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SOME SUFFICIENT CONDITIONS FOR GRAPHS TO HAVE COMPONENT
FACTORS

Sizhong Zhou*

Abstract. Let 𝐺 denote a graph and 𝑘 ≥ 2 be an integer. A {𝐾1,1, 𝐾1,2, . . . , 𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-
factor of 𝐺 is a spanning subgraph, whose every connected component is isomorphic to an element
of {𝐾1,1, 𝐾1,2, . . . , 𝐾1,𝑘, 𝒯 (2𝑘 + 1)}, where 𝒯 (2𝑘 + 1) is a special family of trees. In this paper, we
put forward some sufficient conditions for the existence of {𝐾1,1, 𝐾1,2, . . . , 𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factors in
graphs. Furthermore, we construct some extremal graphs to show that the main results in this paper
are best possible.
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1. Introduction

In this paper, we deal only with finite and undirected graphs without loops and multiple edges. Let 𝐺 denote
a graph with vertex set 𝑉 (𝐺) and edge set 𝐸(𝐺). The order of 𝐺 is the number 𝑛 = |𝑉 (𝐺)| of its vertices and its
size is the number 𝑚 = |𝐸(𝐺)| of its edges. A graph of order 1 is called trivial. We use 𝐼(𝐺) to denote the set of
isolated vertices in 𝐺 and write 𝑖(𝐺) = |𝐼(𝐺)|. The degree of a vertex 𝑥 in 𝐺, denote by 𝑑𝐺(𝑥), is defined as the
number of edges which are incident to 𝑥. Let 𝜔(𝐺), 𝛿(𝐺) and 𝛼(𝐺) denote the number of connected components,
the minimum degree and the independence number of 𝐺, respectively. For any 𝑆 ⊆ 𝑉 (𝐺), we denote by 𝐺[𝑆]
the subgraph of 𝐺 induced by 𝑆, and by 𝐺−𝑆 the graph formed from 𝐺 by deleting the vertices in 𝑆 and their
incident edges. Let 𝑐 be a real number. As usual, let 𝐶𝑛, 𝑃𝑛, 𝐾1,𝑛−1 and 𝐾𝑛 denote the cycle, the path, the
star and the complete graph of order 𝑛, respectively. Recall that ⌈𝑐⌉ is the least integer satisfying ⌈𝑐⌉ ≥ 𝑐 and
⌊𝑐⌋ is the greatest integer satisfying ⌊𝑐⌋ ≤ 𝑐.

We use 𝐿𝑒𝑎𝑓(𝑇 ) to denote the set of leaves in a tree 𝑇 . An edge of a tree 𝑇 incident with a leaf is called a
pendant edge. The number of pendant edges in a tree 𝑇 is equal to that of leaves in 𝑇 under the case that the
order of 𝑇 is at least 3. We are to define a special class of trees 𝒯 (2𝑘 + 1), where 𝑘 ≥ 2 is an integer. Let 𝑅 be
a tree that satisfies the following conditions: for any 𝑥 ∈ 𝑉 (𝑅)− 𝐿𝑒𝑎𝑓(𝑅),

(a) 𝑑𝑅−𝐿𝑒𝑎𝑓(𝑅)(𝑥) ∈ {1, 3, . . . , 2𝑘 + 1}
and

(b) 2(the number of leaves adjacent to 𝑥 in 𝑅)+𝑑𝑅−𝐿𝑒𝑎𝑓(𝑅)(𝑥) ≤ 2𝑘 + 1.
For such a tree 𝑅, we derive a new tree 𝑇𝑅 as follows:
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(c) insert a new vertex of degree 2 into each edge of 𝑅− 𝐿𝑒𝑎𝑓(𝑅)
and

(d) for every vertex 𝑥 of 𝑅−𝐿𝑒𝑎𝑓(𝑅) with 𝑑𝑅−𝐿𝑒𝑎𝑓(𝑅)(𝑥) = 2𝑟+ 1 < 2𝑘+ 1, add 𝑘− 𝑟−(the number of leaves
adjacent to 𝑥 in 𝑅) pendant edges to 𝑥.
Then the set of such trees 𝑇𝑅 for all trees 𝑅 satisfying conditions (a) and (b) is denoted by 𝒯 (2𝑘 + 1).

Let 𝐺1 and 𝐺2 be two vertex-disjoint graphs. Let 𝐺1 ∪𝐺2 denote the union of 𝐺1 and 𝐺2. The join 𝐺1 ∨𝐺2

is obtained from 𝐺1 ∪𝐺2 by joining each vertex of 𝐺1 with each vertex of 𝐺2 by an edge.
Given a graph 𝐺 with vertex set 𝑉 (𝐺) = {𝑣1, . . . , 𝑣𝑛}, the adjacency matrix 𝐴(𝐺) = (𝑎𝑖𝑗)𝑛×𝑛 of 𝐺 is a 0–1

matrix in which the entry 𝑎𝑖𝑗 = 1 if and only if 𝑣𝑖 and 𝑣𝑗 are adjacent. Let 𝐷(𝐺) be the diagonal matrix of vertex
degrees of 𝐺. Let 𝐿(𝐺) = 𝐷(𝐺)− 𝐴(𝐺) be the Laplacian matrix of 𝐺. Let 𝜇1(𝐺) ≥ 𝜇2(𝐺) ≥ · · · ≥ 𝜇𝑛(𝐺) = 0
be eigenvalues of 𝐿(𝐺).

Let ℋ denote a set of connected graphs. Then a spanning subgraph 𝐻 of 𝐺 is called an ℋ-factor if each
connected component of 𝐻 is isomorphic to an element of ℋ. An ℋ-factor is also referred as a component factor.
Let 𝑘 ≥ 2 be an integer. Write 𝑃≥𝑘 = {𝑃𝑖 : 𝑖 ≥ 𝑘}. If ℋ = {𝑃𝑖 : 𝑖 ≥ 𝑘}, then an ℋ-factor is called a 𝑃≥𝑘-factor.
If ℋ = {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}, then an ℋ-factor is called a {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor.
In particular, a perfect matching is also a {𝐾1,1}-factor.

Li and Miao [11], Zhou et al. [32], Zhou et al. [29] established some spectral radius conditions for graphs to
contain 𝑃≥2-factors. Many researchers [2, 12, 17, 21, 22, 25, 33] proved some results related to binding number,
neighborhood, degree condition etc., for a graph to contain a 𝑃≥3-factor. O [14] established a connection between
spectral radius and {𝐾1,1}-factors in graphs. Tutte [16] provided a characterization for a graph with a {𝐾2, 𝐶𝑛 :
𝑛 ≥ 3}-factor. Klopp and Steffen [9] studied the existence of a {𝐾1,1,𝐾1,2, 𝐶𝑚 : 𝑚 ≥ 3}-factor in a graph.
Amahashi and Kano [1] showed a necessary and sufficient condition for a graph to have a {𝐾1,𝑗 : 1 ≤ 𝑗 ≤ 𝑘}-
factor, where 𝑘 is an integer with 𝑘 ≥ 2. Zhou et al. [30] put forward some sufficient conditions for graphs to
contain {𝐾1,𝑗 : 1 ≤ 𝑗 ≤ 𝑘}-factors. Kano and Saito [5] presented a sufficient condition for a graph to have
a {𝐾1,𝑗 : 𝑘 ≤ 𝑗 ≤ 2𝑘}-factor, where 𝑘 ≥ 2 is an integer. Kano et al. [6] showed a relationship between the
number of isolated vertices and the existence of {𝐾1,2,𝐾1,3,𝐾5}-factors in graphs. Zhou and Wu [24] presented
a sufficient spectral condition for a graph to possess a {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor and constructed
three extremal graphs to show that the bounds on the spectral radius are sharp. Many efforts have been devoted
to finding sufficient conditions for graphs to contain spanning subgraphs by utilizing various graphic parameters
such as spectral radius [20,23,28,31], independence number [10,19], degree condition [13,27], isolated toughness
[26], eigenvalues [8, 15] and others [3, 18].

Kano et al. [7] provided a necessary and sufficient condition for a graph to have a {𝐾1,1,𝐾1,2, · · · ,𝐾1,𝑘, 𝒯 (2𝑘+
1)}-factor.

Theorem 1.1 ([7]). Let 𝑘 ≥ 2 be an integer. Then a graph 𝐺 contains a {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘+1)}-factor
if and only if

𝑖(𝐺− 𝑆) ≤
(︂
𝑘 +

1
2

)︂
|𝑆|

for any 𝑆 ⊆ 𝑉 (𝐺).

Motivated by Kano et al. [7], it is natural and interesting to consider the existence of
{𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factors in graphs. Here, we focus on the sufficient conditions including Lapla-
cian eigenvalue condition, size condition, degree condition or independence number condition. Our main results
are shown in the following.

Theorem 1.2. Let 𝑘 ≥ 2 be an integer, and let 𝐺 be a graph of order 𝑛. If

𝜇1 ≤
(︂
𝑘 +

1
2

)︂
𝜇𝑛−1,

then 𝐺 has a {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor.
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Theorem 1.3. Let 𝑘 and 𝑡 be two integers with 𝑘 ≥ 2 and 1 ≤ 𝑡 ≤ 𝑘 − 1, and let 𝐺 be a 𝑡-connected graph of
order 𝑛 with 𝑛 ≥ (2𝑘2+5𝑘+1)𝑡+𝑘2+5𝑘+2

2𝑘 . If 𝐺 satisfies

|𝐸(𝐺)| >
(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
,

then 𝐺 has a {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor.

Theorem 1.4. Let 𝑘 ≥ 2 be an integer, and let 𝐺 be a graph of order 𝑛 with minimum degree 𝛿 ≥ 1. If 𝐺
satisfies

max
{︁
𝑑𝐺(𝑥1), 𝑑𝐺(𝑥2), . . . , 𝑑𝐺

(︁
𝑥⌊(𝑘+ 1

2 )𝛿⌋+1

)︁}︁
≥ 2𝑛

2𝑘 + 3

for any independent subset {𝑥1, 𝑥2, . . . , 𝑥⌊(𝑘+ 1
2 )𝛿⌋+1} of 𝐺, then 𝐺 has a {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘+1)}-factor.

Theorem 1.5. Let 𝑘 ≥ 2 be an integer, and let 𝐺 be a graph. If 𝐺 satisfies

𝛿(𝐺) ≥ 2𝛼(𝐺)
2𝑘 + 1

,

then 𝐺 has a {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor.

2. The proof of Theorem 1.2

In order to prove Theorem 1.2, we first pose the following lemma which is obtained by Gu and Liu [4].

Lemma 2.1 ([4]). Let 𝐺 be a graph with 𝑛 vertices and at least one edge. Suppose that 𝑆 ⊂ 𝑉 (𝐺) such that
𝐺 − 𝑆 is disconnected. Let 𝑋 and 𝑌 be disjoint vertex subsets of 𝐺 − 𝑆 such that 𝑋 ∪ 𝑌 = 𝑉 (𝐺) − 𝑆 with
|𝑋| ≤ |𝑌 |. Then

|𝑋| ≤ 𝜇1 − 𝜇𝑛−1

2𝜇1
𝑛,

and
|𝑆| ≥ 2𝜇𝑛−1

𝜇1 − 𝜇𝑛−1
|𝑋|,

with each equality holding only when |𝑋| = |𝑌 |.

In what follows, we verify Theorem 1.2.

Proof of Theorem 1.2. Suppose, to the contrary, that 𝐺 has no {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor. Then
by Theorem 1.1, we obtain

𝑖(𝐺− 𝑆) >
(︂
𝑘 +

1
2

)︂
|𝑆| (2.1)

for some subset 𝑆 of 𝑉 (𝐺). Let 𝐺1, 𝐺2, . . . , 𝐺𝜔 be components of 𝐺−𝑆 with |𝑉 (𝐺1)| ≤ |𝑉 (𝐺2)| ≤ · · · ≤ |𝑉 (𝐺𝜔)|,
where 𝜔 = 𝜔(𝐺 − 𝑆). Obviously, 𝜔 = 𝜔(𝐺 − 𝑆) ≥ 𝑖(𝐺 − 𝑆) = 𝑖. If 𝜔 > 𝑖, let 𝑋 = ∪1≤𝑗≤⌈ 𝑖+1

2 ⌉𝑉 (𝐺𝑗) and
𝑌 = 𝑉 (𝐺)− 𝑆 −𝑋. Then we have 𝑖+1

2 ≤ |𝑋| ≤ |𝑌 |. By virtue of Lemma 2.1 and 𝜇1 ≤ (𝑘+ 1
2 )𝜇𝑛−1, we deduce

|𝑆| ≥ 2𝜇𝑛−1

𝜇1 − 𝜇𝑛−1
|𝑋| ≥ 2𝜇𝑛−1(︀

𝑘 + 1
2

)︀
𝜇𝑛−1 − 𝜇𝑛−1

|𝑋|

=
2

𝑘 − 1
2

|𝑋| ≥ 2
𝑘 − 1

2

· 𝑖+ 1
2

=
2(𝑖+ 1)
2𝑘 − 1

,
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which leads to 𝑖(𝐺− 𝑆) = 𝑖 ≤ (𝑘 − 1
2 )|𝑆| − 1 = (𝑘 + 1

2 )|𝑆| − |𝑆| − 1 ≤ (𝑘 + 1
2 )|𝑆| − 1, which is a contradiction

to (2.1). If 𝜔 = 𝑖 and 𝑖 is odd, we let 𝑋 = ∪1≤𝑗≤ 𝑖−1
2
𝑉 (𝐺𝑗) and 𝑌 = 𝑉 (𝐺) − 𝑆 − 𝑋. Then we conclude

|𝑋| = 𝑖−1
2 < 𝑖+1

2 = |𝑌 |. Together with Lemma 2.1 and 𝜇1 ≤ (𝑘 + 1
2 )𝜇𝑛−1, we obtain

|𝑆| > 2𝜇𝑛−1

𝜇1 − 𝜇𝑛−1
|𝑋| ≥ 2𝜇𝑛−1(︀

𝑘 + 1
2

)︀
𝜇𝑛−1 − 𝜇𝑛−1

|𝑋|

=
2

𝑘 − 1
2

· 𝑖− 1
2

=
𝑖− 1
𝑘 − 1

2

,

which yields

𝑖(𝐺− 𝑆) = 𝑖 <

(︂
𝑘 − 1

2

)︂
|𝑆|+ 1 =

(︂
𝑘 +

1
2

)︂
|𝑆| − |𝑆|+ 1. (2.2)

If 𝑆 = ∅, then it follows from (2.1) and (2.2) that 0 < 𝑖(𝐺) < 1, which is impossible since 𝑖(𝐺) is nonnegative
integer. If 𝑆 ̸= ∅, then by (2.2) we have 𝑖(𝐺−𝑆) = 𝑖 <

(︀
𝑘 + 1

2

)︀
|𝑆|−|𝑆|+1 ≤

(︀
𝑘 + 1

2

)︀
|𝑆|, which is a contradiction

to (2.1). If 𝜔 = 𝑖 and 𝑖 is even, we let 𝑋 = ∪1≤𝑗≤ 𝑖
2
𝑉 (𝐺𝑗) and 𝑌 = 𝑉 (𝐺)−𝑆−𝑋. Then we obtain |𝑋| = |𝑌 | = 𝑖

2 .
According to Lemma 2.1 and 𝜇1 ≤ (𝑘 + 1

2 )𝜇𝑛−1, we get

|𝑆| ≥ 2𝜇𝑛−1

𝜇1 − 𝜇𝑛−1
|𝑋| ≥ 2𝜇𝑛−1(︀

𝑘 + 1
2

)︀
𝜇𝑛−1 − 𝜇𝑛−1

|𝑋|

=
2

𝑘 − 1
2

|𝑋| =
2𝑖

2𝑘 − 1
,

which implies 𝑖(𝐺−𝑆) = 𝑖 ≤ (𝑘− 1
2 )|𝑆| = (𝑘+ 1

2 )|𝑆|− |𝑆| ≤ (𝑘+ 1
2 )|𝑆|, which contradicts (2.1). This completes

the proof of Theorem 1.2. �

3. The proof of Theorem 1.3

Proof of Theorem 1.3. Suppose, to the contrary, that 𝐺 contains no {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor.
Then by Theorem 1.1, we possess

𝑖(𝐺− 𝑆) >
(︂
𝑘 +

1
2

)︂
|𝑆|

for some subset 𝑆 of 𝑉 (𝐺). According to the integrity of 𝑖(𝐺− 𝑆), we obtain

𝑖(𝐺− 𝑆) ≥
⌊︂(︂

𝑘 +
1
2

)︂
|𝑆|
⌋︂

+ 1 (3.1)

for some subset 𝑆 of 𝑉 (𝐺). Obviously, |𝑆| ≥ 𝑡. Otherwise, 𝐺 − 𝑆 is connected and so 𝑖(𝐺 − 𝑆) = 0. Together
with (3.1), we get 0 = 𝑖(𝐺− 𝑆) ≥

⌊︀(︀
𝑘 + 1

2

)︀
|𝑆|
⌋︀

+ 1 ≥ 1, a contradiction. Let |𝑆| = 𝑠 ≥ 𝑡. Then 𝐺 is a spanning
subgraph of 𝐺1 = 𝐾𝑠 ∨ (𝐾𝑛1 ∪ (⌊(𝑘 + 1

2 )𝑠⌋+ 1)𝐾1), where 𝑛1 = 𝑛− ⌊(𝑘 + 3
2 )𝑠⌋ − 1 ≥ 0 is an integer. Thus, we

get

|𝐸(𝐺)| ≤ |𝐸(𝐺1)|. (3.2)

Notice that 𝑛 ≥
⌊︀(︀
𝑘 + 3

2

)︀
𝑠
⌋︀

+ 1 and |𝐸(𝐺1)| =
(︀𝑛−⌊(𝑘+ 1

2 )𝑠⌋−1

2

)︀
+ 𝑠

(︀⌊︀(︀
𝑘 + 1

2

)︀
𝑠
⌋︀

+ 1
)︀
. If 𝑠 = 𝑡, then

|𝐸(𝐺1)| =
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
. Combining this with (3.2), we conclude |𝐸(𝐺)| ≤ |𝐸(𝐺1)| =(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
, a contradiction. In what follows, we consider 𝑠 ≥ 𝑡+ 1.
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Case 1. 𝑠 and 𝑡 are odd.
In this case, 𝑠 ≥ 𝑡 + 2, 𝑛 ≥

⌊︀(︀
𝑘 + 3

2

)︀
𝑠
⌋︀

+ 1 =
(︀
𝑘 + 3

2

)︀
𝑠 + 1

2 ,
⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀

=
(︀
𝑘 + 1

2

)︀
𝑡 − 1

2 and
⌊︀(︀
𝑘 + 1

2

)︀
𝑠
⌋︀

=(︀
𝑘 + 1

2

)︀
𝑠− 1

2 . By a direct computation, we obtain(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)|

=
(︂
𝑛−

(︀
𝑘 + 1

2

)︀
𝑡− 1

2

2

)︂
+ 𝑡

(︂(︂
𝑘 +

1
2

)︂
𝑡+

1
2

)︂
−
(︂
𝑛−

(︀
𝑘 + 1

2

)︀
𝑠− 1

2

2

)︂
− 𝑠

(︂(︂
𝑘 +

1
2

)︂
𝑠+

1
2

)︂
=

1
8

(𝑠− 𝑡)((8𝑘 + 4)𝑛− (2𝑘 + 1)(2𝑘 + 5)(𝑠+ 𝑡)− 8𝑘 − 8)

≥ 1
8

(𝑠− 𝑡)
(︂

(8𝑘 + 4)
(︂(︂

𝑘 +
3
2

)︂
𝑠+

1
2

)︂
− (2𝑘 + 1)(2𝑘 + 5)(𝑠+ 𝑡)− 8𝑘 − 8

)︂
=

1
8

(𝑠− 𝑡)((2𝑘 + 1)2𝑠− (2𝑘 + 1)(2𝑘 + 5)𝑡− 4𝑘 − 6)

≥ 1
8

(𝑠− 𝑡)((2𝑘 + 1)2(𝑡+ 2)− (2𝑘 + 1)(2𝑘 + 5)𝑡− 4𝑘 − 6)

=
1
8

(𝑠− 𝑡)(−4(2𝑘 + 1)𝑡+ 2(2𝑘 + 1)2 − 4𝑘 − 6)

≥ 1
8

(𝑠− 𝑡)(−4(2𝑘 + 1)(𝑘 − 1) + 2(2𝑘 + 1)2 − 4𝑘 − 6)

= 𝑘(𝑠− 𝑡)
> 0

by 𝑠 ≥ 𝑡+ 2, 𝑛 ≥
(︀
𝑘 + 3

2

)︀
𝑠+ 1

2 and 1 ≤ 𝑡 ≤ 𝑘 − 1, which implies

|𝐸(𝐺1)| <
(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
. (3.3)

According to (3.2) and (3.3), we infer

|𝐸(𝐺)| ≤ |𝐸(𝐺1)| <
(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
,

which contradicts |𝐸(𝐺)| >
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
.

Case 2. 𝑠 and 𝑡 are even.
In this case, 𝑠 ≥ 𝑡+2, 𝑛 ≥

⌊︀(︀
𝑘 + 3

2

)︀
𝑠
⌋︀

+1 =
(︀
𝑘 + 3

2

)︀
𝑠+1,

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀

=
(︀
𝑘 + 1

2

)︀
𝑡 and

⌊︀(︀
𝑘 + 1

2

)︀
𝑠
⌋︀

=
(︀
𝑘 + 1

2

)︀
𝑠.

By a direct calculation, we get(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)|

=
(︂
𝑛−

(︀
𝑘 + 1

2

)︀
𝑡− 1

2

)︂
+ 𝑡

(︂(︂
𝑘 +

1
2

)︂
𝑡+ 1

)︂
−
(︂
𝑛−

(︀
𝑘 + 1

2

)︀
𝑠− 1

2

)︂
− 𝑠

(︂(︂
𝑘 +

1
2

)︂
𝑠+ 1

)︂
=

1
8

(𝑠− 𝑡)((8𝑘 + 4)𝑛− (2𝑘 + 1)(2𝑘 + 5)(𝑠+ 𝑡)− 12𝑘 − 14)

≥ 1
8

(𝑠− 𝑡)
(︂

(8𝑘 + 4)
(︂(︂

𝑘 +
3
2

)︂
𝑠+ 1

)︂
− (2𝑘 + 1)(2𝑘 + 5)(𝑠+ 𝑡)− 12𝑘 − 14

)︂
=

1
8

(𝑠− 𝑡)((2𝑘 + 1)2𝑠− (2𝑘 + 1)(2𝑘 + 5)𝑡− 4𝑘 − 10)
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≥ 1
8

(𝑠− 𝑡)((2𝑘 + 1)2(𝑡+ 2)− (2𝑘 + 1)(2𝑘 + 5)𝑡− 4𝑘 − 10)

=
1
2

(𝑠− 𝑡)(−(2𝑘 + 1)𝑡+ 𝑘(2𝑘 + 1)− 2)

≥ 1
2

(𝑠− 𝑡)(−(2𝑘 + 1)(𝑘 − 1) + 𝑘(2𝑘 + 1)− 2)

=
1
2

(𝑠− 𝑡)(2𝑘 − 1)

> 0

by 𝑠 ≥ 𝑡+ 2, 𝑛 ≥
(︀
𝑘 + 3

2

)︀
𝑠+ 1 and 1 ≤ 𝑡 ≤ 𝑘 − 1, which yields

|𝐸(𝐺1)| <
(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
.

Combining this with (3.2), we conclude

|𝐸(𝐺)| ≤ |𝐸(𝐺1)| <
(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
,

which contradicts |𝐸(𝐺)| >
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
.

Case 3. 𝑠 is odd and 𝑡 is even.
In this case, 𝑠 ≥ 𝑡 + 1, 𝑛 ≥

⌊︀(︀
𝑘 + 3

2

)︀
𝑠
⌋︀

+ 1 =
(︀
𝑘 + 3

2

)︀
𝑠 + 1

2 ,
⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀

=
(︀
𝑘 + 1

2

)︀
𝑡 and

⌊︀(︀
𝑘 + 1

2

)︀
𝑠
⌋︀

=(︀
𝑘 + 1

2

)︀
𝑠− 1

2 . By a direct computation, we have(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)|

=
(︂
𝑛−

(︀
𝑘 + 1

2

)︀
𝑡− 1

2

)︂
+ 𝑡

(︂(︂
𝑘 +

1
2

)︂
𝑡+ 1

)︂
−
(︂
𝑛−

(︀
𝑘 + 1

2

)︀
𝑠− 1

2

2

)︂
− 𝑠

(︂(︂
𝑘 +

1
2

)︂
𝑠+

1
2

)︂
=

1
8

((2(2𝑘 + 1)(𝑠− 𝑡)− 2) · 2𝑛− (2𝑘 + 1)(2𝑘 + 5)𝑠2 − (8𝑘 + 8)𝑠

+ (2𝑘 + 1)(2𝑘 + 5)𝑡2 + (12𝑘 + 14)𝑡+ 5). (3.4)

If 𝑠 = 𝑡+ 1, then it follows from (3.4) and 𝑛 ≥ (2𝑘2+5𝑘+1)𝑡+𝑘2+5𝑘+2
2𝑘 that(︂

𝑛−
⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)|

=
1
8

(8𝑘𝑛− (2𝑘 + 1)(2𝑘 + 5)(𝑡+ 1)2 − (8𝑘 + 8)(𝑡+ 1) + (2𝑘 + 1)(2𝑘 + 5)𝑡2 + (12𝑘 + 14)𝑡+ 5)

=
1
2

(2𝑘𝑛− (2𝑘2 + 5𝑘 + 1)𝑡− 𝑘2 − 5𝑘 − 2)

≥ 0,

which leads to |𝐸(𝐺1)| ≤
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
. Combining this with (3.2), we conclude

|𝐸(𝐺)| ≤ |𝐸(𝐺1)| ≤
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
, a contradiction. If 𝑠 ≥ 𝑡 + 2, then it follows from

(3.4) and 𝑛 ≥
(︀
𝑘 + 3

2

)︀
𝑠+ 1

2 that(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)|
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≥ 1
8
(︀
(2(2𝑘 + 1)(𝑠− 𝑡)− 2) · ((2𝑘 + 3)𝑠+ 1)− (2𝑘 + 1)(2𝑘 + 5)𝑠2 − (8𝑘 + 8)𝑠

+ (2𝑘 + 1)(2𝑘 + 5)𝑡2 + (12𝑘 + 14)𝑡+ 5
)︀

=
1
8
(︀
(2𝑘 + 1)2𝑠2 − (2(2𝑘 + 1)(2𝑘 + 3)𝑡+ 8𝑘 + 12)𝑠+ (2𝑘 + 1)(2𝑘 + 5)𝑡2 + (8𝑘 + 12)𝑡+ 3

)︀
=

1
8
𝜙(𝑠), (3.5)

where 𝜙(𝑠) = (2𝑘 + 1)2𝑠2 − (2(2𝑘 + 1)(2𝑘 + 3)𝑡+ 8𝑘 + 12)𝑠+ (2𝑘 + 1)(2𝑘 + 5)𝑡2 + (8𝑘 + 12)𝑡+ 3. Note that

2(2𝑘 + 1)(2𝑘 + 3)𝑡+ 8𝑘 + 12
2(2𝑘 + 1)2

< 𝑡+ 2 ≤ 𝑠

by 1 ≤ 𝑡 ≤ 𝑘 − 1. Then we have

𝜙(𝑠) ≥ 𝜙(𝑡+ 2)
= −8(2𝑘 + 1)𝑡+ 4(2𝑘 + 1)2 − 16𝑘 − 21
≥ −8(2𝑘 + 1)(𝑘 − 1) + 4(2𝑘 + 1)2 − 16𝑘 − 21
= 8𝑘 − 9
> 0.

Combining this with (3.5), we deduce(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)| ≥ 1

8
𝜙(𝑠) > 0,

which implies |𝐸(𝐺1)| <
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
. Combining this with (3.2), we conclude

|𝐸(𝐺)| ≤ |𝐸(𝐺1)| <
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
, a contradiction.

Case 4. 𝑠 is even and 𝑡 is odd.
In this case, 𝑠 ≥ 𝑡 + 1, 𝑛 ≥

⌊︀(︀
𝑘 + 3

2

)︀
𝑠
⌋︀

+ 1 =
(︀
𝑘 + 3

2

)︀
𝑠 + 1,

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀

=
(︀
𝑘 + 1

2

)︀
𝑡 − 1

2 and
⌊︀(︀
𝑘 + 1

2

)︀
𝑠
⌋︀

=(︀
𝑘 + 1

2

)︀
𝑠. By a direct calculation, we obtain(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)|

=
(︂
𝑛−

(︀
𝑘 + 1

2

)︀
𝑡− 1

2

2

)︂
+ 𝑡

(︂(︂
𝑘 +

1
2

)︂
𝑡+

1
2

)︂
−
(︂
𝑛−

(︀
𝑘 + 1

2

)︀
𝑠− 1

2

)︂
− 𝑠

(︂(︂
𝑘 +

1
2

)︂
𝑠+ 1

)︂
=

1
8

((2(2𝑘 + 1)(𝑠− 𝑡) + 2) · 2𝑛− (2𝑘 + 1)(2𝑘 + 5)𝑠2 − (12𝑘 + 14)𝑠

+ (2𝑘 + 1)(2𝑘 + 5)𝑡2 + (8𝑘 + 8)𝑡− 5). (3.6)

If 𝑠 = 𝑡+ 1, then it follows from (3.6) and 𝑛 ≥ (2𝑘2+5𝑘+1)𝑡+𝑘2+5𝑘+2
2𝑘 that(︂

𝑛−
⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)|

=
1
8
(︀
(8𝑘 + 8)𝑛− (2𝑘 + 1)(2𝑘 + 5)(𝑡+ 1)2 − (12𝑘 + 14)(𝑡+ 1) + (2𝑘 + 1)(2𝑘 + 5)𝑡2 + (8𝑘 + 8)𝑡− 5

)︀
=

1
2
(︀
(2𝑘 + 2)𝑛− (2𝑘2 + 7𝑘 + 4)𝑡− 𝑘2 − 6𝑘 − 6

)︀
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≥ 1
2

(︃
(2𝑘 + 2) ·

(︀
2𝑘2 + 5𝑘 + 1

)︀
𝑡+ 𝑘2 + 5𝑘 + 2

2𝑘
−
(︀
2𝑘2 + 7𝑘 + 4

)︀
𝑡− 𝑘2 − 6𝑘 − 6

)︃

=
(2𝑘 + 1)𝑡+ 𝑘 + 2

𝑘
> 0,

which implies |𝐸(𝐺1)| <
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
. Combining this with (3.2), we get |𝐸(𝐺)| ≤

|𝐸(𝐺1)| <
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
, a contradiction. If 𝑠 ≥ 𝑡 + 2, then it follows from (3.6) and

𝑛 ≥
(︀
𝑘 + 3

2

)︀
𝑠+ 1 that(︂

𝑛−
⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)|

≥ 1
8
(︀
(2(2𝑘 + 1)(𝑠− 𝑡) + 2) · ((2𝑘 + 3)𝑠+ 2)− (2𝑘 + 1)(2𝑘 + 5)𝑠2

− (12𝑘 + 14)𝑠+ (2𝑘 + 1)(2𝑘 + 5)𝑡2 + (8𝑘 + 8)𝑡− 5
)︀

=
1
8
(︀
(2𝑘 + 1)2𝑠2 − (2(2𝑘 + 1)(2𝑘 + 3)𝑡+ 4)𝑠+ (2𝑘 + 1)(2𝑘 + 5)𝑡2 + 4𝑡− 1

)︀
=

1
8
𝜓(𝑠), (3.7)

where 𝜓(𝑠) = (2𝑘 + 1)2𝑠2 − (2(2𝑘 + 1)(2𝑘 + 3)𝑡+ 4)𝑠+ (2𝑘 + 1)(2𝑘 + 5)𝑡2 + 4𝑡− 1. Notice that

2(2𝑘 + 1)(2𝑘 + 3)𝑡+ 4
2(2𝑘 + 1)2

< 𝑡+ 2 ≤ 𝑠

by 1 ≤ 𝑡 ≤ 𝑘 − 1. Then we obtain

𝜓(𝑠) ≥ 𝜓(𝑡+ 2)
= −8(2𝑘 + 1)𝑡+ 16𝑘2 + 16𝑘 − 5
≥ −8(2𝑘 + 1)(𝑘 − 5) + 16𝑘2 + 16𝑘 − 5
= 24𝑘 + 3
> 0.

Together with (3.7), we have(︂
𝑛−

⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀
− 1

2

)︂
+ 𝑡

(︂⌊︂(︂
𝑘 +

1
2

)︂
𝑡

⌋︂
+ 1
)︂
− |𝐸(𝐺1)| ≥ 1

8
𝜓(𝑠) > 0,

which yields |𝐸(𝐺1)| <
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
. Together with (3.2), we get |𝐸(𝐺)| ≤ |𝐸(𝐺1)| <(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
, a contradiction. This completes the proof of Theorem 1.3.

�

Remark 3.1. We are to show that the condition |𝐸(𝐺)| >
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀

in Theorem 1.3

cannot be replaced by |𝐸(𝐺)| ≥
(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
.

We construct a graph 𝐺 = 𝐾𝑡 ∨ (𝐾𝑛−⌊(𝑘+ 3
2 )𝑡⌋−1 ∪

(︀⌊︀(︀
𝑘 + 1

2

)︀
𝑡
⌋︀

+ 1
)︀
𝐾1). Then we have |𝐸(𝐺)| =(︀𝑛−⌊(𝑘+ 1

2 )𝑡⌋−1

2

)︀
+ 𝑡
(︀⌊︀(︀

𝑘 + 1
2

)︀
𝑡
⌋︀

+ 1
)︀
. Let 𝑆 = 𝑉 (𝐾𝑡). Then we obtain |𝑆| = 𝑡. Thus, we deduce

𝑖(𝐺− 𝑆) =
⌊︂(︂

𝑘 +
1
2

)︂
𝑡

⌋︂
+ 1
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≥
(︂
𝑘 +

1
2

)︂
𝑡+

1
2

=
(︂
𝑘 +

1
2

)︂
|𝑆|+ 1

2

>

(︂
𝑘 +

1
2

)︂
|𝑆|.

According to Theorem 1.1, 𝐺 contains no {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor.

4. The proof of Theorem 1.4

Proof of Theorem 1.4. Suppose, to the contrary, that 𝐺 contains no {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor.
Then by Theorem 1.1, we conclude

𝑖(𝐺− 𝑆) >
(︂
𝑘 +

1
2

)︂
|𝑆|

for some subset 𝑆 of 𝑉 (𝐺). In terms of the integrity of 𝑖(𝐺− 𝑆), we get

𝑖(𝐺− 𝑆) ≥
⌊︂(︂

𝑘 +
1
2

)︂
|𝑆|
⌋︂

+ 1 (4.1)

for some subset 𝑆 of 𝑉 (𝐺).

Claim 1. |𝑆| ≥ 𝛿.

Proof. Assume that |𝑆| ≤ 𝛿 − 1. Since 𝐺 has minimum degree 𝛿, 𝐺− 𝑆 has minimum degree at least 1. Hence,
we obtain 𝑖(𝐺− 𝑆) = 0. Combining this with (4.1), we possess

0 = 𝑖(𝐺− 𝑆) ≥
⌊︂(︂

𝑘 +
1
2

)︂
|𝑆|
⌋︂

+ 1 ≥ 1,

which is a contradiction. Claim 1 is proved. �

According to (4.1) and Claim 1, we get

𝑖(𝐺− 𝑆) ≥
⌊︂(︂

𝑘 +
1
2

)︂
|𝑆|
⌋︂

+ 1 ≥
⌊︂(︂

𝑘 +
1
2

)︂
𝛿

⌋︂
+ 1. (4.2)

From (4.2), we see that there exist at least
⌊︀(︀
𝑘 + 1

2

)︀
𝛿
⌋︀

+ 1 vertices 𝑥1, 𝑥2, . . . , 𝑥⌊(𝑘+ 1
2 )𝛿⌋+1 in 𝐼(𝐺− 𝑆). Clearly,

𝑑𝐺−𝑆(𝑥𝑖) = 0 for 1 ≤ 𝑖 ≤ ⌊(𝑘 + 1
2 )𝛿⌋+ 1. Together with the condition of Theorem 1.4, we deduce

2𝑛
2𝑘 + 3

≤ max
{︁
𝑑𝐺(𝑥1), 𝑑𝐺(𝑥2), . . . , 𝑑𝐺

(︁
𝑥⌊(𝑘+ 1

2 )𝛿⌋+1

)︁}︁
≤ max

{︁
𝑑𝐺−𝑆(𝑥1), 𝑑𝐺−𝑆(𝑥2), . . . , 𝑑𝐺−𝑆

(︁
𝑥⌊(𝑘+ 1

2 )𝛿⌋+1

)︁}︁
+ |𝑆|

= |𝑆|. (4.3)

It follows from (4.1) and (4.3) that

𝑛 ≥ |𝑆|+ 𝑖(𝐺− 𝑆) ≥ |𝑆|+
⌊︂(︂

𝑘 +
1
2

)︂
|𝑆|
⌋︂

+ 1

=
⌊︂(︂

𝑘 +
3
2

)︂
|𝑆|
⌋︂

+ 1
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≥
⌊︂(︂

𝑘 +
3
2

)︂
· 2𝑛

2𝑘 + 3

⌋︂
+ 1

= 𝑛+ 1,

which is a contradiction. This completes the proof of Theorem 1.4. �

Remark 4.1. In what follows, we show that

max
{︁
𝑑𝐺(𝑥1), 𝑑𝐺(𝑥2), . . . , 𝑑𝐺

(︁
𝑥⌊(𝑘+ 1

2 )𝛿⌋+1

)︁}︁
≥ 2𝑛

2𝑘 + 3

in Theorem 1.4 cannot be replaced by

max
{︁
𝑑𝐺(𝑥1), 𝑑𝐺(𝑥2), . . . , 𝑑𝐺

(︁
𝑥⌊(𝑘+ 1

2 )𝛿⌋+1

)︁}︁
≥ 2𝑛− 1

2𝑘 + 3
·

We construct a graph 𝐺 = 𝐾𝛿 ∨ (⌊(𝑘 + 1
2 )𝛿⌋ + 1)𝐾1 of order 𝑛, where 𝛿 ≥ 1 is an odd integer. Obviously,

𝛿(𝐺) = 𝛿, 𝑛 = ⌊(𝑘 + 3
2 )𝛿⌋+ 1 = (𝑘 + 3

2 )𝛿 + 1
2 , and

max
{︁
𝑑𝐺(𝑥1), 𝑑𝐺(𝑥2), . . . , 𝑑𝐺

(︁
𝑥⌊(𝑘+ 1

2 )𝛿⌋+1

)︁}︁
= 𝛿 =

2𝑛− 1
2𝑘 + 3

for any independent subset {𝑥1, 𝑥2, . . . , 𝑥⌊(𝑘+ 1
2 )𝛿⌋+1} of 𝐺. Set 𝑆 = 𝑉 (𝐾𝛿). Then |𝑆| = 𝛿 and

𝑖(𝐺− 𝑆) =
⌊︂(︂

𝑘 +
1
2

)︂
𝛿

⌋︂
+ 1

=
(︂
𝑘 +

1
2

)︂
𝛿 +

1
2

=
(︂
𝑘 +

1
2

)︂
|𝑆|+ 1

2

>

(︂
𝑘 +

1
2

)︂
|𝑆|.

In terms of Theorem 1.1, 𝐺 contains no {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor.

5. The proof of Theorem 1.5

Proof of Theorem 1.5. Suppose, to the contrary, that 𝐺 has no {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor. Then
by Theorem 1.1, we obtain

𝑖(𝐺− 𝑆) >
(︂
𝑘 +

1
2

)︂
|𝑆| (5.1)

for some subset 𝑆 of 𝑉 (𝐺). From (5.1), there exists at least one vertex 𝑥 in 𝐼(𝐺 − 𝑆), and so 𝑑𝐺−𝑆(𝑥) = 0.
Thus, we deduce 𝛿(𝐺) ≤ 𝑑𝐺(𝑥) ≤ 𝑑𝐺−𝑆(𝑥) + |𝑆| = |𝑆|. Together with (5.1), 𝛿(𝐺) ≥ 2𝛼(𝐺)

2𝑘+1 and 𝛼(𝐺) ≥ 𝑖(𝐺−𝑆),
we conclude

|𝑆| ≥ 𝛿(𝐺) ≥ 2𝛼(𝐺)
2𝑘 + 1

≥ 2𝑖(𝐺− 𝑆)
2𝑘 + 1

>
2
(︀
𝑘 + 1

2

)︀
|𝑆|

2𝑘 + 1
= |𝑆|,

which is a contradiction. This completes the proof of Theorem 1.5. �
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Remark 5.1. We are to show that the condition 𝛿(𝐺) ≥ 2𝛼(𝐺)
2𝑘+1 = 𝛼(𝐺)

𝑘+ 1
2

in Theorem 1.5 cannot be replaced by

𝛿(𝐺) ≥ 𝛼(𝐺)−1

𝑘+ 1
2

.
We construct a graph 𝐺 = 𝐾2+2𝑡 ∨ ((1 + 𝑡)(2𝑘 + 1) + 1)𝐾1, where 𝑡 ≥ 0 is an integer. Then we obtain

𝛿(𝐺) = 2 + 2𝑡 and 𝛼(𝐺) = (1 + 𝑡)(2𝑘 + 1) + 1. Thus, we deduce 𝛿(𝐺) = 𝛼(𝐺)−1

𝑘+ 1
2

. Let 𝑆 = 𝑉 (𝐾2+2𝑡). Then we
have |𝑆| = 2 + 2𝑡. Thus, we conclude

𝑖(𝐺− 𝑆) = (1 + 𝑡)(2𝑘 + 1) + 1

=
(︂
𝑘 +

1
2

)︂
(2 + 2𝑡) + 1

=
(︂
𝑘 +

1
2

)︂
|𝑆|+ 1

>

(︂
𝑘 +

1
2

)︂
|𝑆|.

By virtue of Theorem 1.1, 𝐺 contains no {𝐾1,1,𝐾1,2, . . . ,𝐾1,𝑘, 𝒯 (2𝑘 + 1)}-factor.
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