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AN EXACT ALGORITHM FOR THE MINIMUM SUM COLORING PROBLEM
ON PARTIALLY DECOMPOSABLE GRAPHS

Fatma Tammal1,* and Méziane Äıder1,2

Abstract. Given an undirected graph 𝐺, the Minimum Sum Coloring Problem (MSCP) asks to
find a legal vertex coloring of 𝐺 using natural numbers that minimizes the total sum of the colors.
In this paper, we propose an exact approach for MSCP using the modular decomposition tree of 𝐺,
where our optimal solution is obtained at the root by the end of the process. This approach, called
Modular Decomposition for Sum Coloring (MDSC), arises from the observation that decomposing
graph G into disjoint subgraphs requires a careful selection of at least one solution from each subgraph,
contributing to the final optimal solution. The modular decomposition technique aids us in making
these selections intelligently. As a result, the branch and bound process becomes more efficient, faster,
and powerful for solving MSCP on partially decomposable graphs. Numerical experiments demonstrate
this improvement on several large DIMACS, COLOR 2002–2004 challenge graphs, and our generated
instances, each containing between 500 and 1500 vertices.
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1. Introduction

The Minimum Sum Coloring Problem (MSCP) is a graph theory problem that seeks to find the minimum
sum of colors assigned to vertices in a graph such that no two adjacent vertices share the same color. The
minimum number of colors required to achieve this is called the strength of the graph. This problem finds wide
applications in various fields such as scheduling [21], VLSI design [40,42] and error-prone data [3].

Despite its seemingly simple definition, the MSCP is known as a challenging problem, particularly in its
decision variant, where determining whether a graph can be colored using a given number of colors is NP-
complete [28]. This complexity has spurred significant research interest, leading to the development of various
heuristic and exact algorithms, aimed at tackling different aspects of the problem, as this will be discussed in
the next section.

In graph optimization, defining a certain problem 𝑃 often involves dividing the vertex set 𝑉 or edge set 𝐸 of a
graph 𝐺 = (𝑉,𝐸) into subsets under specific constraints, where the complexity of the problem lies. Additionally,
partitioning 𝐺 into a set 𝐻 of subgraphs (see Fig. 3) helps in reducing its complexity, allowing us to extract a
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solution from each subgraph in 𝐻 and deduce the solution of 𝑃 from these obtained subgraph solutions. Modular
decomposition of 𝐺 explores this operation by finding sets of vertices that share the same neighbours outside
the set. These subgraphs are known as modules, and contracting them into single vertices to obtain a reduced
graph of 𝐺 (see Fig. 4). Modular decomposition provides another criterion for classifying graphs into totally
decomposable graphs (cographs), partially decomposable graphs, and indecomposable graphs (prime graphs)
[5]. In terms of input data size, modular decomposition can improve the performance of algorithms on graphs
by reducing the problem to be solved on reduced subgraphs (prime graphs, see Fig. 4).

Modular decomposition is a valuable tool for solving essential problems in algorithmic graph theory, including
transitive orientation [17], recognition of several classes of graphs [36], and various combinatorial optimization
problems. For a comprehensive understanding of this technique, refer to the survey in [16].

The modular decomposition theory can be seen as a special case of the theory of a partitive family [43]. Based
on this theory, modular decomposition provides another view of 𝐺 as a decomposition tree (see Fig. 2), denoted
as MD(𝐺). MD(𝐺) is composed of the graph’s strong modules, those that don’t overlap with other modules.
One of the strengths of MD(𝐺) is its succinct representation of a graph’s structure, which can be computed in
polynomial time [37, 41]. Several algorithms for computing MD(𝐺) have been proposed [38]. In this paper, we
adopt the one described in [43].

In this work, we present a novel exact approach for solving MSCP on partially decomposable graphs using
modular decomposition. Our contribution lies in the development of the “Modular Decomposition for Sum
Coloring (MDSC)” algorithm, which efficiently exploits the structure of decomposable graphs to simplify the
coloring process. By leveraging the modular decomposition tree, we strategically break down complex graphs
into smaller subgraphs, allowing us to obtain partial solutions from each module. These partial solutions are
then combined to achieve the optimal solution at the root of the decomposition tree. Our experimental results
demonstrate that MDSC outperforms existing methods, such as CPLEX solver and column generation algo-
rithms, particularly in terms of CPU runtime and the number of instances solved to optimality, showcasing its
practical relevance and effectiveness for large-scale graph coloring problems.

The remaining part of the paper is organized as follows: first, we provide a state of the art concerning MSCP.
Next, preliminary notions are given on coloring problems, and we briefly present the main concept of modular
decomposition. In Section 4, we present the notion of sequences in graph coloring along with some new definitions
and results that will aid us in the main study. Section 5 discusses the fundamental operations and properties
in MSCP that are developed in this study to derive our final algorithm presented in Section 6. An execution
example of the method is provided in Section 7. Before concluding, we present the results of our computational
experiments conducted using our algorithm along with advanced discussions.

2. State of the art

MSCP has attracted significant attention since its introduction by Kubicka et al. [28]. This problem is known
to be NP-hard in the general case.

Tables 1 and 2 provide a chronological overview of the various works in this field.

3. Preliminaries

Let us now introduce some relative concepts of graph coloring terminologies. An undirected simple graph is
a couple 𝐺 = (𝑉,𝐸) where 𝑉 is the set of vertices, and 𝐸 is the set of the edges. All graphs considered in this
paper are finite, undirected, and contain no loops or multiple edges. We set 𝑛 = |𝑉 | and 𝑚 = |𝐸|. The set of
neighbours of a vertex 𝑣 is denoted by 𝑁(𝑣). The degree of a vertex 𝑣, denoted by deg(𝑣), is the number of edges
incident to 𝑣. The maximum and minimum degrees of a graph are commonly denoted by ∆ and 𝛿 respectively.
The complement of a graph 𝐺 = (𝑉,𝐸) is a graph 𝐺̄ = (𝑉, 𝐸̄) where 𝑢𝑣 ∈ 𝐸̄ if and only if 𝑢𝑣 /∈ 𝐸. If 𝐺1 and
𝐺2 are two disjoint graphs, then their union 𝐺1 ∪𝐺2 is the graph with vertex set 𝑉 (𝐺1 ∪𝐺2) = 𝑉 (𝐺1)∪𝑉 (𝐺2)
and edge set 𝐸(𝐺1 ∪𝐺2) = 𝐸(𝐺1) ∪ 𝐸(𝐺2).
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Table 1. Minimum Sum Coloring Problem in literature – part I.

Reference Type1 Main results2

[35] A 𝜖-approximation for interval graphs with 𝜖 < 2

[18] U 𝑠(𝐺) ≤
⌈︂

𝑐𝑜𝑙(𝐺)+Δ(𝐺)
2

⌉︂
and 𝑠(𝐺) ≤

⌈︂
𝜒(𝐺)+Δ(𝐺)

2

⌉︂3

[39] E Polynomial time algorithms for chain bipartite graphs and 𝑘-split graphs
[31] E, A Polynomial time algorithms for bipartite graphs with Δ ≤ 3 and 27/26-approx. for Δ = 5
[1] E Polynomial time for a subclass of P4-sparse graphs
[33] U, L Different lower and upper bounds using decomposition graphs into cliques, trees and paths
[6] M Tabu search algorithm
[12] H, M Hybridization of a genetic algorithm and a local search algorithm
[44] H, M Extraction of independent sets then using tabu search to form solutions
[2] E, A Polynomial time for a sub class of P4-sparse graph and 2-approx. for general P4-sparse graph
[4] E, A Prove the NP-hardness of MSCP for (𝑘 + 1)-clawfree graphs with 𝑘 = 2, 4, 5 and 2-approx.

for unit square graphs
[13] M, L Lower bound by using the graph decomposition into cliques and adapted an ant colony

optimization metaheuristic
[27] M Memetic algorithm based on tabu search with two neighborhoods
[32] E Evaluation of constraint programming capabilities
[26] M, U, L Stochastic hybrid evolutionary search algorithm for computing upper and lower bounds
[29] U Compute an algebraic and empirical upper bounds for 𝑠(𝐺)
[24] M Bi-objective memetic algorithm using effective crossover with tabu search for mutation oper-

ator
[23] E, M, U Two formulations of MSCP are given and an iterated multi-start tabu search to get the

upper bound
[20] M Parameter tuning for the bi-objective genetic algorithm
[15] E, L Two formulations of MSCP are given where the second one is solved by column generation

and get tight lower bound
[45] M, U, L An extraction and backward expansion search approach is used to compute the upper and

lower bounds
[25] M Bi-objective memetic algorithm is combined with the iterated variable neighborhood search

Notes. (1)E: Exact, H: Heuristic, M: Metaheuristic, U: Upper bound, L: Lower Bound, A: Approximation; (2)Upper
and Lower bounds of the chromatic sum (Σ(𝐺)) or the strength of the graph (𝑠(𝐺)); (3)𝑐𝑜𝑙(𝐺): coloring number. 𝜒(𝐺):
chromatic number. Δ(𝐺): maximum degree of 𝐺.

A coloring of a graph 𝐺 = (𝑉,𝐸) is a mapping 𝑐 : 𝑉 → N and a 𝑘-coloring is a coloring 𝑐 : 𝑉 → {1, 2, . . . , 𝑘}.
A coloring is proper if adjacent vertices receive different colors. If there is a proper 𝑘-coloring for a graph 𝐺,
then 𝐺 is said to be 𝑘-colorable. A proper 𝑘-coloring may also be seen as a partition 𝑉 into 𝑘 independent sets
{𝑆1, · · · , 𝑆𝑘} where each vertex in 𝑆𝑙 is colored with color 𝑙, for 𝑙 ∈ {1, . . . , 𝑘}. The classical Graph Coloring
Problem (GCP) on a graph 𝐺 aims to find a proper 𝜒(𝐺)-coloring, where 𝜒(𝐺) is the smallest number 𝑘 for
which 𝐺 is 𝑘-colorable and is called the chromatic number of 𝐺 while MSCP asks to find a proper 𝑘-coloring
that minimizes the total sum of colors assigned to the vertices (we note in the rest of the paper MSCP(𝐺)). This
minimum sum coloring is called the chromatic sum of 𝐺 and is denoted by Σ(𝐺). Hence, Σ(𝐺) = min𝑐∈𝒞 𝑓(𝑐),
where 𝒞 is the set of all proper 𝑘-colorings of 𝐺 (for all possible values of 𝑘) and 𝑓(𝑐) =

∑︀𝑛
𝑖=1 𝑐(𝑣𝑖). We also

observe that 𝑓(𝑐) =
∑︀𝑘

𝑙=1 𝑙|𝑆𝑙| where 𝑆𝑙 is the set of vertices receiving color 𝑙 in the coloration 𝑐. The smallest
number of colors used in a minimum sum coloring of 𝐺 is called the strength of 𝐺 and is denoted by 𝑠(𝐺). Let
UBℎ𝑚𝑡 [18], UB𝑎 and UB𝑠 [29] the upper bounds of 𝑠(𝐺), and let ̂︂UB = min {UB𝑎, UB𝑠, UBℎ𝑚𝑡}. In the sequel,
we take ̂︂UB as an upper bound of 𝑠(𝐺).

Given a subset of vertices 𝑀 ⊆ 𝑉 , 𝐺[𝑀 ] is the subgraph induced by 𝑀 (any edge in 𝐺 between two vertices
in 𝑀 belongs to 𝐺[𝑀 ]). The sets 𝑉 and {𝑣} ,∀𝑣 ∈ 𝑉 are trivial strong elements (trivial strong modules) of
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Table 2. Minimum Coloring Sum Problem in literature – part II.

Reference Type Main results

[10] E MSCP has been solved on D-Wave quantum computer
[30] L Two new theoretical lower bounds based on sequences in the graph coloration
[14] H, A Performance study of the first fit algorithm on claw-free graphs
[34] E, L A column generation approach is proposed to solve the linear relaxation of a set

partition-based formulation
[19] H, M, U Using hyper-heuristics to get tight upper bounds
[9] E A branch-and-price algorithm to solve the problem
[22] M A two-phase infeasible space metaheuristic approach is developed
[8] A A (1.796 + 𝜖)-approximation algorithm is developed for the chordal graphs

𝑉 (of 𝐺). Let 𝜋 = {𝑚1, · · · , 𝑚ℎ} be a partition of the vertices set of 𝐺, let 𝑚𝑖 and 𝑚𝑗 be disjoint sets in
𝜋, we say that 𝑚𝑖 and 𝑚𝑗 are adjacent if any vertex of 𝑚𝑖 is adjacent to all the vertices of 𝑚𝑗 , and we say
non-adjacent if the vertices of 𝑚𝑖 are all non-adjacent to the vertices of 𝑚𝑗 . If, for all 𝑚𝑖, 𝑖 ∈ {1, . . . , ℎ}, are
modules of 𝐺, then 𝜋 is a modular partition (or congruence partition) of 𝐺. For example, in Figure 1, the sets
𝜋′ = {{1}, {2}, . . . , {12}} and 𝜋′′ = {{1, 2, 3}, {4, 5, 6}, {7}, {8, 9, 10, 11, 12}} are both partitions of the set 𝑉 .
However, 𝜋′ represents a modular decomposition since all of its elements are trivial strong modules. In contrast,
𝜋′′ does not form a modular decomposition because the set {1, 2, 3} is not a module, even though the other
subsets are. Additionally, we observe that in 𝜋′′, the modules {4, 5, 6} and {7} are adjacent, while {4, 5, 6} and
{8, 9, 10, 11, 12} are not adjacent. We can define a quotient graph 𝐺/𝜋 whose vertices are the parts (or modules)
belonging to the modular partition 𝜋, two vertices 𝑣𝑖 and 𝑣𝑗 of 𝐺/𝜋 are adjacent if and only if the corresponding
modules 𝑚𝑖 and 𝑚𝑗 are adjacent in 𝐺.

A non-trivial modular partition P = {𝑀1, · · · , 𝑀ℎ} that only contains maximal strong modules is
known as a maximal modular partition. For example, in Figure 4, the maximal modular partition is P =
{𝑀1, 𝑀2, 𝑀3, {3}, {7}}. We note that each graph has a unique maximal modular partition that can be obtained
by several linear algorithms. In our study, we used Tedder et al. [43] algorithm which built MD(𝐺) recursively
by selecting a pivot, partitioning vertices by adjacency, and refining these partitions to identify strong modules.
The full tree is computed in linear time of 𝑂(𝑛 + 𝑚). Let MD(𝐺) and 𝐺/P be the corresponding modular
decomposition tree and the quotient graph of P, respectively, and let 𝜂 be a node in MD(𝐺). The degree of 𝜂,
denoted by deg(𝜂), is the number of its children. Based on the Modular Decomposition Theorem [17], the nodes
of MD(𝐺) are of two types, the first called degenerate node where we get two cases: if 𝐺[𝑀 ] is not connected
then the node is labeled parallel, else, if 𝐺̄ [𝑀 ] is not connected then the node is labeled series. Otherwise, the
second type is called a prime node. Consequently, the smallest prime graph is the 𝑃4, i.e., the chordless path
on four vertices. It is easy to check that the degree of any prime node is at least 4. The totally decomposable
graphs are 𝑃4-free graphs, called cographs. In a modular decomposition, a graph is prime if it only contains
trivial modules. To conclude this brief passage on modular decomposition terminology, the following figures
(Figs. 1–4) show us a simple example of a decomposable graph 𝐺, its modular decomposition MD(𝐺) and its
quotient graph 𝐺/P .

MSCP can be formulated as an integer linear program by defining the binary variables:

𝑥𝑙
𝑢 =

{︃
1; if color 𝑙 is assigned to vertex 𝑢,

0; otherwise.

The objective function is defined below, and the constraints are defined as follows:

– (1.𝑏) asserts that each vertex must receive exactly one color;
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Figure 1. Example of a decomposable graph 𝐺.

Figure 2. MD(𝐺) of graph 𝐺.

Figure 3. Strong module of 𝐺/P .

Figure 4. The quotient graph 𝐺/P .

– (1.𝑐) asserts that every pair of adjacent vertices does not share the same color, this constraint is called
edge-inequality.

So the formulation can be summarized as shown in Formulation 1.
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Figure 5. Flowchart of MDSC algorithm.

Let 𝐷 = {𝑥 = ((𝑥𝑙
𝑢))𝑙=1,...,̂︂UB

𝑢∈𝑉 | the constraints (1.𝑏), (1.𝑐) and (1.𝑑) are verified}. In the following, we will
use 𝑥 ∈ 𝐷 to represent the three constraints.

We can easily assert that 𝐷 contains all feasible solutions of MSCP. It will be used to simplify our formulations
in the rest of the paper.

4. Modular decomposition for sum coloring algorithm

4.1. Overview

Before presenting the technical definitions and formulations, we first give an intuitive overview of the MDSC
algorithm. Figure 5 summarizes its main steps.

The algorithm is designed to process the modular decomposition tree of the graph from the leaves up to the
root:

(1) Initialization at the leaves. Each leaf node is marked, and its associated sets are assigned. These represent
the simplest coloring units of the graph.
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Formulation 1. Integer Linear Program of MSCP.

𝑃 (𝐺)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
̂︂UB∑︁
𝑙=1

∑︁
𝑢∈𝑉

𝑙𝑥𝑙
𝑢 (1.𝑎)

̂︂UB∑︁
𝑙=1

𝑥𝑙
𝑢 = 1 ∀𝑢 ∈ 𝑉 (1.𝑏)

𝑥𝑙
𝑢 + 𝑥𝑙

𝑣 ≤ 1 ∀𝑢𝑣 ∈ 𝐸 𝑙 = 1, . . . ,̂︁UB (1.𝑐)
𝑥𝑙

𝑢 ∈ {0, 1} ; ∀𝑢 ∈ 𝑉, 𝑙 = 1, . . . ,̂︁UB (1.𝑑)

(2) Processing internal nodes.

For parallel nodes, the solution is obtained by directly combining the solutions of their children.
For series or prime nodes, the algorithm requires optimization. It computes an optimal cost 𝛼, determines
a possible range of color numbers, and then explores candidate sequences.
– Intuitively, a sequence describes how vertices are grouped into independent sets, for example, for a graph

of 13 vertices, the sequence (7, 2, 2, 1, 1) means “one color class of 7 vertices, two of size 2, and two
singletons”.

– A feasible sequence is one that corresponds to at least one proper coloring of the graph. Not all sequences
are feasible, so the algorithm checks feasibility explicitly.

– Among feasible sequences, some correspond to the so-called uncontrolled solutions. These are solutions
that either (i) achieve the optimal cost for the subgraph, or (ii) use no more than the strength number
of the subgraph. Intuitively, uncontrolled solutions represent the “promising” partial solutions that can
safely be carried upward in the decomposition tree.

(3) Marking nodes and repeating. Once a node is solved (either by combination or by selecting the best
uncontrolled solutions), it is marked as complete. The process continues iteratively until no nodes remain.

(4) Final solution. The root of the decomposition tree contains the global optimal solution of the MSCP for
the graph.

This high-level description aims to give the reader a clear picture of the algorithm’s workflow: starting from
simple cases at the leaves, handling different types of internal nodes, filtering solutions through feasibility checks,
and finally combining them at the root.

The next subsections provide the precise mathematical background. Section 4.2 introduces the formal notion
of feasible sequences, Section 4.3 explains fundamental operations and the role of uncontrolled solutions, and
Section 4.4 details the complete algorithm.

4.2. Sequences in coloring theory

Let 𝐺 = (𝑉,𝐸) be a graph, with |𝑉 | = 𝑛. We observe that for any partition of 𝑉 into 𝑘 simple sets
{𝑆1, 𝑆2, · · · , 𝑆𝑘}, we can associate a non-negative sequence 𝑝 of at most 𝑛 elements such that 𝑝[𝑖] = |𝑆𝑖|, for
𝑖 ∈ {1, · · · , 𝑘} and 𝑝[𝑖] = 0 for 𝑖 > 𝑘. By a feasible sequence for 𝐺, we refer to a sequence that can be associated
with at least one proper coloring in 𝐺. Moreover, if its corresponding independent sets are maximal, then 𝑝
is said to be a maximal sequence. 𝑝 is considered as an ordered sequence when its elements are arranged in
a non-increasing order. We specifically consider finite-support non-negative ordered integer sequences where
|𝑝| = max{𝑖 : 𝑝[𝑖] > 0}.

In the sequel, we denote by Ω𝑛 the set of all ordered sequences of 𝐺, Ω𝑘
𝑛 the set of all ordered sequences of

𝑉 corresponding to 𝑘-partitions, and by Σ𝑝 =
∑︀𝑘

𝑖=1 𝑖𝑝[𝑖], the cost of the sequence 𝑝. Let us recall the following
definitions of the notion of dominance.

Definition 1 ([1]). Let 𝑝 and 𝑞 be two integer sequences. We say that 𝑝 dominates 𝑞, if for all 𝑡 ≥ 1 it holds
that

∑︀𝑡
𝑖=1 𝑝[𝑖] ≥

∑︀𝑡
𝑖=1 𝑞[𝑖].
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The following lemma is a direct result of this definition.

Lemma 1 ([1]). Let 𝑝 and 𝑞 be two sequences and let 𝑘 = max{|𝑝|, |𝑞|}. If 𝑝 dominates 𝑞 and
∑︀𝑘

𝑖=1 𝑝[𝑖] =∑︀𝑘
𝑖=1 𝑞[𝑖], then it holds that Σ𝑝 ≤ Σ𝑞.

As a consequence, the minimum possible value of the cost of 𝑝 among all possible sequences in Ω𝑘
𝑛 is given

by the following sequence:

𝑝 =

⎛⎝𝑛− 𝑘 + 1, 1, . . . , 1⏟  ⏞  
𝑘−1

⎞⎠ .

We denote such a sequence 𝑝 by 𝑑𝑘
𝑛.

Property 1 ([29]). 𝑑𝑘
𝑛 dominates all sequences in Ω𝑘

𝑛.

Accordingly, a dominated sequence in Ω𝑘
𝑛 is a sequence that has the maximum possible cost [29], and could

be defined by:

𝑝 =

(︃ 𝑛 mod 𝑘 times⏞  ⏟  ⌈︁𝑛

𝑘

⌉︁
, · · · ,

⌈︁𝑛

𝑘

⌉︁
,

𝑘−(𝑛 mod 𝑘) times⏞  ⏟  ⌊︁𝑛

𝑘

⌋︁
, · · · ,

⌊︁𝑛

𝑘

⌋︁)︃
.

We denote this sequence by 𝑏𝑘
𝑛.

Example 1. Let 𝐺 be the graph in Figure 1 such that |𝑉 | = 13, and let the feasible solution
{{1, 2, 4, 6, 8, 9, 13}, {3, 7}, {5, 10}, {11}, {12}} has its sequence 𝑝 = (7, 2, 2, 1, 1) with cost equal to Σ𝑝 = 26.
It is clear that the sequence 𝑞 = (5, 3, 2, 1, 1, 1) is dominated by 𝑝 as defined in Lemma 1. For 𝑝, we have 𝑛 = 13
and 𝑘 = 5, so 𝑑5

13 = (9, 1, 1, 1, 1) and 𝑏5
13 = (3, 3, 3, 2, 2). Hence, 𝑑5

13 domintes all sequences in Ω5
13 and 𝑏5

13 is
dominated by all sequences in it.

To optimize these observations, we introduce the polynomial procedure CostSharpMin. This procedure aims
to identify the first appearance of a given cost sequence 𝑞 within Ω𝑛. It provides the minimum number of colors,
denoted by ̂︁LB, required to attain this specified cost.

Procedure 1: Cost-SharpMin.
Data: 𝑞, 𝑛

Result: ̂︁LB
begin

Initialization: 𝑘 := 2;
while (𝑘 ≤ |𝑞|) do

if
(︀
Σ𝑞 ≤ Σ𝑏𝑘

𝑛

)︀
then̂︁LB := 𝑘;

Terminate;
else

𝑘 := 𝑘 + 1;
end

end
end

Utilizing this procedure, we obtain, for a given fixed cost 𝛼, a range of color numbers 𝑘 ∈ [̂︁LB,̂︂UB], where all
solutions with this cost use 𝑘 colors. Moreover, we lack knowledge about which sequences of them are feasible.
So, we will employ the following formulations to determine this information.

We associate the integer decision variable 𝑦𝑖, which represents the cardinal of the independent set 𝑖 with
𝑖 ∈ {1, · · · , 𝑘}. Formulation 2 allows us to find a sequence whose cost equals 𝛼 using 𝑘 colors if it exists. The
model is defined as follow:
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Formulation 2. Program to find a sequence with cost = 𝛼 using 𝑘 colors.

𝑆(𝐺, 𝛼, 𝑘)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
𝑘∑︁

𝑖=1

𝑦𝑖 (2.𝑎)

𝑘∑︁
𝑖=1

𝑦𝑖 = 𝑛 (2.𝑏)

𝑦𝑖 − 𝑦𝑖+1 ≥ 0 𝑖 = 1, . . . , 𝑘 − 1 (2.𝑐)
𝑘∑︁

𝑖=1

𝑖𝑦𝑖 = 𝛼 (2.𝑑)

𝑦𝑖 ≥ 1 𝑖 = 1, . . . , 𝑘. (2.𝑒)

– Objective (2.𝑎) is optional, as it only guides the search trajectory. Its value is fixed by constraint (2.b),
making it redundant for optimization but useful for initialization;

– Constraint (2.𝑏) enforces that the solution must use exactly 𝑛 vertices in total;
– Constraint (2.𝑐) ensures that the sequence follows a strictly decreasing (inverse) order;
– Constraint (2.𝑑) fixes the total cost of the sequence to a predefined value 𝛼;
– Constraint (2.𝑒) guarantees that every subset in the sequence is non-empty (i.e., contains at least one

vertex).

After finding such a sequence using this formulation, we check its feasibility using Formulation 3 and store it
in the set denoted by F. The model is defined as follows:

Formulation 3. Program to assert the feasibility of a given sequence 𝑞.

𝐹 (𝐺, 𝛼, 𝑘, 𝑞)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
𝑘∑︁

𝑙=1

∑︁
𝑢∈𝑉

𝑙𝑥𝑙
𝑢 (3.𝑎)∑︁

𝑢∈𝑉

𝑥𝑙
𝑢 −

∑︁
𝑢∈𝑉

𝑥𝑙+1
𝑢 ≥ 0 𝑙 = 1, . . . , 𝑘 − 1 (3.𝑏)∑︁

𝑢∈𝑉

𝑥𝑙
𝑢 = 𝑞[𝑙] 𝑙 = 1, . . . , 𝑘 (3.𝑐)

𝑘∑︁
𝑙=1

∑︁
𝑢∈𝑉

𝑙𝑥𝑙
𝑢 = 𝛼 (3.𝑑)

𝑥 =
(︀(︀

𝑥𝑙
𝑢

)︀)︀𝑙=1,...,̂︂UB

𝑢∈𝑉
∈ 𝐷. (3.𝑒)

– Objective (3.𝑎) is optional, serving only as a search trajectory guide. Its value is determined by constraint
(3.d), rendering it redundant for optimization but potentially useful for initialization;

– Constraint (3.𝑏) ensures that the size of the independent sets follows a strictly decreasing (inverse) order;
– Constraint (3.𝑐) enforces that the solution must has exactly 𝑞[𝑙] vertices in each independent set 𝑙 of the

solution;
– Constraint (3.𝑑) fixes the total cost of the solution to a predefined value 𝛼;
– Constraint (3.𝑒) ensures the solution lies within 𝐷, the feasible set of MSCP on 𝐺.

The reiteration of Formulation 2 gives us all possible sequences in Ω𝑘
𝑛 such that 𝑘 ∈ [̂︁LB,̂︂UB], so the worst-

case scenario, every sequence within Ω𝑘
𝑛, might need feasibility verification by Formulation 3. However, once we

identify feasible solutions and confirm their uniqueness in F, we can discard the remaining alternative solutions.

4.3. Fundamental operations and proprieties in MSCP

In this paper, we construct an optimal solution using the modular decomposition tree. To achieve this, we
introduce a new critical set called “uncontrolled solutions”. We traverse our decomposition tree with this set,
moving from the leaves to the root, thereby ensuring the optimality of the final solution.
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Figure 6. Partially decomposable graph 𝐺.

Figure 7. Modular decomposition of 𝐺.

As previously defined, a feasible sequence can correspond to many solutions. Consequently, the analysis of
the problem with the solutions set is expected to be more challenging compared to the study of the feasible
sequences set.

In the following, consider 𝐺 = (𝑉,𝐸) as a decomposable graph with its modular decomposition tree denoted
as MD(𝐺). This tree is formed by a set of strong modules P = {𝑀1, · · · , 𝑀ℎ}. Let 𝑋𝑖 represent a proper
coloring of module 𝑀𝑖, structured as: 𝑋𝑖 = {𝑆𝑖

1, · · · , 𝑆𝑖
|𝑋𝑖|}, where |𝑋𝑖| signifies the number of colors used in

𝑋𝑖.

Definition 2. An uncontrolled solution 𝑋𝑖 of MSCP(𝐺[𝑀𝑖]) is either an optimal-cost solution for 𝐺[𝑀𝑖] or a
solution with |𝑋𝑖| ≤ 𝑠(𝐺[𝑀𝑖]); otherwise is a controlled solution.

Example 2. In Figure 6, an optimal solution of 𝐺 is: {{𝑎, 𝑏, 𝑐, 𝑒, 𝑓, 𝑔}; {𝑑}; {ℎ}} with optimal cost equal to 11
and 𝑠(𝐺) = 3. So all unconctrolled solutions must have cost equal to 11 and/or using 𝑠(𝐺) colors or less. In this
case, the uncontrolled solutions of 𝐺 are: {{𝑑, 𝑒, 𝑓, 𝑔}; {𝑎, 𝑏, 𝑐, ℎ}} and {{𝑎, 𝑏, 𝑐, 𝑒, 𝑓, 𝑔}; {𝑑}; {ℎ}}.

Definition 3. Let 𝑋* =
{︁

𝑆*1 , 𝑆*2 , · · · , 𝑆*|𝑋*|

}︁
be an optimal solution of MSCP(𝐺). Let P its maximal modular

partition.
Let 𝑋𝑖 an uncontrolled solution of MSCP(𝐺 [𝑀𝑖]), ∀ 𝑀𝑖 ∈ P. We say that the uncontrolled solution 𝑋𝑖 is

a partial solution of 𝑋* if it is properly contained in 𝑋*, in other words:

if for all {𝑢, 𝑣} ∈ 𝑆𝑖
𝑙 ,∀𝑙 ∈

{︀
1, · · · , |𝑋𝑖|

}︀
then ∃ 𝑙* ∈ {1, · · · , |𝑋*|} : {𝑢, 𝑣} ∈ 𝑆*𝑙*

and we denote: 𝑋𝑖 ⊂𝑝 𝑋*.

Remark 1. By definition, every partial solution is an uncontrolled solution. The reverse is not true.

Example 3. Let 𝐺 = 𝐺1 ∨𝐺2 ∨𝐺3, where 𝐺1, 𝐺2, and 𝐺3 are three copies of the graph showed in Figure 6,
whose modular decomposition is presented in Figure 7. Figure 8 represents its MD(𝐺). For each node that is
a strong module 𝑀𝑖, 𝑖 ∈ {1, · · · , 10}, we have a partial solution from 𝐺[𝑀𝑖], 𝑖 ∈ {1, · · · , 10} that contributes to
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Figure 8. An optimal coloration of 𝐺.



3632 F. TAMMAL AND M. AÏDER

construct our solution 𝑋* in the root. Each subgraph 𝐺𝑖,∀𝑖 = 1, · · · , 3 has its own optimal solution, as shown
in Example 2. In particular,we observe that the optimal solution of subgrap 𝐺3 is an uncontrolled solution
but not a partial solution of 𝑋*. Meanwhile, the other uncontrolled solution of 𝐺3 is a partial solution of 𝑋*.
Therefore, the global solution 𝑋* must include at least one uncontrolled solution of each subgraph, whether it
is the optimal one or not.

Definition 4. Let 𝑋1 and 𝑋2 be two solutions. The addition of 𝑋1 and 𝑋2, denoted by 𝑋1 + 𝑋2, is the
solution that results from the union of independent sets in 𝑋1 and 𝑋2 having the same color.
Notice that:

⃒⃒
𝑋1 + 𝑋2

⃒⃒
= max

{︀⃒⃒
𝑋1
⃒⃒
,
⃒⃒
𝑋2
⃒⃒}︀

.

Remark 2. Σ(𝑋1 + 𝑋2) = Σ𝑋1 + Σ𝑋2.

Now, all these definitions and observations are used to create solutions from the modular decomposition tree’s
leaves to reach the root. The process to get this solution is defined in the following results:

Lemma 2. Let 𝑋1, 𝑋2 and 𝑋3 be three solutions such that |𝑋1| < |𝑋2|. If Σ𝑋1 < Σ𝑋2 then Σ(𝑋1 + 𝑋3) <
Σ(𝑋2 + 𝑋3).

Proof. We have Σ𝑋1 < Σ𝑋2 and by adding Σ𝑋3 ≥ 0 to each term we get:

Σ𝑋1 + Σ𝑋3 < Σ𝑋2 + Σ𝑋3 ⇔ Σ(𝑋1 + 𝑋3) < Σ(𝑋2 + 𝑋3); by Remark 2.

�

Lemma 3. Let 𝐺1 and 𝐺2 be two disjoint graphs, and let 𝐺 = 𝐺1 ∪𝐺2. Then, every optimal solution 𝑋* of 𝐺
can be expressed as 𝑋* = 𝑋1 + 𝑋2, where 𝑋1 ⊂𝑝 𝑋* from 𝐺1 and 𝑋2 ⊂𝑝 𝑋* from 𝐺2.

Proof. Let 𝑋* = {𝑆*1 , 𝑆*2 , · · · , 𝑆*𝑘} be an optimal solution of 𝐺. Let 𝑆*𝑖1 , 𝑆
*
𝑖2

, · · · , 𝑆*𝑖𝑡
be the sets in the partition of

𝑋* having non-empty intersection with 𝑉 (𝐺1). We claim that 𝑖1 = 1, 𝑖2 = 2, · · · , 𝑖𝑡 = 𝑡 respectively. Otherwise,
there is some 𝑖 ≥ 1 and 𝑗 ≥ 1 such that 𝑆*𝑖 ∩ 𝑉 (𝐺1) = ∅ and 𝑆*𝑖+𝑗 ∩ 𝑉 (𝐺1) ̸= ∅ where 𝑖 + 𝑗 ≤ 𝑘. Since no
vertex of 𝐺1 is adjacent to a vertex of 𝐺2 then vertices in 𝑆*𝑖+𝑗 ∩𝑉 (𝐺1) can migrate to 𝑆*𝑖 , obtaining a solution
with sequence that strictly dominates that of 𝑋*, a contradiction. The same happens to 𝐺2, so 𝑋* can be
expressed as 𝑋* = 𝑋1 + 𝑋2, where 𝑋1 and 𝑋2 are solutions of 𝐺1 and 𝐺2 respectively. So 𝑋1 and 𝑋2 are
partial solutions. �

For each subgraph 𝐺 [𝑀𝑖], there are several uncontrolled solutions whose number is represented by 𝛾𝑖, and
the 𝑗th-uncontrolled solution 𝑋𝑖

𝑗 has |𝑋𝑖
𝑗 | independent sets.

Definition 5. Let 𝑋𝑖
𝑗 = {𝑆𝑖

1, 𝑆
𝑖
2, · · · , 𝑆𝑖

|𝑋𝑖
𝑗 |
}, be the 𝑗-th uncontrolled solution of MSCP(𝐺[𝑀𝑖]); 𝑖 ∈ {1, · · · , ℎ}

and 𝑗 ∈ {1, · · · , 𝛾𝑖}. We put F𝑖 = {𝑋𝑖
1, 𝑋

𝑖
2, · · · , 𝑋𝑖

𝛾𝑖
} be the uncontrolled solutions set with different sequences

of MSCP on the subgraph 𝐺[𝑀𝑖].

Example 4. In Figure 6, if we take the subgraph 𝐺[𝑀7], we find that 𝛾7 = 2 such that 𝑋7
1 =⎧⎪⎨⎪⎩{𝑎, 𝑏, 𝑐, 𝑒, 𝑓, 𝑔}⏟  ⏞  

𝑆7
1

, {𝑑}⏟ ⏞ 
𝑆7

2

, {ℎ}⏟ ⏞ 
𝑆7

3

⎫⎪⎬⎪⎭ and 𝑋7
2 =

⎧⎪⎨⎪⎩{𝑎, 𝑏, 𝑐, ℎ}⏟  ⏞  
𝑆7

1

, {𝑑, 𝑒, 𝑓, 𝑔}⏟  ⏞  
𝑆7

2

⎫⎪⎬⎪⎭.

In the next step, we manage to create another set that combines different uncontrolled solutions from several
children of any node in MD(𝐺).
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Definition 6. Let P𝑖 =
{︀
𝑚𝑖

1, · · · , 𝑚𝑖
H

}︀
,∀𝑖 ∈ {1, · · · , ℎ} be the modular decomposition of the subgraph

𝐺[𝑀𝑖]. A combination of independent sets ℑ𝑐(𝐺[𝑀𝑖]) formed by combining one selected uncontrolled solutions
from each child 𝑡, 𝑡 ∈ {1, · · · , H } such that:

ℑ𝑐(𝐺[𝑀𝑖]) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩𝑆1
1 , 𝑆1

2 , · · · , 𝑆1
|𝑋1

𝑗1
|⏟  ⏞  

𝑋1
𝑗1

, 𝑆2
1 , 𝑆2

2 , · · · , 𝑆2
|𝑋2

𝑗2
|⏟  ⏞  

𝑋2
𝑗2

, · · · , 𝑆H
1 , 𝑆H

2 , · · · , 𝑆H
|𝑋H

𝑗H
|⏟  ⏞  

𝑋H
𝑗H

⎫⎪⎪⎪⎬⎪⎪⎪⎭
where 𝑐 ∈ {1, · · · ,

∏︀H
𝑡=1 𝛾𝑡} which represents the 𝑐th-possible combination of all the children’s uncontrolled

solutions of 𝑀𝑖, which means that 𝑋𝑡
𝑗𝑡
∈ 𝑍𝑡,∀𝑗𝑡 ∈ {1, · · · , 𝛾𝑡},∀𝑡 ∈ {1, · · · , H }.

We put: ℑ(𝐺[𝑀𝑖]) = {ℑ1(𝐺[𝑀𝑖]), · · · ,ℑ
∏︀H

𝑡=1 𝛾𝑡(𝐺[𝑀𝑖])}.

The last set ℑ(𝐺[𝑀𝑖]) contains all the possible combinations that can be held to obtain the optimal solution
on the induced graph 𝐺[𝑀𝑖]. By applying the same process node by node until we reach the root, we can obtain
all the possible combinations of MD(𝐺).

Definition 7. The modular solutions graph 𝐺[𝑀 ]/ℑ𝑐 = (ℑ𝑐, 𝐸ℑ𝑐) whose vertices represent the parts (or stables)
belonging to ℑ𝑐(𝐺[𝑀 ]). Two vertices of 𝐺[𝑀 ]/ℑ𝑐 are adjacent if and only if the corresponding solutions are
solutions of adjacent modules in 𝐺[𝑀 ]/P , or they are solutions of the same module.

For a given combination ℑ𝑐, if 𝑀𝑖, ∀𝑖 ∈ {1, · · · , ℎ} is a parallel node (we are in the trivial case) then 𝐺[𝑀𝑖]/ℑ𝑐

is a disconnected graph. So, the optimal solution of 𝐺 [𝑀𝑖]/ℑ𝑐 is trivial, it is expressed by addition operations
such that: 𝑋*

𝑐 = 𝑋1
𝑗1

+𝑋2
𝑗2

+ · · ·+𝑋H
𝑗H

, but if 𝑋1
𝑗1

, 𝑋2
𝑗2

, · · · , 𝑋H
𝑗H

are only optimal solutions of the 𝑀𝑖’s children
then we get the optimal solution of 𝐺[𝑀𝑖] directly. Otherwise, 𝑀𝑖 is a series node or a prime node where
𝐺 [𝑀𝑖]/ℑ𝑐 , is a complete graph or a prime graph respectively. For this two cases, we associate to 𝐺[𝑀𝑖]/ℑ𝑐 a
vector of vertex weight representing the cardinals of stables in this combination:

𝑊𝑐 =
(︂⃒⃒

𝑆1
1

⃒⃒
, · · · ,

⃒⃒⃒
𝑆1
|𝑋1

𝑗1
|

⃒⃒⃒
,
⃒⃒
𝑆2

1

⃒⃒
, · · · ,

⃒⃒⃒
𝑆2
|𝑋2

𝑗2
|

⃒⃒⃒
, · · · ,

⃒⃒
𝑆H

1

⃒⃒
, · · · ,

⃒⃒⃒⃒
𝑆H
|𝑋H

𝑗H
|

⃒⃒⃒⃒)︂
=
(︀
𝑤1, 𝑤2, · · · , 𝑤|ℑ𝑐|

)︀
Formulation 4 is a sum coloring integer program on a weighted graph 𝐺[𝑀𝑖]/ℑ𝑐 = (ℑ𝑐, 𝐸ℑ𝑐 , 𝑊𝑐). We put

initially 𝛼 = +∞, and we can explain the model as follows:

Formulation 4. Program of minimum sum coloring problem on weighted graph.

𝑊 (𝐺, 𝑐,𝑊𝑐, 𝛼,̂︁UB) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝛼𝑐 = min
̂︂UB∑︁
𝑙=1

∑︁
𝑢∈ℑ𝑐

𝑙𝑤𝑢𝑥𝑙
𝑢 (4.𝑎)∑︁

𝑢∈ℑ𝑐

𝑤𝑢𝑥𝑙
𝑢 −

∑︁
𝑢∈ℑ𝑐

𝑤𝑢𝑥𝑙+1
𝑢 ≥ 0 𝑙 = 1, . . . ,̂︁UB− 1 (4.𝑏)

̂︂UB∑︁
𝑙=1

∑︁
𝑢∈ℑ𝑐

𝑙𝑤𝑢𝑥𝑙
𝑢 ≤ 𝛼 (4.𝑐)

𝑥 =
(︀(︀

𝑥𝑙
𝑢

)︀)︀𝑙=1,...,̂︂UB

𝑢∈ℑ𝑐 ∈ 𝐷 (4.𝑑)

– Objective (4.𝑎) is the weighted cost of MSCP on 𝐺[𝑀 ]/ℑ𝑐 ;
– Constraint (4.𝑏) ensures that the solution follows a strictly decreasing (inverse) order;
– Constraint (4.𝑐) fixes the total cost of the solution to be at most equal to 𝛼;
– Constraint (4.𝑑) ensures the solution lies within 𝐷, the feasible set of MSCP on 𝐺[𝑀 ]/ℑ𝑐 .



3634 F. TAMMAL AND M. AÏDER

With regard to our work, 𝛼 is the optimum cost of node 𝑀𝑖 where:

𝛼 = min

{︃
𝛼𝑐, ∀𝑐 ∈

{︃
1, . . . ,

H∏︁
𝑡=1

𝛾𝑡

}︃}︃

We can see that 𝛼 will be updated after each execution of Formulation 4.
Based on these results, it is obvious that the optimal solution of MSCP 𝑋* on the subgraph 𝐺[𝑀 ] is expressed

by partial solutions of its strong modules. A detailed illustration of this last part is provided in the Running
example section (Sect. 5).

4.4. Final algorithm

The algorithm is detailed as follows in Algorithm 2. It can be summarized at the flowchart in Figure 5.

Algorithm 2: MDSC Algorithm.
Data: 𝐺 and MD(𝐺)
Result: 𝑋*(𝐺)
Begin

Let mark each leaf 𝑓 of MD(𝐺) and let be its solution formed by its singleton independent set;
For each not marked node 𝑀 of MD(𝐺) that has all its children marked do:

if 𝑀 is a parallel node (The trivial case) then
– The optimal solution of 𝐺 [𝑀 ] is obtained by the addition operation

of its children’s optimal solutions;
– Mark the node 𝑀 ;

end
if 𝑀 is a series node or a prime node then

– Find the optimum cost 𝛼 of 𝐺 [𝑀 ] and 𝑠(𝐺 [𝑀 ]) the corresponding
minimum number of colors, using Formulation 4;

– Calculate [̂︁LB,̂︂UB] using Cost-SharpMin procedure;
– Reiterate the Formulation 2 to find the set of all sequences with

the cost at least 𝛼 using 𝑘 colors (𝑘 ∈ [̂︁LB,̂︂UB]);
– Select the uncontrolled solutions of 𝐺 [𝑀 ] using Formulation 3 and

form the set F which gives us the feasible sequences;
– Mark the node 𝑀 ;

end
An optimal solution of 𝐺 is the optimal solution found in the root of MD(𝐺);

end

In the MDSC algorithm, Formulation 4 is first used to compute the optimal coloring cost 𝛼 and an upper
bound ̂︂UB on the number of colors needed. Next, the CostSharpMin procedure is applied to determine a lower
bound ̂︁LB on the number of colors required to achieve cost 𝛼. Using these bounds, Formulation 2 is then
employed iteratively to generate all candidate sequences whose coloring cost is exactly 𝛼 and whose number
of colors lies between ̂︁LB and ̂︂UB. After each solution is obtained, a Dantzig cut [7] is added to exclude the
current solution and force the discovery of new optimal sequences if they exist for the same actual number of
colors. Once this set of candidate sequences is identified, Formulation 3 is used to filter out infeasible sequences,
retaining only those that correspond to valid colorings of the weighted quotient graph. These actions ensure
that the branch-and-bound process explores only the most promising combinations of uncontrolled solutions at
series and prime nodes.
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Theorem 1. The algorithm MDSC gives an optimal solution for the problem MSCP with a finite number of
iterations.

Proof. The number of operations is finite on each node in MD(𝐺). Hence, MDSC is a finite algorithm. Due to
the uniqueness of MD(𝐺) where the children’s modules form a partitive family of maximal strong modules of
𝐺 and based on previous lemmas, we can say that the MDSC gives an optimal solution of MSCP on the graph
𝐺 where all the cases are treated (trivial and general cases). �

5. Running example

In this section we applied our algorithm on the MD(𝐺) described in Figure 8:

– Let mark each leaf of MD(𝐺) and let its solution be formed by its singleton independent set;
– For each not marked node 𝑀 of MD(𝐺) that has all its children are marked do:
– In parallel nodes:

node 𝑀1: has a unique combination 𝑐 ∈ {1} ,ℑ1(𝑀1) = {{𝑎} , {𝑏} , {𝑐}}, 𝐺 [𝑀1]/ℑ1 is an independent set so
the unique optimal solution of node 𝑀1 is {𝑎, 𝑏, 𝑐} with a cost: 3
the same treatment in node 𝑀2, node 𝑀3, node 𝑀4, node 𝑀5 and node 𝑀6.

– In prime nodes:
node 𝑀7: all its children have a unique solution, so the parent has a unique combination: 𝑐 ∈ {1} ,ℑ1(𝑀7) =
{{𝑎, 𝑏, 𝑐} ; {𝑒, 𝑓, 𝑔} ; {𝑑} ; {ℎ}}, 𝐺 [𝑀7]/ℑ1 is a prime graph, we apply the steps in the prime case:
(1) The optimal solution of 𝐺 [𝑀7] is: {{𝑎, 𝑏, 𝑐, 𝑒, 𝑓, 𝑔} ; {𝑑} ; {ℎ}}, 𝑞 = (6, 1, 1), 𝛼 = 11, 𝑠(𝐺 [𝑀7]) = 3.
(2) Apply Cost-SharpMin procedure and get the interval: [̂︁LB,̂︂UB] = [2, 3].
(3) Apply the Formulation 2 for 𝑘 = 2 and 𝛼 = 11:

𝑆(𝐺 [𝑀7] , 11, 2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
min 𝑦1 + 𝑦2

𝑦1 + 𝑦2 = 8
𝑦1 − 𝑦2 ≥ 0
𝑦1 + 2𝑦2 ≥ 11
𝑦1 , 𝑦2 ≥ 1.

The solution is: (4, 4).
Apply the Formulation 2 for 𝑘 = 3 and 𝛼 = 11:

𝑆(𝐺 [𝑀7] , 11, 3) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

min 𝑦1 + 𝑦2 + 𝑦3

𝑦1 + 𝑦2 + 𝑦3 = 8
𝑦1 − 𝑦2 ≥ 0

𝑦2 − 𝑦3 ≥ 0
𝑦1 + 2𝑦2 + 3𝑦3 ≥ 11
𝑦1 , 𝑦2 , 𝑦3 ≥ 1.

The solutions are: (6, 1, 1) , (5, 2, 1) , (4, 3, 1) , (4, 2, 2) , (3, 3, 2).
The list of the obtained sequences is {(4, 4) , (6, 1, 1) , (5, 2, 1) , (4, 3, 1), (4, 2, 2) , (3, 3, 2)}.

(4) Apply the Formulation 3 gives us the list of feasible sequences: 𝑍7 := {(4, 4) , (6, 1, 1)}.
(5) Mark the node 𝑀7.

– The same treatment with node 𝑀8 and node 𝑀9. We get two uncontrolled solutions from each prime node
in MD(𝐺), so the number of combinations in the parent node is 8.

– In series nodes:
The root: 𝐺 [𝑀 ]/ℑ𝑐 , is a complete graph for all 𝑐 ∈ {1, · · · , 8}.
Series nodes are treated like prime nodes, so, we can summarize the 8 combinations that have different
sequences into 4 cases as follows:

𝑐1 = {{𝑎, 𝑏, 𝑐, ℎ}, {𝑒, 𝑓, 𝑑, 𝑔}, {𝑎′, 𝑏′, 𝑐′, ℎ′}, {𝑒′, 𝑓 ′, 𝑑′, 𝑔′}, {𝑎′′, 𝑏′′, 𝑐′′, ℎ′′}, {𝑒′′, 𝑓 ′′, 𝑑′′, 𝑔′′}} .
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Table 3. Categorized groups.

Set Group 𝑛 𝑑 #𝑅 |𝑅|

1

1 500 ]0.41, 0.45[ {5, 6}

20
2 1000 ]0.45, 0.50[ {5, 6, 7}
3 1500 ]0.32, 0.41[ {7, 10, 12, 13}
4 1000 ]0.25, 0.30[ 19

2

1

500

]0.18, 0.22[ 14 40
2 ]0.24, 0.28[ 10 60
3 ]0.22, 0.35[ {7, 8} 80
4 ]0.30, 0.40[ {5, 6} 100

The cost of optimal solution of 𝐺 [𝑀 ]/ℑ𝑐1 : 84, with sequence (4, 4, 4, 4, 4, 4).

𝑐2 = {{𝑎, 𝑏, 𝑐, ℎ}, {𝑒, 𝑓, 𝑑, 𝑔}, {𝑎′, 𝑏′, 𝑐′, ℎ′} , {𝑒′, 𝑓 ′, 𝑑′, 𝑔′} , {𝑎′′, 𝑏′′, 𝑐′′, 𝑒′′, 𝑓 ′′, 𝑔′′}, {𝑑′′}, {ℎ′′}} .

The cost of optimal solution of 𝐺 [𝑀 ]/ℑ𝑐2 : 75, with sequence (6,4,4,4,4,1,1).

𝑐3 = {{𝑏, 𝑐, 𝑎, 𝑒, 𝑓, 𝑔} , {𝑑}, {ℎ}, {𝑏′, 𝑐′, 𝑎′, 𝑒′, 𝑓 ′, 𝑔′} , {𝑑′}, {ℎ′}, {𝑏′′, 𝑐′′, 𝑎′′, 𝑒′′, 𝑓 ′′, 𝑔′′} , {𝑑′′}, {ℎ′′}} .

The cost of optimal solution of 𝐺 [𝑀 ]/ℑ𝑐3 : 75, with sequence (6, 6, 6, 1, 1, 1, 1, 1, 1).

𝑐4 = {{𝑏, 𝑐, 𝑎, 𝑒, 𝑓, 𝑔} , {𝑑}, {ℎ}, {𝑏′, 𝑐′, 𝑎′, 𝑒′, 𝑓 ′, 𝑔′} , {𝑑′}, {ℎ′}, {𝑑′′, 𝑒′′, 𝑓 ′′, 𝑔′′}, {𝑏′′, 𝑐′′, 𝑎′′, ℎ′′}} .

The cost of optimal solution of 𝐺 [𝑀 ]/ℑ𝑐4 : 72, with sequence (6, 6, 4, 4, 1, 1, 1, 1).
– So we can see that the fourth combination gives us an optimal solution of 𝐺.

6. Experimental tests

6.1. Technical tools setup

The proposed MDSC algorithm is coded in C++ and compiled using the Microsoftr C++ compiler under the
Windowsr operating system. We utilize the CPLEXr solver to resolve the used linear programs. It is executed on
an Intelr i7-10700KF processor running at 2×4.5 GHz, with 16 GB of RAM. For the modular decomposition soft-
ware, we use the program described at this site: https://github.com/mogproject/modular-decomposition.
It provides the modular decomposition tree with fast CPU runtime using the algorithm described in [43].

6.2. Dataset

We carried out experiments on four sets of instances. The first two consist of 133 instances from the DIMACS
challenge and the COLOR 2002–2004 challenge, of which only 67, whose graphs are partially decomposable,
are reported (graphs that are not decomposable are not reported). These instances were collected from http:
//dimacs.rutgers.edu/Challenges/ and http://mat.gsia.cmu.edu/COLOR04/ respectively. The last two are
40 instances for each set, randomly generated to have partially decomposable graphs. Each set is divided into
4 groups of 10 instances. They are classified according to the number of vertices (𝑛), the density of the graph
(𝑑), the number of prime nodes (#𝑅) in the MD(𝐺) and its maximum size (|𝑅|). The differences between the
groups are summarized in Table 3.

The first set is used to show the influence of the number of vertices, the density, and the number of prime
nodes on the performance of the algorithm. The second set demonstrates the influence of prime nodes’ size on the
algorithm performance. More details will be provided in the next paragraph. As we will see in the experimental
tests, neither the number nor the size of series nodes influences the algorithm performance, because they form
complete graphs, which are quickly treated by the algorithm.

https://github.com/mogproject/modular-decomposition
http://dimacs. rutgers.edu/Challenges/
http://dimacs. rutgers.edu/Challenges/
http://mat.gsia.cmu.edu/COLOR04/
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6.3. Experimental results

Since our method is an exact approach, its main purpose is to provide optimal solutions together with
optimality certificates. For this reason, the most relevant benchmark is against other exact algorithms or general-
purpose solvers (e.g., CPLEX). While heuristic and metaheuristic methods exist for related problems, they do
not provide guarantees of optimality and therefore serve a different purpose. Consequently, our comparisons focus
on exact methods, which constitute the scientifically fair and natural baseline for evaluating our contribution.
To the best of our knowledge, no recent branch-and-cut or SAT-based exact algorithms have been proposed for
the MSCP. Therefore, our algorithm will be compared to the CPLEX solver and the method proposed by Delle
Donne et al. [9], which employs a column generation approach tailored for resolving large instances.

The next four tables summarize all the detailed experimental results to show the efficiency of MDSC algorithm
for the number of solved instances and the CPU runtime. For each instance, we report the number of vertices
𝑛, the number of edges 𝑚, the number of parallel nodes #𝑃 , the number of the series nodes #𝑆, the number
of the prime nodes #𝑅 and its maximum size |𝑅|, the exact chromatic sum Σ(𝐺), the CPU runtime of MDSC
algorithm, the CPU runtime of CPLEX solver, the exit gap of the CPLEX method computed as 100(𝑢𝑏− 𝑙𝑏)/𝑙𝑏,
where 𝑢𝑏 and 𝑙𝑏 are the upper and lower bounds computed by CPLEX for the corresponding formulation within
the time limit (0 for the instances solved to proven optimality) and for the column “CG”, we report the CPU
runtime of Delle Donne et al. [9] algorithm and its exit gap. A 2 h runtime limit is fixed in this paper. If the
experiment was stopped by this criterion, then the CPU time is marked by “*”, but if the mark is “**”, then this
means that we encountered an out-of-memory error before reaching the timeout limit for the CPLEX algorithm.
If CPLEX or Delle Donne et al. [9] algorithm finds an upper bound but not a lower bound with the time limit
then the gap is marked by “−” because it cannot be computed. Finally, if even the upper bound is not found
by the time limit then the CPU and the gap are marked by “/”. The best performances are highlighted in bold
for CPU time when the solution is found; otherwise, the best GAP value is highlighted if available.

6.4. Discussion of the results

Our experiments were conducted in three phases. In the first phase, we tested our algorithm on well-established
benchmarks, including DIMACS and COLOR 2002–2004. For each instance, we computed MD(𝐺) and found
that only 67 instances were partially decomposable. As shown in Tables 4 and 5, 42 instances were successfully
solved, while the remaining 25 could not be resolved within the allotted time. These latter instances lack a
practical modular decomposition because the prime nodes dominate most of the graph’s vertices, leading to
huge nodes that significantly hinder the resolution process.

In the second phase, we solved the first set of generated graphs. It became clear that the algorithm is not
significantly affected by the graph’s density but is somewhat influenced by its size and the number of prime
nodes.

In the final phase, we addressed the second set of generated graphs. Here, we observed a decline in the
algorithm’s performance as the size of the prime nodes increased.

When comparing our algorithm to the CPLEX solver and Delle Donne et al. [9] method, it is clear that
our approach significantly outperforms them in both CPU runtime and the number of instances solved to
optimality. Specifically, our algorithm finds the optimal solution for 122 instances, compared to 45 instances
by the CPLEX solver and 23 by the latter method. Although, for DIMACS instances, there is generally no
substantial difference in CPU runtime between the CPLEX solver and our MDSC algorithm, MDSC notably
outperforms CPLEX on the “inithx” instances. On the other hand, Delle Donne et al. [9] algorithm exhibited
poor CPU runtime performance overall, except for the r.250.1c instance, where it found the optimal solution
quickly, unlike the other two algorithms. The remaining generated instances in Tables 6 and 7 showcase the
superior performance of the MDSC algorithm in terms of both CPU runtime and the number of instances solved
to optimality. Additionally, several instances hit the memory limit when using the CPLEX solver, a limitation
never encountered with the MDSC algorithm across all tested instances.
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Table 4. DIMACS and COLORS benchmark graphs results – Part I.

Instance 𝑛 𝑚 #𝑅 #𝑃 #𝑆 |𝑅| Σ(𝐺) MDSC
CPLEX CG

CPU Gap CPU Gap

1-FullIns 3 30 100 1 0 1 29 54 0 0 0 0 0
1-FullIns 4 93 593 1 0 1 92 166 3 3 0 12 0
1-FullIns 5 282 3247 1 0 1 281 499 250 246 0 7200 –
2-FullIns 3 52 201 1 0 1 51 93 0 2 0 0 0
2-FullIns 4 212 1621 1 0 1 211 363 33 18 0 7200 –
2-FullIns 5 852 12 201 1 0 1 851 – * 7200 5.76 7200 –
3-FullIns 3 80 346 1 0 1 79 145 1 1 0 7 0
3-FullIns 4 405 3524 1 0 1 404 683 210 214 0 7200 –
3-FullIns 5 2030 33 751 1 0 1 2029 – * ** – / /
4-FullIns 3 114 541 1 0 1 113 205 2 1 0 45 0
4-FullIns 4 690 6650 1 0 1 689 1138 1549 1595 0 7200 –
4-FullIns 5 4146 77 305 1 0 1 4145 – * ** – / /
5-FullIns 3 154 792 1 0 1 153 280 4 2 0 7200 –
5-FullIns 4 1085 11 395 1 0 1 1084 – * 7200 2.43 / /
Abb313GPIA 1557 65 390 1 59 0 1489 – * ** – / /
Anna 138 493 1 7 13 102 276 2 6 0 4217 0
David 87 406 1 1 9 64 237 1 4 0 20 0
DSJR500.1 500 3555 1 0 17 480 – * 7200 1.13 / /
DSJR500.1c 500 121 275 1 22 0 477 – * ** – 7200 –
DSJR500.5 500 58 862 1 0 3 497 – * ** – / /
fpsol2.i.1 496 11 654 7 20 44 119 3403 66 523 0 7200 –
fpsol2.i.2 451 8691 8 34 55 136 1668 48 515 0 7200 –
fpsol2.i.3 425 8688 8 34 54 136 1636 48 473 0 7200 –
games120 120 638 1 0 1 119 443 1 2 0 443 0
Homer 561 1629 1 35 47 328 1150 20 135 0 7200 –
Huck 74 301 1 5 13 41 243 0 1 0 243 0
inithx.i.1 864 18 707 16 62 99 157 3676 181 3117 0 7200 –
inithx.i.2 645 13 979 20 69 109 101 2050 22 1932 0 7200 –
inithx.i.3 621 13 969 19 72 105 100 1986 21 1880 0 7200 –
Jean 80 254 1 4 7 52 217 0 1 0 217 0
miles250 128 387 3 3 13 88 325 0 1 0 325 0
miles500 128 1170 1 0 8 114 705 9 11 0 705 0
miles750 128 2113 1 0 5 122 1173 40 57 0 1173 0
miles1000 128 3216 1 0 3 123 1666 50 71 0 1666 0
miles1500 128 5198 1 0 15 102 3354 85 95 0 3354 0
mug88 1 88 146 1 0 13 75 178 0 0 0 178 0
mug88 25 88 146 1 0 16 72 178 0 0 0 178 0
mug100 1 100 166 1 0 16 84 202 0 0 0 202 0
mug100 25 100 166 1 0 17 83 202 1 0 0 202 0
mulsol.i.1 197 3925 3 10 26 51 1957 3 27 0 7200 –
mulsol.i.2 188 3885 4 16 27 59 1191 3 34 0 1191 0
mulsol.i.3 184 3916 4 17 28 59 1187 3 35 0 1187 0
mulsol.i.4 185 3946 4 17 29 59 1189 3 35 0 1189 0
mulsol.i.5 186 3973 4 17 29 59 1160 3 36 0 1160 0



AN EXACT ALGORITHM FOR THE MSCP ON PARTIALLY DECOMPOSABLE GRAPHS 3639

Table 5. DIMACS and COLORS benchmark graphs results – Part II.

Instance 𝑛 𝑚 #𝑅 #𝑃 #𝑆 |𝑅| Σ(𝐺) MDSC
CPLEX CG

CPU Gap CPU Gap

r.125.1 125 209 8 2 14 42 257 1 0 0 257 0
r.125.1c 125 7501 4 16 2 54 2184 10 323 0 2184 0
r.125.5 125 3838 1 0 4 121 – * 7200 3.37 7200 0.21
r.250.1 250 867 1 0 19 228 704 2 8 0 7200 –
r.250.1c 250 30 227 1 21 1 227 5789 * 7200 7.5 150 0
r.250.5 250 14 849 1 0 3 247 – * 7200 7.91 7200 9.64
r.1000.1 1000 14 378 1 0 21 979 – * 7200 20.04 / /
r.1000.1c 1000 485 090 1 24 0 974 – * / / 7200 –
r.1000.5 1000 238 367 1 0 5 995 – * / / 7200 –
school.1 385 19 095 1 2 8 370 – * ** – 7200 –
school.sch.1 352 14 612 1 2 8 339 – * ** – 7200 –
wap01a 2368 110 871 1 0 288 1571 – * ** – / /
wap02a 2464 111 742 1 0 305 1569 – * ** – / /
wap03a 4730 286 722 1 0 410 3713 – * ** – / /
wap04a 5231 294 902 1 0 556 3730 – * ** – / /
wap05a 905 43 081 1 0 62 748 – * ** – / /
wap06a 947 43 571 1 0 86 730 – * ** – / /
wap07a 1809 103 368 1 0 107 1611 – * ** – / /
wap08a 1870 1 041 176 1 0 133 1621 – * ** – / /
will199GPIA 701 7065 1 6 0 695 – * ** – / /
zeroin.i.1 211 4100 1 11 9 80 1822 18 29 0 92 0
zeroin.i.2 211 3541 2 14 15 95 1004 16 32 0 7200 –
zeroin.i.3 206 3540 1 14 16 95 998 16 31 0 7200 –

Another way to confirm our judgement is to use the performance profile plot as showed in Figure 9. We
included Dolan–Moré performance profiles [11], which provide a robust way to compare solvers across a het-
erogeneous set of instances. For each instance 𝑖 and solver 𝑠, we denote by 𝑡𝑖,𝑠 the CPU time and define the
performance ratio

𝑟𝑖,𝑠 =
𝑡𝑖,𝑠

min
𝑠′∈𝒮

𝑡𝑖,𝑠′
,

i.e., the ratio of the runtime of solver 𝑠 to the best runtime achieved on instance 𝑖. The performance profile of
solver 𝑠 is then

𝜌𝑠(𝜏) =
1
|ℐ|
⃒⃒
{𝑖 ∈ ℐ : 𝑟𝑖,𝑠 ≤ 𝜏}

⃒⃒
,

which represents the fraction of instances solved within a factor 𝜏 of the best solver.
Special cases were handled as follows: timeouts (“*”) were replaced by 𝑡𝑖,𝑠 = 7200 s, out-of-memory errors

(“**”) by 𝑡𝑖,𝑠 = 10 800 s, instances unsolved by all solvers by 𝑡𝑖,𝑠 = 72 000 s, and out-of-memory errors on such
unsolved instances by 𝑡𝑖,𝑠 = 100 000 s. This penalty scheme ensures consistent ratios without biasing solvable
cases. Since such substitutions may create very large ratios, we plotted the 𝜏 -axis on a logarithmic scale to
improve readability.

The results (Fig. 9) show that our method (MDSC) consistently outperforms competitors: it solves about
80% of the instances within a factor close to the best solver, while CPLEX and Delle Donne et al. [9] method
require larger ratios before reaching similar coverage. This demonstrates both the efficiency and robustness of
MDSC Algorithm.
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Table 6. Generated graphs benchmark results – first group.

Instance 𝑛 𝑚 #𝑅 #𝑃 #𝑆 |𝑅| Σ(𝐺) MDSC
CPLEX CG

CPU Gap CPU Gap

G1 500 54 943 6 15 23 20 11 772 1 5154 0 7200 –
G2 500 54 908 6 13 24 20 13 815 2 5188 0 7200 –
G3 500 51 755 6 19 18 20 6050 1 7200 0.92 7200 –
G4 500 51 826 6 20 17 20 6158 1 ** / 7200 –
G5 500 51 819 6 19 20 20 6356 1 ** / 7200 –
G6 500 56 431 6 10 28 20 15 765 1 7200 0.08 7200 –
G7 500 53 389 6 16 22 20 10 037 2 ** 0.3 7200 –
G8 500 50 240 6 22 14 20 4093 1 7200 – 7200 –
G9 500 53 366 6 16 22 20 9933 2 7200 0.27 7200 –
G10 500 53 365 6 16 23 20 9922 1 5062 0 7200 –
G11 1000 259 328 5 41 39 20 25 302 2 ** / 7200 –
G12 1000 271 315 5 38 40 20 27 371 4 ** / 7200 –
G13 1000 218 490 5 36 40 20 22 082 2 ** / 7200 –
G14 1000 266 731 7 36 40 20 26 193 3 ** / 7200 –
G15 1000 246 295 7 34 42 20 25 179 3 ** / 7200 –
G16 1000 238 972 5 38 42 20 24 321 3 ** / 7200 –
G17 1000 225 542 5 38 42 20 18 328 2 ** / 7200 –
G18 1000 271 336 5 38 42 19 27 439 3 ** / 7200 –
G19 1000 266 335 5 42 36 20 19 831 2 ** / 7200 –
G20 1000 266 572 6 39 41 20 23 419 2 ** / 7200 –
G21 1500 380 041 10 52 65 20 30 816 3 ** / 7200 –
G22 1500 420 124 7 59 59 20 35 620 3 ** / 7200 –
G23 1500 433 796 7 57 60 20 44 052 5 ** / 7200 –
G24 1500 399 669 7 57 60 20 34 396 4 ** / 7200 –
G25 1500 433 796 7 58 60 20 43 146 5 ** / 7200 –
G26 1500 382 746 12 47 65 20 36 590 4 ** / 7200 –
G27 1500 371 024 12 49 63 20 27 922 4 ** / 7200 –
G28 1500 454 299 7 59 58 20 45 418 6 ** / 7200 –
G29 1500 379 258 7 55 60 20 33 239 4 ** / 7200 –
G30 1500 380 520 13 42 68 20 39 846 4 ** / 7200 –
G31 1000 142 906 19 30 43 20 22 549 5 ** / 7200 –
G32 1000 143 062 19 29 42 20 20 753 4 ** / 7200 –
G33 1000 137 075 19 37 29 20 10 180 4 ** / 7200 –
G34 1000 143 836 19 26 49 20 22 259 6 ** / 7200 –
G35 1000 134 713 19 33 37 20 16 961 4 ** / 7200 –
G36 1000 147 196 19 27 51 20 30 650 4 ** / 7200 –
G37 1000 141 022 19 31 41 20 16 639 4 ** / 7200 –
G38 1000 136 749 19 32 42 20 19 280 4 ** / 7200 –
G39 1000 137 302 19 29 44 20 20 231 4 ** / 7200 –
G40 1000 142 994 19 33 35 20 16 674 4 ** / 7200 –

Limitation and futur works. To better understand the factors affecting the performance of MDSC Algorithm,
we define two structural ratios derived from the modular decomposition tree MD(𝐺).

Reduction ratio: RR which captures the gain from reducing the original graph to a smaller reduced instance
with |𝑅| vertices:

RR =
𝑛− |𝑅|

𝑛
·
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Table 7. Generated graphs benchmark results – second group.

Instance 𝑛 𝑚 #𝑅 #𝑃 #𝑆 |𝑅| Σ(𝐺) MDSC
CPLEX CG

CPU Gap CPU Gap

G41 500 23 183 14 3 14 40 5666 84 7200 34.69 7200 –
G42 500 27 009 14 1 8 40 5368 232 7200 37.12 7200 –
G43 500 27 089 14 0 7 40 5491 223 7200 35.03 7200 –
G44 500 26 967 14 0 6 40 5329 142 7200 36.09 7200 –
G45 500 27 217 14 0 10 40 5598 223 7200 36.24 7200 –
G46 500 23 213 14 1 10 40 5609 187 7200 35.66 7200 –
G47 500 27 417 14 0 9 40 5968 233 7200 37.21 7200 –
G48 500 23 264 14 1 11 40 5765 347 7200 35.02 7200 –
G49 500 27 051 14 0 10 40 5449 237 7200 36.93 7200 –
G50 500 22 039 14 1 12 40 5368 105 7200 35.17 7200 –
G51 500 30 168 10 5 1 60 2978 28 ** / 7200 –
G52 500 31 020 10 5 1 60 3792 170 7200 47.95 7200 –
G53 500 31 229 10 4 1 60 3763 210 ** / 7200 –
G54 500 31 390 10 5 1 60 3912 231 7200 51.36 7200 –
G55 500 31 120 10 8 1 60 4032 239 ** / 7200 –
G56 500 31 446 10 6 1 60 4017 288 7200 49.41 7200 –
G57 500 31 227 10 5 1 60 3982 252 ** 46.91 7200 –
G58 500 31 243 10 4 1 60 4014 134 7200 47.58 7200 –
G59 500 34 782 10 5 0 60 4173 144 ** / 7200 –
G60 500 31 279 10 7 1 60 4072 141 ** / 7200 –
G61 500 40 536 7 7 0 80 2839 57 ** / 7200 –
G62 500 30 953 8 3 1 80 3424 376 ** / 7200 –
G63 500 41 755 7 6 0 80 3623 196 ** / 7200 –
G64 500 30 822 8 6 1 80 3389 183 ** / 7200 –
G65 500 30 688 8 5 1 80 3298 1158 ** / 7200 –
G66 500 42 140 7 3 0 80 3662 257 ** / 7200 –
G67 500 30 830 8 2 1 80 3461 988 ** / 7200 –
G68 500 30 650 8 6 1 80 3287 399 ** / 7200 –
G69 500 41 938 7 4 0 80 3615 382 ** / 7200 –
G70 500 29 128 8 6 1 80 2678 57 ** / 7200 –
G71 500 49 051 6 3 0 100 3177 870 ** / 7200 –
G72 500 49 313 6 4 0 100 3257 600 ** / 7200 –
G73 500 38 892 6 4 0 100 3098 411 ** / 7200 –
G74 500 48 478 6 4 0 100 2992 416 ** / 7200 –
G75 500 38 642 5 5 2 100 3046 784 ** / 7200 –
G76 500 48 546 6 2 0 100 2899 1608 ** / 7200 –
G77 500 48 391 6 4 0 100 3311 596 ** / 7200 –
G78 500 48 912 6 4 0 100 3142 322 ** / 7200 –
G79 500 38 592 5 4 2 100 2981 265 ** / 7200 –
G80 500 39 048 5 5 2 100 3146 229 ** / 7200 –

Challenge ratio: CR which quantifies the cumulative difficulty posed by prime nodes, where R is the set of
all prime nodes and |𝜔| is the size of each prime node in R:

CR =
Σ𝜔∈R|𝜔|

𝑛
·

As shown in Figure 10, Figures 11 and 12 RR and CR exhibit an inverse correlation: when one is high, the
other tends to be low. Instances with high reduction and low challenge ratios (e.g., fpsol, inithx, mulsol, zeroin)
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Figure 9. Performance profile plot.

Figure 10. Relation between runtime and ratios for DIMACS and COLOR 2002–2004 bench-
marks.

exhibit very low CPU runtime. Conversely, instances with large challenge ratios, especially those where large
prime nodes dominate, are significantly more computationally demanding – sometimes reaching up to 1600 s.
This confirms that while graph size and number of prime nodes matter, the size of prime nodes is the most
critical factor affecting scalability.

Figure 12 further highlights this limitation by analyzing difficult instances from the DIMACS and COLOR
2002–2004 benchmarks. These graphs exhibit extremely low reduction ratios and high challenge ratios, confirm-
ing the infeasibility of MDSC under such structural conditions. In practice, MDSC remains efficient when the
size of prime nodes do not exceed 100 vertices and generate a manageable number of uncontrolled solutions.

In Figure 13, we observe a particular case where both the RR and the CR are high. This reflects instances
where modular decomposition effectively reduces the overall graph size, yet leaves a significant number of prime
nodes whose total vertex count remains large. Despite the high reduction, the complexity introduced by these
prime components results in elevated runtimes – sometimes comparable to or exceeding those of instances with
low reduction and high challenge.
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Figure 11. Relation between runtime and ratios for first group instances.

Figure 12. Relation between ratios for DIMACS and COLOR 2002–2004 benchmarks that
are not solved by MDSC.

We also observe a critical performance shift as the RR decreases slightly while the CR remains high. Although
the algorithm performs acceptably when RR = 0.92 or 0.88, a small drop to RR = 0.84 leads to a substantial
increase in runtime. This effect becomes more pronounced at RR = 0.80, where runtimes exceed 1000 s for
several instances. In such cases, the Challenge Ratio (CR) is close to 1, meaning that almost the entire graph
remains inside a prime node, which explains why exact approaches struggle.

These results suggest that even small decreases in the reduction ratio, when combined with a consistently high
challenge ratio, can lead to drastic growth in runtime – highlighting the sensitivity of MDSC to the unresolved
complexity that remains after decomposition.

The instances marked by “*” (timeout) or “**” (memory exhaustion) correspond predominantly to graphs
with extremely large prime nodes, for which the modular decomposition provides little simplification. Our
MDSC Algorithm, by design, never encountered memory errors (contrary to CPLEX), but it could still reach
the runtime limit when the prime nodes were too large to be solved within two hours. This confirms that the
success or failure of MDSC is strongly tied to the structural features of the decomposition rather than the graph
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Figure 13. Relation between runtime and ratios for second group instances.

size or density alone. Based on these observations, we conclude that developing hybrid strategies focused on
prime nodes offers a promising avenue for future investigation.

Also, unlike series or parallel nodes, prime nodes cannot be further decomposed into simpler subproblems.
As a result, instances with very large prime components may lead to a substantial increase in computational
effort, since the solver must explore them almost as a monolithic structure. One possible way to mitigate
this limitation is through preprocessing techniques aimed at reducing prime components before optimization.
Examples include:

– Graph reduction rules (removing dominated vertices, folding, etc.);
– Symmetry breaking techniques to avoid redundant exploration;
– Heuristic decompositions that approximate prime nodes with smaller tractable substructures;
– Hybrid approaches where MILP or SAT-based preprocessing simplifies the prime node before applying our

exact method.

Exploring these preprocessing strategies constitutes an interesting direction for future work, as it may signif-
icantly improve scalability on graphs dominated by prime nodes.
Complexity considerations. From a theoretical standpoint, the proposed MDSC Algorithm is exponential
in the worst case, since it is an exact approach for an NP-hard problem. However, its practical performance is
largely governed by the decomposition structure of the input graph. In particular, the Reduction Ratio (RR)
captures how much the modular decomposition decreases the effective problem size, while the Challenge Ratio
(CR) highlights cases where large prime nodes remain. Instances with low RR and high CR correspond to the
hardest cases, where the algorithm approaches its theoretical worst-case behavior, which explains the timeouts
reported in our experiments. Conversely, for instances with favorable decomposition (high RR, low CR), the
algorithm scales much better in practice than its theoretical bound would suggest.

7. Conclusion

In this paper, we proposed an exact algorithm, MDSC, for solving the Minimum Sum Coloring Problem by
leveraging modular decomposition. The core idea is to recursively decompose the input graph into modules and
solve smaller subproblems – allowing efficient resolution of large and partially decomposable graphs. Experi-
mental results demonstrate that MDSC outperforms general-purpose solvers such as CPLEX and specialized
methods like that of Delle Donne et al. [9] in terms of CPU runtime and number of optimally solved instances.

To better understand performance behavior, we introduced two structural indicators: the reduction ratio
and the challenge ratio. These allowed us to interpret how decomposition quality and prime node complexity
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influence runtime. We observed that MDSC performs exceptionally well when the reduction ratio is high and
the challenge ratio is low. However, performance degrades significantly when large or numerous prime nodes
dominate the decomposition – even when the overall reduction remains high. This highlights a key limitation:
MDSC is sensitive to unresolved structural complexity concentrated in prime subgraphs.

From a practical standpoint, MSCP arises in real-world applications such as register allocation, task schedul-
ing, frequency assignment, and VLSI layout optimization – where resource minimization is crucial. MDSC could
serve as a subroutine within broader heuristics or be used to optimize specific graph components in these
domains.

As future work, we plan to explore hybrid approaches that combine MDSC with local search or matheuris-
tics. For example, exact resolution could be applied selectively to structured subgraphs (e.g., series or parallel
modules), while heuristic techniques manage more complex prime regions. Additionally, the modular decompo-
sition framework could be extended to other combinatorial optimization problems, leveraging its versatility in
handling structured input.
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Appendix A. Summary of notation

Table A.1. Summary of mathematical symbols and notation used throughout the paper.

Symbol Definition

𝐺 = (𝑉, 𝐸) An undirected simple graph with vertex set 𝑉 and edge set 𝐸.
𝑛 = |𝑉 | Number of vertices in the graph.
𝑚 = |𝐸| Number of edges in the graph.
𝑁(𝑣) The neighborhood of vertex 𝑣.
deg(𝑣) Degree of vertex 𝑣.
Δ Maximum degree in graph 𝐺.
𝛿 Minimum degree in graph 𝐺.
𝐺̄ Complement of the graph 𝐺.
𝐺[𝑀 ] Induced subgraph of 𝐺 by the vertex subset 𝑀 ⊆ 𝑉 .
𝐺/𝑝 Quotient graph obtained from 𝐺 by contracting each module in

𝑝 into a vertex.

𝑐 : 𝑉 → {1, 2, . . . , 𝑘} A proper coloring function assigning colors to vertices.
𝑆𝑙 Set of vertices assigned color 𝑙 under coloring 𝑐; i.e., an indepen-

dent set.
𝑓(𝑐) Cost of a coloring 𝑐, defined as

∑︀𝑛
𝑖=1 𝑐(𝑣𝑖) =

∑︀𝛾
𝑙=1 𝑙 · |𝑆𝑙|.

Σ(𝐺) The minimum sum of a proper coloring of 𝐺.
𝑠(𝐺) The minimum number of colors in a coloring that achieves Σ(𝐺).
𝑋* The optimal solution (coloring) returned by the MDSC algo-

rithm.
Σ𝑋 Cost of a coloring solution 𝑋.

𝑋𝑖
𝑗 The 𝑗𝑡ℎ uncontrolled solution equal to

{︁
𝑆𝑖

1, 𝑆
𝑖
2, · · · , 𝑆𝑖

|𝑋𝑖
𝑗 |

}︁
.

F The set of uncontrolled solutions with different sequences.
𝛾𝑖 The number of uncontrolled solutions for 𝐺[𝑀𝑖].
ℑ𝑐(𝐺[𝑀𝑖]) A combination of independent sets formed by combining one

selected uncontrolled solutions from each child 𝑡, 𝑡 ∈ {1, · · · , H }
of 𝑀𝑖.

ℑ(𝐺[𝑀𝑖]) The set of all possible combinations of ℑ𝑐(𝐺[𝑀𝑖]) for 𝑐 ∈
{1, · · · ,

∏︀H
𝑡=1 𝛾𝑡}.

𝜋 = {𝑚1, . . . , 𝑚ℎ} A partition of 𝑉 into subsets.
P = {𝑀1, . . . , 𝑀ℎ} The set of maximal strong modules of 𝐺; forms the modular

partition.
MD(𝐺) Modular decomposition tree of graph 𝐺.
𝜂 A node in MD(𝐺), corresponding to a subgraph/module.
deg(𝜂) Number of children of node 𝜂 in MD(𝐺).

Ω𝑛 Set of all ordered integer partitions (sequences) of size 𝑛.
Ω𝑘

𝑛 Set of ordered partitions of 𝑛 into exactly 𝑘 parts.
𝑑𝑛

𝑘 Dominant sequence: (𝑛− 𝑘 + 1, 1, ..., 1).
𝑏𝑛
𝑘 Balanced sequence with elements ⌊𝑛

𝑘
⌋ and ⌈𝑛

𝑘
⌉ dominated by all

elements in Ω𝑘
𝑛.

Σ𝑝 Cost of sequence 𝑝, defined as
∑︀𝑘

𝑖=1 𝑖 · 𝑝[𝑖].

̂︂UB Upper bound on the number of colors in a valid coloring.
̂︁LB Lower bound on the number of colors in a valid coloring.

RR Reduction ratio: RR = 𝑛−|𝑅|
𝑛

, where |𝑅| is the size of the reduced
graph.

CR Challenge ratio: CR =
∑︀

𝜔∈R |𝜔|
𝑛

, where R is the set of prime
nodes.
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