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GENERATING COMPROMISE SOLUTION OF BI-LEVEL MULTI-OBJECTIVE
INTUITIONISTIC FUZZY FRACTIONAL PROGRAMMING PROBLEM

Sujit Maharana and Suvasis Nayak*

Abstract. The real world optimization problems in hierarchical decision making systems, often en-
counter multiple functions in fractional forms with uncertain parameters. To tackle such situation of
uncertainty, this paper proposes a novel methodology to find a compromise solution of a bi-level multi-
objective linear fractional programming problem which is designed in a fuzzy environment with its
parameters expressed as intuitionistic triangular fuzzy numbers. Based on the concept of intuitionistic
fuzzy (𝛼, 𝛽)-cuts and some theoretical aspects, the bi-level intuitionistic fuzzy model is formulated into
an equivalent bi-level optimization with multiple interval valued fractional functions. The method pro-
posed by Chakraborty and Gupta, is utilized to compute the individual compromise solution of each
interval valued fractional objective function. Subsequently, the upper and lower level compromise solu-
tions are computed to ascertain the aspiration values of the multiple interval valued fractional functions
and the decision variables controlled at the upper level. Goal programming approach using a proposed
modified linearization technique for fractional functions, is implemented to derive the compromise so-
lution of the bi-level fuzzy optimization model. An existing numerical example, a practical problem
in production sector are solved and the comparative discussion on result analysis is incorporated to
demonstrate the feasibility and efficiency of the proposed approach.
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1. Introduction

Numerous real-world problems in different hierarchical decision making systems can be represented as bi-
level programming problems (BLPP) [20,21] in mathematical form, which comprises two decision makers(DMs)
allocated at two different levels i.e. upper and lower, in order of their decision making capacities. Upper-level
DM (ULDM) and lower-level DM (LLDM) perform as the leader and follower of the BLPP respectively where
both DMs have different goals and each controls individually a set of decision variables. The decision-making
process is initiated by the leader and forwarded to the follower who determines own plan following the leader’s
decision. The goals attained by the leader may be impacted by the follower’s strategy and also the actions of
the leader may influence the follower’s strategy. Therefore, a compromise solution is required which avoids the
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situation of decision deadlock and becomes suitable for both level DMS with overall benefit and growth of the
system.

Fractional programming [48] is a nonlinear optimization problem which incorporates its objective function
expressed as the ratio of functions to apropriately fit the formulation of various real-world into optimization
models. Multi-objective linear fractional programming problem (MOLFPP) [16,48] contains multiple conflicted
and inter-related objective functions which exist in fractional form of linear functions. MOLFPP has lots of appli-
cations in various fields like business, industries, management, economics, engineering, health care etc., which
are according to several relative ratios of physical and economical quantities to be simultaneously optimized.
Some commonly found examples of fractional objectives are, profit/cost, output/employee, production/time,
inventory/sale, etc. In such situations, the parameters associated with the objective functions as well as con-
straints are all expected to be precisely known, but practically these parameters are not always exact because of
several reasons like errors in measurement, fluctuations in market conditions, unpredictable state of climate etc.
These circumstances can be effectively formulated into optimization models by utilizing a fuzzy environment to
tackle the uncertainty. An intuitionistic fuzzy set(IFS) [7] is the extension of a fuzzy set and its degrees of mem-
bership, non-membership functions are considered with a condition that these are not always the complement
of each other whereas the fuzzy set involves only the degree of membership. In order to appropriately formulate
certain practical problems with uncertainty into fuzzy optimization models, intuitionistic fuzzy environment
can be suitably applied. Several solution methodologies are developed in literature for solving various forms
of linear fractional programming problems (LFPP). The variable transformation approach was developed by
Charnes and Cooper [15] to solve LFPP. Schaible [44] discussed the duality concept and proposed a solution
algorithm of LFPP. Guzel and Sivri [24] proposed a method of solution for multi-objective LFPP using Taylor
series approach. Chakraborty and Gupta [14] proposed an algorithm to solve MOLFPP on the basis of a new
linearization technique whereas Toksari [50] designed a solution methodology for MOLFPP with linearization of
the fractional objectives on the basis of Taylor’s series expansion. Bhati and Singh [11] used branch and bound
computational method to solve MOLFPP. Pal et al. [41] developed a linearization technique for fractional mem-
bership functions and proposed a methodology of MOLFPP by using fuzzy goal programming method. Das
et al. [18] designed a method for solving fully fuzzy LFPP using variable transformation method and multi-
objective linear programming problem (MOLPP). Ammar and Khalifa [6] proposed a method of solution for
MOLFPP with (𝛾, 𝛿) fuzzy interval valued parameters based on ranking function, transformation method and
fuzzy programming. Mishra [36] developed a method to solve bi-level LFPP (BL-LFPP) using the weighting sum
approach. Calvete and Gale [13] proposed an approach to find a global optimal solution of a bi-level LPP/LFPP
having linear and linear fractional objective functions at the first and second level respectively with its feasi-
ble region as a polyhedron. Hashem et al. [40] proposed a model of bi-level multi-objective optimization using
fuzzy goal programming to measure the performance of a decision making unit comprising fractional objective
functions at both level.

The notion and idea of intuitionistic fuzzy set (IFS) was initially proposed by Atanassov [7] in 1986. Sujeet
and Shiv [46] proposed a technique to address LFPP in an intuitionistic environment of fuzziness whereas
Bharti et al. [9] proposed a solution approach for intuitionistic MOLPP by constructing membership and non-
membership functions of maximization and minimization type respectively. Bharti and Singh [10] developed an
algorithm to solve interval valued intuitionistic fuzzy MOLPP assuming uncertain degrees of membership and
non-membership. Fathy [23] developed a solution approach for an uncertain LPP in which all the parameters
comprising decision variables are stated in terms of interval-valued intuitionistic fuzzy numbers. Sahoo et al.
[43] derived a solution methodology for MOLFPP which involves all its parameters designed as pentagonal
intuitionistic fuzzy numbers (IFN) using its equivalent conversion into a crisp MOLPP based on an accuracy
function. Yuvashri and Saraswathi [52] also developed a solution approach to MOLFPP in intuitionistic fuzzy
environment of pentagonal fuzzy numbers by deriving its equivalent crisp form. Several ranking methods for IFNs
were proposed in literature by many researchers. Deng et al. [27] proposed a ratio ranking method for triangular
IFNs. Satyajit and Debashree [17] developed a centroid-based ranking method for trapezoidal IFNs and added its
application in a multicriteria optimization problem. Biswas and De [12] proposed an efficient ranking method for
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intuitionistic fuzzy bi-level LPP using defuzzification of IFNs and probability density functions for membership,
nonmembership functions. Li [26] developed a ranking method of triangular IFNs based on the concept of ratio
between value index and ambiguity index, also discussed its application to a multi attribute decision-making
problem. Alessa [5] developed a solution procedure to BLFPP by introducing membership and nonmembership
functions for the uncertainty of decision makers in an intuitionistic fuzzy environment. Maiti and Ray [31]
proposed a ranking function approach for bi-level programming of Stackelberg game in an intuitionistic fuzzy
environment. Aggarwal and Gupta [3] proposed a method to find an intuitionistic fuzzy efficient solution of a
bilevel multi-objective LPP (BL-MOLPP) with its technological coefficients and resources as IFNs. Singh et al.
[47] proposed an application to the production planning problems based on BL-MOLPP in intuitionistic fuzzy
optimization and developed its solution algorithm based on TOPSIS method. Mollalign et al. [39] developed a
methodology using two phase fuzzy goal programming to derive a compromise solution of a multi-level MOLPP
with intuitionistic fuzzy parameters where its equivalent crisp form was obtained applying accuracy function.
Moges et al. [38] proposed a method to obtain a compensatory solution of decentralized bi-level MOLFPP
with intuitionistic trapezoidal fuzzy parameters where single DM remains at upper level but multiple DMs
remain at the lower level. Moges et al. [37] also developed a method of solution for MOLFPP with triangular
intuitionistic fuzzy numbers using a two-phase approach and weighted goal programming method. Roy and
Maiti [42] developed some mathematical models to solve BLPP in Stackelberg game with two different cases
under type-2 fuzzy environment. Maiti and Roy [29] proposed a computational algorithm to solve interval-valued
and multi-choice BLPP for the Stackelberg game in intuitionistic fuzzy environment. Maiti and Roy [28] also
developed a solution approach for multi-choice stochastic BLPP where, the parameters associated with the
objective functions and constraints are multi-choice types and follow normal distribution respectively. Maiti
et al. [30] proposed a model to improve better cooperative games in Gaussian type-2 fuzzy environment by
implementing both parametric programming and fuzzy optimization. Das et al. [19] proposed a multi-objective
optimization approach based on the concepts of a new ranking approach and epsilon-constraint method to solve
two stage solid logistic network problem with some parameters designed as triangular type-2 neutrosophic fuzzy
numbers. Malik and Gupta [32] developed a method to solve fully fuzzy MOLFPP with intuitionistic fuzzy
parameters using variable transformation technique and weighted goal programming approach. Ahmad et al. [4]
proposed an algorithm to solve multi-level MOLFPP using the neutrosophic fuzzy concepts where rough intervals
are considered as the coefficients in the objective functions. Adhami et al. [2] addressed a multilevel supplier
selection problem with fuzzy valued supply, demand and constraints based on the neutrosophic approach. Arora
et al. [1] developed a method to solve a Transshipment problem where the cost coefficients are considered
as asymmetric pentagonal fuzzy numbers. Barman et al. [8] proposed a decision making method based on
multi-objective optimization to address and derive the solution of a practical problem related to tomato crops.
Mardanya and Roy [33] proposed an approach of solution for a problem of multi-objective and multi-item solid
transportation in trapezoidal fuzzy environment.

Intuitionistic fuzzy numbers are extensions of standard fuzzy numbers which tackle the uncertainty more
accurately. In this paper, a novel solution methodology is developed for bi-level multi-objective intuitionistic
fuzzy LFPP where all the parameters exist in a special form of triangular intuitionistic fuzzy numbers. The
methodology proposed here implements the concept of intuitionistic fuzzy (𝛼, 𝛽)-cuts for deriving an equivalent
interval valued bi-level model. It also utilizes the relationship between interval valued and bi-objective opti-
mization, goal programming, method of Chakraborty and Gupta [14], a modified linearization technique for
fractional functions to derive the compromise solution of the bi-level intuitionistic fuzzy fractional problem. The
existing methods in literature mostly deal with deterministic forms of bi-level LPP, bi-level FPP with single or
multiple objectives at each level, otherwise bi-level LPP, MOLPP in classical or intuitionistic fuzzy environment
but the proposed solution approach attempts to solve and produce a compromise solution of a bi-level MOLFPP
in an intuitionistic fuzzy environment of advanced triangular IFNs. To the best of author’s belief and knowledge,
almost no or very rare solution methodologies may be established in literature to address this particular form of
bi-level intuitionistic fuzzy MOLFPP. Numerous problems in reality comprise imprecise information about the
sources or parameters which enhances the level of difficulty in decision making context. Appropriate concepts of
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fuzzy logic can be implemented to mathematically address the impreciseness. Since, multiple interrelated and
conflicted functions in fractional form with uncertain parameters sometimes need simultaneous optimization at
different hierarchical levels of decision making problems, the proposed methodology is expected to be effectively
utilized in decision making of hierarchical organizations where the problems can be mathematically modeled in
form of BL-MOLFPP with intuitionistic fuzzy parameters.

This paper is structured as: followed by an introduction and brief description about the contribution of
the work in Sections 1 and 2 covers the fundamental concepts related to intuitionistic fuzzy numbers, conver-
sion of TIFNs to interval valued forms using fuzzy (𝛼, 𝛽)-cuts, interval-valued optimization and its equivalent
bi-objective optimization, linearization of fuzzy fractional membership functions and a solution approach for
MOLFPP. Section 3 includes the mathematical formulation of the bi-level multi-objective triangular intuition-
istic fuzzy LFPP whereas Section 4 incorporates the main work i.e., the proposed solution methodology to
determine its compromise solution. Further, an algorithm and a flowchart are also included in Section 4 to illus-
trate the proposed solution approach. Section 5 contains one existing numerical example, a practical problem in
production planning as a real-world application, their solutions using the proposed methodology and a detailed
comparative discussion on analysis of the results. Finally, concluding discussions are incorporated in Section 6.

2. Preliminaries

Definition 1 ([7]). Let U be the universal set then an intuitionistic fuzzy set (IFS) ̃︀𝐹 𝐼 in U is defined as a set
of ordered triplets of the element 𝑥 associated with the values of its degree of membership and degree of non
membership. The mathematical expression of IFS can be represented as follows.

̃︀𝐹 𝐼 = {⟨𝑥, 𝜇 ̃︀𝐹 𝐼 (𝑥), 𝜈 ̃︀𝐹 𝐼 (𝑥)⟩ : 𝑥 ∈ 𝑈},

where, 𝜇 ̃︀𝐹 𝐼(𝑥) is the degree of membership and 𝜈𝐹 𝐼 (𝑥) is the degree of non-membership of the element 𝑥 ∈ 𝑈 .
𝜇 ̃︀𝐹 𝐼 : 𝑈 → [0, 1] i.e., 𝜇 ̃︀𝐹 𝐼 (𝑥) ∈ [0, 1] and 𝜈 ̃︀𝐹 𝐼 : 𝑈 → [0, 1] i.e., 𝜈 ̃︀𝐹 𝐼 (𝑥) ∈ [0, 1]. 0 ≤ 𝜇 ̃︀𝐹 𝐼 (𝑥) + 𝜈 ̃︀𝐹 𝐼 (𝑥) ≤ 1 ∀ 𝑥 ∈ 𝑈 .
𝜋 ̃︀𝐹 𝐼 (𝑥) = 1 − 𝜇 ̃︀𝐹 𝐼 (𝑥) − 𝜈 ̃︀𝐹 𝐼 (𝑥) represents the degree of non-determinacy (or uncertainty) ∀ 𝑥 ∈ U in the IFS̃︀𝐹 𝐼 .

Definition 2 ([45]). An intuitionistic fuzzy set ̃︀𝐹 𝐼 is said to be an intuitionistic fuzzy number (IFN) if it possess
the following properties.

(i) ̃︀𝐹 𝐼 is a subset of the real line R.
(ii) ̃︀𝐹 𝐼 is normal i.e., there exists at least one 𝑥 ∈ R such that 𝜇 ̃︀𝐹 𝐼 (𝑥) = 1 ( 𝜈𝐹 𝐼 (𝑥) = 0).
(iii) The associated membership function 𝜇 ̃︀𝐹 𝐼 (𝑥) is convex i.e., ∀ 𝑥, 𝑦 ∈ R and 𝜆 ∈ [0, 1], 𝜇 ̃︀𝐹 𝐼 (𝜆𝑥 + (1− 𝜆)𝑦) ≥

min{𝜇 ̃︀𝐹 𝐼 (𝑥), 𝜇 ̃︀𝐹 𝐼 (𝑦)}.
(iv) The associated non-membership function 𝜈 ̃︀𝐹 𝐼 (𝑥) is concave i.e., ∀ 𝑥, 𝑦 ∈ R and 𝜆 ∈ [0, 1], 𝜈 ̃︀𝐹 𝐼 (𝜆𝑥 +

(1− 𝜆)𝑦) ≤ max{𝜈 ̃︀𝐹 𝐼 (𝑥), 𝜈 ̃︀𝐹 𝐼 (𝑦)}.

Definition 3 ([45]). A triangular intuitionistic fuzzy number (TIFN) 𝑇 𝐼 = ⟨a1, a2, a3; w, u⟩ is a special IFS on
R, having its membership and non-membership functions defined in the following forms.

𝜇̃︀𝑇 𝐼 (𝑥) =

⎧⎪⎨⎪⎩
(𝑥−a1+a2)w

a2
, a1 − a2 ≤ 𝑥 < a1

(a1+a3−𝑥)w
a3

, a1 ≤ 𝑥 ≤ a1 + a3

0, otherwise

,

𝜈̃︀𝑇 𝐼 (𝑥) =

⎧⎪⎨⎪⎩
[(a1−𝑥)+u(𝑥−a1+a2)]

a2
, a1 − a2 ≤ 𝑥 < a1

[(𝑥−a1)+u(a1+a3−𝑥)]
a3

, a1 ≤ 𝑥 ≤ a1 + a3

1, otherwise
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Figure 1. Triangular intuitionistic fuzzy number.

where, a2 and a3 are not necessarily same, called as the left and right spreads respectively, a1 is the mean value
with the maximum value of degree of membership w and the minimum value of degree of non-membership u

which satisfy the conditions 0 ≤ w ≤ 1, 0 ≤ u ≤ 1, 0 ≤ w + u ≤ 1. The following Figure 1 illustrates the
membership function 𝜇̃︀𝑇 𝐼 (𝑥) and also the non-membership function 𝜈̃︀𝑇 𝐼 (𝑥) of the TIFN 𝑇 𝐼 .

Definition 4 ([45], (𝛼, 𝛽)-cut of a TIFN). The (𝛼, 𝛽)-cut of a TIFN ̃︀𝑇 𝐼 = ⟨a1, a2, a3; w, u⟩ is a crisp subset of
R that is defined as,̃︀𝑇 𝐼

𝛼,𝛽 = {𝑥 : 𝜇̃︀𝑇 𝐼 (𝑥) ≥ 𝛼, 𝜈̃︀𝑇 𝐼 (𝑥) ≤ 𝛽}, where 0 ≤ 𝛼 ≤ w, u ≤ 𝛽 ≤ 1 and 0 ≤ 𝛼 + 𝛽 ≤ 1.

The 𝛼-cut of the TIFN ̃︀𝑇 𝐼 is ̃︀𝑇 𝐼
𝛼 = {𝑥 : 𝜇̃︀𝑇 𝐼 (𝑥) ≥ 𝛼}, 0 ≤ 𝛼 ≤ w, that can be represented in the interval

valued form as, ̃︀𝑇 𝐼
𝛼 = [(a1 − a2) + a2𝛼

w , (a1 + a3)− a3𝛼
w ] = [ ̃︀𝑇𝐿(𝛼), ̃︀𝑇𝑅(𝛼)].

The 𝛽-cut of the TIFN ̃︀𝑇 𝐼 is ̃︀𝑇 𝐼
𝛽 = {𝑥 : 𝜈̃︀𝑇 𝐼 (𝑥) ≤ 𝛽}, u ≤ 𝛽 ≤ 1, that can be represented in the interval

valued form as, ̃︀𝑇 𝐼
𝛽 = [(a1 − a2) + (1−𝛽)a2

(1−u) , (a1 + a3)− (1−𝛽)a3

(1−u) ] = [ ̃︀𝑇𝐿(𝛽), ̃︀𝑇𝑅(𝛽)].

Theorem 1 ([25]). For any 𝛼 ∈ [0, w], 𝛽 ∈ [u, 1] and 0 ≤ 𝛼 + 𝛽 ≤ 1, ̃︀𝑇 𝐼
𝛼,𝛽 = ̃︀𝑇 𝐼

𝛼 ∩ ̃︀𝑇 𝐼
𝛽 = [ ̃︀𝑇𝐿, ̃︀𝑇𝑅], where,̃︀𝑇𝐿 = max{ ̃︀𝑇𝐿(𝛼), ̃︀𝑇𝐿(𝛽)} and ̃︀𝑇𝑅 = min{ ̃︀𝑇𝑅(𝛼), ̃︀𝑇𝑅(𝛽)}.

Definition 5 (Arithmetic operations on TIFN, [45]). Let ̃︀𝒜𝐼 = ⟨a1, a2, a3; wa, ua⟩ and ̃︀ℬ𝐼 = ⟨b1, b2, b3; wb, ub⟩
be two TIFNs on R and 𝜆 ∈ R then, the following arithmetic operations are defined on the TIFNs.

(i) ̃︀𝒜𝐼 ⊕ ̃︀ℬ𝐼 = ⟨a1 + b1, a2 + b2, a3 + b3; min{wa, wb}, max{ua, ub}⟩.
(ii) ̃︀𝒜𝐼 ⊖ ̃︀ℬ𝐼 = ⟨a1 − b1, a2 + b3, a3 + b2; min{wa, wb}, max{ua, ub}⟩.
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(iii) ̃︀𝒜𝐼 ⊗ ̃︀ℬ𝐼 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨a1b1, a1b2 + b1a2 − a2b2, a1b3 + b1a3 + a3b3;
min{wa, wb}, max{ua, ub}⟩, ̃︀𝒜𝐼 > 0, ̃︀ℬ𝐼 > 0

⟨a1b1,−a1b3 + b1a2 + a2b3,−a1b2 + b1a3 − a3b2;
min{wa, wb}, max{ua, ub}⟩, ̃︀𝒜𝐼 < 0, ̃︀ℬ𝐼 > 0

⟨a1b1,−a1b3 − b1a3 − a3b3,−a1b2 − b1a2 + a2b2;
min{wa, wb}, max{ua, ub}⟩, ̃︀𝒜𝐼 < 0, ̃︀ℬ𝐼 < 0.

(iv) ̃︀𝒜𝐼

̃︀ℬ𝐼
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨a1

b1
,

a1b3+b1a2−a2b3

b2
1

,
a1b2+b1a3+a3b2

b2
1

;
min{wa, wb}, max{ua, ub}⟩, ̃︀𝒜𝐼 > 0, ̃︀ℬ𝐼 > 0

⟨a1

b1
,

a1b3−b1a3+a3b3

b2
1

, a1b2−b1a2−a2b2

b2
1

;
min{wa, wb}, max{ua, ub}⟩, ̃︀𝒜𝐼 < 0, ̃︀ℬ𝐼 > 0

⟨a1

b1
,
−a1b2−b1a3−a3b2

b2
1

,
−a1b3−b1a2+a2b3

b2
1

;
min{wa, wb}, max{ua, ub}⟩, ̃︀𝒜𝐼 < 0, ̃︀ℬ𝐼 < 0.

(v) 𝜆 ̃︀𝒜𝐼 =

{︃
⟨𝜆a1, 𝜆a2, 𝜆a3; wa, ua⟩ 𝜆 > 0
⟨𝜆a1,−𝜆a3,−𝜆a2; wa, ua⟩ 𝜆 < 0.

(vi) ( ̃︀𝒜𝐼)−1 = ⟨ 1
a1

,
a3

a2
1+a1a3

, a2

a2
1−a1a2

; wa, ua⟩.

2.1. Bi-objective form of interval valued optimization

An optimization model 𝑀I comprising interval-valued objective function, can have an equivalent expression
of a bi-objective optimization model 𝑀II, Stanojevic et al. [49].

𝑀I : max
𝑥∈Ψ

[ℱ𝐿(𝑥),ℱ𝑈 (𝑥)]. (2.1)

𝑀II : max
𝑥∈Ψ

{ℱ𝐿(𝑥),ℱ𝑈 (𝑥)}. (2.2)

Definition 6 ([51]). Let, [𝐿1, 𝑈1] and [𝐿2, 𝑈2] be two real intervals, then [𝐿1, 𝑈1] ≤ [𝐿2, 𝑈2] iff 𝐿1 ≤ 𝑈1 and
𝐿2 ≤ 𝑈2.

Definition 7 ([51]). 𝑥* ∈ Ψ is an efficient solution of 𝑀I if @ 𝑥 ∈ Ψ such that [ℱ𝐿(𝑥*),ℱ𝑈 (𝑥*)] <
[ℱ𝐿(𝑥),ℱ𝑈 (𝑥)].

2.2. Linearization of fuzzy fractional membership function

Pal et al. [41] developed a process of linearization for the fuzzy membership functions associated with the
fractional objective functions involved in a multi-objective optimization. Consider, the fuzzy membership func-
tion 𝜇ℱ̃ (𝑥) of a maximization type MOLFPP which comprises ℱ(𝑥) as one of its objective function having
aspired(best) value u and acceptable(worst) value l.

𝜇ℱ̃ (𝑥) =
ℱ(𝑥)− l

u− l
, where l ≤ ℱ(𝑥) =

c𝑥 + 𝛾

d𝑥 + 𝛿
≤ u. (2.3)

Fuzzy goal :
ℱ(𝑥)− l

u− l
− d+ + d− = 1 (2.4)
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where d+, d− are the over and under deviations respectively from the aspiration value unity. The fuzzy fractional
goal (2.4) can be further linearized on simplifying as follows.

mℱ(𝑥)−ml− d+ + d− = 1, where m =
1

u− l

m

(︂
c𝑥 + 𝛾

d𝑥 + 𝛿

)︂
− d+ + d− = 1 + ml

m(c𝑥 + 𝛾)− d+(d𝑥 + 𝛿) + d−(d𝑥 + 𝛿) = m′(d𝑥 + 𝛿), where m′ = 1 + ml

(mc−m′d)𝑥− d+(d𝑥 + 𝛿) + d−(d𝑥 + 𝛿) = m′𝛿 −m𝛾

n𝑥−D+ + D− = p

where, n = mc−m′d, D+ = (d𝑥 + 𝛿)d+, D− = (d𝑥 + 𝛿)d−, p = m′𝛿 −m𝛾.

(2.5)

As the considered LFPP remains in maximization form, it involves d− ≤ 1 to attain a nonzero degree of
membership which generates −d𝑥 + D− ≤ 𝛿. A small change is added in our proposed method by eliminating
over deviations since it shows the state of full achievement for a problem of maximization form. Thus, the goal
(2.4) can be stated as,

ℱ(𝑥)− l

u− l
+ d− ≥ 1. (2.6)

The linearization of (2.6) generates the following two constraints, n𝑥+D− ≥ p, and −d𝑥+D− ≤ 𝛿, where, n =
mc−m′d, D− = (d𝑥 + 𝛿)d−, p = m′𝛿 −m𝛾, m = 1

u−l , m′ = 1 + ml.

2.3. Method of solution for MOLFPP

Chakraborty and Gupta [14] developed the following solution approach to derive the compromise solution of
a MOLFPP.

MOLFPP : Max 𝑍𝑖(𝑥) =
𝑁𝑖(𝑥)
𝐷𝑖(𝑥)

=

∑︀𝑛
𝑗=1 𝑐𝑖𝑗𝑥𝑗 + 𝛼𝑖∑︀𝑛
𝑗=1 𝑑𝑖𝑗𝑥𝑗 + 𝛽𝑖

, 𝑖 = 1, 2 . . . 𝑘 (2.7)

subject to
Ω1 = {𝐴𝑥 ≤ 𝑏, 𝑥 ≥ 0}

where, 𝑥, 𝑐𝑖, 𝑑𝑖 ∈ R𝑛, 𝛼𝑖, 𝛽𝑖 ∈ R, b ∈ R𝑚, A ∈ R𝑚×𝑛 and 𝑑𝑖𝑥 + 𝛽𝑖 ≥ 0 ∀ 𝑥 ∈ Ω1. Consider the index set
𝐼 = {𝑖|

∑︀𝑛
𝑗=1 𝑐𝑖𝑗𝑥𝑗 +𝛼𝑖 ≥ 0} and 𝐼𝑐 = {𝑖|

∑︀𝑛
𝑗=1 𝑐𝑖𝑗𝑥𝑗 +𝛼𝑖 < 0} ∀ 𝑖 ∈ {1, 2, . . . , 𝑘}. Assume that, 1∑︀𝑛

𝑗=1 𝑑𝑖𝑗𝑥𝑗+𝛽𝑖
≥

𝑡 ∀ 𝑖 ∈ 𝐼 and −1∑︀𝑛
𝑗=1 𝑐𝑖𝑗𝑥𝑗+𝛼𝑖

≥ 𝑡 ∀ 𝑖 ∈ 𝐼𝑐. Based on the transformation 𝑦 = 𝑡𝑥(𝑡 > 0), the MOLFPP can be
transformed into the following model.

Max {𝑡𝑁𝑖(𝑦/𝑡), for 𝑖 ∈ 𝐼; 𝑡𝐷𝑖(𝑦/𝑡), for 𝑖 ∈ 𝐼𝑐}
subject to

Ω2 = {𝑡𝐷𝑖(𝑦/𝑡) ≤ 1, for 𝑖 ∈ 𝐼, −𝑡𝑁𝑖(𝑦/𝑡) ≤ 1 for 𝑖 ∈ 𝐼𝑐, 𝐴(𝑦/𝑡)− 𝑏 ≤ 0, 𝑡, 𝑦 ≥ 0}. (2.8)

Defining fuzzy linear membership functions 𝜇𝑖(𝑡𝑁𝑖(𝑦/𝑡)) and 𝜇𝑖(𝑡𝐷𝑖(𝑦/𝑡)) and using Zimmermann’s max-min
operator method [53], the above model is formulated into the following single objective optimization.

Max 𝜆

subject to
𝜇𝑖(𝑡𝑁𝑖(𝑦/𝑡)) ≥ 𝜆 for 𝑖 ∈ 𝐼, 𝜇𝑖(𝑡𝐷𝑖(𝑦/𝑡)) ≥ 𝜆 for 𝑖 ∈ 𝐼𝑐, (𝑦, 𝑡) ∈ Ω2. (2.9)
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3. Bi-level multi-objective intuitionistic fuzzy LFPP: problem formulation

Bi-level multi-objective optimization [21] frequently arises in decision making process of hierarchical orga-
nizations to adequately address a variety of practical problems. General fuzzy numbers are associated with
only degree of membership whereas IFNs are associated with degrees of membership, non-membership and
hesitancy. So, it provides a more flexible framework for dealing with the uncertainty and it can be appropri-
ately used to address the informational ambiguity in the optimization problems. Consider the following bi-level
multi-objective intuitionistic fuzzy LFPP (BL-MOIFLFPP) in a cooperative environment, which includes all
its constants and coefficients as triangular intuitionistic fuzzy numbers.

Model 𝑀1: BL-MOIFLFPP

(ULDM) : max
𝑋1

ℱ1𝑖(𝑥) =

∑︀𝑛
𝑗=1 𝑟𝐼

1𝑖𝑗𝑥𝑗 + 𝛾𝐼
1𝑖∑︀𝑛

𝑗=1 𝑠𝐼
1𝑖𝑗𝑥𝑗 + 𝛿𝐼

1𝑖

, 𝑖 = 1, 2, . . . ,𝑚1

(LLDM) : max
𝑋2

ℱ2𝑖(𝑥) =

∑︀𝑛
𝑗=1 𝑟𝐼

2𝑖𝑗𝑥𝑗 + 𝛾𝐼
2𝑖∑︀𝑛

𝑗=1 𝑠𝐼
2𝑖𝑗𝑥𝑗 + 𝛿𝐼

2𝑖

, 𝑖 = 1, 2, . . . ,𝑚2

subject to (3.1)

∆̃(𝑥) =

{︃
𝑛∑︁

𝑗=1

t̃𝐼𝑗𝑘𝑥𝑗 ≤ p̃𝐼
𝑘, 𝑥𝑗 ≥ 0, 𝑘 = 1, 2, . . . ,𝑚

}︃

=

{︃
𝑇 𝐼

1 𝑋1 + 𝑇 𝐼
2 𝑋2 ≤ 𝑃 𝐼 ; 𝑋1, 𝑋2 ≥ 0

}︃

where, ℱ1𝑖(𝑥) =
(︀
ℱ11(𝑥),ℱ12(𝑥), . . .ℱ1𝑚1(𝑥)

)︀
and ℱ2𝑖(𝑥) =

(︀
ℱ21(𝑥),ℱ22(𝑥), . . .ℱ2𝑚2(𝑥)

)︀
are the objective

functions of ULDM and LLDM respectively, 𝑥 = (𝑋1, 𝑋2) = (𝑥1, 𝑥2, . . . , 𝑥𝑛) ∈ R𝑛 and 𝑋1 ∈ R𝑛1 , 𝑋2 ∈
R𝑛2 , (𝑛1 + 𝑛2 = 𝑛) are controlled independently by the DMs at the upper level and lower level respectively.
𝑇 𝐼

1 ∈ R𝑚×𝑛1 and 𝑇 𝐼
2 ∈ R𝑚×𝑛2 are the coefficient matrices of 𝑋1 and 𝑋2 respectively consisting of TIFNs as

the entries. 𝑟𝐼
𝑙𝑖𝑗 , 𝑠

𝐼
𝑙𝑖𝑗 , 𝛾

𝐼
𝑙𝑖𝑗 , 𝛿

𝐼
𝑙𝑖𝑗 , t̃

𝐼
𝑗𝑘, p̃𝐼

𝑘 are TIFNs defined on R+. It is assumed that,
∑︀𝑛

𝑗=1 𝑠𝐼
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝐼

𝑙𝑖 > 0, 𝑙 =
1, 2 ∀ 𝑥 ∈ ∆̃(𝑥).

The coefficients and constants present in the objective functions of each level and constraints, exist in form
of TIFNs which are defined as follows.

𝑟𝐼
1𝑖𝑗 = (𝑟(1)𝐼

1𝑖𝑗 , 𝑟
(2)𝐼
1𝑖𝑗 , 𝑟

(3)𝐼
1𝑖𝑗 ; 𝑤𝑟1𝑖

, 𝑢𝑟1𝑖
), 𝑟𝐼

2𝑖𝑗 = (𝑟(1)𝐼
2𝑖𝑗 , 𝑟

(2)𝐼
2𝑖𝑗 , 𝑟

(3)𝐼
2𝑖𝑗 ; 𝑤𝑟2𝑖

, 𝑢𝑟2𝑖
),

𝑠𝐼
1𝑖𝑗 = (𝑠(1)𝐼

1𝑖𝑗 , 𝑠
(2)𝐼
1𝑖𝑗 , 𝑠

(3)𝐼
1𝑖𝑗 ; 𝑤𝑠1𝑖

, 𝑢𝑠1𝑖
), 𝑠𝐼

2𝑖𝑗 = (𝑠(1)𝐼
2𝑖𝑗 , 𝑠

(2)𝐼
2𝑖𝑗 , 𝑠

(3)𝐼
2𝑖𝑗 ; 𝑤𝑠2𝑖

, 𝑢𝑠2𝑖
), (3.2)

𝛾𝐼
1𝑖 = (𝛾(1)𝐼

1𝑖 , 𝛾
(2)𝐼
1𝑖 , 𝛾

(3)𝐼
1𝑖 ; 𝑤𝛾1𝑖, 𝑢𝛾1𝑖), 𝛾𝐼

2𝑖 = (𝛾(1)𝐼
2𝑖 , 𝛾

(2)𝐼
2𝑖 , 𝛾

(3)𝐼
2𝑖 ; 𝑤𝛾2𝑖, 𝑢𝛾2𝑖),

𝛿𝐼
1𝑖 = (𝛿(1)𝐼

1𝑖 , 𝛿
(2)𝐼
1𝑖 , 𝛿

(3)𝐼
1𝑖 ; 𝑤𝛿1𝑖, 𝑢𝛿1𝑖), 𝛿𝐼

2𝑖 = (𝛿(1)𝐼
2𝑖 , 𝛿

(2)𝐼
2𝑖 , 𝛿

(3)𝐼
2𝑖 ; 𝑤𝛿2𝑖, 𝑢𝛿2𝑖),

t̃𝐼𝑗𝑘 = (̃t(1)𝐼𝑗𝑘 , t̃
(2)𝐼
𝑗𝑘 , t̃

(3)𝐼
𝑗𝑘 ; 𝑤t𝑗𝑘, 𝑢t𝑗𝑘), p̃𝐼

𝑘 = (p̃(1)𝐼
𝑘 , p̃

(2)𝐼
𝑘 , p̃

(3)𝐼
𝑘 ; 𝑤p𝑘

, 𝑢p𝑘
).

4. Proposed solution methodology of BL-MOIFLFPP

The concept of intuitionistic fuzzy (𝛼, 𝛽)-cuts as discussed in Definition 4 and Theorem 1 i.e., ̃︀𝑇 𝐼
𝛼,𝛽 = ̃︀𝑇 𝐼

𝛼∩ ̃︀𝑇 𝐼
𝛽 ,

is implemented in both the objective functions and constraints of the BL-MOIFLFPP (3.1). Consequently, the
intuitionistic fuzzy parameters as described in (3.2) can be equivalently converted into interval valued forms for
all the objective functions belonging to the upper, lower levels and also the constraints. At the upper and lower
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level, the mathematical expression for the objective functions can be defined as follows.

ℱ𝑙𝑖(𝑥) =

∑︀𝑛
𝑗=1

{︃[︃
𝑟𝐿*

𝑙𝑖𝑗 , 𝑟𝑈*

𝑙𝑖𝑗

]︃
∩

[︃
𝑟𝐿**

𝑙𝑖𝑗 , 𝑟𝑈**

𝑙𝑖𝑗

]︃}︃
𝑥𝑗 +

{︃[︃
𝛾𝐿*

𝑙𝑖 , 𝛾𝑈*

𝑙𝑖

]︃
∩

[︃
𝛾𝐿**

𝑙𝑖 , 𝛾𝑈**

𝑙𝑖

]︃}︃
∑︀𝑛

𝑗=1

{︃[︃
𝑠𝐿*

𝑙𝑖𝑗 , 𝑠𝑈*
𝑙𝑖𝑗

]︃
∩

[︃
𝑠𝐿**

𝑙𝑖𝑗 , 𝑠𝑈**
𝑙𝑖𝑗

]︃}︃
𝑥𝑗 +

{︃[︃
𝛿𝐿*
𝑙𝑖 , 𝛿𝑈*

𝑙𝑖

]︃
∩

[︃
𝛿𝐿**
𝑙𝑖 , 𝛿𝑈**

𝑙𝑖

]︃}︃

where,

𝑟𝐿*

𝑙𝑖𝑗 =
(︁
𝑟
(1)𝐼
𝑙𝑖𝑗 − 𝑟

(2)𝐼
𝑙𝑖𝑗

)︁
+

𝑟
(2)𝐼
𝑙𝑖𝑗 𝛼

𝑤𝑟𝑙𝑖

, 𝑟𝑈*

𝑙𝑖𝑗 =
(︁
𝑟
(1)𝐼
𝑙𝑖𝑗 + 𝑟

(3)𝐼
𝑙𝑖𝑗

)︁
−

𝑟
(3)𝐼
𝑙𝑖𝑗 𝛼

𝑤𝑟𝑙𝑖

,

𝑟𝐿**

𝑙𝑖𝑗 =
(︁
𝑟
(1)𝐼
𝑙𝑖𝑗 − 𝑟

(2)𝐼
𝑙𝑖𝑗

)︁
+

(1− 𝛽)𝑟(2)𝐼
𝑙𝑖𝑗

(1− 𝑢𝑟𝑙𝑖
)

, 𝑟𝑈**

𝑙𝑖𝑗 =
(︁
𝑟
(1)𝐼
𝑙𝑖𝑗 + 𝑟

(3)𝐼
𝑙𝑖𝑗

)︁
−

(1− 𝛽)𝑟(3)𝐼
𝑙𝑖𝑗

(1− 𝑢𝑟𝑙𝑖
)

,

𝛾𝐿*

𝑙𝑖 =
(︁
𝛾

(1)𝐼
𝑙𝑖 − 𝛾

(2)𝐼
𝑙𝑖

)︁
+

𝛾
(2)𝐼
𝑙𝑖 𝛼

𝑤𝑙𝑖
, 𝛾𝑈*

𝑙𝑗 =
(︁
𝛾

(1)𝐼
𝑙𝑖 + 𝛾

(3)𝐼
𝑙𝑖

)︁
−

𝛾
(3)𝐼
𝑙𝑖 𝛼

𝑤𝑙𝑖
,

𝛾𝐿**

𝑙𝑖 =
(︁
𝛾

(1)𝐼
𝑙𝑖 − 𝛾

(2)𝐼
𝑙𝑖

)︁
+

𝛾
(2)𝐼
𝑙𝑖 𝛼

𝑤𝑙𝑖
, 𝛾𝑈**

𝑙𝑖 =
(︁
𝛾

(1)𝐼
𝑙𝑖 + 𝛾

(3)𝐼
𝑙𝑖

)︁
−

(1− 𝛽)𝛾(3)𝐼
𝑙𝑖

(1− 𝑢𝑙𝑖)

𝑠𝐿*

𝑙𝑖𝑗 =
(︁
𝑠
(1)𝐼
𝑙𝑖𝑗 − 𝑠

(2)𝐼
𝑙𝑖𝑗

)︁
+

𝑠
(2)𝐼
𝑙𝑖𝑗 𝛼

𝑤𝑠𝑙𝑖

, 𝑠𝑈*

𝑙𝑖𝑗 =
(︁
𝑠
(1)𝐼
𝑙𝑖𝑗 + 𝑠

(3)𝐼
1𝑖𝑗

)︁
−

𝑠
(3)𝐼
1𝑖𝑗 𝛼

𝑤𝑠𝑙𝑖

,

𝑠𝐿**

𝑙𝑖𝑗 =
(︁
𝑠
(1)𝐼
𝑙𝑖𝑗 − 𝑠

(2)𝐼
𝑙𝑖𝑗

)︁
+

(1− 𝛽)𝑠(2)𝐼
𝑙𝑖𝑗

𝑤𝑠𝑙𝑖

, 𝑠𝑈**

𝑙𝑖𝑗 =
(︁
𝑠
(1)𝐼
𝑙𝑖𝑗 + 𝑠

(3)𝐼
𝑙𝑖𝑗

)︁
−

(1− 𝛽)𝑠(3)𝐼
𝑙𝑖𝑗

(1− 𝑢𝑠𝑙𝑖
)

,

𝛿𝐿*

𝑙𝑖 =
(︁
𝛿
(1)𝐼
𝑙𝑖 − 𝛿

(2)𝐼
𝑙𝑖

)︁
+

𝛿
(2)𝐼
𝑙𝑖 𝛼

𝑤𝑙𝑖
, 𝛿𝑈*

𝑙𝑖 =
(︁
𝛿
(1)𝐼
𝑙𝑖 + 𝛿

(3)𝐼
𝑙𝑖

)︁
−

𝛿
(3)𝐼
𝑙𝑖 𝛼

𝑤𝑙𝑖

𝛿𝐿**

𝑙𝑖 =
(︁
𝛿
(1)𝐼
𝑙𝑖 − 𝛿

(2)𝐼
𝑙𝑖

)︁
+

(1− 𝛽)𝛿(2)𝐼
𝑙𝑖

(1− 𝑢𝑙𝑖)
, 𝛿𝑈**

𝑙𝑖 =
(︁
𝛿
(1)𝐼
𝑙𝑖 + 𝛿

(3)𝐼
𝑙𝑖

)︁
−

(1− 𝛽)𝛿(3)𝐼
𝑙𝑖

(1− 𝑢𝑙𝑖)
·

(4.1)

Based on Theorem 1, the coefficients and constants involved in the objective functions of (4.1) can be converted
into single intervals. Suppose that,{︁[︁

𝑟𝐿*

𝑙𝑖𝑗 , 𝑟𝑈*

𝑙𝑖𝑗

]︁
∩
[︁
𝑟𝐿**

𝑙𝑖𝑗 , 𝑟𝑈**

𝑙𝑖𝑗

]︁}︁
=
[︀
𝑟𝐿
𝑙𝑖𝑗 , 𝑟

𝑈
𝑙𝑖𝑗

]︀
,
{︁[︁

𝛾𝐿*

𝑙𝑖 , 𝛾𝑈*

𝑙𝑖

]︁
∩
[︁
𝛾𝐿**

𝑙𝑖 , 𝛾𝑈**

𝑙𝑖

]︁}︁
=
[︀
𝛾𝐿

𝑙𝑖 , 𝛾
𝑈
𝑙𝑖

]︀
{︁[︁

𝑠𝐿*

𝑙𝑖𝑗 , 𝑠𝑈*

𝑙𝑖𝑗

]︁
∩
[︁
𝑠𝐿**

𝑙𝑖𝑗 , 𝑠𝑈**

𝑙𝑖𝑗

]︁}︁
=
[︀
𝑠𝐿

𝑙𝑖𝑗 , 𝑠
𝑈
𝑙𝑖𝑗

]︀
,
{︁[︁

𝛿𝐿*

𝑙𝑖 , 𝛿𝑈*

𝑙𝑖

]︁
∩
[︁
𝛿𝐿**

𝑙𝑖 , 𝛿𝑈**

𝑙𝑖

]︁}︁
=
[︀
𝛿𝐿
𝑙𝑖 , 𝛿

𝑈
𝑙𝑖

]︀
.

(4.2)

On substituting the single interval expressions of (4.2), the mathematical formulation for the objective functions
belonging to both the upper level and lower level as explained in (4.1), can be stated as follows.

ℱ𝑙𝑖(𝑥) =

∑︀𝑛
𝑗=1[𝑟𝐿

𝑙𝑖𝑗 , 𝑟
𝑈
𝑙𝑖𝑗 ]𝑥𝑗 + [𝛾𝐿

𝑙𝑖 , 𝛾
𝑈
𝑙𝑖 ]∑︀𝑛

𝑗=1[𝑠𝐿
𝑙𝑖𝑗 , 𝑠

𝑈
𝑙𝑖𝑗 ]𝑥𝑗 + [𝛿𝐿

𝑙𝑖 , 𝛿
𝑈
𝑙𝑖 ]

=

[︁∑︀𝑛
𝑗=1 𝑟𝐿

𝑙𝑖𝑗𝑥𝑗 + 𝛾𝐿
𝑙𝑖 ,
∑︀𝑛

𝑗=1 𝑟𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛾𝑈

𝑙𝑖

]︁
[︁∑︀𝑛

𝑗=1 𝑠𝐿
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝐿

𝑙𝑖 ,
∑︀𝑛

𝑗=1 𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

]︁
=

[︃∑︀𝑛
𝑗=1 𝑟𝐿

𝑙𝑖𝑗𝑥𝑗 + 𝛾𝐿
𝑙𝑖∑︀𝑛

𝑗=1 𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

,

∑︀𝑛
𝑗=1 𝑟𝑈

𝑙𝑖𝑗𝑥𝑗 + 𝛾𝑈
𝑙𝑖∑︀𝑛

𝑗=1 𝑠𝐿
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝐿

𝑙𝑖

]︃
=
[︀
ℱ𝐿

𝑙𝑖 (𝑥),ℱ𝑈
𝑙𝑖 (𝑥)

]︀
, 𝑖 = 1, 2, 3, . . . ,𝑚𝑙. (4.3)
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At the upper and lower level of (3.1), the objective functions can be mathematically expressed as,

ℱ𝑙𝑖(𝑥) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

[︃
ℱ𝐿

1𝑖(𝑥),ℱ𝑈
1𝑖(𝑥)

]︃
, 𝑖 = 1, 2, 3, . . . ,𝑚1

for 𝑙 = 1(Upper level)[︃
ℱ𝐿

2𝑖(𝑥),ℱ𝑈
2𝑖(𝑥)

]︃
, 𝑖 = 1, 2, 3, . . . ,𝑚2

for 𝑙 = 2(Lower level).

(4.4)

Subsequently, the constraints can be simplified in the following forms using the concept of intuitionistic fuzzy
(𝛼, 𝛽)-cuts over the coefficients and constants involved in the constraints (3.1).

𝑛∑︁
𝑗=1

{︃[︃
(̃t(1)𝐼𝑗𝑘 − t̃

(2)𝐼
𝑗𝑘 ) +

t̃
(2)𝐼
𝑗𝑘 𝛼

𝑤t
, (̃t(1)𝐼𝑗𝑘 + t̃

(3)𝐼
𝑗𝑘 )−

t̃
(3)𝐼
𝑗𝑘 𝛼

𝑤t

]︃

∩

[︃
(̃t(1)𝐼𝑗𝑘 − t̃

(2)𝐼
𝑗𝑘 ) +

(1− 𝛽)̃t(2)𝐼𝑗𝑘

(1− 𝑢t)
, (̃t(1)𝐼𝑗𝑘 + t̃

(3)𝐼
𝑗𝑘 )−

(1− 𝛽)̃t(3)𝐼𝑗𝑘

(1− 𝑢t)

]︃}︃
𝑥𝑗 (4.5)

≤

{︃[︃
(p̃(1)𝐼

𝑘 − p̃
(2)𝐼
𝑘 ) +

p̃
(2)𝐼
𝑘 𝛼

𝑤p
, (p̃(1)𝐼

𝑘 + p̃
(3)𝐼
𝑘 )−

p̃
(3)𝐼
𝑘 𝛼

𝑤p

]︃

∩

[︃
(p̃(1)𝐼

𝑘 − p̃
(2)𝐼
𝑘 ) +

(1− 𝛽)p̃(2)𝐼
𝑘

(1− 𝑢p)
, (p̃(1)𝐼

𝑘 + p̃
(3)𝐼
𝑘 )−

(1− 𝛽)p̃(3)𝐼
𝑘

(1− 𝑢p)

]︃}︃
.

According to Theorem 1, minimum of the intervals in (4.5) can be further expressed in form of intervals. Suppose
that, {︃[︃

(̃t(1)𝐼𝑗𝑘 − t̃
(2)𝐼
𝑗𝑘 ) +

t̃
(2)𝐼
𝑗𝑘 𝛼

𝑤t
, (̃t(1)𝐼𝑗𝑘 + t̃

(3)𝐼
𝑗𝑘 )−

t̃
(3)𝐼
𝑗𝑘 𝛼

𝑤t

]︃

∩

[︃
(̃t(1)𝐼𝑗𝑘 − t̃

(2)𝐼
𝑗𝑘 ) +

(1− 𝛽)̃t(2)𝐼𝑗𝑘

(1− 𝑢t)
, (̃t(1)𝐼𝑗𝑘 + t̃

(3)𝐼
𝑗𝑘 )−

(1− 𝛽)̃t(3)𝐼𝑗𝑘

(1− 𝑢t)

]︃}︃
= [t𝐿𝑗𝑘, t𝑈𝑗𝑘], (4.6){︃[︃
(𝑝(1)𝐼

𝑘 − 𝑝
(2)𝐼
𝑘 ) +

𝑝
(2)𝐼
𝑘 𝛼

𝑤𝑝
, (𝑝(1)𝐼

𝑘 + 𝑝
(3)𝐼
𝑘 )−

𝑝
(3)𝐼
𝑘 𝛼

𝑤𝑝

]︃

∩

[︃
(𝑝(1)𝐼

𝑘 − 𝑝
(2)𝐼
𝑘 ) +

(1− 𝛽)𝑝(2)𝐼
𝑘

(1− 𝑢𝑝)
, (𝑝(1)𝐼

𝑘 + 𝑝
(3)𝐼
𝑘 )−

(1− 𝛽)𝑝(3)𝐼
𝑘

(1− 𝑢𝑝)

]︃}︃
= [𝑝𝐿

𝑘 , 𝑝𝑈
𝑘 ].

The constraints of (4.5) can be changed into the following forms using the interval valued expressions considered
in (4.6).

𝑛∑︁
𝑗=1

[︀
t𝐿𝑗𝑘, t𝑈𝑗𝑘

]︀
𝑥𝑗 ≤

[︀
p𝐿

𝑘 , p𝑈
𝑘

]︀
, 𝑥𝑗 ≥ 0, 𝑘 = 1, 2, . . . ,𝑚, 𝑗 = 1, 2, . . . , 𝑛

i .e.,

[︃
𝑛∑︁

𝑗=1

t𝐿𝑗𝑘𝑥𝑗 ,

𝑛∑︁
𝑗=1

t𝑈𝑗𝑘𝑥𝑗

]︃
≤
[︀
p𝐿

𝑘 , p𝑈
𝑘

]︀
, 𝑥𝑗 ≥ 0, 𝑘 = 1, 2, . . . ,𝑚, 𝑗 = 1, 2, . . . , 𝑛. (4.7)
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The constraints of (4.7) can be further formulated into the following linear inqualities [34,51].

𝑛∑︁
𝑗=1

t𝐿𝑗𝑘𝑥𝑗 ≤ p𝐿
𝑘 ,

𝑛∑︁
𝑗=1

t𝑈𝑗𝑘𝑥𝑗 ≤ p𝑈
𝑘 , 𝑘 = 1, 2, . . . ,𝑚. (4.8)

4.1. Models developed to solve BL-MOIFLFPP

The BL-MOIFLFPP (M1) in (3.1) can be now formulated as an interval valued BL-MOLFPP with its
constraints expressed in form of linear inequalities as described in the following model (M2).

Model 𝑀2: Interval valued BL-MOLFPP

(ULDM) : max
𝑋1

ℱ1𝑖(𝑥) = [ℱ𝐿
1𝑖(𝑥),ℱ𝑈

1𝑖(𝑥)] =

[︃∑︀𝑛
𝑗=1 𝑟𝐿

1𝑖𝑗𝑥𝑗 + 𝛾𝐿
1𝑖∑︀𝑛

𝑗=1 𝑠𝑈
1𝑖𝑗𝑥𝑗 + 𝛿𝑈

1𝑖

,

∑︀𝑛
𝑗=1 𝑟𝑈

1𝑖𝑗𝑥𝑗 + 𝛾𝑈
1𝑖∑︀𝑛

𝑗=1 𝑠𝐿
1𝑖𝑗𝑥𝑗 + 𝛿𝐿

1𝑖

]︃
, 𝑖 = 1, 2, 3 . . . 𝑚1

(LLDM) : max
𝑋2

ℱ2𝑖(𝑥) = [ℱ𝐿
2𝑖(𝑥),ℱ𝑈

2𝑖(𝑥)] =

[︃∑︀𝑛
𝑗=1 𝑟𝐿

2𝑖𝑗𝑥𝑗 + 𝛾𝐿
2𝑖∑︀𝑛

𝑗=1 𝑠𝑈
2𝑖𝑗𝑥𝑗 + 𝛿𝑈

2𝑖

,

∑︀𝑛
𝑗=1 𝑟𝑈

2𝑖𝑗𝑥𝑗 + 𝛾𝑈
2𝑖∑︀𝑛

𝑗=1 𝑠𝐿
2𝑖𝑗𝑥𝑗 + 𝛿𝐿

2𝑖

]︃
, 𝑖 = 1, 2, 3 . . . 𝑚2

subject to
𝑛∑︁

𝑗=1

t𝐿𝑗𝑘𝑥𝑗 ≤ p𝐿
𝑘 ,

𝑛∑︁
𝑗=1

t𝑈𝑗𝑘𝑥𝑗 ≤ p𝑈
𝑘 , 𝑥𝑗 ≥ 0, 𝑘 = 1, 2, 3 . . . 𝑚.

(4.9)

Using the concept as described in Section 2.1, each interval valued fractional objective function at both upper
and lower levels of the model (M2) in (4.9) can be individually considered as a bi-objective optimization problem
as follows,

max ℱ𝑙𝑖(𝑥) = {ℱ𝐿
𝑙𝑖 (𝑥),ℱ𝑈

𝑙𝑖 (𝑥)} =

{︃∑︀𝑛
𝑗=1 𝑟𝐿

𝑙𝑖𝑗𝑥𝑗 + 𝛾𝐿
𝑙𝑖∑︀𝑛

𝑗=1 𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

,

∑︀𝑛
𝑗=1 𝑟𝑈

𝑙𝑖𝑗𝑥𝑗 + 𝛾𝑈
𝑙𝑖∑︀𝑛

𝑗=1 𝑠𝐿
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝐿

𝑙𝑖

}︃
subject to (4.10)

𝑛∑︁
𝑗=1

t𝐿𝑗𝑘𝑥𝑗 ≤ p𝐿
𝑘 ,

𝑛∑︁
𝑗=1

t𝑈𝑗𝑘𝑥𝑗 ≤ p𝑈
𝑘 , 𝑥𝑗 ≥ 0, 𝑘 = 1, 2, . . . ,𝑚.

where,{︃
𝑙 = 1 and 𝑖 = 1, 2, . . . ,𝑚1 at Upper level
𝑙 = 2 and 𝑖 = 1, 2, . . . ,𝑚2 at Lower level

Determine the individual optimal solutions separately for each objective function ℱ𝑙𝑖(𝑥) on solving the
problem (4.10) for each 𝑙 and each 𝑖, using the proposed method of Chakraborty and Gupta [14], Section 2.3.
Let, 𝑋̂𝑙𝑖 be the individual optimal solutions of ℱ𝑙𝑖(𝑥) respectively at each level. The aspiration values of the
interval valued objective functions [ℱ𝐿

𝑙𝑖 (𝑥),ℱ𝑈
𝑙𝑖 (𝑥)] are computed as [ℱ̂𝐿

𝑙𝑖 , ℱ̂𝑈
𝑙𝑖 ] = [ℱ𝐿

𝑙𝑖 (𝑋̂𝑙𝑖),ℱ𝑈
𝑙𝑖 (𝑋̂𝑙𝑖)] for each

𝑖 = 1, 2, . . . ,𝑚1 and 𝑖 = 1, 2, ...,𝑚2 at level 𝑙 = 1 and 𝑙 = 2 respectively. The goals [35] for the interval valued
objective functions at both the levels are designed as follows;

[ℱ𝐿
𝑙𝑖 (𝑥), ℱ𝑈

𝑙𝑖 (𝑥)] + [d𝐿−

𝑙𝑖 , d𝑈−

𝑙𝑖 ]− [d𝐿+

𝑙𝑖 , d𝑈+

𝑙𝑖 ] = [ℱ̂𝐿
𝑙𝑖 , ℱ̂𝑈

𝑙𝑖 ], 𝑖 = 1, 2, . . . 𝑚𝑙 for 𝑙 = 1, 2

where, [d𝐿−

𝑙𝑖 , d𝑈−

𝑙𝑖 ] and [d𝐿+

𝑙𝑖 , d𝑈+

𝑙𝑖 ] are the interval valued under and over deviations from the aspiration values.
To determine the compromise solutions at the upper and lower level, the following model 𝑀

(I)
𝑙 is formulated

separately at each level (𝑙 = 1, 2) using goal programming which eliminates over deviations and minimizes only
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the under deviations.

Model 𝑀
(I)
𝑙 , (𝑙 = 1, 2):

min

[︃
𝑚𝑙∑︁
𝑖=1

d𝐿−

𝑙𝑖 ,

𝑚𝑙∑︁
𝑖=1

d𝑈−

𝑙𝑖

]︃
subject to[︀

ℱ𝐿
𝑙𝑖 (𝑥), ℱ𝑈

𝑙𝑖 (𝑥)
]︀

+
[︁
d𝐿−

𝑙𝑖 , d𝑈−

𝑙𝑖

]︁
≥
[︁
ℱ̂𝐿

𝑙𝑖 , ℱ̂𝑈
𝑙𝑖

]︁
, 𝑖 = 1, 2, . . . ,𝑚𝑙 (4.11)

𝑛∑︁
𝑗=1

t𝐿𝑗𝑘𝑥𝑗 ≤ p𝐿
𝑘 ,

𝑛∑︁
𝑗=1

t𝑈𝑗𝑘𝑥𝑗 ≤ p𝑈
𝑘 , 𝑥𝑗 ≥ 0,

d𝐿−

𝑙𝑖 , d𝑈−

𝑙𝑖 ≥ 0, 𝑘 = 1, 2, . . . ,𝑚.

The model (4.11) can be equivalently formulated as follows.

Model 𝑀
(II)
𝑙 , (𝑙 = 1, 2):

min

(︃
𝑚𝑙∑︁
𝑖=1

d𝐿−

𝑙𝑖 +
𝑚𝑙∑︁
𝑖=1

d𝑈−

𝑙𝑖

)︃
subject to

ℱ𝐿
𝑙𝑖 (𝑥) + d𝐿−

𝑙𝑖 ≥ ℱ̂𝐿
𝑙𝑖 , ℱ𝑈

𝑙𝑖 (𝑥) + d𝑈−

𝑙𝑖 ≥ ℱ̂𝑈
𝑙𝑖 , 𝑖 = 1, 2, . . . ,𝑚𝑙 (4.12)

𝑛∑︁
𝑗=1

t𝐿𝑗𝑘𝑥𝑗 ≤ p𝐿
𝑘 ,

𝑛∑︁
𝑗=1

t𝑈𝑗𝑘𝑥𝑗 ≤ p𝑈
𝑘 , 𝑥𝑗 ≥ 0,

d𝐿−

𝑙𝑖 , d𝑈−

𝑙𝑖 ≥ 0, 𝑘 = 1, 2, . . . ,𝑚.

Theorem 2. An optimal solution (𝑥*, d*) of 𝑀
(II)
𝑙 is an efficient solution of 𝑀

(I)
𝑙 .

Proof. Consider, (𝑥*, d*) is an optimal solution of 𝑀
(II)
𝑙 .

i.e., ℱ𝐿
𝑙𝑖 (𝑥*) + d𝐿−*

𝑙𝑖 ≥ ℱ̂𝐿
𝑙𝑖 , ℱ𝑈

𝑙𝑖 (𝑥*) + d𝑈−*
𝑙𝑖 ≥ ℱ̂𝑈

𝑙𝑖 , 𝑖 = 1, 2, . . . ,𝑚𝑙

i.e., [ℱ𝐿
𝑙𝑖 (𝑥*), ℱ𝑈

𝑙𝑖 (𝑥*)] + [d𝐿−*
𝑙𝑖 , d𝑈−*

𝑙𝑖 ] ≥ [ℱ̂𝐿
𝑙𝑖 , ℱ̂𝑈

𝑙𝑖 ], 𝑖 = 1, 2, . . . 𝑚𝑙 based on the concept of intervals in
Section 2.1.

i.e., (𝑥*, d*) is a feasible solution of 𝑀
(I)
𝑙 .

Suppose that, (𝑥*, d*) is not an efficient solution of 𝑀
(I)
𝑙 .

i.e., ∃ a feasible solution (𝑥, d) of 𝑀
(I)
𝑙 such that,

[︃
𝑚𝑙∑︁
𝑖=1

d𝐿−

𝑙𝑖 ,

𝑚𝑙∑︁
𝑖=1

d𝑈−

𝑙𝑖

]︃
<

[︃
𝑚𝑙∑︁
𝑖=1

d𝐿−*
𝑙𝑖 ,

𝑚𝑙∑︁
𝑖=1

d𝑈−*
𝑙𝑖

]︃
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i .e.,

𝑚𝑙∑︁
𝑖=1

d𝐿−

𝑙𝑖 <

𝑚𝑙∑︁
𝑖=1

d𝐿−*
𝑙𝑖 and

𝑚𝑙∑︁
𝑖=1

d𝑈−

𝑙𝑖 <

𝑚𝑙∑︁
𝑖=1

d𝑈−*
𝑙𝑖 ,

or
𝑚𝑙∑︁
𝑖=1

d𝐿−

𝑙𝑖 ≤
𝑚𝑙∑︁
𝑖=1

d𝐿−*
𝑙𝑖 and

𝑚𝑙∑︁
𝑖=1

d𝑈−

𝑙𝑖 <

𝑚𝑙∑︁
𝑖=1

d𝑈−*
𝑙𝑖 ,

or
𝑚𝑙∑︁
𝑖=1

d𝐿−

𝑙𝑖 <

𝑚𝑙∑︁
𝑖=1

d𝐿−*
𝑙𝑖 and

𝑚𝑙∑︁
𝑖=1

d𝑈−

𝑙𝑖 ≤
𝑚𝑙∑︁
𝑖=1

d𝑈−*
𝑙𝑖

i .e.,

𝑚𝑙∑︁
𝑖=1

d𝐿−

𝑙𝑖 +
𝑚𝑙∑︁
𝑖=1

d𝑈−

𝑙𝑖 <

𝑚𝑙∑︁
𝑖=1

d𝐿−*
𝑙𝑖 +

𝑚𝑙∑︁
𝑖=1

d𝑈−*
𝑙𝑖

which leads to the contradiction that (𝑥*, d*) is an optimal solution of 𝑀
(II)
𝑙 .

Therefore, (𝑥*, d*) is an efficient solution of 𝑀
(I)
𝑙 . �

Linearizing fractional constraints of 𝑀
(II)
𝑙 :

To linearize the functions ℱ𝐿
𝑙𝑖 (𝑥) and ℱ𝑈

𝑙𝑖 (𝑥) (𝑖 = 1, 2, . . . ,𝑚𝑙) of (4.12) which exist in linear fractional forms,
the modified linearization method is used as discussed in Section 3, which can be derived as follows.

ℱ𝐿
𝑙𝑖 (𝑥) + d𝐿−

𝑙𝑖 ≥ ℱ̂𝐿
𝑙𝑖 , i .e.,

∑︀𝑛
𝑗=1 𝑟𝐿

𝑙𝑖𝑗𝑥𝑗 + 𝛾𝐿
𝑙𝑖∑︀𝑛

𝑗=1 𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

+ d𝐿−

𝑙𝑖 ≥ ℱ̂𝐿
𝑙𝑖(︃

𝑛∑︁
𝑗=1

𝑟𝐿
𝑙𝑖𝑗𝑥𝑗 + 𝛾𝐿

𝑙𝑖

)︃
+

(︃
𝑛∑︁

𝑗=1

𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

)︃
d𝐿−

𝑙𝑖 ≥ ℱ̂𝐿
𝑙𝑖

(︃
𝑛∑︁

𝑗=1

𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

)︃
(︃

𝑛∑︁
𝑗=1

𝑟𝐿
𝑙𝑖𝑗𝑥𝑗 + 𝛾𝐿

𝑙𝑖

)︃
−

(︃
ℱ̂𝐿

𝑙𝑖

𝑛∑︁
𝑗=1

𝑠𝑈
𝑙𝑖𝑗𝑥𝑗

)︃
+

(︃
𝑛∑︁

𝑗=1

𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

)︃
d𝐿−

𝑙𝑖 ≥ 𝛿𝑈
𝑙𝑖 ℱ̂𝐿

𝑙𝑖

𝑛∑︁
𝑗=1

(𝑟𝐿
𝑙𝑖𝑗 − ℱ̂𝐿

𝑙𝑖 𝑠
𝑈
𝑙𝑖𝑗)𝑥𝑗 +

(︃
𝑛∑︁

𝑗=1

𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

)︃
d𝐿−

𝑙𝑖 ≥ 𝛿𝑈
𝑙𝑖 ℱ̂𝐿

𝑙𝑖 − 𝛾𝐿
𝑙𝑖

ℱ̄𝐿
𝑙𝑖 (𝑥) + D𝐿−

𝑙𝑖 ≥ ℱ̂𝐿(1)

𝑙𝑖

where, D𝐿−

𝑙𝑖 =

(︃
𝑛∑︁

𝑗=1

𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

)︃
d𝐿−

𝑙𝑖 , ℱ̄𝐿
𝑙𝑖 (𝑥) =

𝑛∑︁
𝑗=1

(𝑟𝐿
𝑙𝑖𝑗 − ℱ̂𝐿

𝑙𝑖 𝑠
𝑈
𝑙𝑖𝑗)𝑥𝑗 and ℱ̂𝐿(1)

𝑙𝑖 = 𝛿𝑈
𝑙𝑖 ℱ̂𝐿

𝑙𝑖 − 𝛾𝐿
𝑙𝑖

but, d𝐿−

𝑙𝑖 ≤ ℱ̂𝐿
𝑙𝑖 , i .e.,

D𝐿−

𝑙𝑖(︃∑︀𝑛
𝑗=1 𝑠𝑈

𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈
𝑙𝑖

)︃ ≤ ℱ̂𝐿
𝑙𝑖

D𝐿−

𝑙𝑖 ≤ ℱ̂𝐿
𝑙𝑖

(︃
𝑛∑︁

𝑗=1

𝑠𝑈
𝑙𝑖𝑗𝑥𝑗 + 𝛿𝑈

𝑙𝑖

)︃
, i .e., −ℱ̂𝐿

𝑙𝑖

(︃
𝑛∑︁

𝑗=1

𝑠𝑈
𝑙𝑖𝑗𝑥𝑗

)︃
+ D𝐿−

𝑙𝑖 ≤ ℱ̂𝐿
𝑙𝑖 𝛿

𝑈
𝑙𝑖

ℱ𝐿
𝑙𝑖(𝑥) + D𝐿−

𝑙𝑖 ≤ ℱ̂𝐿(2)

𝑙𝑖 ,

where, ℱ𝐿
𝑙𝑖(𝑥) = −ℱ̂𝐿

𝑙𝑖

(︃
𝑛∑︁

𝑗=1

𝑠𝑈
𝑙𝑖𝑗𝑥𝑗

)︃
and ℱ̂𝐿(2)

𝑙𝑖 = ℱ̂𝐿
𝑙𝑖 𝛿

𝑈
𝑙𝑖 .

(4.13)

So, the inequality constraint with fractional function ℱ𝐿
𝑙𝑖 (𝑥) can be linearized into the following two inequalities,

ℱ𝐿
𝑙𝑖 (𝑥) + d𝐿−

𝑙𝑖 ≥ ℱ̂𝐿
𝑙𝑖 implies

{︁
ℱ̄𝐿

𝑙𝑖 (𝑥) + D𝐿−

𝑙𝑖 ≥ ℱ̂𝐿(1)

𝑙𝑖 , ℱ𝐿
𝑙𝑖(𝑥) + D𝐿−

𝑙𝑖 ≤ ℱ̂𝐿(2)

𝑙𝑖
(4.14)
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Similarly,

ℱ𝑈
𝑙𝑖 (𝑥) + d𝑈−

𝑙𝑖 ≥ ℱ̂𝑈
𝑙𝑖 implies

{︁
ℱ̄𝑈

𝑙𝑖 (𝑥) + D𝑈−

𝑙𝑖 ≥ ℱ̂𝑈(1)

𝑙𝑖 , ℱ𝑈
𝑙𝑖 (𝑥) + D𝑈−

𝑙𝑖 ≤ ℱ̂𝑈(2)

𝑙𝑖

(4.15)

Based on the formulation of the above linear inequalities (4.14) and (4.15), the sum of the deviations D𝐿−

𝑙𝑖 and
D𝑈−

𝑙𝑖 is to be minimized so as to attain the respective aspiration values. Therefore, the model M(II)
l (4.12) is

reformulated as the following linear model M(III)
l .

Model 𝑀
(III)
𝑙 , (𝑙 = 1, 2):

min

(︃
𝑚𝑙∑︁
𝑖=1

D𝐿−

𝑙𝑖 +
𝑚𝑙∑︁
𝑖=1

D𝑈−

𝑙𝑖

)︃
(4.16)

subject to

ℱ̄𝐿
𝑙𝑖 (𝑥) + D𝐿−

𝑙𝑖 ≥ ℱ̂𝐿(1)

𝑙𝑖 ,ℱ𝐿
𝑙𝑖(𝑥) + D𝐿−

𝑙𝑖 ≤ ℱ̂𝐿(2)

𝑙𝑖

ℱ̄𝑈
𝑙𝑖 (𝑥) + D𝑈−

𝑙𝑖 ≥ ℱ̂𝑈(1)

𝑙𝑖 ,ℱ𝑈
𝑙𝑖 (𝑥) + D𝑈−

𝑙𝑖 ≤ ℱ̂𝑈(2)

𝑙𝑖 , 𝑖 = 1, 2, . . . 𝑚𝑙

𝑛∑︁
𝑗=1

t𝐿𝑗𝑘𝑥𝑗 ≤ p𝐿
𝑘

𝑛∑︁
𝑗=1

t𝑈𝑗𝑘𝑥𝑗 ≤ p𝑈
𝑘 , 𝑥𝑗 ≥ 0, D𝐿−

𝑙𝑖 , D𝑈−

𝑙𝑖 ≥ 0, 𝑘 = 1, 2, . . . ,𝑚.

ULDM (𝑙 = 1) and LLDM (𝑙 = 2) formulate and solve the above model 𝑀
(III)
𝑙 i.e., problems (4.16)

to obtain the compromise solutions at the respective level. Let, 𝑋* = (𝑥*1, 𝑥
*
2, . . . , 𝑥

*
𝑛) = (𝑋*

1 , 𝑋*
2 ) and

𝑋** = (𝑥**1 , 𝑥**2 , . . . 𝑥**𝑛 ) = (𝑋**
1 , 𝑋**

2 ) be the optimal solutions of the model (4.16) obtained by the ULDM and
LLDM respectively. Consider, 𝑋*

1 as the aspiration values for the decision variables 𝑋1 which are controlled by
ULDM. To provide an extended feasible region for deriving the compromise solution, ULDM sets the goals for
its decision variables as 𝑋1 = 𝑋*

1 . The aspiration values of the interval valued objective functions formulated at
both the levels of BL-MOIFLFPP in model (M2), are computed at the compromise solution of the respective
levels as follows,

[ℱ𝐿*

1𝑖 ,ℱ𝑈*

1𝑖 ] = [ℱ𝐿
1𝑖(𝑋

*),ℱ𝑈
1𝑖(𝑋

*)] for [ℱ𝐿
1𝑖(𝑋),ℱ𝑈

1𝑖(𝑋)] at the upper level

[ℱ𝐿**

2𝑖 ,ℱ𝑈**

2𝑖 ]= [ℱ𝐿
2𝑖(𝑋

**),ℱ𝑈
2𝑖(𝑋

**)] for [ℱ𝐿
2𝑖(𝑋),ℱ𝑈

2𝑖(𝑋)] at the lower level.

Goals for the objective functions of model (M2) are determined as,

[ℱ𝐿
1𝑖(𝑋),ℱ𝑈

1𝑖(𝑋)] ≥ [ℱ𝐿*

1𝑖 ,ℱ𝑈*

1𝑖 ], (𝑙 = 1, 𝑖 = 1, 2, . . . ,𝑚1) at the upper level.

[ℱ𝐿
2𝑖(𝑋),ℱ𝑈

2𝑖(𝑋)] ≥ [ℱ𝐿**

2𝑖 ,ℱ𝑈**

2𝑖 ], (𝑙 = 2, 𝑖 = 1, 2, . . . ,𝑚2) at the lower level.

To solve the BL-MOIFLFPP (3.1) in model (M1), the process of goal programming is utilized to for-
mulate the problem as follows.

Find 𝑥 = (𝑋1, 𝑋2) so as to minimize
∑︀

[d𝐿−

𝑙𝑖 , d𝑈−

𝑙𝑖 ] + (d−1 + d+
1 ) subject to,

[ℱ𝐿
𝑙𝑖 (𝑋),ℱ𝑈

𝑙𝑖 (𝑋)] + [d𝐿−

𝑙𝑖 , d𝑈−

𝑙𝑖 ] ≥ [ℱ𝐿*

𝑙𝑖 ,ℱ𝑈*

𝑙𝑖 ], (𝑙 = 1, 𝑖 = 1, 2, . . . ,𝑚1), (𝑙 = 2, 𝑖 = 1, 2, . . . ,𝑚2)
𝑋1 + d−1 − d+

1 = 𝑋*
1∑︀𝑛

𝑗=1 t𝐿𝑗𝑘𝑥𝑗 ≤ p𝐿
𝑘 ,
∑︀𝑛

𝑗=1 t𝑈𝑗𝑘𝑥𝑗 ≤ p𝑈
𝑘 , 𝑥𝑗 ≥ 0, 𝑘 = 1, 2, . . . ,𝑚
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It is expressed as the following final model (M(I)
F ) to find a compromise or satisfactory solution of BL-

MOIFLFPP (3.1).

Final model 𝑀
(I)
𝐹 :

min

(︃
𝑚1∑︁
𝑖=1

d𝐿−

1𝑖 +
𝑚1∑︁
𝑖=1

d𝑈−

1𝑖 +
𝑚2∑︁
𝑖=1

d𝐿−

2𝑖 +
𝑚2∑︁
𝑖=1

d𝑈−

2𝑖

)︃
+ (d−1 + d+

1 )

subject to

ℱ𝐿
1𝑖(𝑥) + d𝐿−

1𝑖 ≥ ℱ𝐿*

1𝑖 , ℱ𝑈
1𝑖(𝑥) + d𝑈−

1𝑖 ≥ ℱ𝑈*

1𝑖 , 𝑖 = 1, 2, . . . 𝑚1

ℱ𝐿
2𝑖(𝑥) + d𝐿−

2𝑖 ≥ ℱ𝐿**

2𝑖 , ℱ𝑈
2𝑖(𝑥) + d𝑈−

2𝑖 ≥ ℱ𝑈**

2𝑖 , 𝑖 = 1, 2, . . . 𝑚2 (4.17)
𝑋1 + d−1 − d+

1 = 𝑋*
1

𝑛∑︁
𝑗=1

t𝐿𝑗𝑘𝑥𝑗 ≤ p𝐿
𝑘 ,

𝑛∑︁
𝑗=1

t𝑈𝑗𝑘𝑥𝑗 ≤ p𝑈
𝑘 , 𝑥𝑗 ≥ 0, 𝑘 = 1, 2, . . . ,𝑚

d𝐿−

1𝑖 , d𝑈−

1𝑖 , d𝐿−

2𝑖 , d𝑈−

2𝑖 ≥ 0, d−1 .d+
1 = 0.

Since the functions ℱ𝐿
1𝑖(𝑥), ℱ𝑈

1𝑖(𝑥), ℱ𝐿
2𝑖(𝑥) and ℱ𝑈

2𝑖(𝑥) of (4.17) exist in linear fractional forms, using the modified
linearization method as discussed in Section 2.2 and derived as (4.14)–(4.15), the following linearizations are
performed.

ℱ𝐿
1𝑖(𝑥) + d𝐿−

1𝑖 ≥ ℱ𝐿*

1𝑖 implies
{︁

¯̄ℱ𝐿
1𝑖(𝑥) + D𝐿−

1𝑖 ≥ ℱ𝐿*(1)

1𝑖 , ℱ𝐿

1𝑖
(𝑥) + D𝐿−

1𝑖 ≤ ℱ𝐿*(2)

1𝑖 (4.18)

ℱ𝑈
1𝑖(𝑥) + d𝑈−

1𝑖 ≥ ℱ𝑈*

1𝑖 implies
{︁

¯̄ℱ𝑈
1𝑖(𝑥) + D𝑈−

1𝑖 ≥ ℱ𝑈*(1)

1𝑖 , ℱ𝑈

1𝑖
(𝑥) + D𝑈−

1𝑖 ≤ ℱ𝑈*(2)

1𝑖 (4.19)

ℱ𝐿
2𝑖(𝑥) + d𝐿−

2𝑖 ≥ ℱ𝐿**

2𝑖 implies
{︁

¯̄ℱ𝐿
2𝑖(𝑥) + D𝐿−

2𝑖 ≥ ℱ𝐿**(1)

2𝑖 , ℱ𝐿

2𝑖
(𝑥) + D𝐿−

2𝑖 ≤ ℱ𝐿**(2)

2𝑖 (4.20)

ℱ𝑈
2𝑖(𝑥) + d𝑈−

2𝑖 ≥ ℱ𝑈**

2𝑖 implies
{︁

¯̄ℱ𝑈
2𝑖(𝑥) + D𝑈−

2𝑖 ≥ ℱ𝑈**(1)

2𝑖 , ℱ𝑈

2𝑖
(𝑥) + D𝑈−

2𝑖 ≤ ℱ𝑈**(2)

2𝑖 . (4.21)

The above model (M(I)
F ) (4.17) can be simplified and transformed into the following linear model (M(II)

F ).

Final model 𝑀
(II)
𝐹 :

min

(︃
𝑚1∑︁
𝑖=1

D𝐿−

1𝑖 +
𝑚1∑︁
𝑖=1

D𝑈−

1𝑖 +
𝑚2∑︁
𝑖=1

D𝐿−

2𝑖 +
𝑚2∑︁
𝑖=1

D𝑈−

2𝑖

)︃
+ (d−1 + d+

1 )

subject to
¯̄ℱ𝐿
1𝑖 + D𝐿−

1𝑖 ≥ ℱ𝐿*(1)

1𝑖 ,ℱ𝐿

1𝑖
+ D𝐿−

1𝑖 ≤ ℱ𝐿*(2)

1𝑖 , 𝑖 = 1, 2, . . . 𝑚1
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¯̄ℱ𝑈
1𝑖 + D𝑈−

1𝑖 ≥ ℱ𝑈*(1)

1𝑖 ,ℱ𝑈

1𝑖
+ D𝑈−

1𝑖 ≤ ℱ𝑈*(2)

1𝑖 , 𝑖 = 1, 2, . . . 𝑚1

¯̄ℱ𝐿
2𝑖 + D𝐿−

2𝑖 ≥ ℱ𝐿**(1)

2𝑖 ,ℱ𝐿

2𝑖
+ D𝐿−

2𝑖 ≤ ℱ𝐿**(2)

2𝑖 , 𝑖 = 1, 2, . . . 𝑚2 (4.22)

¯̄ℱ𝑈
2𝑖 + D𝑈−

2𝑖 ≥ ℱ𝑈**(1)

2𝑖 ,ℱ𝑈

2𝑖
+ D𝑈−

2𝑖 ≤ ℱ𝑈**(2)

2𝑖 , 𝑖 = 1, 2, . . . 𝑚2

𝑋1 + d−1 − d+
1 = 𝑋*

1

𝑛∑︁
𝑗=1

t𝐿𝑗𝑘𝑥𝑗 ≤ p𝐿
𝑘

𝑛∑︁
𝑗=1

t𝑈𝑗𝑘𝑥𝑗 ≤ p𝑈
𝑘 , 𝑥𝑗 ≥ 0

D𝐿−

1𝑖 , D𝑈−

1𝑖 , D𝐿−

2𝑖 , D𝑈−

2𝑖 ≥ 0, d−1 .d+
1 = 0.

On solving the above model (4.22), a compromise solution can be determined for the BL-MOIFLFPP (3.1). If
the DM still remains unsatisfied with the obtained solution, then different values of 𝛼 and 𝛽 satisfying 𝛼 ∈ [0, w],
𝛽 ∈ [u, 1] and 0 ≤ 𝛼 + 𝛽 ≤ 1 can be used to generate another compromise solution.

4.2. Algorithm

As the developed methodology consists of multiple models formulated at the upper and lower level of the
bi-level problem, the steps need to be carefully followed in a proper sequence. For the sake of convenience and
well understanding, an algorithm is presented below to sequentially narrate the steps formulated in the proposed
methodology for determining the compromise solution of the BL-MOIFLFPP.

Step 1. Use the concept of intuitionistic fuzzy (𝛼, 𝛽)-cuts defined for the TIFNs which are present in the
objective functions as well as constraints involved in the BL-MOIFLFPP (3.1) i.e., model (M1) satisfying
𝛼 ∈ [0, w], 𝛽 ∈ [u, 1] and 0 ≤ 𝛼 + 𝛽 ≤ 1.

Step 2. Convert the intersection of intervals obtained in the objective functions, constraints of (4.1) and (4.5)
in form of single intervals as proposed in (4.2) and (4.6) respectively.

Step 3. Express the objective functions of BL-MOIFLFPP (3.1) in interval-valued forms as (4.3) and constraints
in linear forms as (4.8).

Step 4. Convert the model (M1) (3.1) in form of the bi-level multi-objective interval-valued fractional program-
ming problem i.e., model (M2) (4.9).

Step 5. Solve the model (4.10) to determine the individual optimal solutions 𝑋̂𝑙𝑖 of each interval valued fractional
objective functions ℱ𝑙𝑖(𝑥) at each level (𝑙 = 1, 2) using the proposed concept.

Step 6. Compute the aspiration values [ℱ̂𝐿
𝑙𝑖 , ℱ̂𝑈

𝑙𝑖 ] of each interval valued objective functions [ℱ𝐿
𝑙𝑖 (𝑥),ℱ𝑈

𝑙𝑖 (𝑥)] at
𝑥 = 𝑋̂𝑙𝑖 for each 𝑖 = 1, 2, . . . ,𝑚1, and 𝑖 = 1, 2, . . . ,𝑚2 at level 𝑙 = 1, and 𝑙 = 2 respectively.

Step 7. Formulate the models M(I)
l and M(II)

l i.e., (4.11)–(4.12) separately at the upper level (𝑙 = 1) and lower
level (𝑙 = 2) and linearize the fractional constraints of (4.12) as described in (4.13)–(4.15).

Step 8. Solve the model M(III)
l (4.16) at the upper level (𝑙 = 1), and lower level (𝑙 = 2) to determine their

compromise solutions 𝑋* = (𝑋*
1 , 𝑋*

2 ) and 𝑋** = (𝑋**
1 , 𝑋**

2 ) respectively.
Step 9. Determine the aspiration values of [ℱ𝐿

1𝑖(𝑋),ℱ𝑈
1𝑖(𝑋)] and [ℱ𝐿

2𝑖(𝑋),ℱ𝑈
2𝑖(𝑋)] as [ℱ𝐿*

1𝑖 ,ℱ𝑈*

1𝑖 ] and
[ℱ𝐿**

2𝑖 ,ℱ𝑈**

2𝑖 ] at the upper level (𝑖 = 1, 2, . . . ,𝑚1) and lower level (𝑖 = 1, 2, . . . ,𝑚2) of the BL-MOIFLFPP
(3.1) respectively.

Step 10. Calculate the aspiration values of the upper level decision variables 𝑋1 as 𝑋*
1 obtained from the

solution 𝑋* = (𝑋*
1 , 𝑋*

2 ) at upper level of the model (4.16).
Step 11. Finally formulate the BL-MOIFLFPP (3.1) i.e., model (M1) as the model (M(I)

F ) (4.17) using fuzzy
goal programming and linearize its fractional constraints to construct the model (M(II)

F ) (4.22).
Step 12. Solve the model (M(II)

F ) (4.22) to obtain the comromise solution of the BL-MOIFLFPP (3.1).
Step 13. If DMs do not get satisfied with the calculated compromise solution, the model (M1) (3.1) is refor-

mulated and solved by changing 𝛼 ∈ [0, w], 𝛽 ∈ [u, 1] with 0 ≤ 𝛼 + 𝛽 ≤ 1.
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A flowchart Figure 2 is incorporated to narrate the proposed algorithm.

5. Numerical examples

In order to illustrate the solution methodology proposed for BL-MOIFLFPP, we solve the following problems
and further discuss the results on comparative basis to justify its effectiveness and feasibility.

5.1. Example 1

Consider the following bi-level multi-objective LFPP in an environment of triangular intuitionistic fuzzy
numbers which is initially solved in deterministic form by O.E. Emam [22].

(ULDM) : max
𝑥1

(︃
ℱ11 =

6̃𝐼𝑥1 + 5̃𝐼𝑥2

1̃𝐼𝑥1 + 1̃0
𝐼
𝑥2 + 8̃𝐼

, ℱ12 =
9̃𝐼𝑥1 + 8̃𝐼𝑥2

1̃𝐼𝑥1 + 1̃0
𝐼
𝑥2 + 8̃𝐼

)︃
(5.1)

(LLDM) : max
𝑥2

(︃
ℱ21 =

1̃𝐼𝑥1 + 2̃𝐼𝑥2

2̃𝐼𝑥1 + 3̃𝐼𝑥2 + 5̃𝐼
, ℱ22 =

2̃𝐼𝑥1 + 3̃𝐼𝑥2

2̃𝐼𝑥1 + 3̃𝐼𝑥2 + 5̃𝐼

)︃
subject to

1̃𝐼𝑥1 + 1̃𝐼𝑥2 ≤ 5̃𝐼 , 3̃𝐼𝑥1 + 1̃𝐼𝑥2 ≤ 1̃0
𝐼
, 𝑥1, 𝑥2 ≥ 0

where, the fuzzy coefficients and constants associated with the decision variables and both the objective
functions, constraints, are all considered as TIFNs. Each one is associated with its maximum degree of
membership value as well as minimum degree of non-membership value. The left and right spreads of all the
TIFNs defined above are not necessarily considered as same.

6̃𝐼 = ⟨6, 4, 8; 0.7, 0.2⟩, 5̃𝐼 = ⟨5, 3, 7; 0.6, 0.3⟩, 1̃𝐼 = ⟨1, 0.5, 1.5; 0.7, 0.1⟩,
1̃0

𝐼
= ⟨10, 7, 13; 0.8, 0.1⟩, 8̃𝐼 = ⟨8, 5, 11; 0.6, 0.2⟩, 9̃𝐼 = ⟨9, 7, 11; 0.6, 0.2⟩,

8̃𝐼 = ⟨8, 6, 10; 0.5, 0.3⟩ 1̃𝐼 = ⟨1, 0.4, 1.6; 0.7, 0.2⟩, 2̃𝐼 = ⟨2, 1.5, 2.5; 0.8, 0.1⟩,
2̃𝐼 = ⟨2, 1, 3; 0.6, 0.3⟩, 3̃𝐼 = ⟨3, 1, 5; 0.7, 0.2⟩, 5̃𝐼 = ⟨5, 4, 6; 0.7, 0.2⟩, 2̃𝐼 = ⟨2, 0.5, 3.5; 0.6, 0.3⟩,
3̃𝐼 = ⟨3, 1.5, 4.5; 0.8, 0.1⟩, 1̃𝐼 = ⟨1, 0.5, 1.5; 0.7, 0.1⟩, 1̃𝐼 = ⟨1, 0.3, 1.8; 0.8, 0.1⟩, 5̃𝐼 = ⟨5, 4, 7; 0.5, 0.3⟩,
3̃𝐼 = ⟨3, 1, 5; 0.6, 0.2⟩, 1̃𝐼 = ⟨1, 0.2, 2; 0.5, 0.4⟩, 1̃0

𝐼
= ⟨10, 8, 12; 0.6, 0.1⟩.

Substituting the triangular intuitionistic fuzzy numbers in the model (5.1), it is expressed in form of
the following optimization model (5.2).

(ULDM) : max
𝑥1

ℱ11 =
⟨6, 4, 8; 0.7, 0.2⟩𝑥1 + ⟨5, 3, 7; 0.6, 0.3⟩𝑥2

⟨1, 0.5, 1.5; 0.7, 0.1⟩𝑥1 + ⟨10, 7, 13; 0.8, 0.1⟩𝑥2 + ⟨8, 5, 11; 0.6, 0.2⟩

max
𝑥1

ℱ12 =
⟨9, 7, 11; 0.6, 0.2⟩𝑥1 + ⟨8, 6, 10; 0.5, 0.3⟩𝑥2

⟨1, 0.5, 1.5; 0.7, 0.1⟩𝑥1 + ⟨10, 7, 13; 0.8, 0.1⟩𝑥2 + ⟨8, 5, 11; 0.6, 0.2⟩

(LLDM) : max
𝑥2

ℱ21 =
⟨1, 0.4, 1.6; 0.7, 0.2⟩𝑥1 + ⟨2, 1.5, 2.5; 0.8, 0.1⟩𝑥2

⟨2, 1, 3; 0.6, 0.3⟩𝑥1 + ⟨3, 1, 5; 0.7, 0.2⟩𝑥2 + ⟨5, 4, 6; 0.7, 0.2⟩

max
𝑥2

ℱ22 =
⟨2, 0.5, 3.5; 0.6, 0.3⟩𝑥1 + ⟨3, 1.5, 4.5; 0.8, 0.1⟩𝑥2

⟨2, 1, 3; 0.6, 0.3⟩𝑥1 + ⟨3, 1, 5; 0.7, 0.2⟩𝑥2 + ⟨5, 4, 6; 0.7, 0.2⟩
(5.2)

subject to
⟨1, 0.5, 1.5; 0.7, 0.1⟩𝑥1 + ⟨1, 0.3, 1.8; 0.8, 0.1⟩𝑥2 ≤ ⟨5, 4, 7; 0.5, 0.3⟩
⟨3, 1, 5; 0.6, 0.2⟩𝑥1 + ⟨1, 0.2, 2; 0.5, 0.4⟩𝑥2 ≤ ⟨10, 8, 12; 0.6, 0.1⟩
𝑥1, 𝑥2 ≥ 0.
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Figure 2. Flow chart of the proposed algorithm.
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Table 1. Optimal solutions of each interval valued objective functions at upper and lower
levels, Example 1.

𝑋̂ ℱ̂𝐿 ℱ̂𝑈

𝑋̂11 = (2.4, 0) ℱ̂𝐿
11 = 0.5363 ℱ̂𝑈

11 = 3.3180

𝑋̂12 = (2.4, 0) ℱ̂𝐿
12 = 0.7374 ℱ̂𝑈

12 = 4.8111

𝑋̂21 = (0, 3.9) ℱ̂𝐿
21 = 0.2207 ℱ̂𝑈

21 = 1.0366

𝑋̂22 = (1.0795, 2.9105) ℱ̂𝐿
22 = 0.2988 ℱ̂𝑈

22 = 1.6526

Solution: Using the proposed concepts of intuitionistic fuzzy (𝛼, 𝛽)-cuts with a pair of values (𝛼 = 0.3, 𝛽 = 0.5),
Theorem 1 and interval analysis, the intuitionistic fuzzy model (5.2) is equivalently expressed in form of the
following interval valued bi-level optimization containing linear constraints.

(ULDM) : max
𝑥1

ℱ11 =

[︃
4𝑥1 + 3.7143𝑥2

1.8333𝑥1 + 17.2222𝑥2 + 13.5
,

10𝑥1 + 8𝑥2

0.7222𝑥1 + 6.1111𝑥2 + 5.5

]︃

max
𝑥1

ℱ12 =

[︃
5.5𝑥1 + 5.6𝑥2

1.8333𝑥1 + 17.2222𝑥2 + 13.5
,

14.5𝑥1 + 12𝑥2

0.7222𝑥1 + 6.1111𝑥2 + 5.5

]︃

(LLDM) : max
𝑥2

ℱ21 =

[︃
0.8𝑥1 + 1.6667𝑥2

3.2857𝑥1 + 5.5𝑥2 + 8
,

1.8𝑥1 + 3.3889𝑥2

1.5714𝑥1 + 2.5𝑥2 + 3

]︃
(5.3)

max
𝑥2

ℱ22 =

[︃
1.7857𝑥1 + 2.1667𝑥2

3.2857𝑥1 + 5.5𝑥2 + 8
,

3.5𝑥1 + 5.5𝑥2

1.5714𝑥1 + 2.5𝑥2 + 3

]︃
subject to

0.7222𝑥1 + 0.8333𝑥2 ≤ 3.4, 1.8333𝑥1 + 2𝑥2 ≤ 7.8
2.5𝑥1 + 0.9333𝑥2 ≤ 6, 5.5𝑥1 + 1.6667𝑥2 ≤ 16, 𝑥1, 𝑥2 ≥ 0.

At each level of (5.3), interval valued objective functions are individually considered as bi-objective functions
as per the proposed concept defined in Section 2.1. Applying the method developed by Chakraborty and Gupta
[14], the optimal solution (𝑋̂) for each objective function and its optimal lower bound (ℱ̂𝐿) , upper bound (ℱ̂𝑈 )
are obtained in Table 1.

To find out the compromise solution at the upper level, goal programming and the proposed modified lin-
earization technique are implemented to design the following model.

min (D𝐿−

11 + D𝐿−

12 + D𝑈−

11 + D𝑈−

12 )
subject to

1.6179𝑥1 − 2.9614𝑥2 + D𝐿−

11 ≥ 3.8829, 25.2291𝑥1 − 40.7338𝑥2 + D𝑈−

11 ≥ 60.5502

3.0588𝑥1 − 5.2354𝑥2 + D𝐿−

12 ≥ 7.3407, 53.0443𝑥1 − 83.7160𝑥2 + D𝑈−

12 ≥ 127.3070

− 0.5273𝑥1 − 4.9534𝑥2 + D𝐿−

11 ≤ 3.8829, −7.9509𝑥1 − 67.2778𝑥2 + D𝑈−

11 ≤ 60.5502 (5.4)

− 0.9969𝑥1 − 9.3648𝑥2 + D𝐿−

12 ≤ 7.3407, −16.7166𝑥1 − 141.4492𝑥2 + D𝑈−

12 ≤ 127.3070
0.7222𝑥1 + 0.8333𝑥2 ≤ 3.4, 1.8333𝑥1 + 2𝑥2 ≤ 7.8 2.5𝑥1 + 0.9333𝑥2 ≤ 6, 5.5𝑥1 + 1.6667𝑥2 ≤ 16

𝑥1, 𝑥2 ≥ 0, D𝐿−

11 ≥ 0, D𝐿−

12 ≥ 0, D𝑈−

11 ≥ 0, D𝑈−

12 ≥ 0.
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Table 2. Objective values at the compromise solution of upper level, Example 1.

Upper level ℱ𝐿* ℱ𝑈*

Objective function–1:ℱ11 ℱ𝐿*
11 = 0.5363 ℱ𝑈*

11 = 3.3180

Objective function–2:ℱ12 ℱ𝐿*
12 = 0.7374 ℱ𝑈*

12 = 4.8111

Table 3. Objective values at the compromise solution of lower level, Example 1.

Lower level ℱ𝐿** ℱ𝑈**

Objective function–1:ℱ21 ℱ𝐿**
21 = 0.2207 ℱ𝑈**

21 = 1.0366

Objective function–2:ℱ22 ℱ𝐿**
22 = 0.2869 ℱ𝑈**

22 = 1.6823

On solving the above problem (5.4), the upper level compromise solution is found as 𝑋* = (2.4, 0) where the
optimal values of corresponding objective functions are computed in Table 2. The aspiration value of the decision
variable 𝑥1 controlled by the upper level DM is considered as 𝑥*1 = 2.4.

Similarly, the following model is formulated at the lower level to determine its compromise solution.

min (D𝐿−

21 + D𝐿−

22 + D𝑈−

21 + D𝑈−

22 )
subject to

0.0165𝑥1 + 0.0999𝑥2 + D𝐿−

21 ≥ 0.3897, 0.1774𝑥1 + 0.8266𝑥2 + D𝑈−

21 ≥ 3.2236

0.2402𝑥1 + 0.1564𝑥2 + D𝐿−

22 ≥ 0.7143, 1.4925𝑥1 + 2.2616𝑥2 + D𝑈−

22 ≥ 8.1933

− 0.1601𝑥1 − 0.2679𝑥2 + D𝐿−

21 ≤ 0.3897, −1.6885𝑥1 − 2.6863𝑥2 + D𝑈−

21 ≤ 3.2236 (5.5)

− 0.2934𝑥1 − 0.4910𝑥2 + D𝐿−

22 ≤ 0.7143, −4.2916𝑥1 − 6.8277𝑥2 + D𝑈−

22 ≤ 8.1933
0.7222𝑥1 + 0.8333𝑥2 ≤ 3.4, 1.8333𝑥1 + 2𝑥2 ≤ 7.8,

2.5𝑥1 + 0.9333𝑥2 ≤ 6, 5.5𝑥1 + 1.6667𝑥2 ≤ 16

𝑥1, 𝑥2 ≥ 0, D𝐿−

11 ≥ 0, D𝐿−

12 ≥ 0, D𝑈−

11 ≥ 0, D𝑈−

12 ≥ 0.

The optimal solution of (5.5) is obtained as 𝑋** = (0.0002412533, 3.899779) which is considered as the
compromise solution of LLDM and optimal values of the corresponding objective functions are computed in
Table 3.

According to the proposed methodology, the final model is formulated as follows to solve the interval valued
bi-objective optimization (5.3) and get the compromise solution of the BL-MOIFLFPP (5.1).

min (D𝐿−

11 + D𝐿−

12 + D𝑈−

11 + D𝑈−

12 + D𝐿−

21 + D𝐿−

22 + D𝑈−

21 + D𝑈−

22 ) + (d− + d+)
subject to

1.6179𝑥1 − 2.9614𝑥2 + D𝐿−

11 ≥ 3.8829, 25.2291𝑥1 − 40.73386𝑥2 + D𝑈−

11 ≥ 60.5502

3.0588𝑥1 − 5.2354𝑥2 + D𝐿−

12 ≥ 7.3407, 53.0443𝑥1 − 83.7160𝑥2 + D𝑈−

12 ≥ 127.3070

0.0165𝑥1 + 0.0999𝑥2 + D𝐿−

21 ≥ 0.3897, 0.1774𝑥1 + 0.8266𝑥2 + D𝑈−

21 ≥ 3.2236

0.2418𝑥1 + 0.1689𝑥2 + D𝐿−

22 ≥ 0.6585, 1.4407𝑥1 + 2.1772𝑥2 + D𝑈−

22 ≥ 8.4904

− 0.5273𝑥1 − 4.9534𝑥2 + D𝐿−

11 ≤ 3.8829, −7.9509𝑥1 − 67.2778𝑥2 + D𝑈−

11 ≤ 60.5502

− 0.9969𝑥1 − 9.3648𝑥2 + D𝐿−

12 ≤ 7.3407, −16.7166𝑥1 − 141.4492𝑥2 + D𝑈−

12 ≤ 127.3070 (5.6)
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Table 4. Objective values at the compromise solution of the BL-MOIFLFPP, Example 1.

Level ℱ𝐿 ℱ𝑈

Upper ℱ𝐿
11 = 0.5363 ℱ𝑈

11 = 3.3180
ℱ𝐿

12 = 0.7374 ℱ𝑈
12 = 4.8111

Lower ℱ𝐿
21 = 0.1209 ℱ𝑈

21 = 0.6380
ℱ𝐿

22 = 0.2698 ℱ𝑈
22 = 1.2405

Table 5. Comparative objective values of the deterministic and intuitionistic fuzzy BL-MOLFPP.

Level O.E. Emam [22] Proposed approach
(Deterministic BL-MOLFPP) (Intuitionistic fuzzy BL-MOLFPP)

Upper ℱ11 = 1.0952 ℱ11 = [ℱ𝐿
11,ℱ𝑈

11] = [0.5363, 3.3180]
ℱ12 = 1.6667 ℱ12 = [ℱ𝐿

12,ℱ𝑈
12] = [0.7374, 4.8111]

Lower ℱ21 = 0.3571 ℱ21 = [ℱ𝐿
21,ℱ𝑈

21] = [0.1209, 0.6380]
ℱ22 = 0.6429 ℱ22 = [ℱ𝐿

22,ℱ𝑈
22] = [0.2698, 1.2405]

− 0.1601𝑥1 − 0.2679𝑥2 + D𝐿−

21 ≤ 0.3897, −1.6885𝑥1 − 2.6863𝑥2 + D𝑈−

21 ≤ 3.2236

− 0.2705𝑥1 − 0.4527𝑥2 + D𝐿−

22 ≤ 0.6585, −4.4473𝑥1 − 7.0754𝑥2 + D𝑈−

22 ≤ 8.4904
𝑥1 + d− − d+ = 2.4
0.7222𝑥1 + 0.8333𝑥2 ≤ 3.4, 1.8333𝑥1 + 2𝑥2 ≤ 7.8
2.5𝑥1 + 0.9333𝑥2 ≤ 6, 5.5𝑥1 + 1.6667𝑥2 ≤ 16

𝑥1, 𝑥2 ≥ 0, D𝐿−

11 ≥ 0, D𝐿−

12 ≥ 0, D𝑈−

11 ≥ 0, D𝑈−

12 ≥ 0, D𝐿−

21 ≥ 0,

D𝐿−

22 ≥ 0, D𝑈−

21 ≥ 0, D𝑈−

22 ≥ 0, d−, d+ ≥ 0, d−.d+ = 0.

On solving the above problem (5.6), the compromise solution for the BL-MOIFLFPP (5.1) is found as 𝑥1 =
2.4, 𝑥2 = 0 where the optimal values of the corresponding objective functions are obtained in Table 4.

The following table incorporates the optimal objective values generated by O.E. Emam [22] and the proposed
solution approach for the deterministic and intuitionistic fuzzy BL-MOLFPP respectively. A result analysis
section is further included after the solution of the practical problem to comparatively study the results in
detail (see Tab. 5).

5.2. Example 2 (Practical problem)

A company manufactures three products 𝑃1, 𝑃2 and 𝑃3. The company’s goal is to increase the profit while
producing more in less time, less energy and less waste so that decision-makers of both levels are satisfied with
the production process. The upper level of the company is the governing body who aims to maximize the ratios
of profit per cost and production per time. The lower level of the company is the production authority who aims
to maximize the ratios of production per power consumption and production per waste product. Each product
requires some raw materials and transportation costs for the manufacturing process. At the upper level, 𝑃1,
𝑃2 and 𝑃3 each makes profits of $4, $5 and $6, while the costs of producing each unit are $10, $12 and $13
respectively. A profit of $2 and a fixed manufacturing cost of $8 are added during the production process. It
produces 15, 17 and 10 units of goods with production times of 10, 9 and 8 mins respectively. A production
of 4 units with a fixed production time of 7 mins are added during the manufacturing process. Lower level
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production authority produces 7, 8 and 9 units of goods with energy consumption of 5 KW, 4 KW and 6 KW,
waste materials of 3 KG, 4 KG and 5 KG required respectively. A production of 4 units, power consumption
of 5 KW with waste product 2 KG are added during the production process. Each unit of products require 14
KG, 15 KG and 11 KG of raw materials respectively with the supply of raw materials are restricted to 16 KG
and fixed transportation cost of $1, $2 and $1 respectively which is restricted to $2.

This problem can be mathematically designed in the following form with intuitionistic fuzzy parameters.

(ULDM) : max
𝑥1, 𝑥2

ℱ1 =

(︃
4̃𝐼𝑥1 + 5̃𝐼𝑥2 + 6̃𝐼𝑥3 + 2̃𝐼

̃︁10
𝐼
𝑥1 + 1̃2

𝐼
𝑥2 + 1̃3

𝐼
𝑥3 + 8̃𝐼

,
1̃5

𝐼
𝑥1 + 1̃7

𝐼
𝑥2 + 1̃0

𝐼
𝑥3 + 4̃𝐼

1̃0
𝐼
𝑥1 + 9̃𝐼𝑥2 + 8̃𝐼𝑥3 + 7̃𝐼

)︃

(LLDM) : max
𝑥3

ℱ2 =

(︃
7̃𝐼𝑥1 + 8̃𝐼𝑥2 + 9̃𝐼𝑥3 + 4𝐼

5̃𝐼𝑥1 + 4̃𝐼𝑥2 + 6̃𝐼𝑥3 + 5𝐼
,

7̃𝐼𝑥1 + 8̃𝐼𝑥2 + 9̃𝐼𝑥3 + 4𝐼

3̃𝐼𝑥1 + 4̃𝐼𝑥2 + 5̃𝐼𝑥3 + 2𝐼

)︃
(5.7)

subject to

1̃4
𝐼
𝑥1 + 1̃5

𝐼
𝑥2 + 1̃1

𝐼
𝑥3 ≤ 1̃6

𝐼
, 1̃𝐼𝑥1 + 2̃𝐼𝑥2 + 1̃𝐼𝑥3 ≤ 2̃𝐼 ,

𝑥1, 𝑥2, 𝑥3 ≥ 0

where, the constants and coefficients involved are all considered as intuitionistic fuzzy numbers as follows.

4̃𝐼 = ⟨4, 2, 6; 0.7, 0.2⟩, 5̃𝐼 = ⟨5, 3, 7; 0.8, 0.1⟩, 6̃𝐼 = ⟨6, 4, 7.5; 0.6, 0.3⟩,
2̃𝐼 = ⟨2, 1, 3; 0.6, 0.4⟩, 1̃0

𝐼
= ⟨10, 9, 12; 0.7, 0.2⟩, 1̃2

𝐼
= ⟨12, 10, 14; 0.8, 0.1⟩,

1̃3
𝐼

= ⟨13, 10, 16; 0.7, 0.3⟩ 8̃𝐼 = ⟨8, 6, 9; 0.6, 0.3⟩, 1̃5
𝐼

= ⟨15, 11, 16; 0.8, 0.1⟩,
1̃7

𝐼
= ⟨17, 15, 20; 0.7, 0.3⟩, 1̃0

𝐼
= ⟨10, 7, 12; 0.8, 0.1⟩, 4̃𝐼 = ⟨4, 2, 6; 0.6, 0.3⟩,

1̃0
𝐼

= ⟨10, 7, 11; 0.6, 0.3⟩, 9̃𝐼 = ⟨9, 7, 10; 0.7, 0.2⟩, 8̃𝐼 = ⟨8, 7, 10; 0.7, 0.3⟩,
7̃𝐼 = ⟨7, 5, 10; 0.7, 0.2⟩, 7̃𝐼 = ⟨7, 4, 9; 0.6, 0.3⟩, 8̃𝐼 = ⟨8, 5, 11; 0.7, 0.2⟩,
9̃𝐼 = ⟨9, 7, 12; 0.8, 0.1⟩, 4̃𝐼 = ⟨4, 2, 5; 0.7, 0.1⟩ 5̃𝐼 = ⟨5, 3, 6; 0.6, 0.2⟩,
4̃𝐼 = ⟨4, 3, 6; 0.8, 0.1⟩, 6̃𝐼 = ⟨6, 4, 7; 0.7, 0.2⟩, 5̃𝐼 = ⟨5, 2, 7; 0.7, 0.2⟩,
3̃𝐼 = ⟨3, 2, 5; 0.7, 0.1⟩, 4̃𝐼 = ⟨4, 2, 7; 0.6, 0.3⟩, 5̃𝐼 = ⟨5, 2, 6; 0.6, 0.3⟩,
2̃𝐼 = ⟨2, 1, 4; 0.6, 0.3⟩, 1̃4

𝐼
= ⟨14, 10, 15; 0.7, 0.2⟩, 1̃5

𝐼
= ⟨15, 13, 17; 0.6, 0.3⟩,

1̃1
𝐼

= ⟨11, 10, 12; 0.6, 0.1⟩, 1̃6
𝐼

= ⟨16, 15, 6; 0.6, 0.2⟩, 1̃𝐼 = ⟨1, 1, 1; 0.6, 0.3⟩,
2̃𝐼 = ⟨2, 1, 3; 0.7, 0.3⟩, 1̃𝐼 = ⟨1, 1, 1; 0.7, 0.3⟩, 2̃𝐼 = ⟨2, 2, 2; 0.7, 0.2⟩

Solution:

The BL-MOIFLFPP (5.7) is mathematically expressed in form of the following optimization model (5.8) by
substituting the values of the intuitionistic triangular fuzzy coefficients and constants.

(ULDM) : max
𝑥1, 𝑥2

ℱ11 =
⟨4, 2, 6; 0.7, 0.2⟩𝑥1 + ⟨5, 3, 7; 0.8, 0.1⟩𝑥2 + ⟨6, 4, 7.5; 0.6, 0.3⟩𝑥3 + ⟨2, 1, 3; 0.6, 0.4⟩

⟨10, 9, 12; 0.7, 0.2⟩𝑥1 + ⟨12, 10, 14; 0.8, 0.1⟩𝑥2 + ⟨13, 10, 16; 0.7, 0.3⟩𝑥3 + ⟨8, 6, 9; 0.6, 0.3⟩

max
𝑥1, 𝑥2

ℱ12 =
⟨15, 11, 16; 0.8, 0.1⟩𝑥1 + ⟨17, 15, 20; 0.7, 0.3⟩𝑥2 + ⟨10, 7, 12; 0.8, 0.1⟩𝑥3 + ⟨4, 2, 6; 0.6, 0.3⟩
⟨10, 7, 11; 0.6, 0.3⟩𝑥1 + ⟨9, 7, 10; 0.7, 0.2⟩𝑥2 + ⟨8, 7, 10; 0.7, 0.3⟩𝑥3 + ⟨7, 5, 10; 0.7, 0.2⟩

(LLDM) : max
𝑥3

ℱ21 =
⟨7, 4, 9; 0.6, 0.3⟩𝑥1 + ⟨8, 5, 11; 0.7, 0.2⟩𝑥2 + ⟨9, 7, 12; 0.8, 0.1⟩𝑥3 + ⟨4, 2, 5; 0.7, 0.1⟩
⟨5, 3, 6; 0.6, 0.2⟩𝑥1 + ⟨4, 3, 6; 0.8, 0.1⟩𝑥2 + ⟨6, 4, 7; 0.7, 0.2⟩𝑥3 + ⟨5, 2, 7; 0.7, 0.2⟩

max
𝑥3

ℱ22 =
⟨7, 4, 9; 0.6, 0.3⟩𝑥1 + ⟨8, 5, 11; 0.7, 0.2⟩𝑥2 + ⟨9, 7, 12; 0.8, 0.1⟩𝑥3 + ⟨4, 2, 5; 0.7, 0.1⟩
⟨3, 2, 5; 0.7, 0.1⟩𝑥1 + ⟨4, 2, 7; 0.6, 0.3⟩𝑥2 + ⟨5, 2, 6; 0.6, 0.3⟩𝑥3 + ⟨2, 1, 4; 0.6, 0.3⟩

subject to
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Table 6. Optimal solutions of each interval valued objective functions at upper and lower
levels, Example 2.

𝑋̂ ℱ̂𝐿 ℱ̂𝑈

𝑋̂11 = (0, 0.0931, 1.18) ℱ̂𝐿
11 = 0.2666 ℱ̂𝑈

11 = 0.5911

𝑋̂12 = (0.2224, 0.7252, 0) ℱ̂𝐿
12 = 0.7258 ℱ̂𝑈

12 = 2.0728

𝑋̂21 = (0, 0.6363, 0.4348) ℱ̂𝐿
21 = 0.7182 ℱ̂𝑈

21 = 2.1970

𝑋̂22 = (0.2432, 0.7039, 0) ℱ̂𝐿
22 = 1.3000 ℱ̂𝑈

22 = 3.0648

⟨14, 10, 15; 0.7, 0.2⟩𝑥1 + ⟨15, 13, 17; 0.6, 0.3⟩𝑥2 + ⟨11, 10, 12; 0.6, 0.1⟩𝑥3 ≤ ⟨16, 15, 6; 0.6, 0.2⟩
(5.8)

⟨1, 1, 1; 0.6, 0.3⟩𝑥1 + ⟨2, 1, 3; 0.7, 0.3⟩𝑥2 + ⟨1, 1, 1; 0.7, 0.3⟩𝑥3 ≤ ⟨2, 2, 2; 0.7, 0.2⟩
𝑥1, 𝑥2, 𝑥3 ≥ 0.

On implementing the proposed concepts of intuitionistic fuzzy (𝛼, 𝛽)-cuts with 𝛼 = 𝛽 = 0.5, Theorem 1 and
interval analysis, the intuitionistic fuzzy model (5.8) is equivalently transformed into an interval valued bi-level
fractional optimization model having linear constraints.

(𝑈𝐿𝐷𝑀) : max
𝑥1, 𝑥2

ℱ11 =

[︃
3.4286𝑥1 + 3.8750𝑥2 + 5.3333𝑥3 + 1.8333
13.4286𝑥1 + 17.25𝑥2 + 17.5714𝑥3 + 9.5

,
5.7143𝑥1 + 7.6250𝑥2 + 7.1667𝑥3 + 2.5

7.4286𝑥1 + 8.25𝑥2 + 10.1429𝑥3 + 7

]︃

max
𝑥1, 𝑥2

ℱ12 =

[︃
10.8750𝑥1 + 12.7143𝑥2 + 7.3750𝑥3 + 3.6667
11.8333𝑥1 + 11.8571𝑥2 + 10.8571𝑥3 + 9.8571

,
21𝑥1 + 22.7143𝑥2 + 14.5𝑥3 + 5
8.8333𝑥1 + 7𝑥2 + 6𝑥3 + 5.5714

]︃

(𝐿𝐿𝐷𝑀) : max
𝑥3

ℱ21 =

[︃
6.3333𝑥1 + 6.5714𝑥2 + 6.3750𝑥3 + 3.4286

6𝑥1 + 6.25𝑥2 + 8𝑥3 + 7
,

8.5𝑥1 + 11.1429𝑥2 + 13.5𝑥3 + 5.4286
4.5𝑥1 + 2.8750𝑥2 + 4.8571𝑥3 + 4.4286

]︃
(5.9)

max
𝑥3

ℱ22 =

[︃
6.3333𝑥1 + 6.5714𝑥2 + 6.3750𝑥3 + 3.4286

4.4286𝑥1 + 5.1667𝑥2 + 6𝑥3 + 2.6667
,

8.5𝑥1 + 11.1429𝑥2 + 13.5𝑥3 + 5.4286
2.4286𝑥1 + 3.6667𝑥2 + 4.6667𝑥3 + 1.8333

]︃
subject to

11.1429𝑥1 + 12.8333𝑥2 + 9.3333𝑥3 ≤ 13.5, 18.2857𝑥1 + 17.8333𝑥2 + 13𝑥3 ≤ 17
0.8333𝑥1 + 1.7143𝑥2 + 0.7143𝑥3 ≤ 1.4286, 1.1667𝑥1 + 2.8571𝑥2 + 1.2857𝑥3 ≤ 2.5714,

𝑥1, 𝑥2, 𝑥3 ≥ 0.

At each level of (5.9), interval valued objective functions are individually considered as bi-objective functions
based on the proposed concept defined in Section 2.1. Using the method designed by Chakraborty and Gupta
[14], the optimal solution (𝑋̂) for each objective function and its optimal lower bound (ℱ̂𝐿), upper bound (ℱ̂𝑈 )
are computed in Table 6.

To find the required compromise solution at the upper level, a model is formulated below implementing goal
programming approach and the modified method of linearization by the proposed approach.

min (D𝐿−
11 + D𝐿−

12 + D𝑈−
11 + D𝑈−

12 )

subject to

− 0.0403𝑥1 − 0.1930𝑥2 + 0.1730𝑥3 + D𝐿−
11 ≥ 0.1864, 0.7822𝑥1 + 1.6246𝑥2 + 0.6923𝑥3 + D𝑈−

11 ≥ 0.9681

1.6595𝑥1 + 2.9818𝑥2 − 0.3666𝑥3 + D𝐿−
12 ≥ 2.5313, 5.5765𝑥1 + 17.0067𝑥2 + 4.2766𝑥3 + D𝑈−

12 ≥ 13.5735
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Table 7. Objective values at the compromise solution of upper level, Example 2.

Upper level ℱ𝐿* ℱ𝑈*

Objective function–1:ℱ11 ℱ𝐿**
11 = 0.2163 ℱ𝑈**

11 = 0.6355

Objective function–2:ℱ12 ℱ𝐿**
12 = 0.7258 ℱ𝑈**

12 = 2.0728

Table 8. Objective values at the compromise solution of lower level, Example 2.

Lower level ℱ𝐿** ℱ𝑈**

Objective function–1:ℱ21 ℱ𝐿**
21 = 0.7294 ℱ𝑈**

21 = 2.1561

Objective function–2:ℱ22 ℱ𝐿**
22 = 1.2772 ℱ𝑈**

22 = 2.1709

− 0.9544𝑥1 − 1.2261𝑥2 − 1.2489𝑥3 + D𝐿−
11 ≤ 0.6752, −2.5955𝑥1 − 2.8825𝑥2 − 3.5439𝑥3 + D𝑈−

11 ≤ 2.4458

− 6.2336𝑥1 − 6.2462𝑥2 − 5.7194𝑥3 + D𝐿−
12 ≤ 5.1926, −37.9523𝑥1 − 30.0755𝑥2 − 25.7790𝑥3 + D𝑈−

12 ≤ 23.9375

11.1429𝑥1 + 12.8333𝑥2 + 9.3333𝑥3 ≤ 13.5, 18.2857𝑥1 + 17.8333𝑥2 + 13𝑥3 ≤ 17,

0.8333𝑥1 + 1.7143𝑥2 + 0.7143𝑥3 ≤ 1.4286, 1.1667𝑥1 + 2.8571𝑥2 + 1.2857𝑥3 ≤ 2.5714

𝑥1, 𝑥2, 𝑥3 ≥ 0, D𝐿−
11 ≥ 0, D𝐿−

12 ≥ 0, D𝑈−
11 ≥ 0, D𝑈−

12 ≥ 0. (5.10)

On solving the above problem (5.10), 𝑋* = (0.2222864, 0.7252190, 0.0001761036) is obtained as the optimal
solution which is also the compromise solution at the upper level, where the optimal values of the objective
functions are computed in the following Table 7. So, 𝑥*1 = 0.2222864 and 𝑥*2 = 0.7252190 are taken as the
aspiration values for the decision variables 𝑥1 and 𝑥2 respectively which are controlled at the upper level.

Similarly, the following model is constructed at the lower level to find its compromise solution.

min (D𝐿−
21 + D𝐿−

22 + D𝑈−
21 + D𝑈−

22 )

subject to

1.4537𝑥1 + 1.4958𝑥2 + 0.4520𝑥3 + D𝐿−
21 ≥ 1.1483, −3.0461𝑥1 + 10.6039𝑥2 + 6.2152𝑥3 + D𝑈−

21 ≥ 9.4494

0.7490𝑥1 − 0.1889𝑥2 − 1.8525𝑥3 + D𝐿−
22 ≥ 0.0495, 3.2390𝑥1 − 0.2905𝑥2 − 2.4595𝑥3 + D𝑈−

22 ≥ 0.5826

− 3.0949𝑥1 − 3.2238𝑥2 − 4.1265𝑥3 + D𝐿−
21 ≤ 3.6107, −21.7206𝑥1 − 13.8771𝑥2 − 23.4443𝑥3 + D𝑈−

21 ≤ 21.3760

− 7.4843𝑥1 − 8.7317𝑥2 − 10.1400𝑥3 + D𝐿−
22 ≤ 4.5067, −22.8118𝑥1 − 34.4413𝑥2 − 43.8343𝑥3 + D𝑈−

22 ≤ 17.2202

11.1429𝑥1 + 12.8333𝑥2 + 9.3333𝑥3 ≤ 13.5, 18.2857𝑥1 + 17.8333𝑥2 + 13𝑥3 ≤ 17

0.8333𝑥1 + 1.7143𝑥2 + 0.7143𝑥3 ≤ 1.4286, 1.1667𝑥1 + 2.8571𝑥2 + 1.2857𝑥3 ≤ 2.5714

𝑥1, 𝑥2, 𝑥3 ≥ 0, D𝐿−
11 ≥ 0, D𝐿−

12 ≥ 0, D𝑈−
11 ≥ 0, D𝑈−

12 ≥ 0. (5.11)

The optimal solution of (5.11) is obtained as 𝑋** = (0, 0.8333431, 0) which is considered as the compromise
solution of the LLDM and optimal values of the corresponding objective functions are calculated in Table 8.

According to the proposed methodology, the final model is formulated as follows to solve the model (5.9) and
find the compromise solution of the BL-MOIFLFPP (5.7).

min (D𝐿−
11 + D𝐿−

12 + D𝑈−
11 + D𝑈−

12 + D𝐿−
21 + D𝐿−

22 + D𝑈−
21 + D𝑈−

22 ) + (d1
− + d1

+) + (d2
− + d2

+)

subject to

0.1133𝑥1 + 0.0311𝑥2 + 0.3315𝑥3 + D𝐿−
11 ≥ 0.0480, 0.6313𝑥1 + 1.5138𝑥2 + 0.4581𝑥3 + D𝑈−

11 ≥ 1.2383
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Table 9. Objective values at the compromise solution of the BL-MOIFLFPP, Example 2.

Level ℱ𝐿 ℱ𝑈

Upper ℱ𝐿
11 = 0.2120 ℱ𝑈

11 = 0.6381
ℱ𝐿

12 = 0.7226 ℱ𝑈
12 = 2.0981

Lower ℱ𝐿
21 = 0.7294 ℱ𝑈

21 = 2.1561
ℱ𝐿

22 = 1.2772 ℱ𝑈
22 = 3.0098

1.6595𝑥1 + 2.9818𝑥2 − 0.3666𝑥3 + D𝐿−
12 ≥ 2.5313, 5.5765𝑥1 + 17.0067𝑥2 + 4.2766𝑥3 + D𝑈−

12 ≥ 13.5735

1.4274𝑥1 + 1.4681𝑥2 + 0.3937𝑥3 + D𝐿−
21 ≥ 1.2234, −2.5924𝑥1 + 10.66𝑥2 + 6.5279𝑥3 + D𝑈−

21 ≥ 8.8829

0.8648𝑥1 − 0.0351𝑥2 − 1.6453𝑥3 + D𝐿−
22 ≥ −0.0290, 7.0073𝑥1 + 6.9097𝑥2 + 7.3140𝑥3 + D𝑈−

22 ≥ −3.1449

− 0.6283𝑥1 − 0.8071𝑥2 − 0.8221𝑥3 + D𝐿−
11 ≤ 0.4445, −3.0001𝑥1 − 3.3319𝑥2 − 4.0963𝑥3 + D𝑈−

11 ≤ 2.8270

− 6.2336𝑥1 − 6.2462𝑥2 − 5.7194𝑥3 + D𝐿−
12 ≤ 5.1926, −37.9523𝑥1 − 30.0755𝑥2 − 25.7790𝑥3 + D𝑈−

12 ≤ 23.9375

− 3.1921𝑥1 − 3.3251𝑥2 − 4.2562𝑥3 + D𝐿−
21 ≤ 3.7242, −20.9193𝑥1 − 13.3652𝑥2 − 22.5795𝑥3 + D𝑈−

21 ≤ 20.5875

− 7.2241𝑥1 − 8.4281𝑥2 − 9.7874𝑥3 + D𝐿−
22 ≤ 4.35, −11.4454𝑥1 − 17.2804𝑥2 − 21.9932𝑥3 + D𝑈−

22 ≤ 8.64

𝑥1 + d−1 − d+
1 = 0.2222864

𝑥2 + d−2 − d+
2 = 0.7252190

11.1429𝑥1 + 12.8333𝑥2 + 9.3333𝑥3 ≤ 13.5, 18.2857𝑥1 + 17.8333𝑥2 + 13𝑥3 ≤ 17

0.8333𝑥1 + 1.7143𝑥2 + 0.7143𝑥3 ≤ 1.4286, 1.1667𝑥1 + 2.8571𝑥2 + 1.2857𝑥3 ≤ 2.5714

𝑥1, 𝑥2, 𝑥3 ≥ 0, D𝐿−
11 ≥ 0, D𝐿−

12 ≥ 0, D𝑈−
11 ≥ 0, D𝑈−

12 ≥ 0, D𝐿−
21 ≥ 0, D𝐿−

22 ≥ 0, D𝑈−
21 ≥ 0, D𝑈−

22 ≥ 0,

d1
−, d1

+, d2
−, d2

+ ≥ 0, d−1 .d+
1 = 0, d−2 .d+

2 = 0. (5.12)

On solving the above problem (5.12), the compromise solution for the BL-MOIFLFPP (5.7) is found as
𝑥1 = 0.00006907189, 𝑥2 = 0.8333095, 𝑥3 = 0 where optimal values of the corresponding objective functions
are obtained in Table 9.

5.3. Result analysis

In Example 1, O.E. Emam [22] found 𝑥 = (3, 1) as the compromise solution of the bi-level multi-objective
LFPP comprising its parameters in deterministic forms where the corresponding optimal objective values are
computed as ℱ11 = 1.0952, ℱ12 = 1.6667, ℱ21 = 0.3571 and ℱ22 = 0.6429.

In this paper, we have considered the parameters in form of intuitionistic triangular fuzzy numbers and com-
puted its compromise solution as 𝑥 = (2.4, 0) using the proposed methodology where the corresponding optimal
objective values are obtained in the form of specific range instead of fixed values i.e., ℱ11 = [0.5363, 3.3180],
ℱ12 = [0.7374, 4.8111] and ℱ21 = [0.1209, 0.6380], ℱ22 = [0.2698, 1.2405].

It is found that, the optimal objective values found for the deterministic BL-MOLFPP due the existing
method proposed by [22], lie within the range of the interval valued optimal objective functions computed
using the proposed solution approach i.e., ℱ11 = 1.0952 ∈ [0.5363, 3.3180], ℱ12 = 1.6667 ∈ [0.7374, 4.8111],
ℱ21 = 0.3571 ∈ [0.1209, 0.6380] and ℱ22 = 0.6429 ∈ [0.2698, 1.2405] which validate the feasibility of the
proposed solution algorithm.

The following Figure 3 represents that the crisp objective values (ℱ11 = 1.0952, ℱ12 = 1.6667, ℱ21 =
0.3571, ℱ22 = 0.6429) of the deterministic problem due to the existing method proposed by O.E. Emam [22],
lie within the respective lower bounds (ℱ𝐿

11 = 0.5363, ℱ𝐿
12 = 0.7374, ℱ𝐿

21 = 0.1209, ℱ𝐿
22 = 0.2698) and upper
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Figure 3. Crisp and interval valued objective values.

bounds (ℱ𝑈
11 = 3.318, ℱ𝑈

12 = 4.8111, ℱ𝑈
21 = 0.638, ℱ𝑈

22 = 1.2405) for their interval valued optimal objective
values of the fuzzy problem due to the proposed solution algorithm.

The majority of the existing approaches in literature deal with BL-MOLFPP in either deterministic form
(i.e., with real parameters) or uncertain form with classical fuzzy parameters having degrees of membership
only. Besides, some other existing methodologies solve bi-level FPP or only MOLFPP in deterministic or fuzzy
environment. But, the proposed methodology deals with BL-MOLFPP having intuitionistic fuzzy parameters
which involve both the degrees of membership as well as non-membership to practically fit with many real life
cases i.e., the main advantage of the proposed solution methodology.

The solutions of the practical, numerical problems generated by the proposed methodology and the above
comparative analysis of results both validate the computational efficiency of the proposed approach. It also
comprises multiple models throughout this process which are not much complex in nature but need to be
sequentially designed with appropriate formulations. The methodology developed may be comparatively complex
with respect to other methodologies as it attempts to derive the compromise solution of BL-MOLFPP in
intuitionistic fuzzy environment which is a complex form of practical problem in hierarchical organizations and
mostly unsolved in literature.

6. Conclusions

The uncertainty of many practical problems in decision making context, can be suitably expressed using
intuitionistic fuzziness in formulation of the appropriate optimization models. The decision makers at each level
of a hierarchical organization often require to optimize multiple fractional functions comprising ambiguous data.
Majority of the existing methodologies in literature solve LPP, bi-level LPP or MOLPP with intuitionistic fuzzy
parameters but the methodology developed in this paper attempts to solve and derive a compromise solution of a
bi-level MOLFPP in an intuitionistic fuzzy environment. The intuitionistic triangular fuzzy model of the bi-level
multi-objective optimization is transformed into an equivalent interval valued optimization using fuzzy 𝛼, 𝛽-cuts
for the degrees of membership and also non-membership respectively. It generates the compromise solution using
the proposed concepts, modified linearization technique and fuzzy goal programming. The computational results
in the numerical section and its analysis incorporated based on the comparisons with an existing deterministic
problem, validate the acceptability and feasibility of the proposed method. To derive the computational results
of the numerical section, LINGO optimization tool is utilized. As the bi-level MOLFPP intuitionistic fuzzy
model is almost unsolved in literature, the proposed methodology can be considered very useful in decision
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making hierarchical systems. Bi-level MOLFPP comprising trapezoidal, pentagonal, hexagonal etc. types of
IFNs can also be solved based on the solution methodology proposed in this paper. In future scope of research,
multilevel MOLFPP can be studied in various fully fuzzy environments for developing some efficient and novel
solution methodologies.
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