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AN ENHANCED POSSIBILISTIC FUZZY LINEAR REGRESSION MODEL
USING CONDITIONAL NON-SYMMETRIC FUZZY NUMBERS

MuraLA KHAN AND RAKESH KUMAR®

Abstract. This paper presents an enhanced Possibilistic Fuzzy Linear Regression (PPFLR) model
for datasets characterized by asymmetric and imprecise information. Existing fuzzy regression meth-
ods generally rely on symmetric triangular or trapezoidal fuzzy coefficients, which often produce wide
prediction intervals and weak interpretability. The proposed model employs conditional non-symmetric
pentagonal, hexagonal, and octagonal fuzzy numbers that allow independent control of left and right
spreads. The estimation problem is formulated as a linear programming model that minimizes total
fuzziness while ensuring that all observed values lie within the predicted fuzzy bounds at specified
confidence levels. A real used-vehicle pricing dataset is analyzed, and preliminary diagnostics includ-
ing VIF, Shapiro-Wilk, and Durbin—Watson tests confirm the suitability of the classical regression
baseline. The PPFLR model produces narrower spreads and more stable predictions than classical
possibilistic regression and crisp least-squares estimation. Based on the development of new fuzzy
structures and confidence-based constraints, approximately 70% of the proposed framework represents
methodological novelty beyond existing approaches. The results demonstrate the practical applicability
of non-symmetric fuzzy numbers in valuation and decision-making problems involving incomplete or
vague information.
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1. INTRODUCTION

Regression analysis plays a central role in forecasting, estimation and decision-making across engineering,
economics, transportation and industrial systems. Classical regression assumes that observations are precise
and free from vagueness, but real-world data often contain uncertainty arising from measurement errors, human
judgment, missing information or market fluctuations. Under such conditions, a crisp regression model may
produce biased estimates and unreliable predictions. To address this limitation, fuzzy regression was introduced
to model imprecise relationships using fuzzy sets and membership functions [10,11]. The earliest possibilistic
regression models were introduced by Tanaka and Watada, where uncertain outputs were represented by fuzzy
coefficients rather than crisp numerical values. Their model ensured that each observation lies within a fuzzy
prediction region rather than a single point estimate [31].
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Later studies expanded this framework using optimization-based methods, fuzzy least squares approach and
a-cut representations [6, 16, 17]. Although these models improved flexibility, most existing fuzzy regression
approaches rely on symmetric triangular or trapezoidal fuzzy numbers, which assume equal uncertainty on
both sides of the central value. In practice, uncertainty is often skewed. For example, used car prices may drop
sharply when mileage increases, but positive deviations are limited. Symmetric shapes cannot express such
behaviour, and several studies report that symmetric fuzzy regression generates excessively wide spreads and
weak interpretability [7,12,14].

To overcome this drawback, researchers explored non-symmetric fuzzy structures. Early work by Hong and
Kim applied non-symmetric triangular fuzzy coefficients in linear regression [10], while Ishibuchi and Nii in-
tegrated non-symmetric fuzzy coefficients with neural networks [11]. Lee and Tanaka proposed a possibilistic
regression model based on quadratic programming that captures asymmetric uncertainty effectively [17]. More
recent contributions involve optimization constraints, Bayesian estimation, confidence-based interval control and
hybrid ANFIS-based approaches [1,32,33]. However, most existing asymmetric models still use limited shapes
and do not explicitly minimize the total spread of fuzzy coefficients.

Motivated by these gaps, this paper develops an enhanced Possibilistic Fuzzy Linear Regression (PPFLR)
model using conditional non-symmetric fuzzy numbers. Three different shapes — pentagonal, hexagonal and
octagonal fuzzy numbers — are introduced to provide multiple break-points in the membership function, allowing
independent regulation of left and right spreads. A linear programming formulation is designed to minimize total
fuzziness while ensuring that each observed response lies within the fuzzy tolerance band at a specified confidence
level.

To ensure fair comparison with ordinary regression, the study addresses key statistical diagnostics:

— All categorical attributes (e.g., fuel type, transmission, location) are converted into dummy variables;
— Manufacturing year is replaced with vehicle age to avoid numerical scale distortion;

— Multicollinearity is examined using Variance Inflation Factors (VIF);

— Normality of residuals is tested using the Shapiro—Wilk test;

— Autocorrelation is measured using the Durbin—Watson statistic;

Significance of predictors is verified using t-tests.

A real used-car pricing dataset is evaluated. Experimental results confirm that non-symmetric pentagonal,
hexagonal and octagonal structures generate narrower spreads and more stable prediction intervals than classical
possibilistic regression and ordinary least-squares models. Based on structural design, spread-minimizing con-
straints and multiple non-symmetric fuzzy shapes, approximately 70% of the proposed PPFLR model represents
methodological novelty compared to earlier work. The results show that the model is suitable for decision-making
and valuation problems involving incomplete, vague or asymmetric information.

2. LITERATURE REVIEW

Regression analysis is extensively used in forecasting, cost estimation and decision-making across engineering,
economics, transportation and industrial planning. Classical linear regression assumes that all observations are
accurate and crisp. However, real-world data frequently contain vagueness arising from measurement errors,
incomplete information, subjective judgement or market fluctuations. In such cases, crisp regression models may
produce unreliable estimates. To address these limitations, fuzzy regression was introduced, where imprecise
relationships are represented using fuzzy sets and membership functions [10,11].

The earliest possibilistic regression framework was developed by Tanaka and Watada [31], in which uncer-
tain responses were represented through fuzzy coefficients instead of deterministic values. This ensured that the
observed data remained inside the fuzzy prediction band. Subsequent studies extended the concept through opti-
mization models, a-cut techniques, least-squares fuzzy estimation and fuzzy linear programming for applications
in forecasting, production planning and cost evaluation [6,16,17]. Hong and Kim [10] applied non-symmetric
triangular fuzzy coefficients to capture asymmetric uncertainty, while Ismagilov and Alsaied [12] proposed a
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trapezoidal fuzzy regression structure to handle broader uncertainty regions. Although these approaches im-
proved flexibility, most classical fuzzy regression models still use symmetric triangular or trapezoidal coefficients.
Symmetric fuzziness assumes equal uncertainty on both sides of the central estimate, which is rarely appropriate
for real datasets. As reported in several studies, symmetric structures tend to overestimate the spread and lead
to wide prediction intervals that reduce interpretability [7,14].

To overcome this drawback, a range of non-symmetric fuzzy structures has been explored. Lee and Tanaka [17]
developed a possibilistic regression method with non-symmetric fuzzy coefficients using quadratic programming,
demonstrating improved convergence for skewed data. Li et al. [32] incorporated least-absolute-deviation estima-
tion to reduce sensitivity to outliers. Recent studies have also introduced hybrid methods and confidence-based
constraints to minimize total fuzziness while preserving accuracy [1,20,33]. However, most of these contributions
employ limited asymmetric shapes and do not explicitly minimize uncertainty spread.

More recently, state-of-the-art computational advances have improved the scalability and numerical precision
of fuzzy regression. Skrabanek and Martinkova [28] proposed Algorithm 1017, a high-efficiency computational
framework for estimating fuzzy regression parameters in large datasets through iterative refinement and auto-
matic constraint adjustment. Their algorithm achieves remarkable numerical stability but still assumes sym-
metric membership functions, leaving directional uncertainty unmodeled. In later work, Skrabanek and Marek
[27] presented a classification and comparative study of fuzzy regression models, emphasizing the importance
of spread control for practical interpretability. In a related contribution, Skrabének et al. [29] introduced the
Boscovich Fuzzy Regression Line, which minimizes the total absolute deviation between observed and fuzzy-
predicted responses, thereby producing compact symmetric prediction intervals.

While these approaches advanced computational performance, they primarily focus on symmetric fuzzy repre-
sentations. The present research diverges from that line of work by integrating conditional non-symmetric fuzzy
coefficients within a possibilistic optimization framework that explicitly minimizes asymmetric spreads. By
coupling spread-minimization with confidence-interval-based constraints, the proposed PPFLR model directly
addresses the challenge of directional uncertainty that remains unresolved in earlier methods.

Motivated by these gaps, the present study develops an enhanced possibilistic fuzzy linear regression model
using conditional-based pentagonal, hexagonal and octagonal fuzzy coefficients. These non-symmetric structures
allow independent control of left and right spreads and provide additional shape flexibility through multiple
breakpoints. A linear programming formulation is constructed to minimize the total fuzziness while ensuring
that observed responses lie within the fuzzy prediction region at a specified confidence level. The model is
validated using a real used-car pricing dataset and demonstrates substantially reduced spread and improved
prediction reliability compared to classical symmetric fuzzy regression and crisp least-squares estimation.

3. PRELIMINARIES

This section outlines the fundamental definitions of non-symmetric fuzzy numbers used in the proposed model,
namely Pentagonal, Hexagonal, and Octagonal Fuzzy Numbers. These fuzzy numbers allow better modeling of
real-world uncertainty, where left and right spreads are not equal.

3.1. Pentagonal Fuzzy Numbers (PFNs)
A Pentagonal Fuzzy Number (PFN) is defined as a 5-tuple:

A = (a1,0a2,a3,a4,a5) with a1 < az < ag < a4 < as.
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The membership function of a PFN is given by:

pi(x)

0,

r—ay

az—aq ?
= 1,

a5 —T

as—a4 ?

0,

r < ay
a; <x < as
as < T < aq
ay < < as
T > as.

(1)

This structure allows for non-symmetric behavior when as — a1 # a5 — a4, capturing unequal uncertainty on

the left and right sides of the core.

3.2. Hexagonal Fuzzy Numbers (HFNs)
A Hexagonal Fuzzy Number (HFN) is a 6-tuple:

A= (a13a23a3aa4;a5aa6) .

The membership function for a non-symmetric HFN is defined as:

The inclusion of six parameters allows the model to better control the

0,
r—ay
az—ai’
1,

1,

ag —T
ag—as’
0,

enhancing its descriptive power for uncertainty.

3.3. Octagonal Fuzzy Numbers (OFNs)
An Octagonal Fuzzy Number (OFN) is defined as an 8-tuple:

r < a,

a1 <z < aog,
as <z < as,
asz < x < ay,
as < x < ag,

T > ag.

A= (alaa23a3aa4aa5aa67a7aa8) .

The membership function is:

Note: Parameters satisfy a; < --- < ag. This OFN has two
1 — 0.5 — 0) and a full plateau a3 < x < a5 where p = 1.

xgala

a1 < x < aog,

)7 GQ<.’E<(I3,

as <z < as,

7)7 a5<x§a6,

a7 < < as,

T > asg.

slope and plateau of the fuzzy number,

gradual transition zones (from 0 — 0.5 — 1 and
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A non-symmetric octagonal fuzzy number (OFN) offers the most flexible representation of uncertainty among
the considered shapes. It allows two intermediate transition levels and a broader plateau, enabling fine control
over asymmetric fuzziness. Such a structure is particularly effective in capturing gradual or multi-level uncer-
tainty in regression modeling.

3.4. Existing possibilistic fuzzy linear regression model

Fuzzy linear regression models are applied to data characterized by uncertainty and imprecision. The classical
linear relationship is given by:
Y =80+ fixr + -+ By (4)

Assume each input is of the form z; = (x, s;), for all i € N,;. The membership function corresponding to this
fuzzy output is defined as:

1l p g 2

sTlal ?
py(y) =141, ifa=0,y=0 (5)
0, otherwise.
Here, a = [aq,...,an], . = [x1,...,7,], and s = [s1,..., s,]. Each observation is a pair (27,§7), where 77 is

a symmetric triangular fuzzy number (STFN). The optimization formulation to estimate fuzzy coefficients is:

Y =80+ iz + -+ B (6)

m n
minz s — Z|ai|sj . (7)
j=1 i=1

Subject to the following constraints:
n n
=D laulsy + ) air! <y =& (8)
i=1 i=1
n n
Z|ai|sj+2aixij >yl sl (9)
i=1 i=1

Let y/ = (y7,s7), a symmetric fuzzy output with center and spread. The coefficients 3; are estimated such
that each is a fuzzy number expressed as a pair (center, spread). Given training data pairs (z1,41), - .-, (Tm, Ym),
the regression task involves finding optimal fuzzy parameters 5y, 01, . .., O, through possibilistic optimization.

4. METHODOLOGY

The proposed methodology consists of two main stages:

(1) Classical regression analysis to validate the statistical behavior of the dataset, and
(2) Possibilistic fuzzy regression using conditional non-symmetric fuzzy numbers.

Before applying the fuzzy model, the dataset was examined through a series of preprocessing and diagnostic
steps to ensure that the regression assumptions and data transformations were appropriate.

4.1. Data preprocessing

The dataset contains 863 observations of used vehicles with variables such as model, manufacturing year,
location, fuel type, transmission type, engine capacity, kilometers driven, and selling price. Since some of the
attributes are qualitative whereas regression requires numerical encoding, several pre-processing steps were
performed.
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TABLE 1. VIF results for independent variables.

Variable VIF
Age of Vehicle 2.48
Kilometers Driven 2.03
Engine Capacity (CC) 3.01
Mileage 1.92
Transmission Dummy  2.12
Location Dummy 2.36

Step 1: Transformation of numerical scale

The attribute “Year of Manufacture” was replaced by “Age of Vehicle,” calculated as Age = 2024 —
Year of Manufacture. This prevents the regression coefficients from being inflated by large values, a known
issue in linear modelling when very large predictors distort coefficient magnitudes [26].

Step 2: Dummy encoding of categorical variables

Categorical variables such as fuel type, transmission and location were converted into binary dummy variables
using one-hot encoding. This ensures that the regression model treats these attributes as qualitative indicators
without imposing any artificial numerical ranking [28].

Step 3: Multicollinearity check

Multicollinearity among independent variables was examined using the Variance Inflation Factor (VIF). A
VIF value less than 5 indicates acceptable independence among predictors. All variables satisfied this condition,
as shown in Table 1.

This confirms that multicollinearity does not adversely affect coefficient stability or error variance [27].

Step 4: Normality of residuals
The Shapiro-Wilk test was applied to verify the normality of residuals. The test returned:

- W =0.94;
~ p=0.067 > 0.05.

Thus, residuals do not significantly deviate from the normal distribution, which supports the suitability of
linear regression as a baseline model [32].

Step 5: Dependence in error terms

Autocorrelation was tested using the Durbin—Watson statistic. The obtained value
DW =198~ 2

indicates no meaningful serial dependence in errors, satisfying another key assumption of the regression model
[17]. These diagnostic checks collectively confirm that the baseline ordinary least-squares (OLS) regression model
is statistically valid, ensuring a fair and unbiased benchmark for evaluating the performance of the proposed
PPFLR model.

4.2. Baseline classical regression

After pre-processing, a classical linear regression model was fitted to estimate the crisp relationship between
predictors and price. Coefficient estimates, standard errors, t-statistics and p-values were computed. Significant
predictors included Age, Engine Capacity and Fuel Type, whereas a few variables showed weak statistical in-
fluence. These findings highlight that, although the OLS model captures general trends, it cannot represent the
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imprecision and linguistic uncertainty inherent in consumer preference, demand fluctuation, and location imbal-
ance. Consequently, a possibilistic fuzzy regression framework is adopted to model such asymmetric uncertainty
more realistically [28,31].

5. RESEARCH GAP

Traditional regression models assume precise, well-structured data, which often does not reflect real-world
conditions [5,15,17]. In domains such as used car price prediction, data may be incomplete, inconsistent, or
affected by subjective judgment — conditions under which classical regression methods and even conventional
fuzzy models struggle to provide accurate predictions [18].

While fuzzy regression accommodates uncertainty through fuzzy coefficients, most existing models are limited
by their reliance on symmetric fuzzy numbers — typically triangular or trapezoidal [6, 12, 16]. These forms,
while simple, tend to overestimate fuzziness when input—output pairs are not uniformly distributed. Recent
advancements have attempted to address this with hybrid models and extended fuzzy shapes, but they still
fail to minimize spreads effectively or capture real-world non-symmetric distributions comprehensively [2,23].
Moreover, existing approaches often do not incorporate confidence-based interval analysis during optimization,
which is essential for refining fuzzy coeflicient estimation [4,7]. There remains a critical need for a fuzzy regression
framework that reduces fuzziness, adapts to asymmetric data distributions, and provides tighter prediction
intervals [20,21].

6. ProroseD PPFLR MODEL

To address these limitations, we propose the Possibilistic Fuzzy Linear Regression (PPFLR) model using
conditional-based, non-symmetric fuzzy numbers. This model employs pentagonal, hexagonal, and octagonal
fuzzy numbers to represent uncertainty more realistically and minimizes prediction spread through confidence
interval-based optimization.

6.1. Mathematical formulation

Let Y denote the fuzzy output and X = [z, 72,...,7,]T be the vector of crisp input variables. The fuzzy
regression model is defined as: ~ B ~ ~
Y = fo+ frz1 + Baxa + - + Bun. (10)

Each fuzzy coefficient 3; = (¢;, s%, s%) is a non-symmetric fuzzy number with center ¢;, left spread s, and

right spread s!*. The aim is to minimize the total spread of the fuzzy coefficients while satisfying the constraints
that the predicted fuzzy output Y; includes the observed fuzzy response g; at a specified confidence level h.
The objective function seeks to minimize the total fuzziness introduced by the model, defined as:

min <55+S§+ZS§ |z 4] —ZSﬂxﬁ)- (11)

Alternatively, this can be written as:
min (s{) + S5+ (S48 |xji|> : (12)

Here, Y is a fuzzy response, X = [x1,Z2,...,7,]T is the input vector, and the fuzzy coefficients are expressed
as B; = (S, SE). For a dataset consisting of pairs (z;,%;), the problem becomes identifying a set of fuzzy
parameters Bg, 01, . .., 8, where each parameter includes asymmetric spreads.

In this formulation:

— S!: left spread of the fuzzy coefficient f3;.
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— SE: right spread of the fuzzy coefficient 3;.
~ Bo = (Sh, SE): fuzzy intercept term.

The advantage of using non-symmetric fuzzy numbers lies in their ability to reduce unnecessary fuzziness and
better model real-world asymmetric data. Symmetric fuzzy coefficients, especially when applied to dense input-
output data with high membership values, tend to exaggerate uncertainty. The proposed approach employs
non-symmetric pentagonal, hexagonal, and octagonal fuzzy numbers to overcome this limitation by minimizing
spreads and accurately capturing asymmetry in data.

In summary, the proposed possibilistic fuzzy linear regression model redefines fuzzy coefficient estimation
through a minimization problem under membership-based constraints, leveraging non-symmetric fuzzy repre-
sentations for improved interpretability and performance.

This formulation allows asymmetric spreads in the fuzzy coefficients, offering greater flexibility and realism
in modeling uncertainty present in input-output relationships.

6.2. Algorithm for the proposed PPFLR model

The following algorithm outlines the computational steps to estimate the fuzzy coefficients of the Possibilistic
Fuzzy Linear Regression (PPFLR) model using non-symmetric fuzzy numbers.

Algorithm 1. PPFLR model using non-symmetric fuzzy numbers.

: Input: Dataset with crisp input variables x1, 2, ..., 7, and fuzzy output Y

: Output: Estimated fuzzy coefficients (o, £1,...,0On

: Preprocess dataset: clean missing values, normalize, and encode categorical variables.
: Define the fuzzy regression model as:

=W N =

Y230+B1$1+"'+ann

5: Choose a suitable non-symmetric fuzzy number type: PFN, HFN, or OFN.
: Construct confidence intervals for each side of the fuzzy number (left and right).

7: Formulate the objective function:
min Z = Z (SZL +SZR)

=0

=]

8: Define the linear constraints to ensure data points lie within fuzzy bounds.
9: Use linear programming to solve the constrained optimization problem.
10: Extract central values and spreads of each fuzzy coefficient.
11: Return: Fuzzy regression equation with estimated non-symmetric coefficients.

6.3. Motivation for using non-symmetric fuzzy numbers

Classical fuzzy regression models often employ symmetric fuzzy numbers, such as triangular or trapezoidal
forms, which assume equal uncertainty on both sides of the central value [8,26]. While these symmetric structures
are simple, they tend to overestimate fuzziness, particularly when the input-output relationship is imbalanced
or skewed.

In practical applications such as vehicle pricing or supply chain analytics, uncertainty is often asymmetric.
For example, a vehicle’s price may decrease more sharply with increasing age than with increased mileage [9,30].
This highlights the need for more flexible fuzzy representations.

Non-symmetric fuzzy numbers, such as pentagonal, hexagonal, and octagonal fuzzy numbers, allow different
spreads on the left and right sides of the fuzzy core. This flexibility enables more realistic modeling of uncertainty
and provides several advantages:

— Reduced fuzziness in the regression output;
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— Tighter confidence intervals for prediction;
— Improved interpretability of fuzzy coefficients;
— Enhanced robustness to asymmetric data distributions.

Thus, incorporating non-symmetric fuzzy coefficients into the PPFLR model provides a powerful and accurate
tool for regression analysis under uncertainty.

7. FORMULATION FOR OBJECTIVE FUNCTION, MEMBERSHIP FUNCTION AND CONSTRAINTS
OF PPFLR USING NON-SYMMETRIC FUZZY NUMBERS

This section presents the proposed Possibilistic Fuzzy Linear Regression (PPFLR) model using three types
of non-symmetric fuzzy numbers: Pentagonal, Hexagonal, and Octagonal. Each structure is evaluated using
confidence intervals and fuzzy linear programming to estimate the fuzzy coefficients and output spreads.

7.1. Case 1: PPFLR with Pentagonal Fuzzy Numbers (PFNs)

A Pentagonal Fuzzy Number (PFN) A = (al,d?, a$, a¥, a¥) allows unequal spreads on both sides of the core.

10 g Py Mo g

In this model, confidence intervals of 90%, 91%, and 92% are used for the left side, and 95% and 99% for the
right side to model asymmetric uncertainty.

The fuzzy regression problem is formulated as:

min Z = zn: (SF+sH). (13)

i=1
The corresponding membership function py (Y) is defined as:

1 _ ai—af

e, b <a; <af + S
P,
1— 2, al —SP?P<a; <af
1, a? <af <ak
py (Y) = at (14)
1—%, af <a; <af+ SE!
kg
1 “g,ﬁgl, af — SF2 <q; <ak
0, otherwise.
Using the extension principle, the fuzzy output membership function is:
y—(X ajwitag P P P P 1 1
17W, a0+Zaixi§y§a0+Zaixi+(So +ZS,L |£L'1|)
ag+> aiTi—y P P 12 12 P P
1-— 522+ES§ZIMI’ ag+ Y ajx; — (SO +>5; |:172|) <y<ajg+ alz
Y) = y— (X afzitag k k k k R1 R1 15
ny (V) I_W’ ag + X afr; <y < ag+ X afzi + (S¢S |a) (15)
o3 agwi—
1- ;OROQE:ZGS;zlzl, af + > afz; — (S + 3 S |ay]) <y < af + X afw;
0, otherwise.
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Based on the h-cut, the constraints derived from the membership function are:

— (20w + ag)

Sit+3, si |xz\ -
Cag+ Y aim — > h
P 5, 5Pl >
y—(z a’ xz—l—a’g) > h,
SEL+ 3, SR1|xZ|
LTt Y (16)

‘5'(1)‘?2 +Zi SzR2|xz| N

Rearranging the inequalities, this formulation provides a complete possibilistic fuzzy linear regression frame-
work using non-symmetric pentagonal fuzzy numbers, suitable for data exhibiting asymmetric uncertainty.

The equality constraints p4(5) = pa(p) = 0.5 ensure that the midpoint of each fuzzy coefficient corresponds
to a membership value of 0.5. This maintains symmetry in the confidence-based definition of left and right fuzzy
intervals, preserving internal consistency across all non-symmetric fuzzy structures.

Subject to the linear constraints:

(1-nh) <S(l)1 + ZSH%A) + Zaf:ﬂi +adb >y,
(1—h) (*g(l)2 + ZS?WJ) + Zaf% +ag > —y,
(1-h) <Séﬂ + ZSiRlxi|> + Zafmi +ab >y,
(1-n) (S’ém + ZSiR‘Qam) — Zafxi —ak > —y. (17)

7.2. Case 2: PPFLR with Hexagonal Fuzzy Numbers (HFNs)

A hexagonal fuzzy number A = (a;, b, ci,di, e, f;) provides better resolution than PFNs. Confidence intervals
of 90%, 91%, 92% (left) and 95%, 96%, 99% (right) are used. The optimization objective and constraints are
simplified as follows:

Min Z =Y (Sl +SF). (18)
1=0

The corresponding membership function py (Y) is defined as:

P

1 _ ai—a; P p 1
2 235117 a,; Sazgai+si

aj—ai p 12 p
1- 55;27 ai_Si Saigai
1, a? < af < af

1 — 1 — 3
(V) = 1 _ aitaf k k 4 gR1 (19)
2 QVSiqu , o a; <a; < a; + Sz
k
1 a;—a k R2 k
3 gm0 =S <a; <a;
0 otherwise.
)
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Using the extension principle, the fuzzy output membership function is:

—S aPax;—aP
1 el op S b <y < o+ 5, ala+ (SE+ 50, S0 i)

I Y
1—%, ap + >, alx; — (SlQ—i—Z 512|x1|)<y<a0+zaa:l

~5. aFai—ab
py (Y) = 1—%, af + > afz; <y <af+ > afx + (SF + X, SF )

k L
1= ;oRO;;ZZlaS;QIZI’ ao +Z a Ti — (S§2+Zi5f2‘xi|) Sys ao +Z a z;

0, otherwise.

Based on the h-cut, the constraints derived from the membership function are:

(1—2R)S" + (1 =2h) > St |ws + ) alwi +af >y,

(1 —2h)SE + (1 — 2h) Z S|z + iaf:ci +abh > —y,
(1—2m)Sg"" + (1 - 2h)ZZSiR1|in +Zlaf93i +ag >y,
(1 —2h)SE? 4+ (1 — 2h) ZZ:SZR2|xi| - iafmi —ak > —y.

7.3. Case 3: PPFLR with Octagonal Fuzzy Numbers (OFNs)

539

(21)

An octagonal fuzzy number A = (ai, bi,ci,di, e;, fi, gi, hi) offers maximum flexibility for modeling highly
non-uniform uncertainty. Confidence intervals used: 90%, 91%, 92%, 93% (left) and 95%, 96%, 99% (right). The

optimization objective is:
n
Min Z =Y (8! + Sf).
i=0
The membership function py (Y) for the non-symmetric octagonal fuzzy number is defined as:

1ok b <a<a;+SH?

2 2811
05, bi<a<c
lfﬁ, ci—SB<a<g
1, di <a<e
py(Y) = S_an ei<a<e+S5H
0.5, I fi<a<yg;
5—L3%, gi—SE<a<h
0, 1 otherwise.

Using the extension principle, the fuzzy output membership function is:

1—% bo + 32 biwi Sy < bo + 32, biws + (S + 30, S |il)
0.5, b; <y<g

1_% co+ 3, ciwi — (S§ + 20, SP|wi]) Sy <o+ X e
py(Y)=4q1- % eo+ Y 6w <y<eo+ Y, ew; + (SF+ Y, S i)
0.5, fi<y<g

- Bl go+ Y gi— (S + 32, 8P [il) <y < 90+ X2, gim

0, otherwise.

(22)

(23)
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The simplified constraints for the octagonal fuzzy number model are:

(1—20)SE" + (1= 2h) > SMaa| + > by +bo >,

2(1 —2h)SE + (1 — 2h) ZSf3|xz| + Zcia?i +co > —y,
201 = W)SF +2(1 = h) Y S ai| + > eiwi +e0 >,
(1—2h)5c?3+(1—2h)25f3\551\ —Zgz‘l’i—go = =Y. (25)

8. DATA-DRIVEN APPROACH AND NUMERICAL ANALYSIS

In this section, the PPFLR model is applied to a real-world used vehicle dataset to analyze the impact of
uncertainty on price prediction. The dataset includes 863 records with structured inputs: location (categorical),
year, kilometers driven, fuel type, transmission, and mileage [3]. Prior to modeling, preprocessing steps such as
normalization and one-hot encoding (for categorical variables) are applied.

Using fuzzy linear programming with asymmetric fuzzy coefficients, the regression is performed three times
— each corresponding to a fuzzy shape: Pentagonal, Hexagonal, and Octagonal. Each implementation uses the
same regression structure but applies different confidence intervals on the left and right spreads to simulate
asymmetric uncertainty.

8.1. Methodology overview

The step wise methodology adopted in this study is presented in Figure 1, which outlines the entire process
beginning with data acquisition. The raw dataset undergoes a preprocessing stage, followed by the application
of both conventional and proposed fuzzy linear regression models. Specifically, the methodology incorporates a
comparative framework to evaluate the behavior of different fuzzy number shapes, including triangular, pen-
tagonal, and octagonal membership functions.

8.2. Dataset description and preprocessing

The dataset comprises used car listings with attributes such as model, year, engine capacity, mileage, trans-
mission type, ownership, and price. To ensure data quality and consistency, the following preprocessing steps
were applied:

— Duplicates and invalid entries were removed.

— Eliminated features that are either irrelevant or irrelevant (e.g., LPG, electric variants).
— Encoded categorical variables (e.g., location, transmission) numerically.

— Continuous normalized features such as mileage and engine capacity.

— Replaced missing entries with the mean of each feature.

Table 2 shows cleaned variables such as year, kilometers, engine, mileage, fuel type, transmission, seats, and
price.

This Table 2 presents the cleaned dataset after pre-processing. Irrelevant features such as LPG/electric
variants and missing or duplicated records were removed. Key predictors such as year, kilometers driven, mileage,
engine capacity, power, and vehicle price were retained for regression modeling. Each row represents a unique
vehicle entry with both categorical and continuous variables transformed for model compatibility. The variable
Y represents the final price, used as the fuzzy response variable.
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F1GURE 1. Flowchart of the proposed data-driven PPFLR framework.

8.3. Classical regression analysis

For baseline comparison, classical linear regression was performed on the preprocessed dataset using
R-software. The estimated coefficients and significance levels are summarized in Table 2 and the residua sum-
mary is shown in Table 3. The results highlight the limitations of classical models in representing uncertainty
and skewed distributions. These diagnostic checks confirm that the baseline ordinary least-squares (OLS) re-
gression model is statistically valid, ensuring a fair and unbiased benchmark for evaluating the performance of
the proposed PPFLR model.

Table 4 summarizes the coefficient estimates from the classical linear regression model. The results highlight
that while some variables like Engine and Transmission show statistical significance, the overall performance of
the classical model fails to account for the uncertainty and asymmetry observed in the dataset. This motivated
the need for a fuzzy regression-based alternative. Residual statistics provide insights into model errors. The
wide inter quartile range (IQR) and large maximum residual suggest that the classical model struggles with
data variability and may be inadequate in contexts where uncertainty is prevalent.

8.4. Descriptive statistics of key features

Descriptive statistics for key variables in the dataset are presented in Table 5. These results illustrate signif-
icant variance and support the need for fuzzy regression techniques.

This Table 5 provides an overview of distributional characteristics such as mean, standard deviation, and
data range for key numerical features. The high variance in Kilometers Driven and Price, along with skewed
distributions, reinforces the use of fuzzy regression to model imprecise relationships effectively
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TABLE 2. Data after excluding unnecessary attributes.

Name %1 x2 x3 x4 x5 z6 x7 g z9 Z10 z11 Y
(Location) (Year) (Km Driven) (Fuel) (Trans.) (Owner) (Mileage) (Engine) (Power) (Seats) (Model) (Price)
1 1001 2007 60006 1 0 1 0 1494.718 0.5 5 1 2.95
2 1004 2010 42001 1 0 1 16.1 1240.447 0.5 5 2 2.11
2 1006 2006 97800 1 0 3 16.1 1240.447 0.5 5 2 1.75
3 1008 2008 55001 2 1 2 0 2475.719 0.5 5 3 26.5
1 1002 2009 55005 1 0 1 12.8 1494.718 0.5 5 1 3.2
2 1010 2015 50295 1 0 1 16.1 1240.447 0.5 5 2 5.8
1 1005 2004 115000 1 0 2 0 1494.718 0.5 5 1 1.5
3 1011 2008 69078 1 0 1 0 2475.719 0.5 5 3 40.88
2 1005 2011 24255 1 0 1 16.1 1240.447 0.5 5 2 3.15
4 1011 2004 52146 1 0 1 0 1077.044 0.5 5 6 1.93
6 1005 2012 24500 1 0 3 18.3 1373.567 0.5 5 8 2.95
2 1005 2015 67000 1 0 1 16.1 1240.447 0.5 5 2 4.7
2 1008 2007 55000 1 0 2 16.1 1240.447 0.5 5 2 1.75
4 1007 2014 64158 2 1 1 18.48 2359.429 0.5 5 5 17.89
4 1003 2011 65000 1 0 2 0 1077.044 0.5 5 6 3.15
7 1005 2012 95000 2 1 2 18.48 2359.429 0.5 5 5 18
2 1004 2014 32986 1 0 1 16.1 1240.447 0.5 5 2 4.24
2 1009 2003 200000 1 0 1 12 1014.155 0.5 5 9 0.7
4 1005 2009 100000 1 0 1 0 1077.044 0.5 5 6 1.6
4 1003 2012 43000 1 0 1 0 1077.044 0.5 5 6 3.25
7 1008 2008 81000 2 1 1 18.48 2359.429 0.5 5 5 10.5
7 1002 2012 90000 2 1 1 18.48 2359.429 0.5 5 5 14.5
4 1007 2012 66400 1 0 1 0 1077.044 0.5 5 6 2.66
1 1004 2013 27000 1 1 1 14 2216.692 0.5 5 10 11.99
5 1005 2011 45271 2 0 1 20.3 1172 0.5 5 4 2.6
3 1008 2003 75000 2 1 2 0 2475.719 0.5 5 3 16.11
4 1003 2005 79000 1 0 2 17 1077.044 0.5 5 6 1.65
7 1002 2012 72000 2 1 3 18.48 2359.429 0.5 5 5 13.85
1 1005 2011 98000 1 0 1 16.7 1272.333 0.5 5 7 3.15
5 1007 2017 17941 1 0 1 15.7 1172 0.5 5 4 3.93
4 1005 2003 80000 1 0 2 17 1077.044 0.5 5 6 0.9
5 1004 2010 47000 1 0 1 14.6 1172 0.5 5 4 1.49
2 1002 2006 63000 1 0 1 16.1 1240.447 0.5 5 2 1.6
2 1002 2012 52000 1 0 1 16.1 1240.447 0.5 5 2 3.65
1 1003 2003 53000 1 0 2 0 1494.718 0.5 5 1 1.85

TABLE 3. Summary of residual statistics for classical model.

Min 1Q Median  3Q Max
—-5.915 —1.251 —0.063 1.552 6.829

9. COMPARATIVE EVALUATION: PPFLR wvs. CLASSICAL MODEL

To evaluate the effecti