

TEC* 194.9637 259.6545 319.9942
(iii) (𝜇*

1, 𝜇
*
2) (0.8022, 0.1869) (0.8849, 0.6938) (1.1885, 0.8389)

TER* 193.9335 244.2673 300.335
(iv) (𝜇*

1, 𝜇
*
2) (0.6758, 0.4668) (1.0147, 0.4885) (1.2685, 0.7777)

TEC* 199.1436 266.5861 324.5224
(v) (𝜇*

1, 𝜇
*
2) (0.6797, 0.4549) (0.9984, 0.4876) (1.2571, 0.7728)

TEC* 188.6734 250.8072 308.2055
(vi) (𝜇*

1, 𝜇
*
2) (0.6857, 0.4491) (0.9818, 0.6055) (1.2693, 0.7832)

TEC* 188.6734 250.8072 323.3958
(vii) (𝜇*

1, 𝜇
*
2) (0.5398, 0.2062) (0.9171, 0.558) (1.4117, 0.7256)

TEC* 226.8434 263.7763 323.7839

Table 2. Service rates vs. TER and TEC.

𝜇1 TER TEC 𝜇2 TER TEC

1.2 278.3607474 269.1986406 0.8 276.6821976 279.268131
1.3 283.8056614 251.7168539 0.9 279.8922671 264.1754851
1.4 290.0146716 237.2945451 1 283.8056614 251.7168539
1.5 296.818668 225.2313312 1.1 288.2882034 241.3766903
1.6 304.0921601 215.0116534 1.2 293.230504 232.7336171

9. Conclusion and future work

This paper analyzed an 𝑀/𝑀/2 heterogeneous queueing system with dynamic vacations, system disasters,
and server failure and repair, showcasing potential applications in cloud computing. We derived transient and
steady-state probabilities and determined an optimal service rate minimizing total expected cost. The PSO
technique has been employed to obtain the optimal service rates that minimize the total expected cost under a
specific cost function. Numerical results visually demonstrated the impact of system and cost parameters. Our
findings lay a foundation for extending the model to 𝑀/𝑀/𝐶 systems with a working vacation, offering insights
into diverse queuing scenarios. Overall, this research contributes valuable understanding to complex systems,
informing optimization strategies and resource management.
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