RATIRO-Oper. Res. 59 (2025) 3241-3252 RAIRO Operations Research
https://doi.org/10.1051/ro/2025127 WWW.rairo-ro.org

SOME SUFFICIENT CONDITIONS FOR GRAPHS TO HAVE COMPONENT
FACTORS

SIZHONG ZHOU*

Abstract. Let G denote a graph and k > 2 be an integer. A {Ki1,Ki,2,..., K15 72k + 1)}-
factor of G is a spanning subgraph, whose every connected component is isomorphic to an element
of {Ki1,Ki,2,...,K1,k,7(2k + 1)}, where 7 (2k + 1) is a special family of trees. In this paper, we
put forward some sufficient conditions for the existence of {K1,1, K1,2,..., K1k, 7 (2k + 1) }-factors in
graphs. Furthermore, we construct some extremal graphs to show that the main results in this paper
are best possible.
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1. INTRODUCTION

In this paper, we deal only with finite and undirected graphs without loops and multiple edges. Let G denote
a graph with vertex set V(G) and edge set E(G). The order of G is the number n = |V(G)| of its vertices and its
size is the number m = |E(G)] of its edges. A graph of order 1 is called trivial. We use I(G) to denote the set of
isolated vertices in G and write i(G) = |I(G)|. The degree of a vertex x in G, denote by dg(x), is defined as the
number of edges which are incident to z. Let w(G), 6(G) and a(G) denote the number of connected components,
the minimum degree and the independence number of G, respectively. For any S C V(G), we denote by G[S]
the subgraph of GG induced by S, and by G — S the graph formed from G by deleting the vertices in .S and their
incident edges. Let ¢ be a real number. As usual, let C,, P,, K1 -1 and K, denote the cycle, the path, the
star and the complete graph of order n, respectively. Recall that [c] is the least integer satisfying [¢] > ¢ and
|c] is the greatest integer satisfying |¢| < e.

We use Leaf(T) to denote the set of leaves in a tree T. An edge of a tree T incident with a leaf is called a
pendant edge. The number of pendant edges in a tree T is equal to that of leaves in T" under the case that the
order of T is at least 3. We are to define a special class of trees 7 (2k + 1), where k > 2 is an integer. Let R be
a tree that satisfies the following conditions: for any =z € V(R) — Leaf(R),

(a) deLeaf(R)(x) S {1, 3, ceey 2k + 1}
and

(b) 2(the number of leaves adjacent to = in R)+dp_reaf(r)(z) < 2k + 1.
For such a tree R, we derive a new tree Tg as follows:
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(c) insert a new vertex of degree 2 into each edge of R — Leaf(R)
and

(d) for every vertex x of R — Leaf(R) with dr_reqf(r)(z) = 2r +1 < 2k+ 1, add k — r—(the number of leaves
adjacent to x in R) pendant edges to x.
Then the set of such trees T for all trees R satisfying conditions (a) and (b) is denoted by 7 (2k + 1).

Let G; and G5 be two vertex-disjoint graphs. Let G; U G2 denote the union of G; and G5. The join G V Go
is obtained from G U G5 by joining each vertex of G; with each vertex of Go by an edge.

Given a graph G with vertex set V(G) = {v1,...,v,}, the adjacency matrix A(G) = (aij)nxn of G is a 0-1
matrix in which the entry a;; = 1 if and only if v; and v; are adjacent. Let D(G) be the diagonal matrix of vertex
degrees of G. Let L(G) = D(G) — A(G) be the Laplacian matrix of G. Let pu1(G) > us(G) > -+ > pun(G) =0
be eigenvalues of L(G).

Let ‘H denote a set of connected graphs. Then a spanning subgraph H of G is called an H-factor if each
connected component of H is isomorphic to an element of H. An H-factor is also referred as a component factor.
Let k > 2 be an integer. Write P>y, = {P; : i > k}. If H = {P; : i > k}, then an H-factor is called a P>-factor.
IfH={Ki1,Ki2,...,K1% 7(2k+ 1)}, then an H-factor is called a {K;1,K12,..., K1, 7 (2k + 1)}-factor.
In particular, a perfect matching is also a {K7 1 }-factor.

Li and Miao [11], Zhou et al. [32], Zhou et al. [29] established some spectral radius conditions for graphs to
contain Pso-factors. Many researchers (2,12, 17,21, 22,25, 33] proved some results related to binding number,
neighborhood, degree condition etc., for a graph to contain a P>s-factor. O [14] established a connection between
spectral radius and { K7 ; }-factors in graphs. Tutte [16] provided a characterization for a graph with a {K5, C,, :
n > 3}-factor. Klopp and Steffen [9] studied the existence of a {Kj 1, K1 2,Cp : m > 3}-factor in a graph.
Amahashi and Kano [1] showed a necessary and sufficient condition for a graph to have a {K;; : 1 < j < k}-
factor, where k is an integer with k& > 2. Zhou et al. [30] put forward some sufficient conditions for graphs to
contain {Ky; : 1 < j < k}-factors. Kano and Saito [5] presented a sufficient condition for a graph to have
a {Ky, : k < j < 2k}-factor, where k > 2 is an integer. Kano et al. [6] showed a relationship between the
number of isolated vertices and the existence of { K 2, K1 3, K5 }-factors in graphs. Zhou and Wu [24] presented
a sufficient spectral condition for a graph to possess a {K1,1,K1.2,..., K1k, 7 (2k + 1) }-factor and constructed
three extremal graphs to show that the bounds on the spectral radius are sharp. Many efforts have been devoted
to finding sufficient conditions for graphs to contain spanning subgraphs by utilizing various graphic parameters
such as spectral radius [20,23,28,31], independence number [10,19], degree condition [13,27], isolated toughness
[26], eigenvalues [8,15] and others [3,18].

Kano et al. [7] provided a necessary and sufficient condition for a graph to have a {K7 1, K1 2, -+ , K1k, T (2k+
1) }-factor.

Theorem 1.1 ([7]). Let k > 2 be an integer. Then a graph G contains a {K11, K1 2,..., K1, T (2k+1)}-factor
if and only if

i(G—-29) < <k+ ;)|S|
for any S C V(G).

Motivated by Kano et al [7], it is natural and interesting to consider the existence of
{K11,K19,...,K1,T(2k + 1) }-factors in graphs. Here, we focus on the sufficient conditions including Lapla-
cian eigenvalue condition, size condition, degree condition or independence number condition. Our main results
are shown in the following.

Theorem 1.2. Let k > 2 be an integer, and let G be a graph of order n. If

1
M1 < (k + 2>Mn—1a

then G has a {Kl,h Kl,g, ey Kl,Iw 7(21{3 + 1)}-fact07“.
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Theorem 1.3. Let k and t be two integers with k > 2 and 1 <t < k—1, and let G be a t-connected graph of

2 2
order n with n > (2k +5k+12)]z+k SRLARY If G satisfies

then G has a {Kl,h Kl,g, RN Kl,Iw 7(21{3 + 1)}-fact07“.
Theorem 1.4. Let k > 2 be an integer, and let G be a graph of order n with minimum degree 6 > 1. If G
satisfies

2n
maX{dG($1)7dG(I2),...,dG(IL(k+%)6J+1>} Z m

for any independent subset {x1, 2, ... 733L(k+%)5j+1} of G, then G has a {K11,K1,2,..., K1, T (2k+1)}-factor.

Theorem 1.5. Let k > 2 be an integer, and let G be a graph. If G satisfies

6(G) =
then G has a {K11,K1.2,...,K1k,T(2k + 1)}-factor.

2. THE PROOF OF THEOREM 1.2
In order to prove Theorem 1.2, we first pose the following lemma which is obtained by Gu and Liu [4].

Lemma 2.1 ([4]). Let G be a graph with n vertices and at least one edge. Suppose that S C V(G) such that
G — S is disconnected. Let X and Y be disjoint vertex subsets of G — S such that X UY = V(G) — S with
| X| < |Y]|. Then

‘X| < M1 *,un—ln
T 2w

and
S| >
with each equality holding only when | X| =Y.
In what follows, we verify Theorem 1.2.
Proof of Theorem 1.2. Suppose, to the contrary, that G has no {K1 1, K1 9,...,K1 %, 7 (2k + 1) }-factor. Then
by Theorem 1.1, we obtain

(G- 8)> <k+;)|5| (2.1)

for some subset S of V(G). Let G1, G, . .., Gy, be components of G—S with |[V(G1)| < |[V(G2)| < -+ < [V(Gy)l,
where w = w(G — S). Obviously, w = w(G—=95) > i(G—-S5) =i Ifw > i let X = UlSjS[%TV(GJ’) and
Y =V(G)— S — X. Then we have ‘51 < |X| < |Y|. By virtue of Lemma 2.1 and p; < (k+ %) py—1, we deduce

2fbp_1 2n—1
S| > ————|X| > i | X|
[ = Hn—1 (k+ 3)Hn-1 = Hn-1
2 2 i+l 2(i+1)
= 1 |X| > T ° = )
! k-1 2 2k-1
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which leads to i(G — S) =i < (k— 3)[S|— 1= (k+ 3)[S| — [S| =1 < (k+ 3)|S| — 1, which is a contradiction
0 (2.1). f w = ¢ and 7 is odd, we let X = Ulgjg%v(gj) and Y = V(G) — S — X. Then we conclude
|X| =5 < &1 =|Y|. Together with Lemma 2.1 and iy < (k + % )pn—1, we obtain

Py Dt
5] > —Er=l x| > ok x|
M1 — fn—1 (k+ 3)tn-1 — Hn—1
2 -1 i1
k-1 2 k-l
which yields
) , 1 1
z(G—S):z<(k:—2>|5|+1:(k+2)|5|—S|+1. (2.2)

If S =0, then it follows from (2.1) and (2.2) that 0 < ¢(G) < 1, which is impossible since #(G) is nonnegative
integer. If S # (), then by (2.2) we have i(G—S) =i < (k+ 3)|S|—|S|+1 < (k+ 3)|S|, which is a contradiction
to (2.1). If w =i and i is even, we let X = Ulng%V(Gj) and Y = V(G)—S—X. Then we obtain [X| = [Y| = 3.
According to Lemma 2.1 and p; < (k+ 1)pn—1, we get

by 2 —
5| > x| > S X
H1 = Pn—1 (k+3)tn—1— fin—1
2 21
= X =
T Xl= 5

2

which implies i(G — S) =i < (k— 3)[S| = (k+ $)|S] — S| < (k+ 3)|S|, which contradicts (2.1). This completes
the proof of Theorem 1.2. O

3. THE PROOF OF THEOREM 1.3

Proof of Theorem 1.3. Suppose, to the contrary, that G contains no {Ki 1, K1 ,..., K1, 7 (2k + 1) }-factor.
Then by Theorem 1.1, we possess

i(G—5) > <k:+ ;)|S|

for some subset S of V(G). According to the integrity of (G — S), we obtain

i(G—S8) > Kk+;)|SJ +1 (3.1)

for some subset S of V(G). Obviously, |S| > t. Otherwise, G — S is connected and so i(G — S) = 0. Together
with (3.1), we get 0 =i(G — S) > | (k+ %)[S|] +1 > 1, a contradiction. Let |S| = s > t. Then G is a spanning
subgraph of Gy = K, V (Ky, U ([(k+ 3)s] + 1)K1), where ny = n — |[(k+ 2)s] —1 > 0 is an integer. Thus, we
get

|E(G)] < [E(GY)]- (3-2)

Notice that n > [(k+32)s| + 1 and |E(Gy)| = ("_L(kE%)SJ_l) + s([(k+3)s|+1). If s = t, then

EGy)| = (L)
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are odd.

In this case, s > t+2, n > L(k—k%)sJ +1= (k;—&—%)s—&—%, L(k—l—%)tj = (k—i—%)t—% and L(k—i—%)sJ =

(k+3)s—1.

By a direct computation, we obtain

([ 3)] )

() R G R () )

= é(s—t)((8k+4)nf (2k + 1)(2k 4 5)(s + t) — 8k — 8)

> ;(s—t)<(8k;+4)<<k+ 2>s+ ;) — (2k+1)(2k +5)(s +t) — 8k—8>
= %(S*t)((QkJrl)st (2k +1)(2k + 5)t — 4k — 6)

> %(sft)((2k+ D2(t +2) — (2k 4+ 1)(2k + 5)t — 4k — 6)

= é(s —t)(—4(2k 4+ 1)t 4+ 2(2k + 1)? — 4k — 6)

> é(s—t)(—4(2k+ (k—1)+2(2k +1)* — 4k — 6)

=k(s—1t)

>0

bysZt—i—Q,nZ(k—i—%)s—i—%andlgtgk—Lwhichimplies

E(Gy)| < ("‘ L(k;%)” _1>+tq<k+;>tJ +1). (3.3)

According to (3.2) and (3.3), we infer

p@ < pG < ("D (| (k4 5)e 1),

which contradicts |E(G)| > ("~ L(}H%Mil) +t([(k+ 3)t] +1).

Case 2. s and t are even.
In this case, s > t+2,n > L(k‘ + %)SJ +1= (k: + %)s—&—l, L(kz + %)tj = (k + %)t and L(k + %)SJ = (k: + %)s
By a direct calculation, we get

(o))

A\
ol — 0ol 00| =

2

(n_(kzé)t_l>+t<(k+;)t+1> - (n_(]“;é)s_l) —s((k—i—;)s—kl)

(s — £)((8k + 4)n — (2k + 1)(2k + 5)(s + t) — 12k — 14)
(s — t)<(8k+4)<(k+ ;>s+ 1) — (2k +1)(2k + 5)(s + t) — 12k — 14)

(s —t)((2k + 1)%s — (2k + 1)(2k + 5)t — 4k — 10)
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> é(s —1)((2k + 1)2(t +2) — (2k + 1)(2k + 5)t — 4k — 10)
= 2(s = 0)(~(2k + 1)t + K2k +1) ~2)

> L s~ 0)(—~(2k+ 1)k — 1)+ k(2 +1) ~2)

= L5 D)2k 1)

>0

by s>t+2,n>(k+3)s+1and 1 <t <k—1, which yields

s« (U5 [ 2)] )

Combining this with (3.2), we conclude

B < |EGyI < ("7 (21 - D[ (e+3)] +1):

which contradicts |E(G)| > ("~ L(kz%)”il) +t([(k+ 3)¢t] +1).

Case 3. s is odd and t is even.
In this case, s > t+ 1, n > L(k—i— %)SJ +1 = (k—|— %)s + %, L(k—i— %)tJ = (k—i— %)t and L(k—i— %)SJ =
(k + %)5 — % By a direct computation, we have

(n_ L(kJ;%)tJ - 1) +t<Kk‘—|— ;)tJ +1> — |E(GY)|
= (TP T (e ) ) - (TR (k) 3)

= S22k + 1)(s — 1) ~ 2) - 20— (2K + 1)(2k +5)3? — (8F + 8)s
+ (2k + 1)(2k + 5)t* + (12k + 14)t + 5). (3.4)

If s =1+ 1, then it follows from (3.4) and n > (2k2+5k+12)£+k2+5k+2 that

([

(8kn — (2k + 1)(2k + 5)(t + 1)% — (8k + 8)(t + 1) + (2k + 1)(2k + 5)2 + (12k + 14)t + 5)

(2kn — (2k? + 5k + 1)t — k? — 5k — 2)

Ow\)—‘oo\'—'

>

which leads to |E(Gy)|] < (" L(kJr )il 1) + t([(k+ 3)t] +1). Combining this with (3.2), we conclude

|E(G)| < |E(GY)| ( [(kt3)1] ) + t(L(k + )tj + 1) a contradiction. If s > ¢ 4 2, then it follows from
(34) and n > (k+ 3)s+ 1

()

+
2
th
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> é(@(% +1)(s—t)—2)- ((2k +3)s + 1) — (2k + 1)(2k + 5)s*> — (8k + 8)s
+ (2k + 1)(2k + 5)t* + (12k + 14)t + 5)
= é((% +1)25% — (2(2k + 1)(2k + 3)t + 8k + 12)s + (2k + 1)(2k + 5)t2 + (8k + 12)t + 3)
= %80(3)7 (3.5)

where op(s) = (2k + 1)%s* — (2(2k + 1)(2k + 3)t + 8k + 12)s + (2k + 1)(2k + 5)t* + (8k + 12)t + 3. Note that

2(2k + 1)(2k + 3)t + 8k + 12

2(2k + 1)2 St2ss

by 1 <t <k —1. Then we have

p(s) > p(t +2)

—8(2k + 1)t + 4(2k + 1)* — 16k — 21

> —8(2k +1)(k — 1) + 4(2k + 1)® — 16k — 21
=8k—9

> 0.

Combining this with (3.5), we deduce

()

2

which implies |E(G1)| < (niL(ij)tJfl) + t(|(k+ 3)t] +1). Combining this with (3.2), we conclude

|E(G)| < |E(Gy)| < (" L(kg%)tj_l) +t([(k+ 2)t] + 1), a contradiction.

Case 4. s is even and ¢ is odd.
In this case, s > t+1,n > [(k+3)s| +1=(k+3)s+ 1, [(k+3)t] = (k+3)t— 5 and |(k+1)s| =
(k + %)s By a direct calculation, we obtain

("_ L(k;%)ﬂ _1> —I—t(Kk—i—;)tJ +1) — |E(Gh)|
R ) ()

= %((2(213 +1)(s —t) +2)-2n — (2k + 1)(2k + 5)s* — (12k + 14)s
+ (2k + 1)(2k + 5)t* + (8k + 8)t — 5). (3.6)

If s =t + 1, then it follows from (3.6) and n > (2k2+5k+12)£+k2+5k+2 that

(3]

((8k +8)n — (2k + 1)(2k + 5)(t + 1)® — (12k + 14)(t + 1) + (2k + 1)(2k + 5)t* + (8k + 8)t — 5)

((2k 4+ 2)n — (2k* + Tk + 4)t — k* — 6k — 6)

DO = 00| =
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(2K2 + 5k + 1)t + k2 + 5k + 2
(%2 +5k + 1)t + k2 + 5k +

o (2k2+7k+4)tk26k6>

> 1
=
_ @k+1)t+k+2
k

>0,

which implies [E(G1)| < ("~LE+ D=1 (| (k+ 1)¢] +1). Combining this with (3.2), we get |E(G)| <
|E(Gh)] < (" L(kz%)tjfl) +t(|(k+ 3)t| +1), a contradiction. If s >t + 2, then it follows from (3.6) and
n> (k+3)s+1 that

( L(k‘;%) t| - 1) +t(Kk+ ;>tJ +1> — |B(Gy)|

(226 +1)(s —t) +2) - ((2k + 3)s + 2) — (2k + 1)(2k + 5)s”
— (12k + 14)5 + (2k + 1)(2k + 5)t* + (8k + 8)t — 5)
(

OOM—l

(2k +1)%s* — (2(2k + 1)(2k + 3)t +4)s + (2k + 1)(2k + 5)t> + 4t — 1)

¥(s), (3.7)

where 1(s) = (2k + 1)%s2 — (2(2k + 1)(2k + 3)t + 4)s + (2k + 1)(2k + 5)t> + 4¢ — 1. Notice that

2(2k + 1)(2k + 3)t + 4
2(2k + 1)2

_ 1!
8
_ 1!
8

<t+2<s

by 1 <t <k — 1. Then we obtain
¥(s) = ¥(t+2)
= —8(2k + 1)t + 16k* + 16k — 5
—8(2k + 1)(k — 5) + 16k* + 16k — 5
=24k +3
> 0.

Together with (3.7), we have

("I (| ( D) 1) ez v > 0

which yields [E(Gy)| < (""LEERU=1 1y (| (k+ 1)¢] +1). Together with (3.2), we get [E(G)| < |E(Gy)| <
(ni L(kzé)tj 71) + t(L(k + %)tJ + 1), a contradiction. This completes the proof of Theorem 1.3.
O

Remark 3.1. We are to show that the condition |E(G)| > ("~ L(kz%)tJfl) +t(|(k+ 3)t| +1) in Theorem 1.3
cannot be replaced by |E(G)| > ("~ L(k';%)tj_l) +t([(k+ 2)t] +1).

We construct a graph G = K; V (K, _ [(k+2)t] -1 U ([(k+3)t] +1)K;1). Then we have |E(G)| =
(" L(k‘;%)tj_l) +t(|(k+2)t] +1). Let S = V(K;). Then we obtain |S| = ¢t. Thus, we deduce

i(G—S) = Km;)tJ +1
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1 1
>lk+ - )t+ <
> (k4 5)e+ 3
1 1
CHLE

1
k+ = .
> < + 2>|S|
According to Theorem 1.1, G contains no {Ki 1, K1 2,..., K1k, 7 (2k + 1) }-factor.

4. THE PROOF OF THEOREM 1.4

Proof of Theorem 1.4. Suppose, to the contrary, that G contains no {Ki 1, K1 ,..., K1, 7 (2k + 1)}-factor.
Then by Theorem 1.1, we conclude

i(G—85) > <k+ ;)|S|

for some subset S of V(G). In terms of the integrity of i(G — S), we get

i(G—2S5) > Kk+;)|SJ +1 (4.1)

for some subset S of V(G).
Claim 1. |S| > 4.

Proof. Assume that |S| < d — 1. Since G has minimum degree ¢, G — S has minimum degree at least 1. Hence,
we obtain (G — S) = 0. Combining this with (4.1), we possess

0=14(G-28)> Kk+;>|S|J +1>1,

which is a contradiction. Claim 1 is proved. (I

According to (4.1) and Claim 1, we get

o5y (i s o (k4 D)a] o1 »

From (4.2), we see that there exist at least | (k + 1)d| + 1 vertices @1, 2, ... ST (kg 1ys) 41 I I(G — S). Clearly,
dg—s(x;) =0 for 1 <i < [(k+ 2)5] + 1. Together with the condition of Theorem 1.4, we deduce

Q;Z 2 < max{dg(acl),d(;(xg), .dg (mL(/H%)&Hl)}

< max{dg,g(xl),dc,s(xQL o, da_s (x\_(k_,’_%)ﬂ_,'_l)} + |S|
=|S]. (4.3)

It follows from (4.1) and (4.3) that

n> S| +i(G—S) > |S| + KH;)lS'J +1

(3]
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3 2n
> — - 1
2| (k43) )

which is a contradiction. This completes the proof of Theorem 1.4. O

Remark 4.1. In what follows, we show that
2n
maX{dG($1), dG(ZL'Q), RN dG (xl_(k+%)5j+1) } 2 m
in Theorem 1.4 cannot be replaced by

2n—1
max{dg(xl),dg(xg),...,dg(xuk_i_%m_’_l)} > T3

We construct a graph G = K; V (| (k + 3)8] + 1)K of order n, where § > 1 is an odd integer. Obviously,
§(G) =6n=(k+2)5]+1=(k+2)5+ 3, and

max{dc(ml), da(z3), ..., da (xt(k+%)6j+1)} =0= 3: ;;,

for any independent subset {1, 22,..., 2 (441)5)41} of G. Set S =V (Ks). Then |S] =6 and

i(G—8) = Kml)a +1
5

In terms of Theorem 1.1, G contains no {K1 1, K1 2,..., K1k, T (2k + 1) }-factor.

5. THE PROOF OF THEOREM 1.5

Proof of Theorem 1.5. Suppose, to the contrary, that G has no {K1 1, K1 9,...,K1k, T (2k + 1) }-factor. Then
by Theorem 1.1, we obtain

1
i(G—S5)> <k+2)|5| (5.1)
for some subset S of V(G). From (5.1), there exists at least one vertex x in I(G — 5), and so dg_s(z) =0

Thus, we deduce §(G) < dg(x) < dg—s(x)+1S| = |S]. Together with (5.1), 6(G) > 22(,2(51) and a(G) > i(G—-9),

we conclude

- 1
. 20(G) . 2i(G = 8) 2(k+3)I5] _ sl
2k+1 = 2k+1 2k + 1

which is a contradiction. This completes the proof of Theorem 1.5. (I

S| = 6(G)




SOME SUFFICIENT CONDITIONS FOR GRAPHS TO HAVE COMPONENT FACTORS 3251

2a(G)
2k+1

(G)
k+ 5

Remark 5.1. We are to show that the condition §(G) >
a(G)—1
5(G) > HOL,
We construct a graph G = Koo V (1 +t)(2k + 1) + 1)K, where ¢ > 0 is an integer. Then we obtain
§5(G) =2+ 2t and a(G) = (1 +t)(2k + 1) + 1. Thus, we deduce §(G) = aggr);l. Let S = V(Kayot). Then we
2
have |S| = 2 + 2¢. Thus, we conclude

in Theorem 1.5 cannot be replaced by

i(G=8) =(1+12k+1)+1

- (k+;)(2+2t)+1
:<k+;>|5|+1

1

By virtue of Theorem 1.1, G contains no {K1 1, K1 2,..., K1k, T (2k + 1) }-factor.
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