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SUSTAINABLE DUAL-CHANNEL SUPPLY CHAIN MODEL WITH CIRCULAR
ECONOMIC INDEX, GREEN AND PRICE SENSITIVE DEMAND

APARNA ADHIKARY!, AMALESH KUMAR MANNAZ?®, JAYANTA KUMAR DEY?
AND SAMARJIT KARD

Abstract. A non-green manufacturing process can destroy the environment rapidly and it creates
global warming. On the other hand, green production processes and circular economic products can
reduce environmental pollution. Waste management through reuse, recycling, etc., is equally crucial
for a healthy ecosystem and for saving natural resources. So, circular economic product based green
manufacturing model development is very important in the current situation which can apply to the
manufacturing industry. For this, a circular economic and green product based dual supply chain model
is developed in this study. Here, three supply chain participants (manufacturer, online retailer and
offline retailer) are considered where the manufacturer produces circular economic green products and
fulfils the customers’ demand by retailers. For the online channel, the retailer purchases the products
from the manufacturer and sales to the customers through online mode. But in the offline channel, the
retailer completed the same tasks through offline mode. Also, it is assumed that the market demand is
dependent on retailers’ selling price, product’s green level and circular economic index. Moreover, the
retail price is influenced by the circular economic index. Then four different problems are proposed that
maximizes the profits of manufacturer, retailers (online and offline) and integrated supply chain system
and solved by centralized and decentralized methods. The objective of this study is to determine the
optimal selling prices, product’s green level and circular economic index which maximizes the profits of
the supply chain members. Finally, sensitivity analysis is carried out to determine the effects of model
parameters on the optimal policy and draw a fruitful conclusion from this study.

Mathematics Subject Classification. 90B05, 90B06.

Received September 2, 2024. Accepted June 22, 2025.

1. INTRODUCTION

As industries face increasing pressure from environmental regulations, consumer awareness, and corporate
social responsibility, integrating sustainability into supply chain models has become essential. So, a dual-channel
supply chain (which includes both traditional and online channels) must adapt to sustainable practices to mini-
mize waste, optimize resources, and reduce carbon footprints. On the other hand, the circular economy focuses on
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reducing waste, reusing materials, and recycling products, moving away from the traditional linear “take-make-
dispose” model. Introducing a circular economic index in supply chain modeling ensures that businesses measure
and improve their sustainability efforts, promoting closed-loop supply chains. Moreover, modern consumers are
increasingly green-conscious and prefer products that are eco-friendly, ethically sourced, and sustainable. Inte-
grating a green demand factor into the supply chain model helps businesses align with this shift and cater to
environmentally responsible customers. Finally, while sustainability is important, price remains a key factor
influencing consumer purchasing decisions. A dual-channel supply chain must consider price-sensitive demand,
optimizing pricing strategies for both traditional and online markets while maintaining sustainability efforts.
Motivated from the above mentioned factor, it is needed to develop a sustainable dual-channel supply chain
model that integrates circular economy principles, green demand, and price sensitivity for modern businesses.
It not only addresses environmental concerns but also enhances profitability, consumer trust, and long-term
viability in a rapidly evolving market.

1.1. Literature review

The demand for everything needed for daily life has increased as the population has grown. As a result,
numerous producing companies’ production rates have been dramatically boosted. Together with the produc-
tion, some of the pollutants, including COs, SO3, and others, are discharged into the environment, posing a
severe threat to human health and generating environmental contamination. People have learned about this
predicament over time. Because of this, people are more conscious of the environment and their health. As
a result of increased awareness, consumers are becoming more interested in green products, motivating the
industry to make green goods. Cherian and Jacob [5] made an effort to understand what green marketing is
and how consumers are aware of it. Ghosh and Shah [12], in addition to addressing the coordination concerns
in their paper as green initiatives, tried to make the supply chain green by including environmentally sensi-
tive consumer demand. By considering the green logistic performance index, Kim and Min [22] attempted to
improve the supply chain’s health. This young generation represents the majority of our nation. To prevent
environmental chaos, young consumers’ understanding of a healthy environment is crucial. Yadav and Pathak
[50] examined young people’s desire to buy environmentally friendly goods. A healthy supply chain can be
achieved through green measures, and measuring carbon emissions [29] is one of them. A further green initiative
is remanufacturing. Remanufacturing was taken into account by Giri et al. [15], which encourages the supply
chain to become more environmentally friendly. Panja and Mondal [43] developed a model for a green supply
chain by taking the greenness of products into account in the consumer demand function. Zhang et al. [53] gen-
erated two different product categories and marketed them to different consumers, types-one environmentally
conscious and the other less so by way of a single shop. By developing a model, they were able to determine
how many consumers were gravitational towards buying environmentally friendly goods. They also used the
model to determine whether or not investing in green technologies would be more profitable. Ghosh et al. [13]
observed how consumers are becoming increasingly aware of the need for greener products in today’s life cycle
for a healthy lifestyle. They worked hard to create a green product and developed their supply chain model
using a consumer demand function based on the product’s level of greenness. Wani and Mishra [48] viewed
the manufacturer’s choice to invest in the greening of products across the entire production process as crucial.
Jamali and Rasti-Barzoki [19] in their model, also took into account green and non-green products to increase
the sustainability of the supply chain. Sana [46] developed two types of demand functions, one for customers
who care about the environment and another for those who don’t. They invest in green technology to cut
carbon emissions as well. Mondal and Giri [33] considered a supply chain with green products in demand for
a produced good and also took remanufacturing into account to increase the supply chain’s sustainability by
controlling waste. Pal et al. [42] show their environmental awareness through considering green technology level
of products and also apply cap and trade policy to reduce carbon emission. They consider recycling of end of
life products along with production of new products. By lowering CO2 emissions and PM (particulate matter)
concentrations across the network, environmental goals are met in work of Kazancoglu et al. [20]. Using Big
Data services, this article by Wu et al. [49] examines the issues of green innovation investment and coordination
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for a three-tiered closed-loop supply chain. Consciousness about the environment impels Haque et al. [17] to
introduce the green-sensitive demand rate in their work [17].

The Circular Economic Index (CEI) alludes to the tactical, financial, and environmental benefits of recycling,
reusing, reducing and recovering. The new tactic has employed a CEI as a supply chain decision-making instru-
ment. To fully comprehend CEI, it must realize first the circular economy (CE). In today’s world, numerous
manufacturing firms have adopted the circular economy (CE) approach as a crucial sustainability strategy. The
CEI is gaining more and more attention as a potential replacement for the traditional linear economic model
that has a good influence on the environment while promoting economic progress. But what is CE? Many people
are still unsure about the “circular economy” concept today. According to a study by Kirchherr et al. [23], by
reducing, recycling, reusing, and recovering resources, a circular economy offers us access to an ecosystem that
fosters social, economic, and environmental sustainability in both existing and emerging business models. In
production processes, this 4R replaces the “end-of-life” concept. They formulated a coding framework for coding
114 definitions identified by them. Wastes and pollutants from a linear economy would be released back into
the atmosphere, which is tremendously destructive to the environment. At the same time, the circular economy
does not produce any trash. By proposing a circular system that preserves the value of goods, materials, and
resources in the economy for as long as feasible, the CE seeks to do away with the take-make-dispose linear trend
of manufacturing and utilization. Korhonen et al. [24] provided a valuable concept of CE from two perspectives
and analyzed the upcoming issues that will arise for future researchers working on CE in making society more
sustainable on both an economic and environmental level. The research work of Morseletto [36] assessed the
circular economy’s targets and looked at which targets make switching from a linear to a circular economy
easier. To thoroughly investigate the phenomena using strict and repeatable research criteria, the paper of
Merli et al. [30] employed a systematic approach to examining the body of CE literature. The purpose of study
of Lewandowski [25] is to classify the attributes of the CE by the structure of the business model. There are
two different types of researchers: one who looks into how the CE concept will affect plans and designs, and the
other who looks into how the performance of the CE may be gauged. For this, some literature on CE indicators.
This (Maio and Rem [9]) study’s proposed CEI as,

CEI — Material value recycled from EOL (end of life) product(s)

Material value needed for (re-)producing EOL products(s)

The primary index-based environmental sustainability evaluation approaches used today were examined by
Elia et al. [10] regarding how well they work to determine a system’s circularity. This paper highlights the
significant and crucial steps in evaluating a CE strategy along with a systematic technique for selecting the
appropriate methodology. In the work of Moraga et al. [35], the bulk of the indicators, as shown by the frame-
work’s portrayal, emphasize the preservation of resources through recycling. The framework graphic of this work
advises employing a group of indicators instead of one indicator to assess CE. Rabta [44] developed an EOQ
inventory model, with the circular economic index as a primary decision tool influencing the demand rate and
unit gross profit. Wani and Mishra [48] and Thomas and Mishra [47] both developed a circular economic model
in their papers, with the CEI as a primary decision tool influencing both the demand rate and unit gross profit.
The results in the work of Khorshidvand et al. [21] demonstrate that encouraging circular economy activities
through cooperation can benefit both the environment and the economy. According to Sahadevan and Mishra
[45] findings, the application of the circularity concept increases supply chain profitability while preventing
pollution.

Given the current state of technology development, ordinary people may readily access all communication
devices (including mobile phones, laptops, etc.) as well as internet services. So, in addition to the conventional
single retail channel, many production managers are considering implementing a direct channel through online
communication. Modern technology has given people a chance to do marketing activities at home. Online
marketing offers the opportunity to see several items together in less time. Currently, there are two categories
of people: those drawn to online marketing and those considering the offline market. Manufacturers preferred to
have two types of supply chains, one direct internet channel, and the other traditional retail channel, in order to
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better meet consumer expectations in this cutthroat industry. Gangshu (George) Cai [3] created four situations,
two of which contained dual channels. One is made up of a retail channel and a direct channel, while the other is
made up of two retail channels. They made an effort to compare these four possibilities. Dan et al. [7] developed
an analytical framework to investigate pricing strategies in two distinct channels-traditional retail and direct
online and they also attempted to determine the influence of retail services on these pricing strategies using
two Stackelberg game theoretic models. Chen and Bell [4] created a two-channel supply chain by segmenting
the market into two, one with a complete return policy to customers and the other. Matsuo and Ohmura [37]
reevaluated of Chen and Bell [4] research by applying the risk aversion effect. Giri et al. [14] put in place
two dual supply chains: one is forward dual supply, consisting of traditional retail and direct online channels,
and the other is reverse dual supply, where returned goods are collected through a collector in one channel
and directly collected by an e-tail channel in another. Li et al. [26] developed a dual supply chain model, one
with a traditional retail channel and the other with an e-tail channel. They looked into which channel was
ideal for implementing return policies. Later, Mondal et al. [34] similarly created two dual supply chains as in
Giri et al. [14]. However, in their model, retailers collected returned instead of collectors by retailers as opposed
to collectors through traditional offline channels. In the research work of Batarfi et al. [2] the manufacturer
used traditional retail channels to sell customized goods (i.e., make-to-order) and online retail channels to
sell standard goods (i.e., make-to-stock) to increase its earnings. Dey and Giri [8] created a concept in which
two channels carried out recycling. Recycling was done in two ways: by the recycler in one channel and the
manufacturer in the other. Yang et al. [51] created a game-theoretical model with dual channel illumination and
online customer reviews. Due to the existence of two different sorts of clients, one of whom is price-sensitive and
the other is quality-sensitive, there were two different quality levels in each of the dual channels [55]. In this
work Zhang et al. [54] developed a dynamic pricing algorithm for solving a two-stage dual supply chain model.
One e-commerce and one traditional retail channel made up each stage. Recycling in dual channels exists in the
work of Huang and Liang [18]. They created three models-one collected by a collector, one via online mode, and
the final one combining both. Mandal and Pal [28] construct different game theoretical strategies for assessing
the behavior of closed-loop dual channel (direct online channel and traditional off-line retail channel), which
deals with fresh, green, and refurbished products. Through dual-channel (direct online channel and traditional
off-line retail channel) marketing for green products, Barman et al. [1] seek to evaluate the most efficient pricing
tactics with and without government subsidy policies. Pal et al. [41] in their work optimize prices, green level
of products and collection effort level with dual channel strategy both in selling and collection of products. Pal
[39] investigates the optimal pricing, green level of products and buy-back price strategies under dual channel
environment in a closed-loop supply chain model. Guin et al. [16] consider online direct channel and offline
channel through retailer as a selling strategy of their green goods. Pal [38] consider online offline selling strategy
with stochastic demand functions. Pal and Sarkar [40] show how different pricing strategies of supply chain
members in dual channel selling environment affect the optimal decisions of the members under their different
power strategies. The work of Li et al. [27] demonstrates how green investments can reach pareto equilibrium
in various scenarios using a dual-channel structure. This study of Das et al. [6] examines the combination of
product movement across traditional retail and online channels. According to the computational findings in the
work of Feng et al. [11], the cost-sharing contract can raise the dual-channel supply chain’s overall profit.

1.2. Research gaps

The literature review highlights a significant research gap and indicates that there has been no prior effort to
implement a dual-channel supply chain model with a manufacturer and online-offline retailer with price, green,
and CEI sensitive demand. It would be more beneficial to investigate all the genuine issues like the impact of
online and offline retail prices, CEI and green degree on customer demand, both economical and environmental
awareness in terms of investment for increasing greenness and CEI of product, one manufacturer and online-
offline retailer business situation and so on under one umbrella. This study aims to bridge the research gaps
and obtain higher supply chain profits by increasing products’ green degree and CEI in online and offline retail
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TABLE 1. Comparison between current and existing works based on different considerations.

Demand rate . Dual Online Off-line  CEI
Green CEI Multiple . .

dependent . . . supply retail retail dependent

Author(s) (Year) , investment  investment  retailers . h
on product’s chain channel channel price

Green level CEIL

Dan et al. [7] 4 Vv

Ghosh and Shah / Vv 4

(12]

Manna et al. [29] V4 4

Jamali and Rasti- +/ Vv Vv 4 4

Barzoki [19]

Giri et al. [15] 4 Vv

Li et al. [26] 4 V4

Mondal et al. [34] +/ 4 Vv

Panja and Mon- 4/ 4

dal [43]

Rabta [44] Vv Vv

Zhang et al. [53] 4 Vv Vv

Ghosh et al. [13]  +/ Vv Vv Vv

Zhang et al. [55) Vv Vv 4 4 Vv

Zhang et al. [54] 4 Vv

Giri and Mondal +/ Vv V4 4

(15]

‘Wani and Mishra Vv Vv 4

(48]

Huang and Liang 4

(18]

Thomas and Vv Vv Vv

Mishra [47]

Mondal and Giri +/ Vv V4

[31]

Barman et al. [1] 4/ Vv 4 Vv

Mandal and Pal / Vv v Vv

28]

This work v v Y, v v v v

environments, promoting economic and environmental sustainability. Table 1 presents a comparative analysis
of this study with relevant literature.
Table 1 provides the summary of the relevant literature as follows:

— While existing studies have analyzed the impact of CEI on demand and pricing, the role of technological
investments in enhancing CEI and the combined influence of CEI and greenness on consumer demand has
been understudied. Also, the maximization of individual supply chain member profits has not been a primary
focus in previous research on CEI.

— Most works consider products’ greenness, prompting investment in green technologies. Product recyclability
(CEI) is a critical factor for sustainability and waste reduction, but it’s often neglected in their research on
consumer demand and technological investment. If it is possible to produce products with high recyclability
levels, then it can contribute to a more sustainable future by streamlining waste management procedures.

1.3. Contributions

In this work, a circular economic green product based on a dual-channel supply chain model is developed.
The concepts of online and offline marketing with different selling prices are included in this supply chain model.
In the proposed supply chain model, single manufacturer and retailers (online and offline) are considered. Here,
retailers’ selling price, product’s green level and circular economic index sensitive market demand is assumed
for formulating the model. Also, the retailers’ selling price is dependent on the product’s circular economic
index. The main objective of this study is to determine the optimal values of the product’s circular economic
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index and green level, wholesale prices of the manufacturer, retailers’ selling prices that maximize the profits
of the integrated supply chain system as well as manufacturer and retailers (online and offline). For this,
based on the manufacturer and retailers’ profits, four maximization problems are constructed. Among them
three maximization problems are solved by the Stackelberg game approach in decentralized model where the
manufacturer and retailers are considered as leader and followers respectively. Then, to verify the feasibility of
the model, a numerical example is carried out. Finally, sensitivity analyses are performed by increasing and
decreasing the parameters’ values of the model to get a effective conclusion. Our primary objective is to identify
the existing research gaps and to explore the following research questions:

— What are the most effective strategies for manufacturer and retailers to meet the diverse needs of price-
conscious, green-conscious, and CEI-conscious consumers across both online and offline channels?

— Which parameters are most influential in driving increased profitability for manufacturer and retailers?

— Which parameters contribute to increased green levels and CEI in products?

— How are consumer demands affected in online and offline retail channels?

This study offers the following insights: Firstly, our research focuses on developing strategies to enhance prod-
ucts’ reusability (CEI) while maintaining their green attributes. Secondly, the manufacturer makes technological
investments to increase the greenness and CEI of products. Thirdly, online and offline retailers exist here, i.e., it
is investigated the interplay between online and offline retail channels in satisfying consumer demand. Finally,
retail prices exhibit a linear relationship with product reusability (CEI).

The rest of this work is constructed as follows: Some notations and assumptions, with some considerations,
are given in Section 2 for the formulation of used models. In Section 3, the centralized model and Stackelberg
game theoretic decentralized model is developed for performing the optimizations of profit functions with some
propositions. Section 4 validates the formulated models of Section 3 numerically. The numerical results are elab-
orated in this section. After validating the models numerically, in Section 5, how changes in critical parameters’
values affect the key decisions of supply chain members is analyzed. Section 6 discusses how the results obtained
from constructed models in this work are helpful for production managers through economic and environmental
sustainability. Section 7 concludes this work with some limitations and gives the future direction of this research.

2. NOTATIONS AND ASSUMPTIONS
The following notations and assumptions have been used for developing the proposed model:

2.1. Notations

D, : Online customers’ demand (unit)

Dog : Offline customers’ demand (unit)

P, : Selling price of online retailer (Rs./unit)

P,g : Selling price of off-line retailer (Rs./unit)

c : Unit production cost (Rs./unit)

W, : Wholesale price of the manufacturer to the online retailer (decision variable) (Rs./unit)
Wog : Wholesale price of manufacturer to offline retailer (decision variable) (Rs./unit)
01 :  Initial product price of a product of online retailer (decision variable) (Rs./unit)
1 : Initial product price of a product of offline retailer (decision variable) (Rs./unit)
0 : Green level of product (decision variable)

Vv :  Circular Economic Index (CEI) of product (decision variable)

a :  Basic market demand of online channel (unit)

ax :  Basic market demand of off-line channel (unit)

Qo . Selling self-price sensitivity parameter of online retailer

i : Selling self-price sensitivity parameter of offline retailer
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Bo Selling cross-price sensitivity parameter of online retailer
51 Selling cross-price sensitivity parameter of offline retailer
Yo Green level sensitivity parameter of online retailer
T Green level sensitivity parameter of offline retailer
Ao Circular economic index sensitivity parameter of online retailer
A1 Circular economic index sensitivity parameter of offline retailer
P2 Effective parameter of online retailer price w.r.t. CEI
P2 Effective parameter of offline retailer price w.r.t. CEI
1 Investment cost parameter of manufacturer w.r.t. green degree (Rs.)
I Investment cost parameter of manufacturer w.r.t. CEI (Rs.)
()= :  Centralized scenario
() :  Decentralized scenario
Ia(.) :  Manufacturer’s profit
Hg) () ¢ Online retailer’s profit
HE;H)(.) : Off-line retailer’s profit
I (.) : Whole supply chain profit
2.2. Assumptions

In this subsection, the most fundamental assumptions of the problem are summarized as follows:

(i)

(iv)

This economical and environmentally sustainable supply chain with a circularity index contains one manu-
facturer and two retailers. One is an online retailer who buys products from the manufacturer through an
online channel, and sells them through online. Another is an offline retailer that traditionally buys products
from the manufacturer through off-line mode, and sells them through offline mode [52].

Due to global warming, pollution is getting worse every day, which becomes a severe threat to the environ-
ment and human health. So, environmentally and health-conscious people are ready to pay more for green
products. So, the manufacturer produces green products [32].

Increasing technologies and vast population growth cause massive waste production. For environmental and
economic sustainability, waste minimization has more value. Consideration of the circular economic index
(CEI) in the supply chain has a significant impact on waste minimization. The CEI measures how much
the original product is reusable or recyclable. The CEI of product is considered here according to DiMaio
and Rem [9], Rabta [44], Wani and Mishra [48], Thomas and Mishra [47].

With minimizing waste by increasing CEI, an increment in profits by raising selling prices is very much
needed. The environmentally conscious people are ready to invest more in circular economic indexed prod-
ucts, too. So, the selling prices of both online and offline retail products depend on their initial prices and
CEI linearly. The unit product price of an online retailer is given by P,(¢1,V) = ¢1 + ¢V, and the unit
product price of an offline retailer is given by Pog(¢1,V) = 11 + V.

As environmental and economic-conscious people always want to buy green and circular economic indexed
products, the consumer demand increases with the increasing green level and CEI of products. In this
regard, it is assumed that both the online and offline demand functions depend on the green level and CEI
of products. The online and offline market demand is dependent linearly on retailers’ selling price, product’s
green level, and circular economic index. The mathematical form of the online and offline market demands
of the product is given by

Do(¢1,91,0,V) = a — agPy + BoPogt + 708 + AoV
Dog(¢1,41,0,V) = a1 — a1 Pog + b1 Py + 110 + MV

respectively, where a > 0, a; > 0, a; > 3; > 0, 7, > 0, A; > 0 for i = 0, 1. For positivity of customer
demands, it is assumed that a — agP, > 0 and a; — a1 Pog > 0.
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3. PROBLEM DESCRIPTION AND OPTIMIZATION

Here, a dual channel green supply chain model is considered in which the manufacturer produces green products
and then sells them to the retailers through online and offline retail channel. The manufacturer decides the
product’s green level (6). The retailer in an online psychic purchases goods from the manufacturer and then sells
them to people online customer. In an offline psychic, products are delivered to the retailer and sold to customers
offline. Here, the manufacturer produces circular economic products. By this consideration, the manufacturer
tries to make the supply chain economically and environmentally more sustainable. The manufacturer decides
what should be the CEI such that wastage is minimized and profit is maximized with the increasing demand
of environmentally conscious consumers. The online retailer sells the products to consumers with online price
(P,), which is a function of the initial online selling price (¢1), and CEI (V). The offline retailer sells the
products to consumers with off-line price (Pog), which is a function of the initial offline selling price (¢1) and
CEI (V). To optimize the objective operations of the supply chain, two models are formulated: centralized (cs)
and decentralized (ds). In the centralized scenario, the profit functions of the manufacturer and both channel
retailers are integrated. Then it is optimized by the concavity of the Hessian matrix w.r.t. the given decision
variables. In a decentralized scenario, a Stackelberg competition occurs between the manufacturer and both
channel retailers. In the Stackelberg competition, the manufacturer acts as a leader, and retailers are followers.
In the Stackelberg game theoretic model, the offline retailer optimizes his/her decision first, then the online
retailer optimizes his/her profit function by using the optimal decision variable of the off-line retailer. After
getting the best decisions from both retailers, the manufacturer optimizes his/her profit function by applying
these optimal decision variables of both retailers. The schematic representation of the whole supply chain is
shown in Figure 1.

Based on the assumptions and model description, the profits of the manufacturer, online retailer, offline
retailer and integrated system are respectively given by

92 V2
HM(WO; Woff797 V) = (Wo - C)Do + (Woff - C)Doff - I? - p,7
11 (1) = (P, — Wo) D,
D (1) = (Pt — Wosr) Dogr
92 V2

Hsc(¢1,¢1797v) :(PO_C)DO"'(POH_C)DOH_I*_,Ui'

3.1. Optimization for centralized policy

In this model manufacturer, online and offline retailers are three members of the supply chain system. In
the centralized policy, it is considered that all the members are making decisions based on an online retail
selling price, an offline retail selling price, a green level of product, and a circular economic index jointly in
order to maximize the integrated supply chain profit. So, the maximization problem in the centralized policy
corresponding to the integrated supply chain profit is given by

Maximize Ils.(¢1,%1,6,V) (1)
subject to ¢1 > 0,91 >0,0<60<1,0<V <1,

where, Iy (¢1,%1,0,V) = (91 + 92V — c)(a — appr — aod2V + Bot1 + Bob2V + 700 + XoV)
+ (Y1 + V2V —¢) (a1 — anhy — a1V + By + frd2V 4+ 710 + M V)
I —p— (2)

Proposition 1. The integrated supply chain profit function, Is.(¢1,v1,0,V) will be concave w.r.t. ¢1, 1, 6
and V if it satisfies the following conditions:
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FIGURE 1. Schematic representation of supply chain model.

(i) 4apon > (Bo + B1)?,

2007F + 27071 (Bo + B1) + 20473

(ii) I >

dagar — (Bo + f1)?
29071201 + 200 TN — M (75 A1 — 21((Bo + Bi) Ao + aodi)) — 1TAE

K

(iii) p >

daganl — (Bo + B1)%1 — 2v3ap — 29071 (Bo + B1) — 2173

Proof. The Hessian matrix associated with the whole supply chain profit function IIs.(¢1, 1,6, V) is given by

0Mee  0?Mse 0% 0TLsc
A2 101 D01 OV Ip
%M. %M 0% 02Tge
A1 oY 901 VY
Hl =
0M,e  0%se  0%Mse 0l
8100 0180 002 OVl
Mg  0%Mse  0%Mge 02Tge
810V 00V 900V aV?

|

—2ap PBo+ 5 0 —2a0¢2 + Bop2 + Ao + P12
Bo+p1 —2a1 71 Bod2 — 2a1b2 + Bro2 + A1
Y0 7 -1 Yod2 + 112
Al Az yod2 + M2 —20003 + 2B + As
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(For expressions of derivatives see Appendiz A.1)

where, A1 = —20p02 + Boa + Ao + B2, Az = Boda — 20012 + Biga + M
As = 2Xo¢2 — 20093 + 261202 + 2112 — pi.

From the Hessian matriz, it is seen that the principal minor is |hi1] = —209 < 0 as ag > 0 by assumption. The
second order principal minor is

-2
Ihis| = a o+

Bo + b1 —2aq | dagas — (o + B1)*.

The third order principal minor is

—2a0  BotBi ) , ,
|hiz|=|Bo+ 51 200 m|=1 ((ﬁo +61)" — 4a0a1> + (2007F + 27071 (Bo + B1) + 20175) -
7o " =1

The fourth order principal minor is

—2a00  fo+ B Yo —20002 + Bota + Ao + B2
| = fo+f1  —2m 71 Bod2 — 200tp2 + Prg2 + A
Yo " -1 Yod2 + V112
Ay Ay Yod2 + Y112 —200¢5 + 2080¢21h2 + A

= p(dagarl — (Bo + B1)2] — 27ia0 — 27071 (Bo + B1) — 20173) — (29071 A0 1 + 201105 — M1 (75 M
—2I((Bo + B1) Ao + aoA1)) — 11AD).-

Now, the Hessian matriz will be negative definite if |hi1] < 0, |h12| > 0, k13| < 0 and |h14| > 0. Here,
|hi1] = —2a9 < 0, since ag > 0.
20077 + 29071 (Bo + A1) + 20175

Again, |h 4 2 d |h I
gain, [hiz| > 0= dagar > (6o +51)° and  |his| <0 = 1> dagar — (Bo + Br)?

Finally,

29071 A0 + 201 1A — A (%A1 — 21((Bo + Bi) Ao + aohi)) —17AG

hia| >0=pu >
sl K dagar] — (Bo + $1)*I — 273 ag — 27071 (Bo + B1) — 20073

Since the Hessian matriz corresponding to the integrated supply chain profit function is negative definite, so, it
s proved that for the given conditions in Proposition 1, the integrated supply chain profit function is concave
w.r.t. the decision variables ¢1, Y1, 0 and V.

Proposition 2. From Proposition 1, it is concluded that the whole supply chain profit function has a maximum
value and the corresponding value is

G (5%, 975,07, VE) = (07 + 92V —¢) (@ — apdf® — apdp2VE + BotbT® + Bob2 Ve + 700 + Ao V')
+ (Y7 + VS —¢) (a1 — aqff® — aapoVE + B167° + B192VE + 7109 + M V)
6052 Vc52
2 M

-1
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where, ¢$°, P{°, 0% and V' are optimal values of ¢1, w1, 0 and V which are as follows:

—a1X11 + aX12 + ¢ (X13 + X1ahid2 + v X15 + (0F) X16 + a1X17)

cs __

r Z
s —aX21 + a(Xaa)hy + ¢ (Xoz + Xoathy — (77) (M) — 2a0p + (= + Bo) Aot2) + 7071 X25) + a1 Xog
v A
ges — (ar+ (a1 + 1) ¢) o — (a+ (=0 + Bo) ©) A1) (11h0 = v0A1) = (Xa170 + Xsom) p
Z
— (XA XA
Ves — (Xa1A0) + X2 1

Z

Proof. Since the integrated supply chain profit function Il is concave w.r.t. the decision variables ¢1, 11, 8, V'
so there exist the optimal values for which the integrated supply chain profit will be maximum. The necessary
conditions of the maximization problem (1) are %%‘IC =0, %E[;lc =0, agé,c = 0 and 651‘;6 = 0 which give the
following equations.

— 20001 + (Bo + B1)v1 + (Bove — 20002 + Ao + B1p2)V + v00 — Bic+ apc+a =0 (3)
(Bo + B1)d1 — 20091 + (Bop2 — 20092 + frda + M)V + 710 + a1c — Boc+a1 =0 (4)
Yoo1 + Y002V —cyo + 111 + 71V —yice—10 =0 (5)

ags — 2000102 — 20003V + aochs + Bodathr + Bodribe + 2B0patbaV — Bocts

+ 90020 + A1 + 20002V — cAo + a1tz — 21912 — 20005V + carths + Biibady
+ L1192 + 2610202V — Brege + 11020 + Ath1 + 2M1902V — A — pV = 0. (6)

Solving (3)—(6), the optimal decision variables explicitly are given as
o~ X114 aXip+ ¢ (Xiz + X1adhi¢o + 7071 X15 + 77 X16 + 1 X17)
t Z
o —0Xo1 4+ aXathy + ¢ [Xoz + Xogths — 77 { A — 20014 (B0 — o) Aotz | + Y071 Xa5] + a1 Xa6
s =
7

ges — {a1 + (81 — en)e}ro = fa + (Bo — ao)cf Ml (120 = v0M1) = (X3170 + Xs271) 1t
Z

_ Xapd — X o

N Z

The mathematical expressions of X1, X12, X13, X14, X15, X16, X17, Z, Xo1, Xog, Xa3, Xog, Xo5, Xo6, X31, X32,
X41 and X0 are given in Appendix A.2.

Substituting the values of all the optimal decision variables from equations in (2), the optimal whole supply
chain profit function is given as

VCS

I35 (07, 47, 0, V) = (7% + 02V — ) (a — app]® — a2V + Botbf® + Botha V= + 700 + Ao V)
+ (V7 + VS —¢) (a1 — YT — a1V + BT + 1o VE + 710 + A V)
9(352 V052

9 Mg
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3.2. Decentralized policy

In decentralized policy, each supply chain member is willing to optimize self- profit function independently.
Here, the manufacturer plays the role of Stackelberg leader, whereas online and off-line retailers act as the
followers. A Stackelberg competition occurs between a manufacturer and retailers. In this policy, off-line retailer
first optimizes his/her profit function. After getting the best reaction from off-line retailer, the online retailer
optimizes his/her profit function. After accounting for the best reaction of online retailer and offline retailer
manufacturer optimizes his/her profit function and computes the best values of his/her decision variables. So,
the maximization problems in the decentralized policy corresponding to the profits of off-line and online retailers
as well as manufacturer are given by

Maximize 11 (¢1)

subject to ¢1 > 0

Maximize H%ﬂ)(wl)

subject to ¥ > 0

Maximize Iy (W, Wog, 0, V) (7)
subject to W, >0, Wog >0,0<60<1,0<V <1

where, I1 (1) = (61 + 62V — Wo){a — aés + Botr + 08 + (Ao — anda + Fotb2)V'} ®)
HSH)(%) = (1 + 02V — Wog){ar — anh1 + 11 + 110 + (B2 — ar2 + A1)V} 9)
O (Wo, Wos, 0, V) = (W, — ¢)(a — agdr — and2V + Both1 + Bov2V + 108 + AoV)

2 2
+(Weg — ¢)(a1 — a1ty — aq oV + i1 + B2V + 10+ M V) — I% - MV?' (10)

Proposition 3. The profit function of off-line retailer is concave w.r.t. the decision variable ;.

Proof. The first and second order derivatives of profit function of off-line retailer from (9) w.r.t. ¥; are given
by

dH(oﬁ)
d1]; = a1 — 20091 — 20092V + an Wiem) + B191 + 12V + 16 + MV
1
d2H(OH)
dq;% = 207 <0 as a; >0.
Here, the second order derivative of the off-line retailer’s profit function is negative. So, it is proved that the
profit function of off-line retailer is concave w.r.t. the decision variable ;. |

Proposition 4. The profit function of online retailer is concave w.r.t. the decision variable ¢y if ag > %
(off)

Proof. From dg$1 = 0, it is obtained that

B
7/’1*@

where B = a1 — 20192V + a1 Wog + B191 + Bi2V + 110 + M V.
Putting the value of ¥ in equation (8), the profit function of online retailer becomes as follows

(11)

o B
Hg%)(%) = a1 + agaV — aW, — agdi — 20012V + aoWodt — agd3V? + agpo VIV, + 50¢1E

B B
+ 50(152‘/% - QOWOZTZ1 + Bob2V1 + Bo2 V2o — Borpa VW, + 7001 + Y00p2V

—0O0Wy + XNV 1 + AoV Z2ha — AV IV, (12)
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Now, the first order derivative of function given in (12) w.r.t. ¢; is given by

) 1% W,
B —q— 20001 — 20002V + agW, + Pod2V - bolVol + Bo2V + 790 + AoV
d¢1 20&1 2041
+ 2570 (a1 = 20192V 4+ an Wog + 28161 + B2V + 110 + V).
1
The second order derivative of function given in (12) w.r.t. ¢, is given by
a2y Bob
d¢? ot
. . . . . d2ml? . . Bof
The profit function of online retailer will be concave if T& <0 i.e., if 209 > g—ll
1
Thus, it is proved that the profit function of online retailer is concave w.r.t. the decision variable ¢, if
BoB
oy > 5. O

2041

Proposition 5. The profit function Uy (W,, Wog, 0, V') of the manufacturer is concave w.r.t. the decision vari-
ables W,, Wog, 0 and V if it satisfies the following conditions:

(l) —OégY12 + Oé(]Zl — 4272% > 0,
(i) I < (201 (vo—0Ya)+B0Ya) Zs) —2(v1 +81 Y — 24) Za

27,

2(A1—1 2+ 01 (p2+Y5)— 38 ) Zs) —2(201 (Mo+Bot2 —ao (¢2+Y5)) +B0Ye) Z7
(iil) p > 2 7 .

(0)
Proof. From d(?T}j = 0, the initial retail price (¢1) of online retailer is derived as

F
(dagar — 26p61)

where, F' = 2aa; — dapon g2V + 20000 Wo + Boar — 2a1 6otV + focn Wosr + 200192V +6om16 + GoAV —
,30,31WO + 2041ﬁ0’¢2V + 2041’}/09 + 20[1)\0‘/.
Putting the value of ¢; as given in (13), from (11) the initial retail price (¢) of off-line retailer is obtained

1 = (13)

as

B G
201 (dagar — 26061)

where, G = dagara; —200f1a1 —8ao(aF ) oV 4480 1002V +4dag (0 ) Wor — 260 S1a0 Wor 401 F +4agan B1d2V —
260(87) 92V + dagariml — 28061110 + dagar MV — 260510 V.

Now, ¢; and ;1 both are in terms of W,, Wog, 6 and V i.e., in terms of decision variables of manufacturer as
given in equations (13) and (14). Putting these values of ¢; and #; in (10), the profit function of manufacturer
becomes as follows:

(1 (14)

apF GG
IT 05 off, V, = o - -
M(Wo, Wost, 0,V) = (W, — ¢)(a (Aaoon — 2005h) app2V + 3o (dovoas — 250B1) + Bop2V
G
6 Wo — ¢)(ay — =
+90 + XoV) + (Wog — ¢)(ax S(daoor — 250By) apaV

B F 2 v
+ 4 BidaV + b+ MV) — T — 15
(dagas — 20051) Bro2V +m V) 5 T HS (15)
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The Hessian matrix associated with the manufacturer’s profit function Iy (W,, Wog, 8, V) is given by

02T RIEY: AT r R 18V
OW?2 OWogdW,  90OW, ovow,
02115, 025y 0211, 02115
I OWoOWog oW2, 000Wog  OVOW,og
y =
8211, 021y 8211, 021,
OW,00 oW, 00 062 oV b
02115, 02y 0211, 025,
OW,0V OW,ogOV 200V ov?2
—ap + Lﬁfﬁ —aoY1 + 7%320;12 —apY3 + %ODX“ +7 Y7
| —aoY1 + BQ‘);? =Y2 +26171 — % B Ys+m Ys
—aoYs+ B 40 — R4 BYa+y T 0
Yy Ys 0 —u

(For expressions of derivatives see Appendix A.3).
The mathematical expressions of Y7, Y5, Y3, Yy, Y5, Y, Y7 and Yy are given in Appendix A 4.
The first and second order principal minors are |ha1| = —ag + ﬂ 0'6 L and

—ap + BoB1 —a Y 4 BoYa

201 20

h =
[oza —aoY1 + 22 Y, + 281

Z
= —adY? + 7 — r.; respectively.
1

The third order principal minor is

—ap + 20 —apY; + 22 —apYs + 2 +
|has| = | —aoY: + ﬁ20@12 —Yo + 2611 — X+ B1Ys+mn

—agYs+ 5+ B +BYs+m T
1 Y,
= 3z (21Z3 +2 <’Y1 + BiYs — 2) Zy — (2a1 (7o — aY3) + BoYa) Z5>
1

The fourth order principal minor is

|haa| = [Ho|
o0+ i —aY1 + 557 —aYs+ 2 4y V7
| ooy + 322 —Yo + 2611 — B+ B Ys+m Ys
- —oon3+B°4+70 ~% B Ys+m T 0
Y, Ya 0 —,u
" 8} (’“‘ZG 2201 (o + oy — a0 (924 ¥5)) + foYs) Z7 — 2 <A1 — oty + Bu(da +Y5) - Z) Zg>

The mathematical expressions of Z1, Zs, Z3, Z4, Zs, Zg, Z7 and Zg are given in Appendix A.4.

Now, the manufacturer’s profit function will be concave if the Hessian matrix will be negative definite if
|h21| <0, |h22| > 0, |h23| < 0 and |h24| > 0.

Now, |h21| = —qy+ ﬂ(’ﬂl which is obviously less than 0 from Proposition 4.

_ )— _Yy
Again, |hgo| > 0= fa(z)Yl +apZy — 42722 >0and |hos| <0=1< (21 (x0 QOY3)+QOY“;§;) 2n+hYs=5)%
1

2(\— 041’1112+51(¢2+Y5)—*)Zs) 2(2011(/\0+50’l/12 040(¢'2+Y5))+50Y6)Z7

AISO |h24| >0=p>
Hence, it is proved that the manufacturer’s profit functlon will be concave w.r.t. the decision variables W,
Wog, 0 and V if the given conditions in Proposition 5 hold. O
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Proposition 6. From Proposition 5 it is concluded that manufacturer’s profit function has maximum value and
the mazimum value is

I7ds (st Wis g Vds) = (st _ C) (a _ apF' — g VE + BoG
MAT o e T ¢ (4ago — 26001) 201 (4o — 26p/31)
Gds
ds ds ds ds ds
9% 4\ _ - _
+ Bo2VE + 407 + AoV ) + (Woff C) <a1 2(daoas — 26051) a1V
2 2
/Bles ds s s eds Vds
Ve 0 + V) -1 —
* (4o —26061) T AV MET+ 2 1
where, W3, Wodf?, 09, VI are as follows:
W — (4 (af) (af) ¢ (=1 (M) — (4}) p + 4arIp) — v Eny + B Era)
o K2
s — (2 (ad) a1E21 + B1E2s — apEas)
off K2
st . (a1a1(2a0a1 — ﬂoﬁl))\o(’}/l)\o — ’}/0/\1) + E31 + a1E32,u + 51E33,UJ + 2 (Oég) (Ol%) CE34 + OéQOélE35)
= e
s _ (a181Esdo + a101 Esoho + a1 Egs Ay + Bof1 Eaahi + avon Egs + 2 (af) (af) cEyg) .

_K2

Proof. Since the manufacturer’s profit function is concave w.r.t. the decision variables W,, Wyg, 68 and V, so
there exist the optimal values of W,, Wog, 0 and V for which the manufacturer’s profit will be maximum. So,
the necessary conditions of the maximization problem (7) are %HTM =0, gv?/M =0, 8gé” = 0 and % =0
o off

which give the following equations.

ool ﬁoG Qo 5051
“ (4agay — 26of1) b2V + 201 (dagay — 26061) T AopaV 708 AoV A+ (Wo — ) <_2 * 4oy )
+ (Weog — ) <il) =0 (16)
BoYa G G F
(Wo =) (‘O‘Oyl o ) * <‘“ " Sdaom — 28080 Y T dngay —agom, T2V T T MV)
+ (Wot — c) (—5;2 + ﬁ1Y1> =0 (17)
W, — C) (—ang + 620;14 + ’70) + (Wog — ¢) (—);4 + 1Yz + ’71) —10=0 (18)

(Wo - C) {gooifi + /607/}2 + >\O - Oéo(Y5 + ¢2)} + (Wof}' — C) {61(Y5 + ¢2) - % — 0[111)2 + Al} — IuV =0. (19)

Solving equations (16)—(19), the optimal decision variables of manufacturer are explicitly obtained as follows:

s — (4(ag) (@F) e (=1 (AF) = (77) 1 +4auTp) — agar Eny + B1 Era)

Ky
wds — (2 (O‘(ZJ) a1 Boy + B1E2 — a0E23)
off K2
Hds — (alOél(QOéoOél - 5051))\0(71)\0 - ’Yo)\l) + E31 —+ a1E32‘u + 61E33'u + 2((1%)(04%)CE34 + a00é1E35)
—K,
v = (11Es1 o + a101 Esa Ao + a1 EgsA1 + Bof1Eaadt + coar Egs + 2 (o) (0F) cEy) .

— K,
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The mathematical expressions of E117 E12, KQ, Egl, EQQ, Egg, E31, E’327 E33, _E1347 _E1357 E41, E42, E43, E44, E45
and F,¢ are given in Appendix A.5.

Putting these values of optimal decision variables W35, WOH, 695 and V9 in (15), the manufacturer’s profit
function is obtained as

(VVd5 Woﬁ'v 9ds7 Vds) = (Wfs - C) a— aOFdS _ a0¢2vds + /80(;(1s
(dagar — 26061) 201 (daparr — 26051)
Gds

+ Boa VI + 400% + st> + (WS - o) <a1 - — a1V

2(4apa; — 26051)

0d52 ‘/ds2

B Fds ds ds ds
+ L1V E 4 410 + MV -1 5 — 5

(4agor —2B0061)

where,

F% = 2a01 — dapa1 oV + 20000 WS + Boar — 201 Bot2VE + Boat Wi + 2808162V + Boyi 6%
+ BoM VY = BoBiWE + 201 Boha VE + 201 700" + 20 AoV

G = dagarar — 2BpBrar — 8ag (aF) YoV + 480 Bran o VE + dag (oF) Wi — 2B0B1an Wi + B1 P
+dagar frdaVE — 260 (BT) ¢V + dagaryi 0% — 28,8171 0% + 4aoa1)\1de - 26061)\1Vd5.

O

Proposition 7. From Proposition /j it is concluded that profit function of an online retailer is maximum and
the maximum value of this profit function is given by

S ] S S 52 S S S S 52 S S
1% (¢5%) = ad® + aga Ve — aW — agdp®” — 2000FdaVE + agWEsE — agpdVE" + aggeVEWS

ds ds 9
+ Boa VST + Borha V"o

B S B
= ﬂOst

+ BodS 2

2
- ﬂo¢2vdSWSS + %9%1 + voed%vds — WG + XV EGE + AV 9y — AVEWE

FEs5 E E
where chlisz( 2(ad)(ad) 12240041 52+01 53)

Proof. Putting the values of optimal decision variables W, Wds 695 and V9 of manufacturer from Proposi-
tion 6 in (13) obtained in Proposition 5, the optimal decision variable of online retailer is obtained as

(=2 (af) (af) Es1 + apar1 sz + 51 Es3) _
K>

d,
(Z51b =

The mathematical expressions of Fs5q1, Es0 and Es3 are given in Appendix A.6.
Putting the optimal decision variables ¢¢, WS, ng?, 6% and V9 in (12) contained in the proof of Propo-
sition 4, the optimal profit function of online retailer becomes

S S S S S S2 S S S S S2 S S
115, (¢8%) = a¢f +a¢2vd - Wd —a ¢d — 20002V + ag WG — agda VO™ + agdo VEWS

. Bds X 2
+ 50<Z5f11b — Bo Wf ° + BothaVEGE + Bopa VI ¢y — Borho VWS

+ 709db¢(115 + 700db¢>2vd> - voede,;“ + ondw?b + AV gy — AV EWP

Where7 BdS = aj; — 2@1'@[}2Vds + O[1WOd§ + ﬁlgb?s + ﬁ1¢>2Vd5 + ,ylgds + )\1Vds. O
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Proposition 8. From Proposition 3 it is concluded that profit function of an off-line retailer is maximum and
the maximum value of this profit function is given by

ds « « « «
TS (pd5) = (8 4 V9 — W) (a1 — 010 — ag sV + B16%° + BraV e + 7169 + A V)

where 1/}(115 _ (Q(QS)(XlEm-;(B;EGT‘r@UEGS) )

Proof. Putting the values of optimal decision variables W5, Wg‘g, 6%, V95 and ¢$° of the manufacturer and
the online retailer respectively in (14), which are contained in the proof of Proposition 5, the optimal decision
variable of off-line retailer is obtained as

(2 (0f) c1E61 + 1 Es2 + o Fes)

ds __
1
K,

The mathematical expressions of Fg1, Ego and Egs are given in Appendix A.7.
Putting the optimal decision variables ¢$%, {5, W, 09 and V9 in (9), the optimal profit function of off-line
retailer becomes
TS () = (e + waVes — W) (a1 — a1 f® — a1 oV + 5168 + BLooV e +410% + A V).
O

Proposition 9. Demand in online and offline channels increases with the increase of V' if Boips + g — g2 > 0
and P12 + A\ — a2 > 0 respectively.

Proof. Demands of online retail channel and offline retail channel are given by

D, = a — agpr + Botb1 + 708 + (Borb2 + Ao — app2)V
Dog = a1 — a1y + Brd1 + 10 + (P12 + A1 — a1p2)V.

First order derivatives of D, and Dyg w.r.t. V are given by

oD
8VO = Botha + Ao — a2
oD
a‘;ﬁ = [1¢2 + A1 — aqtbe
D, and D¢ increase with increase of V if %[‘),0 > 0 and %D“}“ > ( respectively, i.e., if Bytba + Ag — app2 > 0 and
Brd2 + A1 — a1tby > 0 respectively. 0

4. NUMERICAL RESULTS

In this section, a thorough numerical analysis is presented to validate our proposed dual-channel supply chain
model. A numerical example using the following set of parameter values is examined:

a = 2000, a1 = 1950, ap = 5.8, a1 = 5.9, By = 0.2, 51 = 0.3, 70 = 28.5, 71 = 29, A\g = 56.5, A\; = 57, 2 = 9.5,
o = 10, ¢ = 240, I = 4300, p = 8200. Using MATHEMATICA 11.3, the optimal values of all the decision
variables and profit functions of each supply chain member and the whole supply chain profit in decentralized
policy, and centralized policy respectively are obtained from these parametric values (Tab. 2).

In centralized policy, the optimal variables of the whole supply chain are obtained as ¢{° = 297.19, P5® =
305.464, ¥* = 291.695, PS5 = 300.405, 6 = 0.841271, V' = 0.870951. The values of first order, second order,
third order and fourth order principle minors are —11.6 < 0, 136.63 > 0, —567342 < 0 and 4.31432 x 10° > 0
respectively, which implies profit function of the whole supply chain in centralized policy is maximized at these
parametric values as the Hessian matrix of the profit function of the whole supply chain is negative definite at
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TABLE 2. Optimum results for centralized and decentralized problems.

Proposed models Members of supply chain  Objective functions and variables (dependent and independent)  Optimum values
Centralized policy Manufacturer Green level of product € R0, 1] 0.841271
Circular economic index of product € RJ[0, 1] 0.870951
Online Retailer Unit online initial retail price (in online channel), (in Rs.) 297.19
Unit online retail price(in Rs.) 305.464
Off-line Retailer Unit off-line initial retail price (in off-line channel), (in Rs.) 291.695
Unit off-line retail price(in Rs.) 300.405
Total supply chain profit (in Rs.) 39774.9
Decentralized policy = Manufacturer Green level of product € R0, 1] 0.406518
Circular economic index of product € R[0,1] 0.420861
Unit online wholesale price (in online channel) (in Rs.) 301.826
Unit off-line wholesale price (in off-line channel) (in Rs.) 297.263
Total profit (in Rs.) 19220.6
Online Retailer Unit online initial retail price (in online channel), (in Rs.) 328
Unit online retail price (in Rs.) 331.999
Total profit (in Rs.) 5275.43
Off-line Retailer Unit off-line initial retail price (in off-line channel) (in Rs.) 321.15
Unit off-line retail price (in Rs.) 325.359
Total profit (in Rs.) 4657.11

these parametric values. At these parametric values, the total supply chain profit is reached as ITs.(#$%, ¥§®,

6, V) = 39774.9. In decentralized policy, the decision variables of all supply chain members are obtained
as ¢fs = 328, PI = 331.999, ¢{s = 321.15, Pl = 325.359, W5 = 301.826, W< = 297.263, 69 = 0.406518,
Vs = (0.420861. At these parametric values, the second order derivative of online retailer’s profit function
w.r.t. the decision variable ¢, is —11.5898 < 0, the second order derivative of off-line retailer’s profit function
w.r.t. the decision variable 1 is —11.8 < 0 which implies that online retailer’s and off-line retailer’s profit
functions are maximized at these parametric values. Also, at these parametric values, the value of first order,
second order, third order and fourth order principle minors are —5.79492 < 0, 34.1725 > 0, —144399 < 0 and
1.14146 x 10° > 0, respectively, which implies that the Hessian matrix of the profit function of the manufacturer
is negative definite at these parametric values. So, the profit function of the manufacturer is also maximized at
these parametric values.

The optimal outcomes for each model scenario are shown in Table 2. Supply chain members can optimize
total profitability by using a collaborative decision-making strategy, as shown by numerical findings. By working
together, they can provide end users with green and circular economic indexed products at a lesser cost than
they could with a decentralized model, which will raise consumer satisfaction and boost sales. In the centralized
strategy, a remarkable rise in the green level and CEI of products results in a tremendous increase of demand
functions, raising integrated profitability. Furthermore, the retail pricing’s linear relationship with CEI speeds
up the rise in profitability as CEI rises in the centralized policy.

5. SENSITIVITY ANALYSES AND RESULT DISCUSSION

Now, to study the influences of different parametric values on profit and other decision variables (dependent
and independent both) of supply chain members in decentralized policy, a sensitivity analysis is performed
through some tables and figures. It is desires to observe how the small changes in parameters’ values have a
huge impact on the profits of each supply chain member in a decentralized scenario.

The following observations are obtained from the Figures 2—17:

(i) a is the basic market potential of online retail channels. From Figure 5, it is observed that with the small
increase of a green level and circular economic index (CEI) increases more. From Figure 4, it is seen that
online demand increases more than offline demand with increase of a. Due to the higher increase rate of
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TABLE 3. Results of sensitivity analyses in decentralized policy for the changes of a, a1, g and «a;.
Parameter Value W& Wi ¢ e P Pk o v D, Dew T3 mf™  mg
1800 284.048 295953 301.986 320.005 305.348 323.544 0.342053 0353893 123432 162787 2620.1  4491.43 13780.3
1900 292.937 296.608 314.993 320.578 318.673 324451 0.374285 0.387377 149.138 164.274 3838.23 45739 162778
a 2000 301.826  297.263 328 32115 331999 325359 0406518 0.420861 174.845 165.762 527543 4657.11 19220.6
2100 310715 297.919 341.007 321.723 345.324 326.266 0.438751 0.454345 200551 167.249 6940.7  4741.07 22608.7
2200 319.605 208574 354.014  322.205 358.640 327.173 0470983 0.487820 226.258 168.737 8834.04 482578 26442.1
1755  300.696 28022  327.14  296.246 330.523 299.807 0.343747 0356117 172.846 115563 5155.53 2263.51 14365
18525 301261 288.742 327.57  308.698 331.261 312.583 0.375133 0388480 173.846 140.662 5215.31 3353.53 165847
a 1950 301.826 297.263 328 32115 331999 325350 0406518 0420861 174.845 165.762 527543 4657.11 19220.6
2047.5 302.392 305.785 328431 333.602 332.736 338134 0437903 0453233 175.844 190.861 5335.0  6174.24 222725
2145 302.957 314.307 328.861 346.054 333.474 350.91  0.469289 0.485605 176.843 215961 5396.71 7904.92 25740.6
522 322.736  298.808 358506 322.495 363.258 327.497 0482921 0500231 211319 169263 8563.11 4855.93 259104
551 311713 297.994 342424 321786 346.779 326.37  0.442639 0.458384 193.036 167.417 6769.06 4750.6  22269.6
ao 5.8 301.826 297.263 328 32115 331.999 325359 0406518 0.420861 174.845 165.762 527543 4657.11 19220.6
6.09 29291  206.605 314.99 320577 318.667 324.447 0373945 0.387023 156.731 164.260 4036.95 457359 16676.2
633 284.827 206.008 303196 320.057 306582 323.62 0344422 0.356353 138.684 162.015 3017 449853 14565.6
531 303.183 317.651 320.031 350.876 333.760 355863 0.482035 0.498751 177228 202005 5420.77 7753.37 25434.2
5.605 302468 306.903 328488 335.205 332.836 330.782 044222 0457685 175.972 184286 5343.0  6050.1  22042.5
a 5.9 301.826  297.263 328 32115 331999 325350 0406518 0.420861 174.845 165.762 527543 4657.11 19220.6
6.195  301.248 288.569 327.561 308.473 331.243 31235 0374322 0.387653 173.828 147.319 5214.06 350327 16884.4
649 300724 280.688 327.162 206981 330.550 300.557 0.345141 0357554 172907 128.945 515873 2561.91 14965.8
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FIGURE 9. Green level and CEI vs. a1 in decentralized scenario (ds).

green level and CEI offline demand also increases but the increasing rate is very low. As online demand
and offline demand both increase, although the increasing rate is different, the online and offline retailers
both increase their initial unit retail prices (Tab. 3). The manufacturer also increases his/her online and
offline wholesale prices. As a result, from Figures 2 and 3, it is seen that with the increasing demand, the
profit of each supply chain member increases. In this case, the online retailer’s profit increases more than
the offline retailer’s profit due to increasing online demand more than offline demand w.r.t. a.
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(ii) A similar effect can be seen with offline basic market demand a; as a. Here, with a small increase of ay
offline demand increases more than online demand. The reason behind the increasing demand is the higher
rate of green level and CEI with the small increase of a; (Fig. 9). Due to more increase in offline demand
than online demand, offline retailer increases his/her initial unit retail price more than online retailer. So,
with increasing offline demand more than online demand, the profit of offline retailer also increases more
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than online retailer (Fig. 6). Manufacturer’s profit also increases due to the increase of both online and
offline demand along with the increasing wholesale prices (Tab. 3).

(iii) «ap is the self-price sensitivity parameter of online retail channels. From Figure 13, it is seen that the small
increase of oy causes a greater decrease in the green level and CEI. Demand in both channels also decreases
with small increase of oy but the decreasing rate in online channels is higher than in offline channels
(Fig. 12). As demand decreases, both retailers decrease their initial retail prices (Tab. 3). Manufacturer
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also decreases his/her wholesale prices in both channels (Tab. 3). As a result of Figures 10 and 11, it is
noticed that the profit of each member decreases with the small increase of «g. But the online retailer’s

profit decreases more than the offline retailer’s profit.

(iv) A similar effect can be observed for offline self-price sensitivity parameter o as ag. But in this case, the
offline retailer’s profit decreases more than the online retailer’s profit as offline demand decreases more than

online demand. These effects can be seen in Figures 14 and 16.

6. MANAGERIAL INSIGHTS AND PRACTICAL APPLICATIONS

To reduce environmental pollution and save natural resources of raw-material, green and circular manufac-
turing based dual-channel supply chain model is developed and analyzed different aspects on industry and

environment which are given below.

(i) By increasing online and offline basic market demand parameter, the production manager can increase the

profit of each individual member with enhanced green level and CEI of products.

(ii) By enhancing the greenness and CEI of manufactured goods, supply chain managers can improve their
profitability. The green level and circular economic index vary more with a minor change in the self-
price sensitivity parameters. By altering these parametric values, the production managers can boost their
profits while improving the sustainability of the environment. Manufacturing managers may focus on certain

sensitivity characteristics to increase profits and improve environmental sustainability.
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(iii) By raising the CEI of produced products, the industrial managers can reduce wastages, which will have a
positive effect on creating a healthy environment, and also can extend consumer awareness about the CEI
of the products by producing more products with a higher CEL

(iv) The presence of both traditional offline retail channels and online retail channels in this engaged life cycle
aids supply chain members and production managers in surviving in a competitive market with healthy
profit margins. Keeping this in mind, it is incorporated online and offline retail channels in our work. In
this study, it is found that customer demand for the online retail channel is higher than that for the offline
channel. So, the managers can increase their profits by raising customer demands in the online retail channel
by investing in it for higher customer satisfaction.

Thus, by controlling the green level of the items as well as the CEI of the products, this work instructs
managers on how to improve their profitability while simultaneously improving the environment’s health and
sustainability.

A sustainable dual-channel supply chain model incorporating circular economy, green demand, and price
sensitivity is transforming industries by reducing waste, optimizing costs, and catering to eco-conscious and
budget-conscious consumers. Businesses can benefit by enhancing customer loyalty, regulatory compliance, and
long-term profitability. Some real-life examples are given as follows where the concept of the developed model
can be implemented:

(i) Businesses like Amazon, Walmart, and IKEA operate both online and offline sales channels. Also, they can
implement circular economy practices by encouraging product returns, refurbishments, and resale through
both channels.

(ii) Companies like Dell, HP, and Lenovo integrate circular economy by offering refurbished products through
both online and off-line retail channels.

(iii) Green and price-sensitive demand is addressed by offering eco-friendly product alternatives and dynamic
pricing strategies based on customer preferences. Moreover, consumers who are price-sensitive but also want
eco-friendly choices can opt for certified refurbished laptops and smartphones at lower prices.

7. CONCLUSIONS AND FUTURE RESEARCH

Looking at the present attraction towards online marketing and growing pollution due to huge technological
advancements, this study depicts a dual channel supply chain model with green and CEI based demand functions.
This work constitutes the manufacturer, the online retailer and the offline retailer. Optimal prices, green level
and CEI of products are found out after optimizing the profit functions of the online and offline retailers,the
manufacturer and the whole supply chain through centralized and decentralized policies. It is abundantly evident
from the numerical results that the centralized policy is preferable to the decentralized policy, raising the
products’ green level and circular economic index to have better profit with a healthier environment. Sensitivity
analysis reveals that basic market potential parameters a and a; are more sensitive to profit, consumers’ demand,
green level and CEI of product. The self-price sensitivity parameters ag and «; also be seen highly sensible to
the aforementioned. It is seen that as a increases, total online demand increases more than offline demand, and
vice versa for a;j. It is also observed that with increasing values of self price sensitivity parameter (ag) in the
online channel , total online demand declines more than offline demand and vice versa for the offline channel
self-price sensitivity parameter(cay). It is concluded that a and a; are more effective parameters to increase the
members’ individual profits and also to enhance the green level and CEI of products.

A number of noteworthy observations from this study are highlighted as follows:

— In today’s industrialized world, waste management through the reuse of used products is also required for a
sustainable environment, as the greening of products is insufficient to safeguard the environment. To increase
environmental sustainability, this study considers the CEI along with the greenness of manufactured goods.
This indicates that our research aims to create healthy environments that promote the well-being of living
things.
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— Our research demonstrates that centralized policy outperform decentralized policy in terms of improved
environmental performance and increased revenues at a lower cost.

— Meeting consumer demands online and offline enhances the profits for each supply chain member with
customer satisfaction.

Our research has limits even though it contributes to the creation of healthy surroundings. This study
takes into account variable-dependent deterministic demand functions, but to make this work more believable,
stochastic demand might be created. It might be feasible to promote healthy competition among the retailers by
utilizing an additional game-theoretical strategy. It is possible to think of a contract as a coordinated mechanism
that enhances the profit of each individual member. However, complexity prevents us from producing such a
well-coordinated model in our job.
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APPENDIX A.

A.l.
The first order partial derivatives of Isc(¢1,%1,0,V) as given in (2) w.r.t. ¢1, ¢¥1, 6 and V are
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arIsc

v apz — 200h1¢2 — 200003V + aocda + Bodathr + Bodrhz + 200V

— Boctha + YoP20 + Ao + 2 002V — cho + a1z — 2009192 — 2(X1¢§V

+ cartha + Brpadr + Srvide + 2810202V — Bicga + Y120 + M1 4+ 21902V — Aiec — pV.

The second order partial derivatives w.r.t. the decision variables ¢1, 11, 8 and V are given by

Plse _ Mo _ 6ot 0 Fllse

002 " 0gnogr 0 TN G004, ~

821_[36 aQHsc
3V8¢1 = —2@0([52 + ﬁo’lbz + )\0 + /611)[}2, aw% = —20517

32HSC a2HSC 82]:[80 aznsc
900y, i VoY, Bop2 — 2a1th2 + 12 + A1, 902 —1I, Voo Yod2 + Y172,
O*se

ave —200¢5 + 2B0h2t2 + 2 o2 — 20105 + 2B1patbz + 2X11h2 — p.

A.2.

873

The mathematical expressions of X11, X12, X13, X14, X15, X16, X17, Z, Xo1, Xo2, Xo3, Xo4, Xos, Xo6, X31, X32, X41

and X42 which are used in Proposition 2, are as follows:

X1 = I{(ﬁo + B1)p — 2a0A1¢2 + Ao(A1 — (Bo + ﬁ1)¢2)} + 70{’YO>\1¢2 +7(p— >\0¢2)}
X2 = IAi (A1 + (Bo + B1)¢2) — 2001 (1 — Xod2) + v1(voA1¢d2 + 71 (1 — Aodz))

X1z = 2B0IXoA1 + Bildod — (V5)(AD) + aol(AT) + BoI(N) + (85) I + BoBilu + Bi(Bo + B1) I o2

X1 = —B1(15) + Bo(—ao + Bo)I + (a0 + Bo)Bul
X15 = 2XoA1 + (a1 4+ 2080 + B1)p + (—a1 + B1) o2 + (—ao + Bo) A1 g2
X16 = (a0 + Bo)r — Ao (Mo + (—ao + Bo)p2)

Xi7 = (70) (21 + Mi2) + T(Mo(2X0 4+ A1) + (=200 — Bo + B1)p — ((—Bo + B1) Ao + 2a0(Xo + A1))d2)

Z = M=)\ + 21((Bo + B1) Ao + aoh1)) + ((Bo + B1)*) i — (71)((ANG) — 200p2)
+ 27071 (AoA1 + (Bo + B1)p) + 200 (I(A3) + (70 )i — 2a01 1)
Xo1 = IDoi +yoyip + (Bo + B1)Ip
Xoo = —(’Yf))\o + 2a1IXo + Yoy A1 + (Bo + 1) I\

Xog = anI(X5) + BiI(A3) + a0l Xt + BoTdod + 281100 — (75)(AT) + 2001 (AT) + a1 (4 + Br (%) e

— 20001 I+ cofolp — aoBiIp+ BobrIp+ (B7)Ip

Xag = a1 (Bo — B1)IXo + B1(Bo + Bi)Iho + (a1 — B1)(36) M + Bo(Bo + Bi1) A — aol((Bo — Bi) M
+2a1 (Ao + A1)

Xos = 2XoA1 + (a0 + Bo + 261)p + (—a1 + B1) Aoz + (—ao + Bo) A1

Xas = I(A3) = 2a0p + (Bo + B1) Aot + 200 A1%2) + Yo(y1 A0%2 + Yo — A11h2))

X31 = 2aa1 + a1(Bo + P1) — 2a0aac + a1(Bo — Br)e + B1(Bo + Br)e

X3z = 2a100 + a(Bo + B1) + ao(—2a1 — Bo + S1)e+ Bo(Bo + Br)c

X411 =71 ((a1 + (—a1 + B1)e)yo — (a+ (—ao + Bo)c)y1) + (2aa1 + a1(Bo + P1) — 2a0aic
+oa(Bo — B1)c+ B1(Bo + Br)e)

X2 = vo((a1 + (—a1 + B1)c)vo — (a+ (—ao + Bo)e)y1) — (a1 + a(Bo + Br) + ao(—2a1
—Bo + B1)e+ Bo(Bo + Br)e)l.
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A.3.

From (15), the first order partial derivatives of Il (Wo, Wog, 0, V) w.r.t. the decision variables Wo,, Wog, 6 and V are
calculated as followings:

8l[M Otof BOG
=a— — V+ + V 4+ 0 + AoV
ow, ¢ (4aoarr — 2060/31) 2of2 201 (daoar — 26081) Btz 0 ’

(W —0) (_7 + 50511) + (Wott = ©) (%)

My o BoYe - G - BiF
W — o) ( ot > * (‘“ 2aoar —2080) 2V Zagar g T Y

Y;
+ 710+ MV) + (Wog — ¢) (**2 + ﬂlyl)

81;7;/1 =Wo—c¢) <_ 52(214 fyo) + (Wos — ) (—% + B1Y3 +71> —I0
agy =(Wo—¢) ( aoYs 5 ) + (Wogt — ¢) (—% —a1t2 + B1Ys + Bigo + ,\1>

—uV.

The second order partial derivatives of I1ar (Wo, Wog, 0, V) w.r.t. the decision variables W,, Wog, 6 and V are as followings:

Oy Bob1 O*Tns BoYa 0TIy BoYa
= pobt Y M Y - 222 - Y-
owz — o0 awmow, ~ M T o0 eaw, T 0 T o, TO
82HM ,60 6 aQHM 8 HAI 4
Y5 — A =-Y>+261Y] = —— Y-
oW, — ¥ o2 + +ﬁ01/12+ 0 oW, 2+ 26111, oW 2 + B1Ys + 71,
0TIy Ys 0TIy 0T s 0TIy
—_— = Y- A1, —— = —1, =0, = -
oW, ~ 2 vt AYs et A, 5 avoe ov?
A.4.
The mathematical expresswns of Y1, Ya, Y3, Ya, Y5, Y5, Y7 and Ys which are used in Proposition 5, are as follows:
YV, — Boai Yy = (4ag(ad)=BoB1a1) Vs = (Bomi+2a170) y, . (2Biaiyotdagaiyi—Fobiyi)
1= Taga1—260B1)’ — (4apa1-2B0f1) (daga1—2B0p1) *4 — (4apa1 —2B0S1)
Y- (—4apa1p2+280B192+Bor1+2a1A0) Yo = (—8ag(a?)Pa+4P0f1a19pa+4agar A1 —Fo B A1 +2a1 1 X0)
5= (401 —2B0061) 6 (401 —2B0061) ’
Y7 = —aoYs — appa + Boyﬁ + Bo2 + Ao, Yz = ==& — arp2 + B1Ys + Big2 + A1
The mathematical expresswns of Z1, Za, Zs, Z4, Zs, Ze, Z7 and Zs used in Proposition 5, are as follows:
BoY1Yo

Zy = =261+ Yo +
Qg

Zo = Bo(BoYs + 201 61(=261Y1 + Yz))

Zs = 41 Y (2a001 81 — Bo (B2) + (af) arYr) + 2a1 (Bofr — 20 (a1 + BoY1)) Y2 + (63) (Y3)

Zy = a1 (2avoar — BofB)(2y1 + 261Ys — Ya) + (e Y1 — BoY2)(—2a1v0 + 2ac0a1Ys — BoYa)

Zs = a1 (8B1v0Y1 + daov1Y1 — 4y0Ye — 4apB1Y1Ys + 4o YaYs — 2a0Y1Ya) — Bo (2Y2 (y1 + B1Y3)
+ (—461Y1 + Y2) Y4)

Zs = =21 (4 (204004151 — Bo (BT) + (08) a1Y1) + 201 (BB — 2a0 (a1 + BoY1)) Yo + (63) (Yz))

-2 (’Vl + B1Ys — — ) (1 2anar — BoBr) (271 + 261Ys — Ya) + (2001 Y1 — BoY2) ((— 20170

+400YaYs — 200Y1Ya) — Bo(2Ya (1 + B1Y3) + (461 Y1 + Y2)Y4))

Ys

+20001Y3 — [305/4)) + (201 (v0 — a0Y3) + BoYa) (a1 (881v0Y1 + 4daoy1 Y1 — 4y0Ye — 4o B1Y1Ys
1) —
Zr = I( (20001Y1 — BoY2) <)\1 — 12 + Bi(p2 +Ys) — 3) + (261Y1 — Y2)(2a1 (Ao + Botz
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Ys

—ao(p2+Ys)) + 50Y6)) (714 B1Ys — %)((2041( Yo — aoY3) + BoYa) ()\1 — a1tz + Bi(p2 + Ys) — ?>

_ % (271 + 261 Y5 — Ya) (201 (Ao + Botds — a0 (62 + Y3)) + BoYe))

Zg = 1<2CM1(26¥0CM1 Bof1) (/\1 — 12 + Bi(p2 + Ys) — %) + (2aoa1Y: — BoY2)(—2a1 (Ao + Bo2
—ao(p2 +Ys)) — BoYs ) (201 (y0 — a0Y3) + BoYa) ( (201 (y0 — a0 Y3) + BoYa) (/\1 — a12

(271 4+ 261Ys — Ya) (21 (Ao + Bot2 — ao(p2 + Y5)) + 50)/6))

+ﬁ1<¢2+y5)—ﬁ> :

2
A.5.

The mathematical expressions of Elh E’127 KQ, E217 E227 Egg, E’gl7 Egz, Egg, E’347 E’357 E41, E’427 E’437 E44, E45
FE46 which are used in Proposition 6, are as follows.

B = Bo(480 — B1)e(I(AD) + ()p) + 4(ad) (eI ho(2X0 + A1) — 4alp+ c(y0(2v0 + 1) + (=Bo + B1)I)p)

+ 201 (2a(I(AT) + (Y1) 1) — 2a1 (IAoA1 +yovi e + (380 + B1)Ip) + c(Mi (381X — (v5) M + 2801 (3Xo
+ A1) + Bo(Bo + 1181) i — (1) ((A5) — 280k) + Y01 (2X0A1 + 3(260 + B1)1)))

Bz = =2(a1)c(I(A3) + (70)1) + 2(80)c(I(A) + (vi)1) + (i) (Tho(2(ar + 2Boc — Bie) Ao — (2a + Boc) )
+(2(a1 + 2Boc — B1c) (1) — (2a + Boc)yoy1 + 2a(—580 + B1)T + 3Bo(—Bo + B1)cl) ) + a1 Bo(a(T(AT)
+(¥)m) = ar(ThoAs + 0y + (780 + B1)I ) + c(M (BT Ao — (v8) A1 + BoI (620 + A1)

+ Bo(Bo + 7B1) I+ () (—(A3) + Bow) + Y011 (2x0A1 + (650 + B1)w)))

Kz = (8(a)(ai)(—T(A]) — () + don I ) + Br(4(a)(Bo — B1)(T(AD) + (96) ) + 2(80) (T(AD) + (7))
+a1fo(—(1)(AG) + A1 (2(360 + B1)Iho — (76) A1) + ((63) + 146051 + (B1) L + 27071 (Aods + 36op
+ Bip))) — 20001 (4(0F)(T(AD) + (16)) + Bo(280 — B1)(I(A]) + (1)) + aa (—(47) (AD)
+A1(6(B0 + B1) Ao — (7)) A1) + ((B3) + 226081 + (B7)) It + 27071 (Mod1 + 3(Bo + B1)1))))

Es = —cIAi(Borr + 2a1 (Mo + 2A1)) + (—ev1(Boyr + 201 (yo + 271)) + 21 (4ar + (4o — Bo + Br)e)])p

B2z = 2(ai)(Bo — 281)c(I(X8) + (7)) + (B3) (TA1 (a1 20 + Brcho — adi + Bochr) + vi(aryo + Bicyo — am
+ Boevi) i+ (—Bo + B1) (a1 + Bre) i) + o1 Bo(2a1 (1(A3) + (v8)1) — 2a(IXods + oy + (Bo + 3B1)I 1)
+e(= () (A) + 26:T(A3) + 29071 20A1 + 3B0ThoAr + 26110 — (1) (AD) + (3B0v0m1 + 26170(70 + m1)
+ B1(7Bo + B1)I) ))

Eas = 4(ai)e(I(N) + (10)m) — (ﬂo)ﬂlc( (AD) + (7)) + 2(ad) (2a1 (I(A3) + (7)) — 2a(IXoM + Yoy1
+ (Bo + 381)I) + c(—(71)(A5) + 2B11(A3) + 270m Aot + 3BoT oM + 681100 A1 — (8)(AD) + (3Bovoms
+26170 (70 + 371) + B1(1180 + B1)I)p)) + 2a150(a17071ﬂ + a1l (XoA — Bop + 5B111)

—a(I(A\]) + (v)w) + (Bo — Br)e((vD)m + I((AD) — 28111)))

E31 = a1 fofi((ea — Br)edo + (a+ Boc) A1) (v1ro — YoA1)

Ess = an(—6a0ai1(Bo + B1) + BoB1 (360 + B1))v0 + 2(—2a0a1 (2a0a1 + (83)) + Bo(aoar + (83))81)m

FEs3 = a1 (4acr (Bo — B1) + Bo(aifo — 5ai1fi + 36061 + (B1))c)v0 + Bolaai (360 + B1)

+ Bo(26081 + a1 (Bo + B1))e)m

Ess = A1(71h0 — voM) + (380 — Bu)yaip + dai(yo + 1)p

Es5 = —(201 (a1 — B1)cho + 2aci M1 + Bo(201 + B1)eA) (r1do — vor1) — (2 (a1 Bo — 3a1 81 + 56061 + (5%))070
+ Bo(2a1 80 + 81 B1 + 7B — (5%))0% + 2aa1 (4oayo + 3(Bo + Br)1))p

Esn = —fon((ea — Br)evo + (a+ Boc)n) + (daa(Bo — 1) + Bo(ar(Bo — 561) + B1(360 + B1))e) ]

= —2a0a1(voy1 + 3(Bo + B1)I) + BoBi(~voy1 + (360 + B1)I)

= a1 (20001 — Bofr)(78) — davar (2a0an + (85))1 + 2Bo(aoan + (53)) Bl

B4y = a1yo((o1 — Br)eyo + (a+ Boc)y1) + (a1 (360 + B1) + Bo(26081 + a1 (Bo + B1))c) ]

(71 (2a1(on — Br)eyo + 2acay1 + Bo(200 + Br)eyr) — 2aa (4aar + a1 (Bo — 361)c+ B1(580 + Bi)e) )Xo

IS
I

I
[
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— (70 (2a1 (01 — Br)eyo + 2aa171 + Bo(201 + Br)eyr) + (6aci (Bo + F1) + Bo((760 — B1) b1
+ 201 (Bo + 461))e) )\

Es = *(Wf)/\o + YoviA1 + (380 — B1)I A1 + daaI (Mo + A1)

A.6.

The mathematical expressions of Fs1, Fs2 and Es3 which are used in Proposition 7, are as follows:

A.7.

Es =
Esy =

Es3 =

darI 12 + c(IA1 (A1 + (4o — 300 + B1)d2) — 4o (i + Xod2) + v1i(—yoA1¢p2 + 1 (i + Noo2)))
—Bo(4B0 — B1)c(I(AT) + (7)) + Bo(Bre(vi) Ao — 4a1BoI M + Bi(—cyoyr + 2a1l + (=760 + B1)el) A1) 2
— 2(0&) (4a[(—3,u + )\0(252) + C(( — 300 + ,31)]u + IDo(4Xh0 + 3X1 + Bop2 — 351¢72) + Yo (4’}/0,u + 37p

— Y1 Aoo2 + ’70)\19252))) —2a1(—a1(3voyap + (960 + B1) I + vo(—y1ho + YoA1) P2 + 3T o(A1 — (Bo
+B1)¢2)) + aBIA (A1 + (Bo + Br)d2) + 11 (Byip — 11 dodz +Y0Aid2)) + c((Bildo — (18) A1) (A1 + Brg)
— () ((A5) = 3Bop + Boodz) + (B3)I (1 + A1db2) + Y071 (2XM0A1 + 680 + Bii + Brrodz + Boridz)
+B0I(3A1(2X0 + A1) 4 5814 4 B1(5Ao + 4X1)2)))

—4(a?)e(I(A3) + (7)) + 2(83) (c(V ) + arThidz + cIM (M + 162)) + a1 fo(—a1 (yomi

+ (1160 + B1) I + Y0(=71 20 +Y0A1)d2 + Iho(A = (360 + B1)¢2)) + c((Brldo — (7)) A1) (A1 + Bigz)

— (71)((A3) = Bop + Borod2) + (B3)I (1 + Ap2) + Y011 (2001 + 6B0p + Brpt + B1roda + Borid2)

+ BoI (6AoA1 + (AT) + 3611 + B1(3Xo + A1)2)) + a(Ihi (A1 + (360 + B1)o2) + 71 (7oA b2

+71(p = Xod2)))) + (o) (4ar (I(AG) + (1)) + (B5)el (=5 + Aod2) — da(yoyip + Dho(As + f162))

+ Bo(4al(—4p + Xog2) + c(Brlp + Tho(4ho — 3A1 — 5B12) + Yo (dyopt — 3y1pe — Y1 o2

+70A162))))-

The mathematical expressions of Fg1, Fs2 and Eg3 which are used in Proposition 8, are as follows:

Ee1 = —2B0c(I(AT) + (7)) + 4(ai)el (n+ (Ao + Mi)p2) — a1 (dar I (=3p + Aiha) + c((Bo — 361) I

+IX1(3X0 + 4A1 — 30802 + Brb2) + 1 (3yop + 41t + Y1 A2 — YoA12)))

Eg2 = (a1)((Bo — 481)c(I(X3) + (v8)) + (—Bocyoyr + 4a(Bo — B1)I + Bo(Bo — 581)cl) Xowz + Bocyo Aitb2)

+2(85) (a1y0v11 + Breyoyip + (B el — a(I(A3) + (43)p) + BreIxi (Mo + Bow) + arl(Mo1 + By

+ Bodth2)) + a1 Bo(—a(3INoA1 + 3oy + (Bo + 11681) 1) + a(— (7)Ao + Y01 M1 + (360 + 1) A1)
+a1(IXo (3N + (360 + B1)¥2) + Y0 (3Y01 + 1 Aotz — YoA12)) + c(—(10) (AD) — (31) Ao (Ao + Bot2)

+ BoI M (Mo + Botz) + (BT)I (1 + Notbz) + B1(70) (Br — A1th2) + Yoy (2X0 A1 + Bopt + 28140 + Brdote
+Boditha) + B1I(3(AD) + 2M0A1 + Bop + Bo(3Xo + A1)¢2)))

Eez = Q(ﬁg)ﬂw(f()\?) + (’Y%),u) - 2(04?)(4(1])\01/12 + cIXo(Mo + (Bo — 381)Y2) + cyo(—y1 ow2 + Yo (p + A12)2)))

—2(af)(—a(381 XA + 3071 + (Bo + 981) T 1) + a(—=(71) Ao + Y01 A1 + 3(Bo + B1) A1)

+a1 (310 (Ao + (Bo + B1)1h2) + Y0301 + Y1 X0tz — YoAaha)) + c(—(76)(AT) — (7)Ao (Ao + Botbz)
+ BoI M (Mo + Botpa) + (BT (11 4 Xotbz) + Bi(78) (31 — Mitb2) + Yov1(2XoM1 + Bot + 68114 + Bi Xtz
+ BoArtp2) + BrI(3Xo (Mo + 2A1) + 4Bop + Bo(5Xo0 + 4X1)2))) + a1 Bo(4a(I(AT) + (v1))

+ (Bl (=T + Mth2) — 2a1 (290714 + T (2X0A1 + 9B1 1 + 280\ 192

= BrAiyp2)) + Bre(Bolp + IA1(—Ao + 2A1 — TBov2) + v1(71(20 + Aotb2) — Yok + A192)))).
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