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CHARACTERIZING PATH-FACTOR UNIFORM GRAPHS WITH RESPECT TO
THE DEGREE SUM OF NON-ADJACENT VERTICES

Ping Zhang*

Abstract. For a graph 𝐺 and a set ℋ of connected graphs, an ℋ-factor of 𝐺 is a spanning subgraph
of 𝐺 with each component isomorphic to some member in ℋ. If each component of ℋ is isomorphic
to a path, then we call the ℋ-factor a path-factor. For each integer 𝑘 ≥ 2, a graph 𝐺 is 𝑃≥𝑘-factor
uniform if for any two distinct edges 𝑒1 and 𝑒2, 𝐺 admits a 𝑃≥𝑘-factor including 𝑒1 and excluding 𝑒2.
In this note, we determine two lower bounds on the degree sum of non-adjacent vertices to ensure that
𝐺 is 𝑃≥𝑘-factor uniform for 𝑘 = 2 and 𝑘 = 3. Furthermore, we construct some extremal graphs to show
that the bounds are best possible. The results improve some known results slightly.
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1. Introduction

Let 𝐺 be a graph with vertex set 𝑉 (𝐺) and edge set 𝐸(𝐺). For 𝑆 ⊆ 𝑉 (𝐺), we use 𝐺−𝑆 to denote the graph
obtained from 𝐺 by deleting the vertices of 𝑆 and edges with at least one endpoint in 𝑆. For 𝑣 ∈ 𝑉 (𝐺), we
use 𝑑𝐺(𝑣) and 𝑁𝐺(𝑣) to denote the degree of 𝑣 and the set of neighbors of 𝑣 in 𝐺, respectively. For 𝑆 ⊆ 𝑉 (𝐺),
𝑁𝐺(𝑆) = ∪𝑣∈𝑆𝑁𝐺(𝑣). For 𝑆, 𝑈 ⊆ 𝑉 (𝐺), we use 𝑒𝐺(𝑆, 𝑈) to denote the number of edges between 𝑆 and 𝑈 in
𝐺. If 𝑆 = {𝑠}, we also use 𝐺− 𝑠 and 𝑒𝐺(𝑠, 𝑈) to denote 𝐺−{𝑠} and 𝑒𝐺({𝑠}, 𝑈) for short. For 𝑒 ∈ 𝐸(𝐺), 𝐺− 𝑒
is the graph obtained from 𝐺 by deleting 𝑒. We use 𝐼(𝐺) to denote the set of isolated vertices of 𝐺 and write
𝑖(𝐺) = |𝐼(𝐺)|. 𝜔(𝐺) is used to denote the number of components of 𝐺.

For two disjoint graphs 𝐺 and 𝐻, the union of 𝐺 and 𝐻, denoted by 𝐺 ∪ 𝐻, is the graph with vertex set
𝑉 (𝐺)∪𝑉 (𝐻) and edge set 𝐸(𝐺)∪𝐸(𝐻). For a given positive integer 𝑘 and graph 𝐻, we also use 𝑘𝐻 to denote
the union of 𝑘 graphs isomorphic to 𝐻. The join of 𝐺 and 𝐻, denoted by 𝐺 ∨𝐻, is the graph obtained from
𝐺 ∪ 𝐻 by adding the edges {𝑢𝑣|𝑢 ∈ 𝑉 (𝐺), 𝑣 ∈ 𝑉 (𝐻)}. The binding number of 𝐺 was introduced by Woodall
[21] and defined as

𝑏𝑖𝑛𝑑(𝐺) = min
{︂
|𝑁𝐺(𝑆)|
|𝑆|

: ∅ ≠ 𝑆 ⊆ 𝑉 (𝐺), 𝑁𝐺(𝑆) ̸= 𝑉 (𝐺)
}︂

.
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Let 𝛼(𝐺) be the independence number of 𝐺. If 𝛼(𝐺) < 𝑘, then 𝜎𝑘(𝐺) is defined as +∞. Otherwise, it is defined
as follows

𝜎𝑘(𝐺) = min

{︃∑︁
𝑥∈𝑋

𝑑𝐺(𝑥) : 𝑋 is an independent set of 𝑘 vertices

}︃
.

A subgraph 𝐻 of 𝐺 is called a spanning subgraph of 𝐺 if 𝑉 (𝐻) = 𝑉 (𝐺). For a graph 𝐺 and a set ℋ of
connected graphs, an ℋ-factor of 𝐺 is a spanning subgraph of 𝐺 with each component isomorphic to some
member in ℋ. If each component of ℋ is isomorphic to a path, then we call the ℋ-factor a path-factor. For an
integer 𝑘 ≥ 2, let 𝑃𝑘 be the path of order 𝑘. A {𝑃2}-factor is also called a 1-factor. A {𝑃𝑘, 𝑃𝑘+1, ...}-factor is
also written as a 𝑃≥𝑘-factor.

Tutte [18] in 1947 first gave a necessary and sufficient condition for graphs containing 1-factors. After that
the path-factor problems have received a lot of attention, see for example [2–8, 10–16, 19, 20, 23–31]. There are
also many interesting results on other factors, we refer the readers to [1, 17,22].

A graph 𝐺 is called factor-critical if 𝐺− 𝑢 contains a {𝑃2}-factor for any 𝑢 ∈ 𝑉 (𝐺). Kaneko [11] introduced
the concept of sun as follows. For a graph 𝐻 and a graph 𝑅, we call 𝐻 a corona of 𝑅 if 𝐻 is obtained from 𝑅
by adding a new vertex 𝑤 = 𝑤(𝑣) together with a new edge 𝑣𝑤 for every 𝑣 ∈ 𝑉 (𝑅). A graph 𝐻 is called a sun
if 𝐻 ∼= 𝐾1, 𝐻 ∼= 𝐾2, or 𝐻 is the corona of a factor-critical graph 𝑅 with |𝑉 (𝑅)| ≥ 3. A sun with order one and
order at least six is called a trivial sun and a big sun, respectively. For graphs 𝐺 and 𝐾, if 𝐾 is a component of
𝐺 and 𝐾 is a sun, then we call 𝐾 a sun component of 𝐺. We denote by 𝑠𝑢𝑛(𝐺) the number of sun components
of 𝐺.

For 𝑃≥3-factors, Kaneko [11] gave the following necessary and sufficient condition, which was also proved by
Kano et al. [13].

Theorem 1.1 ([11,13]). A graph 𝐺 contains a 𝑃≥3-factor if and only if 𝑠𝑢𝑛(𝐺−𝑆) ≤ 2|𝑆| for any 𝑆 ⊆ 𝑉 (𝐺).

Zhang and Zhou [23] introduced the definition of 𝑃≥𝑘-factor covered graphs. A graph 𝐺 is 𝑃≥𝑘-factor covered
if 𝐺 has a 𝑃≥𝑘-factor containing 𝑒 for any 𝑒 ∈ 𝐸(𝐺). They also gave the following characterizations for graphs
to be 𝑃≥2-factor covered and 𝑃≥3-factor covered.

Theorem 1.2 ([23]). Let 𝐺 be a connected graph. Then 𝐺 is 𝑃≥2-factor covered if and only if

𝑖(𝐺− 𝑆) ≤ 2|𝑆| − 𝜖1(𝑆)

for any 𝑆 ⊆ 𝑉 (𝐺), where 𝜖1(𝑆) is defined as follows:

𝜖1(𝑆) =

⎧⎪⎨⎪⎩
2, if 𝑆 ̸= ∅ and 𝑆 is not an independent set,
1, if 𝑆 is a nonempty independent set and 𝐺− 𝑆 admits a non-trivial component,
0, otherwise.

Theorem 1.3 ([23]). Let 𝐺 be a connected graph. Then 𝐺 is 𝑃≥3-factor covered if and only if

𝑠𝑢𝑛(𝐺− 𝑆) ≤ 2|𝑆| − 𝜖2(𝑆)

for any 𝑆 ⊆ 𝑉 (𝐺), where 𝜖2(𝑆) is defined as follows:

𝜖2(𝑆) =

⎧⎪⎨⎪⎩
2, if 𝑆 ̸= ∅ and 𝑆 is not an independent set,
1, if 𝑆 is a nonempty independent set and 𝐺− 𝑆 admits a non-sun component,
0, otherwise.

Zhou and Sun [29] generalized the definition of 𝑃≥𝑘-factor covered graphs to 𝑃≥𝑘-factor uniform graphs. A
graph 𝐺 is 𝑃≥𝑘-factor uniform if 𝐺 − 𝑓 is 𝑃≥𝑘-factor covered for any 𝑓 ∈ 𝐸(𝐺). They also gave the following
binding number condition for graphs to be 𝑃≥3-factor uniform.
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Theorem 1.4 ([29]). Let 𝐺 be a 2-edge-connected graph. If 𝑏𝑖𝑛𝑑(𝐺) > 9
4 , then 𝐺 is 𝑃≥3-factor uniform.

Gao and Wang [9] improved the above binding number condition to 𝑏𝑖𝑛𝑑(𝐺) > 5
3 , which is tight. Dai [5]

further considered 3-edge-connected graphs and gave the following two conditions for graphs to be 𝑃≥2-factor
uniform and 𝑃≥3-factor uniform.

Theorem 1.5 ([5]). Let 𝐺 be a 3-edge-connected graph of order 𝑛. If 𝜎2(𝐺) > 2𝑛+5
3 , then 𝐺 is 𝑃≥2-factor

uniform.

Theorem 1.6 ([5]). Let 𝐺 be a 3-edge-connected graph of order 𝑛. If 𝜎2(𝐺) > 2𝑛+8
3 , then 𝐺 is 𝑃≥3-factor

uniform.

Let 𝑡 = 2, 3. The maximum known 𝜎2(𝐺) of a 3-edge-connected graph 𝐺 with order 𝑛 that is not 𝑃≥𝑡-factor
uniform is 2𝑛+𝑡(𝑡−1)

3 , which was given in [5]. In this note, we show that 𝜎2(𝐺) > 2𝑛+𝑡(𝑡−1)
3 is sufficient for a

3-edge-connected graph 𝐺 of order 𝑛 to be 𝑃≥𝑡-factor uniform.

2. Our main results

Theorem 2.1. Let 𝐺 be a 3-edge-connected graph of order 𝑛. If 𝜎2(𝐺) > 2𝑛+2
3 , then 𝐺 is 𝑃≥2-factor uniform.

Theorem 2.2. Let 𝐺 be a 3-edge-connected graph of order 𝑛. If 𝜎2(𝐺) > 2𝑛+6
3 , then 𝐺 is 𝑃≥3-factor uniform.

3. Proof of Theorem 2.1

Now we give the proof of Theorem 2.1. Suppose, to the contrary, that 𝐺 is a 3-edge-connected graph of order
𝑛 with 𝜎2(𝐺) > 2𝑛+2

3 , but 𝐺 is not 𝑃≥2-factor uniform. That is, there is an edge 𝑒 ∈ 𝐸(𝐺) such that 𝐺 − 𝑒 is
not 𝑃≥2-factor covered. Let 𝑒 = 𝑢𝑣 and 𝐺′ = 𝐺 − 𝑒. Then |𝑉 (𝐺′)| = |𝑉 (𝐺)| ≥ 4. By Theorem 1.2, there is a
subset 𝑆 ⊆ 𝑉 (𝐺′) such that

𝑖(𝐺′ − 𝑆) ≥ 2|𝑆| − 𝜖1(𝑆) + 1. (1)

By (1), we have the following statements.

Claim 3.1. |𝑆| ≥ 2.

Proof. Suppose, to the contrary, that |𝑆| ≤ 1. We divide the proof into two cases according to the value of |𝑆|.

Case 1. |𝑆| = 0.
According to the definition of 𝜖1(𝑆), we have 𝜖1(𝑆) = 0 for |𝑆| = 0. Then by (1), we have

𝑖(𝐺′) = 𝑖(𝐺′ − 𝑆) ≥ 1. (2)

Since 𝐺 is 3-edge-connected and 𝐺′ = 𝐺 − 𝑒, we have 𝐺′ is connected. Together with (2), we have 𝑖(𝐺′) =
𝜔(𝐺′) = 1 and 𝐺′ ∼= 𝐾1, which contradicts to |𝑉 (𝐺′)| ≥ 4.

Case 2. |𝑆| = 1.
By the definition of 𝜖1(𝑆), we have 𝜖1(𝑆) ≤ 1 for |𝑆| = 1. Then by (1), we have 𝑖(𝐺′−𝑆) ≥ 2|𝑆|−𝜖1(𝑆)+1 ≥
2|𝑆| = 2. Let 𝑥 ∈ 𝐼(𝐺′ − 𝑆). Then 𝑑𝐺′(𝑥) ≤ |𝑆| = 1 and 𝑑𝐺(𝑥) ≤ 𝑑𝐺′(𝑥) + 1 ≤ 2. It means that 𝐺 contains
an edge cut of size at most 2, which contradicts to the 3-edge-connectivity of 𝐺.

This completes the proof of Claim 3.1. �
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By Claim 3.1 and (1), we obtain that

𝑖(𝐺′ − 𝑆) ≥ 2|𝑆| − 𝜖1(𝑆) + 1 ≥ 2|𝑆| − 1. (3)

Since 𝐺′ = 𝐺− 𝑒, we have
𝑖(𝐺− 𝑆) ≥ 𝑖(𝐺′ − 𝑆)− 2. (4)

Combining with Claim 3.1, (3) and (4), we have that

𝑖(𝐺− 𝑆) ≥ 𝑖(𝐺′ − 𝑆)− 2 ≥ 2|𝑆| − 3 ≥ 1. (5)

Claim 3.2. 𝑖(𝐺− 𝑆) ≥ 2.

Proof. Suppose, to the contrary, that 𝑖(𝐺 − 𝑆) = 1. Then by (5), we have 𝑖(𝐺′ − 𝑆) = 3 and |𝑆| = 2. Let
𝐼(𝐺 − 𝑆) = {𝑦}. Then 𝑦 /∈ {𝑢, 𝑣}, 𝑁𝐺(𝑦) ⊆ 𝑆 and 𝑑𝐺(𝑦) ≤ |𝑆| = 2. It means that 𝐺 contains an edge cut of
size at most 2, which contradicts to the 3-edge-connectivity of 𝐺. �

Let 𝑧1, 𝑧2 be two vertices of 𝐼(𝐺− 𝑆). Then 𝑑𝐺(𝑧1) + 𝑑𝐺(𝑧2) ≥ 𝜎2(𝐺) > 2𝑛+2
3 and 𝑁𝐺(𝑧1) ∪𝑁𝐺(𝑧2) ⊆ 𝑆. So

we have

|𝑆| ≥ max{𝑑𝐺(𝑧1), 𝑑𝐺(𝑧2)} ≥ 𝑑𝐺(𝑧1) + 𝑑𝐺(𝑧2)
2

>
𝑛 + 1

3
· (6)

Combining with (3) and (6), we have that

𝑛 = |𝑉 (𝐺′)| ≥ |𝑆|+ 𝑖(𝐺′ − 𝑆) ≥ 3|𝑆| − 1 > 3 · 𝑛 + 1
3

− 1 = 𝑛,

a contradiction.
This completes the proof of Theorem 2.1. �

4. Proof of Theorem 2.2

Suppose, to the contrary, that 𝐺 is a 3-edge-connected graph of order 𝑛 with 𝜎2(𝐺) > 2𝑛+6
3 , but 𝐺 is not

𝑃≥3-factor uniform. That is, there is an edge 𝑒 ∈ 𝐸(𝐺) such that 𝐺 − 𝑒 is not 𝑃≥3-factor covered. Let 𝑒 = 𝑢𝑣
and 𝐺′ = 𝐺− 𝑒. Then by Theorem 1.3, there is a subset 𝑆 ⊆ 𝑉 (𝐺′) such that

𝑠𝑢𝑛(𝐺′ − 𝑆) ≥ 2|𝑆| − 𝜖2(𝑆) + 1. (7)

By (7), we have the following statements.

Claim 4.1. |𝑆| ≥ 1.

Proof. Suppose, to the contrary, that |𝑆| = 0. According to the definition of 𝜖2(𝑆), we have 𝜖2(𝑆) = 0. Then by
(7), we have

𝑠𝑢𝑛(𝐺′) = 𝑠𝑢𝑛(𝐺′ − 𝑆) ≥ 1. (8)

Since 𝐺 is 3-edge-connected and 𝐺′ = 𝐺− 𝑒, we have 𝐺′ is connected. So

𝑠𝑢𝑛(𝐺′) ≤ 𝜔(𝐺′) = 1. (9)

Combining with (8) and (9), we have 𝑠𝑢𝑛(𝐺′) = 𝜔(𝐺′) = 1, which means 𝐺′ is a sun. Note that |𝑉 (𝐺′)| =
|𝑉 (𝐺)| = 𝑛 ≥ 4. So 𝐺′ is a big sun, which implies that there is a vertex 𝑥 of degree one in 𝐺′. So 𝑑𝐺(𝑥) ≤
𝑑𝐺′(𝑥) + 1 ≤ 2. It means that 𝐺 contains an edge cut of size at most 2, which contradicts to the 3-edge-
connectivity of 𝐺. �

Claim 4.2. |𝑆| ≥ 2.
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Proof. Suppose, to the contrary, that |𝑆| = 1. By the definition of 𝜖2(𝑆), we have that 𝜖2(𝑆) ≤ 1. Then by (7),
we have

𝑠𝑢𝑛(𝐺′ − 𝑆) ≥ 2|𝑆| − 𝜖2(𝑆) + 1 ≥ 2|𝑆| = 2.

If 𝐺′ − 𝑆 has a big sun component 𝑋, then we can choose three vertices, say 𝑥1, 𝑥2, 𝑥3, of degree one in 𝑋.
So 𝑑𝐺′(𝑥𝑖) ≤ 𝑑𝑋(𝑥𝑖) + |𝑆| = 2. Note that 𝑒 = 𝑢𝑣, 𝐺′ = 𝐺 − 𝑒. Without loss of generality, we may assume
that 𝑥1 /∈ {𝑢, 𝑣}. Then 𝑑𝐺(𝑥1) = 𝑑𝐺′(𝑥1) ≤ 2, which means that 𝐺 contains an edge cut of size at most 2,
contradicting to the 3-edge-connectivity of 𝐺.

If 𝐺′ − 𝑆 has a trivial sun component, say 𝑌 = {𝑦}, then 𝑑𝐺′(𝑦) ≤ |𝑆| = 1 and 𝑑𝐺(𝑦) ≤ 𝑑𝐺′(𝑦) + 1 ≤ 2, a
contradiction.

We now assume that all the sun components of 𝐺′−𝑆 are isomorphic to 𝐾2. Note that 𝑠𝑢𝑛(𝐺′−𝑆) ≥ 2 and
𝐺′ = 𝐺 − 𝑒. We can choose one vertex 𝑧 /∈ {𝑢, 𝑣} from some sun component of 𝐺′ − 𝑆 such that 𝑑𝐺−𝑆(𝑧) =
𝑑𝐺′−𝑆(𝑧) = 1. Then 𝑑𝐺(𝑧) ≤ 𝑑𝐺−𝑆(𝑧) + 1 = 2, a contradiction. �

Combining with (7) and the definition of 𝜖2(𝑆), we obtain that

𝑠𝑢𝑛(𝐺′ − 𝑆) ≥ 2|𝑆| − 𝜖2(𝑆) + 1 ≥ 2|𝑆| − 1. (10)

Since 𝐺′ = 𝐺− 𝑒, we have
𝑠𝑢𝑛(𝐺− 𝑆) ≥ 𝑠𝑢𝑛(𝐺′ − 𝑆)− 2. (11)

Combining with (10), (11) and Claim 4.2, we have that

𝑠𝑢𝑛(𝐺− 𝑆) ≥ 𝑠𝑢𝑛(𝐺′ − 𝑆)− 2 ≥ 2|𝑆| − 3 ≥ 1. (12)

Claim 4.3. 𝑠𝑢𝑛(𝐺− 𝑆) ≥ 2.

Proof. Suppose, to the contrary, that 𝑠𝑢𝑛(𝐺 − 𝑆) = 1. Then by (12), we have 𝑠𝑢𝑛(𝐺′ − 𝑆) = 3 and |𝑆| = 2.
Let 𝑌1, 𝑌2, 𝑌3 be the three sun components of 𝐺′ − 𝑆 and 𝑌1 be the sun component of 𝐺 − 𝑆. Then we can
conclude that 𝑢𝑣 ∈ 𝐸(𝑉 (𝑌2), 𝑉 (𝑌3)) and 𝑌2 ∪ 𝑌3 ∪ 𝑢𝑣 is no longer a sun component in 𝐺 − 𝑆, which means
that at least one of 𝑌2, 𝑌3 is not an isolated vertex in 𝐺′ − 𝑆. Without loss of generality, we may suppose
that |𝑉 (𝑌2)| ≥ 2. Let 𝑦1 be a vertex of 𝑌1 with 𝑑𝑌1(𝑦1) ≤ 1 and 𝑦2 be a vertex of 𝑌2 with 𝑑𝑌2(𝑦2) = 1
and 𝑦2 /∈ {𝑢, 𝑣}. Then 𝑒𝐺(𝑦𝑖, 𝑆) ≥ 𝑑𝐺(𝑦𝑖) − 1 for 𝑖 = 1, 2 and {𝑦1, 𝑦2} forms an independent set of 𝐺. So
𝑑𝐺(𝑦1) + 𝑑𝐺(𝑦2) ≥ 𝜎2(𝐺) > 2𝑛+6

3 . Then we have

|𝑆| ≥ max{𝑒𝐺(𝑦1, 𝑆), 𝑒𝐺(𝑦2, 𝑆)} ≥ 𝑑𝐺(𝑦1)− 1 + 𝑑𝐺(𝑦2)− 1
2

>
𝑛

3
· (13)

Note that |𝑆| = 2. Together with (13), we have 𝑛 = 4 or 5. If 𝑛 = 4, then |𝑉 (𝐺′ − 𝑆)| = 2, which contradicts
to 𝑠𝑢𝑛(𝐺′ − 𝑆) = 3. If 𝑛 = 5, then |𝑉 (𝐺′ − 𝑆)| = 3. Note that 𝑠𝑢𝑛(𝐺′ − 𝑆) = 3. So 𝑌1, 𝑌2, 𝑌3 are all isolated
vertices in 𝐺′−𝑆, contradicts to our conclusion that at least one of 𝑌2, 𝑌3 is not an isolated vertex in 𝐺′−𝑆. �

We divide the following proof into two cases.

Case 1. There are at least one trivial sun component in 𝐺− 𝑆.
Let 𝑊1, 𝑊2 be two sun components of 𝐺−𝑆 with 𝑉 (𝑊1) = {𝑤1} and 𝑤2 be a vertex of 𝑊2 with 𝑑𝑊2(𝑤2) ≤ 1.
Then 𝑒𝐺(𝑤1, 𝑆) = 𝑑𝐺(𝑤1), 𝑒𝐺(𝑤2, 𝑆) ≥ 𝑑𝐺(𝑤2)− 1 and {𝑤1, 𝑤2} forms an independent set of 𝐺. So

𝑑𝐺(𝑤1) + 𝑑𝐺(𝑤2) ≥ 𝜎2(𝐺) >
2𝑛 + 6

3
· (14)

Then we have

|𝑆| ≥ max{𝑒𝐺(𝑤1, 𝑆), 𝑒𝐺(𝑤2, 𝑆)} ≥ 𝑑𝐺(𝑤1) + 𝑑𝐺(𝑤2)− 1
2

>
2𝑛 + 3

6
· (15)
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Combining with (10) and (15), we have

𝑛 = |𝑉 (𝐺′)| ≥ |𝑆|+ 𝑠𝑢𝑛(𝐺′ − 𝑆) ≥ 3|𝑆| − 1 >
2𝑛 + 1

2
,

a contradiction.
Case 2. All sun components of 𝐺− 𝑆 are non-trivial.

Combining with Claims 4.2 and 4.3, we have that

𝑛 ≥ |𝑆|+ 2 · 𝑠𝑢𝑛(𝐺− 𝑆) ≥ 6. (16)

Let 𝑅1, 𝑅2 be two sun components of 𝐺− 𝑆 and 𝑟𝑖 ∈ 𝑉 (𝑅𝑖) with 𝑑𝑅𝑖
(𝑟𝑖) = 1 for 𝑖 = 1, 2. Then 𝑒𝐺(𝑟𝑖, 𝑆) =

𝑑𝐺(𝑟𝑖)− 1 for 𝑖 = 1, 2 and {𝑟1, 𝑟2} forms an independent set of 𝐺. So

𝑑𝐺(𝑟1) + 𝑑𝐺(𝑟2) ≥ 𝜎2(𝐺) >
2𝑛 + 6

3
· (17)

Then we have

|𝑆| ≥ max{𝑒𝐺(𝑟1, 𝑆), 𝑒𝐺(𝑟2, 𝑆)} ≥ 𝑑𝐺(𝑟1)− 1 + 𝑑𝐺(𝑟2)− 1
2

>
𝑛

3
· (18)

Since all sun components of 𝐺−𝑆 are non-trivial and 𝐺′ = 𝐺−𝑒, we have that at most two sun components
of 𝐺′ − 𝑆 are trivial. So there are at most two sun components of 𝐺′ − 𝑆 containing one vertex, and all the
other sun components of 𝐺′ − 𝑆 contain at least two vertices. Combining with (10) and (18), we have

𝑛 = |𝑉 (𝐺′)| ≥ |𝑆|+ 2 · (𝑠𝑢𝑛(𝐺′ − 𝑆)− 2) + 2 ≥ 5|𝑆| − 4 >
5𝑛

3
− 4,

which means 𝑛 < 6 and contradicts to (16).

This completes the proof of Theorem 2.2. �

5. Concluding remarks

Remark 5.1. We now show that the degree sum condition in Theorem 2.1 is tight. Let 𝐻1
∼= 𝐾3 ∪ 𝑡𝐾1,

𝐻2
∼= (3 + 2𝑡)𝐾1 ∪𝐾2 and 𝐺 ∼= 𝐻1 ∨ 𝐻2. Then 𝐺 is a 3-edge-connected graph of order 𝑛 = 8 + 3𝑡. 𝜎2(𝐺) =

6 + 2𝑡 = 2𝑛+2
3 . Let 𝑒 ∈ 𝐸(𝐻2), 𝐺′ = 𝐺 − 𝑒 and 𝑆 = 𝑉 (𝐻1) ⊆ 𝑉 (𝐺′). Then |𝑆| = 3 + 𝑡, 𝜖1(𝑆) = 2 and

𝑖(𝐺′−𝑆) = 5+2𝑡 > 4+2𝑡 = 2|𝑆|− 𝜖1(𝑆). By Theorem 1.2, 𝐺′ is not 𝑃≥2-factor covered. So 𝐺 is not 𝑃≥2-factor
uniform.

Remark 5.2. The graph given in [5] shows that the degree sum condition in Theorem 2.2 is tight. For the sake
of completeness, we list the graph here. Let 𝐻1

∼= 𝐾2, 𝐻2
∼= 2𝐾2 and 𝐺 ∼= 𝐻1∨𝐻2. Then 𝐺 is a 3-edge-connected

graph of order 𝑛 = 6. 𝜎2(𝐺) = 6 = 2𝑛+6
3 . Let 𝑒 ∈ 𝐸(𝐻2), 𝐺′ = 𝐺 − 𝑒 and 𝑆 = 𝑉 (𝐻1) ⊆ 𝑉 (𝐺′). Then |𝑆| = 2,

𝜖2(𝑆) = 2 and 𝑠𝑢𝑛(𝐺′ − 𝑆) = 3 > 2 = 2|𝑆| − 𝜖2(𝑆). By Theorem 1.3, 𝐺′ is not 𝑃≥3-factor covered. So 𝐺 is not
𝑃≥3-factor uniform.
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