RAIRO-Oper. Res. 60 (2026) 577-596 RAIRO Operations Research
https://doi.org/10.1051/ro/2026001 WWW.rairo-ro.org

ASYMPTOTIC ANALYSIS FOR WAITING TIME IN A RETRIAL QUEUE WITH
MULTIPLE INPUT STREAMS

YANG SONG® AND QI Liu*

Abstract. Under the classical retrial policy, we consider a single-server M/G/1 queue with multi-
ple input streams and orbits. Different types of customers have corresponding arrival rates, general
distributions of service time and retrial rates. Assume that the retrial rates for different types of cus-
tomers linearly converge to zero. We firstly derive the first-order asymptotics of the orbit queue lengths.
Subsequently, we find that the joint asymptotic distribution of the number of retrials follows a multidi-
mensional geometric distribution. Finally, we obtain the joint asymptotic distribution of waiting times,
which follows a multidimensional exponential distribution. This result indicates that the waiting times
for different types of customers are independent of each other.
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1. INTRODUCTION

In a retrial queueing system, when arriving customers find the server occupied, they choose to join an
orbit and retry for service after a random interval. Retrial queues are generally used to model the problems
in telecommunication systems, computer networks, call centers and so on. Readers may refer to [1,2] for a
comprehensive overview of the fundamental methodologies.

In many scenarios, customers are often classified by their service requirements or attributes. So the retrial
queueing models with multi-class customers are of great significance in practice. Extensive research exists on
such queueing systems (simply called multi-class retrial queues) with different retrial policies. As to the constant
retrial policy, by using regenerative approach, Avrachenkov et al. [3] deduced necessary stability conditions for
GI/G/c multi-class retrial queue; then in [4], they obtained the sufficient stability conditions for M/G/c queues
with finite waiting space. For a multi-class M/G/1 retrial queue with balking, Morozov et al. [5] established
the necessary and sufficient stability condition, also obtained performance measures under exponential service
times assumption. With classical retrial policy, stability conditions for the multi-class GI/G/c and M /G /1 retrial
queue were established in [6, 7], respectively. In these aforementioned studies, exponential retrial intervals are
considered. However, in [8], the stability condition was studied for a multi-class M/G/1 model with general
retrials. Apart from concerns on the stability conditions, the approximation of probability distribution of orbit
queue length was obtained for a multi-class M/M/1 retrial queue with sufficiently small retrial rate [9]. Also,
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for a multi-class M /M /c retrial queue, as the retrial rate going to infinity, Shin and Moon [10] provided the
joint stationary distribution for the number of customers in service and orbit.

As stated in [2], it is well known that multi-class retrial queues with parallel orbits are difficult to analyze,
since the joint queue length process is a random walk on the multidimensional integer lattice. Specific to the
retrial queueing models with double orbits, researchers adopted boundary value problem or kernel method to
analyze the stationary distribution of the joint orbit queue length, see [11-13]. Recently, for an M/M/1 retrial
model with double orbits, the parametric non-linear programming approach was used to solve for the average
queue length and waiting time [14]. Both queue length and waiting time are important performance measures
for evaluating a queueing model, while little work attends to the joint distribution of customers’ waiting times
in different orbits. Comparing to the queue length, waiting time is more difficult to handle with. One reason
is that, under the classical retrial policy, customers joining the orbit later may be served before those joining
earlier. So it is impossible to study a specific customer’s waiting time. While for any tagged customer in each
orbit, studying the joint stationary distribution of customers’ waiting times remains intractable.

Among the research about waiting time for retrial queueing systems with single-class customers, much of them
focused on the Laplace transform, moment, numerical approximation, and tail asymptotics [15-19]. Besides, we
notice that for a single-server retrial queue with finite sources, by allowing the number of customer sources
to approach infinity, the authors employed asymptotic analysis and derived the asymptotic distribution of
customer’s waiting time [20-22]. In these work, it is not necessary to derive the exact expressions for the
generating functions of number of retrials, nor for the characteristic functions of waiting times. Instead, on the
basis of limit condition, what they need are asymptotic solutions for those equations of generating functions or
characteristic functions.

Inspired by these, we extend the study to a single-server retrial queue with multiple types of customers and
orbits. Each type of customer has its own arrival rate, retrial rate, and general service time distribution. When
a type j(j = 1,---,N) customer’s retrial rate linearly approaches zero, we investigate the joint asymptotic
distribution of waiting times for the tagged customers in different orbits. It is worth mentioning that, under
the classical retrial policy, although each customer’s retrial rate goes to zero, the total retrial rate in the orbits
might not be negligible.

The proposed retrial queueing model effectively characterizes the behaviors of one kind of computer virus.
When spreading to computers via the Internet, the virus may lurk unseen in computer’s memory and wait for
another attack later. See each potential attack as a retrial. Due to the protection of antivirus software, the poten-
tial attack may fail. After a random amount of time, the virus may launch another attack. Suppose computers
process the incoming data as soon as possible. Compared with the service time, the latency period of virus is
much longer. Our proposed model just describes the inactive state for computer virus. It provides a realistic
and analytical framework to understand the impact of computer virus. In this work, the main contributions
are theoretical results obtained under the condition that retrial rates converge to zero. Numerical experiments
demonstrate that the asymptotic results agree with the simulated distributions, when retrial rates are relatively
small. This effectively verifies the correctness of the theoretical results. Furthermore, taking advantage of the
asymptotic results of waiting time or number of retrials, we can explore the protection strategies to mitigate
the impact of computer virus.

The remaining of the paper is organized as follows. Section 2 introduces the model discussed in this paper. In
Section 3, we analyze the first-order asymptotics of the orbit queue length. In Section 4 and 5, for the customers
joining the orbits, we obtain the asymptotic distributions of number of retrials and waiting times, respectively.
In Section 6, we conduct several numerical experiments to illustrate the correctness of our theoretical results.
Finally, conclusions are presented in Section 7.
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FIGURE 1. Queueing system.

2. MODEL DESCRIPTION

We consider a single-server retrial queueing system with multiple input streams and retrial orbits, as shown in
Figure 1. Let j =1,--- , N. The customers arrive at the system following IV independent Poisson streams with
rate );, and the server holds at most one customer each time. Denote total arrival rate A = Ay +---+ Ayx. For a
type j customer, its service time 7 follows a general distribution with probability distribution function B;(z). If
the server is available, an arriving customer of type j receives service immediately; otherwise, the customer joins
orbit j and seeks service again after a random amount of time. The intervals between two successive retrials
of a type j customer are independent and exponentially distributed random variables with parameter o;. The

corresponding Laplace transform is ¢;(a) = ai’g -
J

For a tagged customer of type j, define two random variables: the residual waiting time W,ng) (t) represents
the interval from time ¢ till the service beginning of the tagged customer; the residual number of retrials REQ (t)

represents the number of retrials within W) (t). At time ¢, let Q;(¢) denote the number of customers in orbit
j and C(t) the state of the server. When the server is idle, C'(t) = 0; when the server is busy serving a type
Jj customer, C(t) = j. For the customer under service at time ¢, introduce an elapsed service time Z(t) as a
supplementary variable, then we construct a continuous-time Markov chain {(C(t), Q1(t), -+ ,Qn(t), Z(t)) : t €
[0,00)} on the state space {0,1,..., N} x {0,1,...}¥ x [0, 00). Assume Zjvzl A\ E[T}] < 1, the system is stable.
Tagging any customer in orbit j, we denote its waiting time as W, and the number of retrials before receiving
service as R;. Let Wr(e]s) = lim;_, oo Wr(gs) (1), Rﬁég = lim; oo R§é2 (t), C =1limi_oo C(t), Q; =1limy_oc Q;(t), Z =
limy o Z(t). Set Dy = P(C =0), Dj(z)dz = P(C = j,z € (2,2 +dz)), D; = [;° D;j(z)dz. Then define the
stationary distributions and probability density functions as

Py(my,--- ,my) = P(C=0,Q1 =my,--- ,Qn =mn),
Pj(my,--- ;mpn,2) = P(C=j,Q1=my, - ,Qn =mn,Z < 2),
pj(ma,--- ,mn,2z)dz =dPj(mq,--- ,mn, 2)
=P(C=jQi=mi, - ,Qn =mn,Z € (2,2 +dz)),
Pij(mi, - ,mn) = P(C=jQ1=m, - ,Qn =mn)

o
:/ pj(ma, - ,my, z)dz.
0
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For j=1,---, N, they satisfy the following balanced equations

N N oo
Z()\J+mJJJ)PO(m13 7mN): Z/ M](Z)p](mla ;vaz)dZ,
— '_ 0

j=1 j=1 (21)

N
d . m ,... mN?
ZAlpj(mlf"7ml_17"'7mN7Z): p]( ! dz ZAI_F/JJ ]pj(mlv"'amN7Z)a
with boundary conditions
)\jPO(mla e 7mN) + (mj + 1)UjP0(m1u e 7mj717mj + 17mj+13 e 7mN) = pj(mla e 7mN70)7 (22)
where p;(z) = Bi(2)/(1 — Bj(z)). It is worth noting that, if m; = —1 for any j = 1,---, N, then
pj(mla"' y Mgy et 7mNaZ) = 0.
Next, for j =1,--- , N, we introduce the following steady-state characteristic functions
HO(ula"' U Z Z eZ(ulml-‘r +UNmN)PO(m17._. ,mN)’
: mN_O
oo
Hj(ula"' yUN, 2 Z Z el(ulnll+ +uNmN) (mla"' 7mNaZ)7
mi1= 0 my= =0

Hj(ula"'7u]\7):/ Hj(U],"',UN,Z)dZ,
0

where ¢ = y/—1 is the imaginary unit. Notice that

o o0
_ OH,
Z A Z el(U1m1+“‘+UNmN)ijO(m17 e ’mN) - _Z O(UB ’UN)a (.] - 17 e 7N).
- — U
m1=0 mpy=0
Multiplying both sides of (2.1) and (2.2) by ei(“1mat-F+unmn) then summing m; from 0 to oo for j = 1,--- | N,
we get
N N
aHO(ula : 7UN)
Z)\jH@(’U,l,-" 5 ZO'JZ 8uj
7j=1
N rco
72 Nj ul,"'auNaz)dZ:()v
0
N
0H .
](ul7a ,UN, Z _|_ ZAZ—’—,LL] ] (U1,"'7UN,Z)
N .
_Z)\lelquj(ula"‘7uNaZ):07 (]ZlavN)v
=1
 9H,
AiHo(u,+ uy) — ioje” O(”gu ) o, 0), (=1 N).(23)
J

By now, we have established the equations (2.3) for characteristic functions of the orbit queue lengths.
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3. ASYMPTOTICS FOR THE ORBIT QUEUE LENGTH
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Due to the difficulty in obtaining the explicit solution to equations (2.3), in this section, we propose the
important assumption for our model, that is 0; — 0 (j = 1,--- , N). Under this condition, suppose ¢; = v;0,
where v; (j = 1,---,N) could be different constants and ¢ — 0, we employ the asymptotic analysis method
to investigate the asymptotic solution to equations (2.3), and the result about first-order asymptotics of orbit

queue lengths is shown in Theorem 3.1.

Theorem 3.1.

lim B [eiQut Hiun@y] — giunGhtetiun T
o—0 ]
where k; (j =1,2,---,N) satisfies
N o0
Vikj = Aj Z(Al + ’Yllil)/ [1— Bi(z)]d=.
=1 0

In addition, the stationary probability distributions of server’s state are given by

-1

N oo
D=1+ X0+ ) [ DBy

Dj = (Aj +;555) Do /000[1 - Bj(2)]dz.

Proof. For j=1,--- ,N and k=0,1,--- , N, denote € = 0, u; = ew; and make the following notations
Fo(wy, -+ ,wn,€) = Ho(ug, - ,un),
Fj(wi,--- ,wn,z,€) = Hj(u1,--- ,un, 2),
o0
Fj(wi,--- ,wn,¢) :/0 Fj(wi, - ,wn, z,€)dz,
Fj(wn, ,wN,z):lEr%)Fj(wl,~~~ LN, 2, €),
Fip(wy, - ,wy) = li_r)%Fk(wl,~~~ JWN, €).

According to equations (2.3), we easily obtain

N N
OFy(wy,--- ,wy,€)
Z)\]Fo(wlv ’wN’G)_Z’YjZ 6w]
j=1 j=1
N oo
72/ i (2)Fj(wy, -+ wn, 2,€)dz = 0,
j=1"0
OF;(w WN, 2, €) N
(w1, ,WN, 2,
J 5 + ;)\l-i-uj(z) Fj(wy, -+ ,wn, 2,€)
N .
_ZAlezewsz(’wlv...,wN,z7e):0’ (j:1,~-~,N)7
=1
AjFo(wi, -+ wn,€) —i’Yje_“wja o(wi, -+, W, €) = Fj(wy, - ,wn,0,€), (j=1,---,N).

8wj

Following two steps, we investigate the equations (3.4) and show the main result in Theorem 3.1.

(3.1)

(3.4)
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Step 1. Under € — 0, consider the limits in equations (3.4). So,

N N
OFy(wy, - ,w
SN Fo(wr, - wn) = Y i o 19 - N)
J=1 j=1 Wy
N oo
_Z/ i (2)Fj(wy, -+ ywn, 2)dz = 0,
j=1"0
OF;(wy, - ,wy, |
2 = )+“J( )Ej(wy, -+ ,wn, 2) =0, (j=1,---

0z
8F‘IO(’u)la"' awN)

3wj

)‘jFO(wlv"' awN) _i’)/j

For (3.5), we confirm its solution with form
Fo(wy, - ,wn) = Do®(w1,- -+ ,wn),
Fj(wl, s 7’U)N,Z) = Dj(z)fI)(wl, te 7’UJN)7 (j = 1, e ,N).
Substituting (3.6) into (3.5), we get

al o 0P (w w /8w
. 1, s WN
Dy Y2 Ay = Do 3y g z/ (D) dz = 0,
j=1 j=1 ’
dD;(z .
djz( )+Mj(Z)Dj(Z):Ov (.7:1""
d )
A Do — iy Dy 2L N[Oy ) G=1,

P(wi, -, wN)
Note that the solution to (3.7) has the following form
i(w1N1+"'+wNNN).

q)(wla"' 7wN) =€

Then rewrite (3.7) as

N N 50
Z()\j +7;#5)Do — Z/ pi(2)Dj(z)dz =0,
i=1 j=1"0

D)} 121Dy () =0, G=1n ),

(Aj +7585)Do = D;(0), (=1, ,N).
n (3.9), the last two equations can yield the first equation, so we solve it to get
Dj(2) = (Aj + ;) Doe™ Jo Ha ) dv
= (A +75k5)Do[1 — Bj(2)].
Furthermore,

D= [T Die)az =yt )y [ 1 By

Using the normalization condition Dy + D + -+ + Dy = 1, we obtain
-1

N 00
gx +w]/0 1= B;()] dz

:Fj(w17"'7wN70)7 (.]:15

(3.5)
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Step 2. In (3.4), for j = 1,--- , N, integrate the second equation with respect to z from 0 to oo, then add it
to the third equation. Subsequently, sum j from 1 to oo for the obtained equation, and add it to the first
equation in (3.4), then we get

al . —dew; aFO(wla"' ,’LUN76) Y& tew;
Zz*yj(e i—1) B +Z Z)xl(lfe )
j=1 J

j=1Li=1

Fj(w1,~~~ ,wN,G):O. (310)

Considering e**@i = 1 + jew; + o(e) as e — 0, and substituting (3.6) and (3.8) into (3.10), we obtain

N N
Z (’}/jlijDo - /\j ZD1>’LU]' = O7
j=1

=1

then
N
vikiDo =X\ > Dy, (j=1,--,N). (3.11)
=1

Substituting (3.3) into (3.11), we obtain that x;(j = 1,--- , N) are the positive solutions of (3.2).
Let

H(U1,~~' ,UN) _ Z Z ei(u1m1+...+uNmN)P(Q1 =mq,- - 7QN — mN%

m1=0 mny=0
then
H(ui, - ,un) = Ho(ui, - ,un)+ Hi(ur, - ,un) + -+ Hy(u1,--- ,un).
Since
hHéHk;(Ul,"' ,UN) = hn(l)Fk:(wla 711)]\/'76) = Fk(w17"' awN)7 (k 20717"' 7N)7
and
Fo(wl,"' ,wN)+F1(w17"' ,’lUN)‘F"'—FFN(’LUl,"' ,wN)
— (Do + D +._,+DN)ei(w1m1+~--+wNNN) — ei(w1m+~~+w1\m1\f)’
so,
lim H(ul, . 7UN) = lim E[eiE(le1+~~+wNQN)] — ei(w1f£1+"'+U)NKJN)’
e—0 e—0

which yields (3.1). The proof is completed.
O

Remark 3.2. For j = 1,--- , N, the result shown in (3.1) implies E[|Qjo — ;|] — 0 as ¢ — 0, which means
Qo converges to k; in distribution as o — 0. Each orbit queue length weakly converges to a specific value,
which is the foundation for deriving the asymptotic distribution of the residual number of retrials.

4. NUMBER OF RETRIALS

In this section, we analyze the joint asymptotic distribution of the number of retrials for all types of tagged
customers. Initially, in Section 4.1, under the condition ¢ — 0, the asymptotic analysis method is utilized to
solve the equations for the conditional generating functions of the residual number of retrials, then we derive the
asymptotic distribution for the residual number of retrials. Subsequently, in Section 4.2, the joint asymptotic
distribution for the number of retrials is derived.
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4.1. Asymptotic distribution for the residual number of retrials

For j=1,---,N, 7aj€{17273’...}7 denote

HO(Th'" TN, M, 7mN)
=P{RY =r,--- ,\RY) =ry|C=0,Q1 =my, - ,Qn = mn},

Hj(rlv"' TN, ,mN,z)
_P{REQ = - RD =ry|C=5,Qi=m1, - ,Qn=mn,Z € (Z’Z‘*‘dz)}

as the conditional distribution of the residual number of retrials. By conditioning on the next event occurring
in the queueing system, we derive the following balanced equations based on the Markovian property, that is,

N

Z()‘j +mjo)o(ry, - ,rN,m1, -+ ,my)
j=1
N
Z Tl) TN, T, 7mN30)
N
—|—Z(mj - 1)O'jHj(T1,'~- STN, ML, e M1, M — 17mj+1,"'mN,0)
j=1
N
+ZU,7'H]‘(7“17"' Ti—1,75 — Lrign, e TN, ma, e gy, my — Lmgy, - my, 0)7
=t (4.1)
— Ol(ry,--- ,rn,my, -+ ,mn, 2)/0z
N
[Z >\l+01)+ﬂj( ) 11, (7"1, TN, ,’ITLN,Z)
=1
+Z)\lnj(r17"' s TN, T, 0, T, 1T +17ml+17"' 7mN>Z)
+Zo'lnj(rlv"' yT1—1,T1 7177”[-&-15"' TN, T, e amNaZ)
+MJ(Z)H0(T17"'arNamla"'7mN)7 (.7:1?7N)
LN).

For the first equation in (4.1), the last term with superscript * only appears when r; =1,(j =1

Define the steady-state generating functions

GO(Zl,"' ZN, M1, " 7mN)
RM) RV
= {21 e O =0,Q1 =ma,- -, QN :mN}
oo [ee)
Z Z .”Z}“VNHO(TD'” Y TN, T, - 7mN)a
1=1 ry=1
Gj(zl,... ZN,M1, ", mN,Z)
R(l) R( .
:bj{zlnb r% :.77Q1:m1a"'7QN:mNaZ€(Z72+dZ)}
00
Z Z Z}AVNHJ‘(TL-..7TN,m1’...7mN,Z>, (]:1’7]\])

ry=1
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TABLE 1. Equivalence between the notations.

Notations Represent for
. . 1 N
Go(z1,-++ , 2N, m1, -+ ,MN) Generating function of (Rﬁeg, . ,Rﬁes)) when C =0
. . 1 N .
Gj(z1,++ ,zn,m1, -+ ,mn,z) Generating function of (Rﬁeg, e ,REES)) when C = j
€ o =o0j/v; (v; is a constant)
Zj m;e
80(217"' 3 EN, L1y 71‘.]\756) GO(Zlv"' 52N7x1/€7"' 71.]\7/6)
Sj(zl7"' 3 AN, L1y " 7$N7Z76) Gj(217"' 7ZN,$1/6,"' 7$N/67Z)
KO(Zla"' 3y AN, L1y ,$N) lime"os()(zh'“ S AN, ML, - 7mN7€)
Ki(z1, -+ y2N, @1, , TN, 2) lime—o Sj(z1, - ,2N, M1, "+ ,MN, 2, €)
K(Zlv"' y N, L1y 71‘N) KU(er'” Yy AN, L1y 7xN)7 Kj(21,"' Yy AN, L1y ,$N7Z)
H(Zlv"'7ZN) K(Zlv"'azN,Hly"'7K’N)

Multiply both sides of equations in (4.1) by 2i* - - - zjVand sum all 7; (j = 1,--- ,N) from 1 to oo, then it yields

N N
_Z()\j +mjaj)GO(Zla Y AN, T, - 7mN)+Z>\]GJ(Z17 y AN, MY, - umNao)
j=1 j=1
N
+Z(mj - 1)0jGj(Zla"' y AN,y M-, My — 17mj+1a"' 7mNaO)
j=1
N
+ZUJZ]G](217 7Zj—1a17zj+17"' s AN, T, Ty 1,15 — 17mj+1a"' 7mNa0) :07
j=1
N (4.2)
an(Zla y AN T, - o 7mN,Z>/82— [ZO\I"‘W)“‘M;(@ Gj(zla y AN, T, - o 7mN,Z>
=1
N
+Z/\1G]‘(21,"' S AN, M,y ,mMy—1, My + 1,ml+1,~~- ,mN,z)
=1
N
+ (Zalzl>Gj(Z17"' sy RN, TN, - uvaz)
=1
+/u‘j(Z)GO(Zla"’ y AN, T, w ot amN) :07 (] = 17 7N)

Now we have established the equations (4.2) satisfied by the generating functions of the residual number of
retrials, and we aim at solving Go(21,--- ,2n,m1, - ,my) and G;(z1,--- , 2y, m1,--- ,mn,2) (j=1,--- ,N)
from it. By similar techniques used in the proof of Theorem 3.1, we make some transformations for o and m;
(j=1,---,N)in (4.2). To enhance readability of the following analysis process, Table 1 provides the equivalence
between the notations in both columns in advance.

Let

SO(Z17"' y AN, L1y ,$N76):G0(217"' y AN, T, - 7mN)a

Sj(zl7"' yEN Ty 7xNaZ7€):Gj(Z17"' Yy ZN, TN, - - 7mN,Z), (.7:17 aN)
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Rewrite (4.2) as

N
E )‘ +xj’yj SO(Zlv"'7ZN7:E17""$N76)+E Aij(Zlv"'7ZN71.1W")‘TN7076)
j=1 j=1

N
+ E ( )’Y_]S (Zlv"' Yy AN L1y 3 Lj—1,L5 — €, Tj41," " 7IN70a€>
i1
N
+ g E’Y]Z]S](Zl, azj—171azj+la"' AN, X1yt 3 XTj—1,L5 — €, L5415, " ,QTN,O,f)
=1
0Si(z1, -+ 2N, X1, , TN, 2,€)/0%

(4.3)
N
[Z >\l+€7l)+,ufg( )‘|S (Zla"' y RN, L1y 71'Naz76)

N
I
-

)\lSj(Zh"' Yy RN, L1y 7xl717xl+67xl+1a"' 7:1;]\772’6)

+
WE

Il
—

+

O
Il

N
E €121 Zl7 'aZN7xla"'a‘TN7Za€)

SO(Zla"' AN, L1, 71‘N?6)

_|_
o =
O

(j:L...,N).

Recalling Theorem 3.1 and Remark 3.2, equations (4.3) still hold after replacing z; with x;, (j =1,--- ,N).
To deal with (4.3) with 0 — 0, we conduct analysis in two steps. At first, we derive the relationship shown
n (4.8). It means, when the server is in different states, the conditional generating functions of the remaining
number of retrials are same. Then using this result, Taylor expansion, as well as the first-order asymptotics
of So(z1, -+ ,2n,21,- -+ ,xn,€) and Sj(z1,- -+, 2N, %1, ,ZN, 2,€) (j = 1,---,N), we get equations (4.11).
According to Remark 3.2, after some calculations, we obtain the expressions for Go(z1, -+, 2N, M1, ,MN)
and Gj(z1,--- ,2n,m1,--- ,mn,2) (j=1,---,N).

More details are presented now.

Step 1. Let
li_%s()(zlf" yEN, L1y 7xN76):KO(Zla"' y AN, L1y 7xN)7

gi_I}(lJSj(Zla"' Yy AN, L1y aINazve):Kj(Zla”' yZNs L1y " 7IN,Z)7 (]:13 7N)5

then from equations (4.3), we get

N N
Z +mj7j KO(Zla 'aZvila"'7xN)+Z)‘jKj(Zl7"'7ZN7$17"'7:EN70)

j=1
+Z$J’YJ Zl,"'aZNyxl;"'axNao):()a (44)
8Kj(z1,-~- 3 RN, L1,y ,.’L‘N,Z)

Oz _/Jj(Z)Kj(Zl,'--7ZN,(1317-~-’,’17N,Z)
+M](Z)KO(217 3 AN, L1y " axN) :0, (.]:17 72\7)
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For j =1,---, N, solving the second equation in (4.4), we get

— [Z i (v)dv
Kj(Zl,"'7ZN,$1,"',.13N,Z)€ fO #i (V)

# v 4.5
:Kj(zl7“.7ZN7‘T17.'.JxNvo)_KO(Zl7”'7ZN7:I;17.'.7$N)/0 e_fo Mj(y)dyuj(v)dv. ( )

If z — oo, then exp( [, #1;(v) dv) — oo, which yields the component on the right-hand side of (4.5) converges
to zero, i.e.,

Kj(zla"' y AN, L1y ,I'N,O) :KO(Zlv'” y AN, L1yt ’ZN)A eifovuj(y)dy:uj(v)dv

(4.6)
:KO(Zla"'7ZN79317"';17N)a (j:L...’N)_
Combining (4.5) with (4.6), we obtain
Ki(z1, -+, 2N, 21, , 2N, 2) = Ko(21,- -+ ,2n, 21, -+, TN), (j=1,---,N). (4.7)
For convenience, we denote
K(zh... JENS T, 737N) = KO(Zla"' VAN, T, 7xN), (48)

:Kj(Z]_,"',ZN,$1,"'7.'1?N,Z), (]:177N)

Remark 4.1. The relationship in (4.8) illustrates that the generating function of the joint distribution of the
residual number of retrials is neither relevant to the server’s states, nor to the elapsed service time of the
customer being served.

Step 2. Applying Taylor formula, we have

Si(z1,- 2N, X1, L1, L £ €,Tjq1, 0 TN, 2, €)
a5, I ) ] 5 <y 4.9
=Sj(z1, 2N, @1, TN, 2,€) k€ i NI N ze)—t—o(e). (4.9)
3xj
On the basis of (4.8), we provide the solution to (4.3) in the form of first-order asymptotics, that is,
SO(Zlv"' yZN, X1y axNve) =K 21yt 3 AN, 1,0 ,fEN)-’-ESO(Zl,"’ Y AN, L1, ;xN)—’_O(E)a
Sj(zl,...7zN,x17...,xN,Z,e):K . ,ZN,$1,~~',xN)+55j(Z1,~~~,ZN7$1,"',$N72)+0(5), (4.10)

(

(217 ..
in which the lowercase so(-) and s;(-) (j = 1,---,N) on the right-hand side denote the first-order partial
derivatives, respectively. Plug (4.9) and (4.10) into (4.3), then we obtain

N N
- Z()\j +x5v5)s0(21, -+ 2N, T1, -, ZN) + Z()\j +xj75)85 (21, -+, 2N, 21, -+, &N, 0)
j=1 j=1
N N
8K Zl Tt 7ZN x17... 7xN
=3z &, : )—Z%'K(Zh”'7ZN,9017"’,$N)
j=1 633]‘ =

N
+Z’YijK(21,~-~ s Zi—1, 1, 241, 2N, @1, 0, aN) = 0, (4.11)
Jj=1 ’

ﬂj(Z)SO(Zh"‘ Yy RN, L1y axN)_,u](Z)s](Zh YN, L1y axNVZ)

N
aSj(Zh"' y RN, L1y ,SUN,Z) 8K(Zl7 Yy RN, L1y ,l‘N)
A
* 0z +Z ! 8:1:1

=1

N
+ZVZ(ZZ_1)K(217 sy ZN L1y axN) :07 (.]: la 7N)
=1
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In (4.11), multiply both sides of the first equation by Dy and the other equations by D;(z), respectively.
Then integrate these equations for z over the interval from 0 to co, and sum j from 1 to N. Finally, add up
the resulting equations together. We have

. N
Z/ 1 (2)D Z (Aj +2;7)Do | so(z1," - s 2N, 21, , TN)
0 ;
Jj=1

N
Z()\ +xj,7])DOSJ(Zlv Ct RN, L1, ,‘TN,O)

j=1
N reo

—Z/ wi(2)Dj(2)s;(z1,-- , 2N, 21, -+ , &N, 2)dz
j=1"9
a ° 88](Z1a 3 RN, L1y 7$N7Z)

+z; /0 Dj(z) oy dz (4.12)
j=

o aK Z ’. .. ’Z ’x ’. .. 71‘
[)\j Z/O Di(z)dz - fUﬂjDO] - 8]3\;- : =
J

N
Z% I]Z/ Dj( dz—DOZ% K(z1,-+ ,2N,%1, " ,ZN)

N
+ E vz DoK (21, -+ ,2j-1,1, 241, -+ , 2N, %1, - ,&Nn) = 0.

Remark 4.2. According to Remark 3.2, x; can be substituted by «; in (4.3) for j =1,---, N. Since equation
(4.12) is derived from (4.3), it also works to substitute z; with x; in (4.12).

Following Remark 4.2, from the first equation in (3.9) as well as the equation (3.11), we find that the coef-
ficients of so(z1,--- ,2n, k1, - ,£n) and that of 0K (z1, - ,2Nn,k1, - ,KkN)/Oz; are both zero. Furthermore,
applying integration by parts and combining the rest equations in (3.9), we have

N
lZ(A] +‘Tj’yj)D05j(Zla"' y RN, K1, - 7RN7O)
j=1

_Z/ MJ S](Zlv' '7ZN,K1,"',K:N,Z)dZ‘|

oo
O5:(21, 2N KLy KN,
+§ /0 D, 24t PR 2z =0,

Denote H(z1,--+ ,2n) = K(z1, -+ ,2N,K1, - ,kn) and consider Dy + Zjvzl D; = 1. Equation (4.12) is equiv-
alent to

N
{(1 — Do) Y iz —1 DOZ%} (21,77, 2N)
=1 (4.13)
+ Dy Z%ZiH(Zl,"' Zim1, L, Zig1, -+ 2an) = 0.
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For any j; € {1, -+, N}, from (4.13) we derive that

Zg DO
HA,---,1,2z:,1,--- 1) = —"01"2 .
(7 I 7ZJ17 I ) l_ZJl(l_DO)
In addition, for any ji, j2 € {1, -, N} and j; # ja2, we obtain
ZleO ijDo

(a i ?Zj17 ) y Ly Zjas Ly ) ) 172j1(17D0)172j2(17.D0)

From above process, with condition o — 0, we have the generating function of the residual number of retrials for
single-class tagged customer, as well as the joint generating function for two-class tagged customers. In this way,
we can successively obtain the joint generating function of the residual number of retrials for j (j =3,--- | N)
classes of tagged customers. We omit repetitive steps and show the general expression as

21 DO 22 Do ZN DO

H DR = e
(21, 2N) 1—21(1—=Dg)1—22(1—Dg) 1—2n5(1—Dyg)’

(4.14)

from which, we get the following theorem.

Theorem 4.3. For N tagged customers of different types, the joint asymptotic distribution of the residual
number of retrials is

lir%P(R(l) =r, R =ry,--- R

res res

() =rn) = DY (1 = Do)=Y, (4.15)

where j=1,--- ,N andr; =1,2,3,---.

4.2. Asymptotic distribution for the number of retrials

In a stable system, if a primary type j (j = 1,---, N) arrival finds the server idle with probability Dy, it
accepts service immediately. In this case, the number of retrials is zero. However, if the primary arrival finds
the server busy with probability 1 — Dy, the arrival customer joins the orbit j immediately. For this case, the
number of retrials R; is equal to the residual number of retrials Rﬁég Therefore, from (4.15), we obtain the
following theorem.

Theorem 4.4. The joint asymptotic distribution of the number of retrials for N types of customers joining the
orbit is

liHbP(Rl =r, R =7+, Ry =7N) :Dév(l—Do)Zj'Vzl”*N,
where j=1,--- N andr; =1,2,3,---.

Remark 4.5. Theorem 4.4 indicates that as o goes to zero, the joint asymptotic distribution for the number
of retrials of N types of customers joining the orbit follows an N-dimensional geometric distribution. When o is
sufficiently small, the number of retrials of different types of customers are independent of each other.

5. ASYMPTOTIC DISTRIBUTION FOR THE WAITING TIME

In previous section, the asymptotic distribution of the residual number of retrials is obtained. In this section,
we utilize the relationships among residual waiting time Wr(cjs) , residual number of retrials Rgﬁg and retrial
interval to derive the asymptotic distribution of the residual waiting time, then further determine the asymptotic

distribution of the waiting time.
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Recall that the interval between two successive retrials follows an exponential distribution. Moreover, The-
orem 4.4 shows that the number of retrials (Ry,..., Ry) follows a multivariate geometric distribution when o
approaches zero. Obviously,

j _ (9) (9)
wl(t) = n’ 4 o+ Tz;fggg(t)’ (5.1)

where T,gj ) (k=1,--- ,R%g(t)) denotes the kth retrial interval of the tagged customer with type 7. Therefore,

due to the memoryless property of exponential distribution and geometric distribution, ( r(cls) < tq, r(czs) <
to, - 7Wr(61;[) < tN|R£éS) =7, R§§3 =T9, - ,Rﬁé\;) = ry) follows an Erlang distribution. Furthermore, adopting

the Law of Total Expectation, (4.15) and (5.1), we can get the following theorem.

Theorem 5.1. When o is small enough, the Laplace transform of the joint stationary distribution of the residual
waiting time is given by

N
oMo o | [l Poor
~ N
[I,2, (s + Dooy)

Remark 5.2. This expression reveals that, if o is small enough, the joint stationary distribution of

(Wr(els), ceey W}éﬁ )) can be approximated by an N-dimensional exponential distribution with parameter Doy (I =
1,2,-+- ,N).

Notice that

0, Rj =0,
W, =

P+ w1y, Ri>o.

j )
This means when the number of retrials is zero, the arrival customer receives service immediately and does not
need to join the orbit. Conversely, when the number of retrials is positive, the customer must be waiting in the
orbit. Following the analysis in Section 4.2, when the system is stable, the distribution of the number of retrials
is identical to that of the residual number of retrials. Thus, the waiting time of customer who joins the orbit
also has the same distribution as the residual waiting time.

Overall, we finally have the main result of this work.

Theorem 5.3. When o is small enough, for anyt; >0 (j =1,2,--- ,N), we have

PWy <t1,Wy <tg,--- ,Wn <tn) =

=

1 s n)on)

~

1

Remark 5.4. The above theorem also implies if o is small enough, the waiting times of different types of
customers are independent of each other.

6. EXPERIMENTS

In this section, we present numerical experiments to verify the correctness of our asymptotic result for the
waiting time distribution. Given the parameters of the model, by numerical simulation, we obtain the stationary
distributions of waiting time for various types of customers. These simulation values are used to compare with
the asymptotic results provided by Theorem 5.3. The comparison shows they match well. Moreover, we study
how parameters (such as arrival rate and service rate) affect the asymptotic approximations.

Consider a special case where N = 2. For j = 1,2, suppose the service time of type j customers follows an
exponential distribution F;(t) = 1 — e #'. Let (A1, A2) = (0.02,0.06) and (u1,p2) = (0.9,0.7). We simulate
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FIGURE 2. Waiting time distribution for (o7, 09) = (0.2,0.1).
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FIGURE 3. Waiting time distribution for (o, 02) = (0.07,0.04).

the process of customers going through the system, including arrival, service, retrial and departure. To ensure
the accuracy, the simulation duration is set to 5000000 units of time. Since the queueing system is stable, we
record the waiting times of all customers in each orbit and plot the stationary distribution curves.

If (01,02) takes different values, for example, (o1,02) = (0.2,0.1), (01,02) = (0.07,0.04), (01,02) =
(0.007,0.004), the curves of stationary distribution for waiting time, including both simulation and asymp-
totic curves, are presented in Figures 2-4. Obviously, for j = 1 or j = 2, the smaller the retrial rate is, the closer
the two curves are.

For clarity, let &; (j = 1,2) represent the maximum absolute difference between the simulated values and
the asymptotic results. Table 2 presents the values of &; (j = 1,2) for different retrial rate pairs. Assume an
acceptable error is 0.05, then the asymptotic results are credible when the retrial rate is no more than 0.04.

To verify the correctness of asymptotic results for large values of N, simulation experiments are conducted
for N € {3,5,7,9}. Given a vector x = (z1,...,%y), where n > N, let x(y) = (21,...,7x) be a truncated vector
of z. For n =9, denote A = (A1,...,Ag) = (0.02,0.03,0.01,0.04,0.02,0.03,0.01,0.02,0.05), p = (p1,...,p9) =
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FIGURE 4. Waiting time distribution for (o1, 02) = (0.007,0.004).

TABLE 2. The maximum error between simulation and asymptotics.

(01,00) (0.2,0.1) (0.1,0.08) (0.08,0.06) (0.06,0.04) (0.04,0.02) (0.02,0.008)

& 0.1503 0.0929 0.0797 0.0573 0.0369 0.0232
&2 0.0880 0.0737 0.0585 0.0407 0.0243 0.0103
1.0
0.8
=
g
3
= 0.6
&
7]
2
ol
<04
E
2
o,
the simulation values for type 1 customers
02 the simulation yalues for type 2 customers
the simulation values for type 3 customers
=== the asymptotic values for type 1 customers
—-=the asymptotic values for type 2 customers
o0l < the asymptotic values for type 3 customers
0 20 40 60 80 100 120 140
waiting time

FIGURE 5. Waiting time distribution for N = 3.

(0.9,0.8,0.7,0.6,0.9,0.8,0.7,0.4,0.6), and o = (o1,...,09) = (0.07,0.06,0.05,0.04,0.01,0.05,0.04,0.05,0.03).
When N takes values in {3,5,7,9}, let arrival rate, service rate and retrial rate be A(n), p(n), and o(y),
respectively. All simulation results and asymptotic results are shown in Figures 5-8.

Next, we take different service time distributions into consideration. For N = 3, if the service time fol-
lows Erlang or hyperexponential distribution, we verify the asymptotic results in our work remain reliable.
Both experiments use the same arrival rate (A1, A\2,A3) = (0.02,0.06,0.03) and retrial rate (o1,09,03) =
(0.04,0.01,0.06). For a type j (j = 1,2,3) customer, if its service time follows Erlang distribution G,(x) =
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FIGURE 6. Waiting time distribution for N = 5.
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FIGURE 7. Waiting time distribution for N = 7.

i

1—emmiw YN L UaB) where 2 > 0, set ky = ko = kg = 2, 1y = 0.5, 12 = 0.7, 3 = 0.8. If the type j (j = 1,2,3)
customer has service time following hyperexponential distribution H;(z) = 1 — Zf;l pjie” Hii® where x > 0,
set k1 = ko = ks = 2, 411 = 0.7, 112 = 0.8, o1 = 0.6, oo = 0.7, 31 = 0.5, ugz = 0.6. The corresponding results

are presented in Figures 9 and 10.

Now, we study how the arrival rate and service rate affect the asymptotic approximation. Consider N = 3
and take the fixed parameters (o1, 02,03) = (0.08,0.03,0.06). For simplicity, we suppose Ay = A2 = A3 and
w1 = po = pg = 0.7 for different type j (j = 1,2,3) customer. With the arrival rate increasing, the average
€errors éj between the asymptotic solutions and simulation results are calculated and shown in Table 3. Also,
suppose A1 = Ay = A3 = 0.1 and p1 = pe = ps, with the service rate increasing, the values of §_j are shown in
Table 4. It can be observed that the average error decreases with the increases of the arrival rate or service rate.
The explanation is that, for fixed retrial rate, when arrival rate or service rate increases gradually, the retrial
rate gradually becomes smaller relative to them. This leads to a decreasing error between the asymptotics and

the simulation.
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TABLE 3. The average errors with different arrival rates.

Aj (7=1,2,3) 0.03 0.06 0.09 0.12 0.15 0.18

5:1 0.0444 0.0401 0.0327 0.0279 0.0229 0.0176
&2 0.0202 0.0173 0.0163 0.0149 0.0130 0.0122
&3 0.0360 0.0322 0.0270 0.0233 0.0186 0.0155

TABLE 4. The average errors with different service rates.

w (G=1,2,3) 05 0.8 1.1 1.4 1.7 2

& 0.0319 0.0306 0.0252 0.0213 0.0204 0.0189
& 0.0186 0.0148 0.0120 0.0096 0.0078 0.006
& 0.0277 0.0234 0.0218 0.0186 0.0162 0.0137

7. CONCLUSION

In this work, we analyze a single-server queueing system with N types of customers and N retrial orbits,
with the assumption that the retrial rate of each type of customers linearly converges to zero. We obtain
the following asymptotic results in turn: (a) first-order asymptotic property of the orbit queue length, i.e.,
Theorem 3.1; (b) joint asymptotic distribution of the residual number of retrials, i.e., Theorem 4.3; (c) joint
asymptotic distribution of the total number of retrials, i.e., Theorem 4.4; (d) joint asymptotic distribution of
the residual waiting time, i.e., Theorem 5.1; (e) joint asymptotic distribution of the total waiting time, i.e.,
Theorem 5.3.

Among these results, the first-order asymptotic property of orbit queue length indicates each queue length
weakly converges to a specific value, which is the foundation of the sequence analysis. Also, it is worth mentioning
that in steady state, the residual number of retrials and the total number of retrials are identically distributed.
Just for this reason, the asymptotic distribution of the total number of retrials can be directly derived from that
of the residual number of retrials. Similarly, the residual waiting time and the total waiting time of any customer
in the orbit are identically distributed. So, taking advantage of the relationships among the residual waiting
time, the residual number of retrials, and the retrial interval, we have the asymptotic distribution of the residual
waiting time. At the same time, the asymptotic distribution of the total waiting time is finally obtained.

At the end of the work, we conduct several numerical experiments to demonstrate the correctness of our
conclusions, no matter for large values of N, or for different service time distributions.
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