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THE ALON-TARSI NUMBER OF PLANAR GRAPHS WITHOUT SOME
FORBIDDEN CONFIGURATIONS

Lin Niu*

Abstract. The Alon—Tarsi number of a graph G, denoted AT(G), defined as the smallest integer k
admitting an Alon—Tarsi orientation with maximum out-degree at most k — 1, satisfies the fundamental
inequalities x¢(G) < AT(G) < d(G) + 1, where x¢(G) and d(G) denote the list chromatic number and
degeneracy, respectively. Notably, for planar graphs without k-cycles where k € {5, 6}, the 3-degeneracy
implies AT(G) < 4, and our main result extends this by proving AT(G) < 4 for planar graphs without
4-cycles adjacent to 3-cycles, thereby improving previous results from Lam et al. [J. Comb. Theory,
Ser. B'76 (1999) 117-126] and Cheng et al. [Discrete Math. 339 (2016) 3052-3057]. We also show that
this result is sharp.
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1. INTRODUCTION

In this paper, all graphs are finite and simple. A proper k-coloring of a graph G is a function ¢ : V(G) —
{1,...,k} = [k] where adjacent vertices are assigned distinct colors. A graph is k-colorable if it admits a proper
k-coloring. The chromatic number of G, denoted x(G), is the smallest integer k for which G has a proper
k-coloring. Two faces are adjacent if they share at least one common edge.

Vizing [1], as well as Erdés et al. [2] independently, introduced list coloring, a generalization of classical graph
coloring. A list assignment L for a graph G assigns each vertex v € V(G) a set L(v) of admissible colors. If G
admits a proper coloring ¢ such that ¢(v) € L(v) for every vertex v, then G is said to be L-colorable. The graph G
is k-choosable if it is L-colorable for every list assignment L with |L(v)| > k for all v € V(G). The list chromatic
number of G, denoted x¢(G), is the smallest integer k for which G is k-choosable. Trivially, x(G) < x¢(G) holds
for all graphs G.

Jensen and Toft [3] introduced the Alon—Tarsi number of a graph G, a further generalization of list coloring.
Let D be an orientation of G. A subgraph H of D is called Eulerian if it is spanning and satisfies dj; (v) = dj (v)
for every v € V(H). Denote by EE(D) (resp. OE(D)) the set of all Eulerian subgraphs of D with an even
(resp. odd) number of edges. An orientation D is an Alon—Tarsi orientation (for short, AT-orientation) if
|[EE(D)| # |OE(D)|. The Alon—Tarsi number of G, denoted AT(G), is the smallest integer k for which G
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admits an AT-orientation D with maximum out-degree A}, < k — 1. By the Alon-Tarsi Theorem [4], it follows
that x¢(G) < AT(G) for any graph G.

A graph G is d-degenerate if every subgraph contains a vertex of degree at most d, with the degeneracy
d(G) being the smallest such d. For any orientation D of G, the empty subgraph (V(G),0) forms a trivial
even Eulerian subgraph, and when D contains no directed cycles, it is called an acyclic orientation. Since every
Eulerian subdigraph decomposes into edge-disjoint directed cycles, any acyclic orientation D is necessarily an
Alon—Tarsi orientation. Crucially, a graph is d-degenerate if and only if it admits an acyclic orientation D with
maximum out-degree A}, < d, which directly implies the inequality chain AT(G) < d(G) + 1 and consequently
establishes the fundamental relationship

X(G) < x¢(G) < AT(G) < d(G) + 1 for all graphs G.

The study of list coloring in planar graphs has produced several important results. Thomassen’s ground-
breaking work [5] established that all planar graphs are 5-choosable, while Voigt [6] demonstrated the existence
of planar graphs that are not 4-choosable. The complexity of this problem was further highlighted by Gutner [7],
who proved that determining 4-choosability for planar graphs is NP-hard. These results have motivated the
search for sufficient conditions guaranteeing 4-choosability. Significant progress includes the result of Cushing
and Kierstead [8] showed that every planar graph contains a matching M such that G — M is 4-choosable.
Furthermore, It is well known that a planar graph is 4-choosable if it has no i-cycles where i € {3,4,5,6}, see
[9-12]. Building on these findings, Cheng et al. [13] extended the results by proving that planar graphs without
4-cycles adjacent to 3-cycles are also 4-choosable.

Recent advances in the study of Alon—-Tarsi numbers have yielded significant results for planar graphs.
Zhu [14] first established the upper bound AT(G) < 5 for all planar graphs. This result was subsequently
improved by Grytczuk and Zhu [15], who demonstrated that every planar graph G admits a matching M such
that AT(G — M) < 4. Most recently, Lu and Zhu [16] achieved a further refinement, proving that if G is a
planar graph without 4-cycles and Il-cycles for some [ € {5,6,7}, then there exists a matching M such that
AT (G — M) < 3, which marks an important progress in understanding how cycle restrictions affect Alon—Tarsi
numbers.

Recent work on planar graph degeneracy has revealed important structural properties. Wang and Lih [12]
demonstrated that planar graphs containing no 5-cycles are necessarily 3-degenerate. Independently, Fijavz et al.
[9] established an analogous result for planar graphs excluding 6-cycles. Combining these degeneracy bounds
with the fundamental inequality AT(G) < d(G) + 1, we immediately obtain the following corollary.

Corollary 1.1. For any planar graph G without k-cycles where k € {5,6}, AT(G) < 4.

Let G be the family of planar graphs without any 3-cycle adjacent to a 4-cycle. In this paper, we prove the
following main result.

Theorem 1.2. If G € G, then AT(G) < 4.
By Theorem 1.2, we obtain the following corollary.
Corollary 1.3. If a planar graph G contains no k-cycles for any k € {3,4}, then AT(G) < 4.

Voigt [17] proved the existence of a planar graph Gy without 3-cycles that is not 3-choosable, whence
AT (Go) > xe(Go) > 4. As Gy has no 3-cycles, we have Gy € G. By Theorem 1.2, AT(G) < 4 for every
G € G. Thus, this result is sharp.

This paper is organized as follows. In Section 2, we establish several lemmas in order to prove Theorem 1.2.
In Section 3, we prove Theorem 1.2.

In the end of this section, we introduce some terminology and notation. Let uw and v be two vertices in G. If
uv is an edge of G, then we say that u is a neighbor of v. The set of all neighbors of v in G is denoted by N (v).
The degree of v, denoted by d(v), is the number of vertices in N(v). A k-vertex (resp. k™ -vertex or k™ -vertez)
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is a vertex of degree k (resp. at least k or at most k). Similarly, a k-face (resp. k*-face or k™-face) is a face
with k (resp. at least k or at most k) vertices. For f € F(G), let b(f) be the boundary walk of f and write
f=1u1...u,] when uq,..., u, are the boundary vertices of f in clockwise order. An n-face [u; ...u,] is called
an (ai,...,a,)-face if d(u;) = a; for ¢ € [n]. For a cycle C, an edge xy € E(G) \ E(C) is called a chord of C' if
xz,y € V(C). For a k-cycle C, C is called chord k-cycle if C has a chord.

Throughout all figures in this paper, a solid vertex represents a vertex that all of its incident edges are
depicted in the figure, whereas a hollow circle represents a 4*-vertex.

2. REDUCIBLE CONFIGURATIONS

Assume, for contradiction, that Theorem 1.2 is false. Let G be a minimal counterexample with respect to
|V (G)]|, which implies G must be connected.

We call an orientation D of G good if it is an AT-orientation with maximum out-degree AB < 3. For any
vertex subset X C V(G), we denote by (X) the induced digraph consisting of X and all edges between X and
V(G)\X, oriented from X to V(G)\X.

The following technique lemma is due to Zhu and Balakrishnan [18].

Lemma 2.1. Assume that G is a graph and X is a subset of V(G). Suppose that G — X has an AT-orientation
Dy and G[X] has an orientation Dy. Let D be obtained from Do U D1 U (X). If Dy is an AT-orientation of
G[X], then D is an AT-orientation of G.

The following lemmas will be essential for proving Theorem 1.2.
Lemma 2.2. FEvery vertex in G has degree at least 4.

Proof. Assume to the contrary that there exists a vertex v € V(G) with d(v) < 3. Consider the proper subgraph
G —v. By the minimality of G, there exists a good AT-orientation Dy of G — v satisfying |EE(Dy)| # |OE(Dy)|
and max,cy (G—o) dEO (u) < 3.

We construct an orientation D of G by extending Dy with all edges incident with v oriented outward. This
construction has the following properties.

— The Eulerian subgraph counts are preserved. Thus, |[EE(D)| = |[EE(Dy)| and |OE(D)| = |OE(Dy);
— The out-degree of v satisfies d},(v) = d(v) < 3;
— For all other vertices u # v, df,(u) = djgo (u) < 3.

Therefore, D is a good AT-orientation of G with maximum out-degree at most 3, contradicting our assumption
that G was a counterexample. a

Lemma 2.3. The minimal counterezample G satisfies:

(1) G contains no chord 5-cycles;
(2) No 3-face in G is adjacent to any k-face with k < 4.

Proof. (1) Suppose G contains a chord 5-cycle vy - - - vsv1 with chord vivs. This simultaneously induces a 4-cycle
v1v3v405v1 and a 3-cycle vivovsvy that share the edge vyvs, violating the forbidden configuration of graph
G.

(2) For any 3-face [vivqus], if it adjacency to a 3-face [v1vav4] creates a 4-cycle vivzvavgvy; if it is adjacent to a
4-face [v1v9v4v5] yields the 4-cycle vivovavsv. In each of case, each of those two 4-cycles is adjacent to the
3-cycle vyvavgvy along the edge v1ve, which contradicts the properties of G.

O

By Lemma 2.3(2), the following corollary holds.

Corollary 2.4. A k-vertex in G is incident with at most ng 3-faces where k > 4.
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FIGURE 1. Definition of different 5-faces.

A 3-face is called bad if it is of type (57,57, 4)-face and good otherwise. It can be easily verified that a good
3-face f is either a (41,47, 6™ )-face or a (5,5, 5)-face.

A 5-vertex v is bad if it is incident with two bad 3-faces and good otherwise. This definition implies that a
good b-vertex v satisfies one of the following conditions: it is incident with at most one 3-face, or it is incident
with two 3-faces, at least one of which is good.

Let f = [v1...v5] bea (k,4,4,4,4)-face in G, where d(v1) = k € {4,5,6} and d(v;) = 4 for each i € {2,3,4,5}.
If k € {4,5} and f is adjacent to a 3-face [v1vavg]|, where vg ¢ b(f), then we say that vg is a source of f, and
f is a sink of vg (as illustrated in Fig. 1(1)). The face f is called semi-poor if it is adjacent to four 3-faces and
one 4T-face, with the additional condition that vy is incident with exactly one 3-face adjacent to f (as shown
in Fig. 1(2)). The face f is called poor if it is adjacent to five 3-faces (as depicted in Fig. 1(3)). For simplicity,
a b-face is called rich if it is neither poor nor semi-poor. Conversely, a 5-face is non-rich if it is either poor or
semi-poor.

Lemma 2.5. Every source is a 57 -verter in G.

Proof. Let f = [v1...vs] be a (k,4,4,4,4)-face where d(vy) = k € {4,5} and d(v;) = 4 for each i € {2,3,4,5}.
Without loss of generality, suppose the edge vivy is incident with a 3-face g = [vvavg], where vg is a source of
f and thus vg € b(f).

For contradiction, assume vg is a 4-vertex by Lemma 2.2. Let X = {v1,...,vg}. By the minimality of G,
there exists a good orientation Dy of G — X.

By Lemma 2.3(1), v;vi42 ¢ E(G) for ¢ € [5] (indies module 5). If vsvg € E(G), then G contains a 4-cycle
V10560201 adjacent to the 3-cycle v1vvgv1, a contradiction. Hence, vsvg ¢ E(G). Symmetrically, vsvg ¢ F(G).
If vyvg € E(G), then G contains a 4-cycle vovgvavgve adjacent to the 3-cycle vivavgvy, another contradiction.
Thus, vivs ¢ E(G). Therefore, G[X] contains no edges beyond those in the faces f and g.

Let Dy = {v307, Ua03, U301, V4Us, U501, U106, VgV }- By the forbidden configuration constraint, G[X] contains
no edges other than those specified in D, which therefore forms an orientation of the subgraph G[X], as shown
in Figure 2(1). The odd and even Eulerian subgraphs are OE(D;) = (X, {v1vg, V6v3, V201 }) and EE(D;) =
{(X,0), (X, {v1v6, V6V3, Vav3, U304, V4Us, U501 }) }. Since |OE(D1)| # |[EE(Dy)|, Dy is an AT-orientation of G[X].

Let D = Dy U Dy U(X). By Lemma 2.1, D is an AT-orientation of G. We verify the out-degrees.

— Forv e V(G)\ X, df(v) = d;o(v) <3;
— For i € {3,4,5,6}, df,(v;) = dBl (v;) +2=3,d},(v2) = d;l (v2) +1=3;
— If d(vy) = 4, then dj,(v1) = df; (v1) +1 = 2; if d(v1) = 5, then d,(v1) = df, (v1) +2 = 3.

In all cases, AE < 3, s0 D is a good orientation of GG. This contradicts the initial assumption, proving that
vg must be a 5T-vertex. O

Lemma 2.6. Let v be a k-vertex in G where k € {5,6} incident with two adjacent 5-faces, fi1 and fo. Then at
most one of f1 and fo is a semi-poor 5-face.
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FIGURE 2. Illustrations of Lemmas 2.5-2.8.

Proof. Assume for contradiction that both f; and fy are semi-poor 5-faces. Let f1 = [vv1y1y2v2] and fo =
[vvaysyavs], as illustrated in Figure 2(2). By definition of semi-poor 5-faces, v must be a 4-vertex.

If yo = y3, then vy would have only two distinet neighbors (ys and v), making it a 2-vertex, which contradicts
d(vy) = 4. Thus, ys # ys. By the semi-poor property, each edge voys and wvays is incident with a 3-face. Let
u be the fourth neighbor of vy (distinet from v, ys,y3). The 3-faces must be [vayou] and [veysu]. The 4-cycle
Voo uY3vo shares a common edge voys with the 3-cycle voysuve. This violates the property that G contains no
4-cycle adjacent to a 3-cycle, yielding the desired contradiction. O

Lemma 2.7. Let v be a good 5-vertex with two 3-faces and three 5-faces. Then v has at most one non-rich
5-face.

Proof. Let v be a 5-vertex with neighbors vy, ..., vs in clockwise order, where f; denotes the face incident with
v and bounded by edges vv; and vv; 41 where ¢ € [5] (indices modulo 5). By Lemma 2.3(2), we may assume f;
and f3 are 3-faces, which implies fo, f4, and f5 are all 5-faces. By the definition of poor 5-face, neither f4 nor
f5 is a poor 5-face.

First assume that fs is a rich 5-face. By Lemma 2.6, at most one of {fy, f5} can be semi-poor 5-face. Thus,
v is incident with at most one non-rich 5-face.

Next assume that fy is a non-rich 5-face. Then fo must be a (5,4,4,4,4)-face. Lemma 2.5 shows both v; and
vy are 5T -vertices. Consequently, both the faces f; and f5 contain at least two 5T-vertices, making them rich
5-faces. The result holds. O

Lemma 2.8. If a 6-vertex v in G is incident with three 3-faces and three poor 5-faces, then v cannot have any
sink.

Proof. Let v be a 6-vertex with neighbors vy, ...,vs in clockwise order. For each i € [6] (indices modulo 6), let
fi denote the face incident with edges vv; and vv; ;. By Lemma 2.3(2) and symmetry, we may assume that f;
is a 3-face for i € {1,3,5}, and f; is a poor 5-face for j € {2,4,6}. By the definition of poor 5-faces, each v; is
a 4-vertex for i € [6].

Without loss of generality, suppose v has a sink f] adjacent to fi. Let fg = [vv1y1y2v6] and f] = [v1vaz12223],
as shown in Figure 2(3). Since f] is a sink of v and, both of v; and vy are 4-vertices, making fi a (4,4, 4, 4,4)-face.

Because fg is poor, vy is incident with two 3-faces. One is f; = [vviv2] and the other must be [v123y1].
Clearly, y; ¢ {v1,ve,x3}. If y; = x9, then x3 would have only two neighbors (x5 and v;), making it a 2-vertex, a
contradiction. Thus, y; # za. If y; = x1, then z123 € E(G), and then G contains a 4-cycle vovyz3z1v9 adjacent
to the 3-cycle x1xox321, which violates the properties of graph G. Thus, y; # x1. So far, y; ¢ b(f7).

Since y1 ¢ b(f]) and f] is a (4,4,4,4,4)-face, y; must be a source of f]. By Lemma 2.5, any source must be
a 5T-vertex. However, y; is a 4-vertex (as fg is poor), yielding the final contradiction. O
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3. PROOF OF THEOREM 1.2

For each z € V(G) U E(G), define an initial weight function u(z) on V(G) U F(G) by u(v) = 2d(v) — 6 and
wu(f) =d(f) — 6 where v € V(G) and f € F(G). Using the Euler’s formula |V(G)| — |[E(G)| + |F(G)| = 2, we

derive
> (2d(w) - 6)+ D (d(f) - 6)=—12.

veEV(G) FEF(G)

Let 1/ (x) be the charge after applying discharging rules for each € V(G)U F(G). To prove the Theorem 1.2,
we design discharging rules to preserve the total weight sum and ensure p/(z) > 0 for all z € V(G) U F(G).

This leads to
0 Y H@= Y pa)=-12
2EV(G)UF(G) 2€V(G)UF(G)

which is impossible, completing the proof by contradiction.

We employ the discharging method to establish the non-existence of the graph G. For any k-vertex v in G
where k > 4, let m,n, and s denote the number of incident 3-faces, 4-faces, and 5-faces, respectively, with «
representing the number of sinks incident with v. It can verify that m + n + s < k. By the definition of sink
and Corollary 2.4, it gets a« < m < ng A 6-vertex v is denoted as 6*-vertex if it is incident with exactly one
5T-face other than poor 5-face, and as 6**-vertex if it is incident with two or more such faces.

Now, we define the discharge rules as following.

The discharging rules:

(R1) Each 4T-vertex sends 1 or % to each incident 3- or 4-face, respectively.

(R2) Each 4-vertex sends %, %, or i to each incident 5-face when m =0, m =1 and n =0, or m =n = 1,
respectively.

(R3) Let v be a 5-vertex. If v is bad, it sends % to each incident 5-face; if v is good, it sends % or % to each
incident rich 5-face or non-rich 5-face, respectively.

(R4) Each 6-vertex sends 1, % or % to each incident poor 5-face, semi-poor 5-face or rich 5-face, respectively.

(R5) Each 7T-vertex sends 1 to each incident 5-face.

(R6) Let f be a 5-face with source vertex v. Then v sends %, L

5 or % to f if v is a 5- or 7T-vertex, 6*-vertex,
or 6"*-vertex, respectively.

We first check p/(v) > 0 for all v € V(G). Let a k-vertex v be adjacent to vy,...,v; in clockwise order
and f; be the face incident with v with vv; and vv;y; as boundary edge where i € [k] (indices modulo k). By
Lemma 2.2, k > 4. By Corollary 2.4, m < L%J

(1) Let v be a 4-vertex. Then m < 2.

— If m = 0, then n+ s < 4. By (R1) and (R2), v sends } to each incident 4- or 5-face. Thus, p'(v) =
2—1(n+s)>0.

— If m =1, then n < 1 by Lemma 2.3(2). If n = 0, then s < 3. By (R1) and (R2), v sends 1 or § to each
incident 3- or 5-face, respectively. Thus, p/(v) =2 —1— 45 = 2(3—s) > 0. If n = 1, then s < 2 by
Lemma 2.3(2). By (R1) and (R2), v sends 1,% or % to each incident 3-, 4- or 5-face, respectively. Thus,
p)y=2-1-1-1s=12-35)>0.

— If m = 2, then n = 0 by Lemma 2.3(2). By (R1), v sends 1 to each incident 3-face. Note that v sends
nothing to each incident 5-face by (R2). Thus, p/(v) =2 —2 = 0.

(2) Let v be a 5-vertex. Then m < 2.

First assume that v is a bad 5-vertex. By the definition of bad 5-vertex and sink, v is incident with exactly

two 3-faces, and v has at most two sinks. Thus, @« < m = 2. By Lemma 2.3(2), v is not incident with

any 4-face. Thus, n = 0. It implies that v is incident with at most three 5-faces. Thus, s < 3. So far,
a<m=2n=0and s <3. By (Rl) and (R3), v sends 1 or % to each incident 3- or 5-face, respectively.

By (R6), v sends 1 to each of its sink. Thus, p/(v) =4 -2 — 15— La > 0.



THE ALON-TARSI NUMBER OF PLANAR GRAPHS WITHOUT SOME FORBIDDEN CONFIGURATIONS 621

Next assume that v is a good 5-vertex. By the definition of good 5-vertex, v is incident with at most one
bad 3-face. By the definition of sink, « is less than or equal to the number of bad 3-face incident with v.
Thus, a < 1.
— Suppose first that m = 0. Then n+ s <5, and a = 0 since 0 < o < m = 0. By (R1) and (R3), v sends
at most 2 to each incident 4- or 5-face. Thus, p/(v) >4 — 3(n+s) > 1 > 0.
— Suppose next that m = 1. Then n + s < 4 and o < 1. Let f; = [vvyv3] be a 3-face. Then v is incident
with at most two (5,4,4, 4, 4)-faces share an edge with vv; or vve. By the definition of non-rich 5-face,
v is incident with at most two non-rich 5-faces. By (R1) and (R3), v sends 1 to each incident 3-face, %
to each incident 4-face or rich 5-face, and % to each incident non-rich 5-face. By (R6), v sends % to its
sink. Thus, p/(v) >4 —-1-2x3-2x3-1a>1>0.
— Finally, suppose that m = 2. Then s +n < 3. It follows from Lemma 2.3(2) that n = 0.
If s < 2, then by (R1) and (R3), v sends 1 or at most 3 to each incident 3- or 5-face, respectively, and
by (R6), v sends 1 to each of its sink. Thus, y/(v) >4 —-2—3s—1a>1>0.
If s = 3, then v is incident with at most one non-rich 5-face by Lemma 2.7. By (R1) and (R3), v sends
1,% or % to each incident 3-face, non-rich 5-face or rich 5-face, respectively, and by (R6), v sends % to
each of its sink. Thus, p/(v) >4-2-2x 1 -3 —1lqa>0.
(3) Let v be a 6-vertex. Then m < 3. Let v be incident with s, poor 5-faces, s, semi-poor 5-faces and s, rich
5-faces. Then s = s, + s + s,. By (R1) and (R4), v sends 1 to each incident 3-face or poor 5-face, 2 to
each incident semi-poor 5-face, and % to each incident 4-face or rich 5-face. By (R6), v sends at most % to

each of its sink. Thus,

3 1 1
1 (W) 26— (m+sp) — s — 5(n+s)— zo (1)
4 2 3
— If m <2, then & < m < 2 and s, < 1. By equation (1), ¢/(v) > 6 — (m+s,) — 3(6 —m — sp) — v =

3 7 1 1 1

— If m = 3, then s,a < 3. By symmetry and Lemma 2.3(2), let f; be a 3-face for each i € {1,3,5}.
By the definition of semi-poor 5-face, v is not incident with any semi-poor 5-face. Thus, s5;, = 0. It
implies that s = s, + s, < 3. By Lemma 2.3(2), v is not incident with any 4-face. Thus, n = 0. So far,
a<3,8=s,+ s, <3 and s;, =n = 0. By equation (1), it follows that

'(v)>3—s 1s 1a—3 s—i—ls 104 (2)
PO =27 o T gsr T3 = 2" T 3%

If either s < 2 or s = 3 and a = 0, then p/(v) > Ls,. > 0 by equation (2). Note that s, < 3. It is
sufficient to consider the case of s = 3 and 1 < a < 3. Then /(v) > 3s, — 3a by equation (2). By
Lemma 2.8, it gets s, < 2 and s, > 1 since 1 < a < 3 and s = s, + s, = 3. To prove p/(v) > 0, it is
sufficient to consider the case of s, = 1. In this case, it follows that s, = 2 since s, =s -5, =3—-1=2,
which implies that v is incident with one 5-face other than poor 5-face. By (R1) and (R4), v sends 1 to
each incident 3-face or poor 5-face, and % to each incident rich 5-face. By (R6), v sends % to each of its
sink. Thus, ¢/(v) >6—-3-2— 1 — ta=$(3—a) > 0.

(4) Let v be a k-vertex where k > 7. By (R1) and (R5), v sends at most 1 to each incident face, and by

(R6), v sends 1 to each of its sink. Recall that v has at most |%| sinks since « < m < |£]|. Thus,
p(v) >2k—6—k— o> §(7k —48) > § > 0.

Further check that p/(f) > 0 for each f € F(G). Let f = [v1...vg] be a k-face in G where k& > 3. By
Lemma 2.2, fis a (4T,... 4)-face.
1),

(1) Let f be a 3-face. By (R1), each incident 41-vertex of f sends 1 to f. Thus, p/(f) = —-3+3x1=0.
(2) Let f be a 4-face. By (R1), each incident 47-vertex of f sends % to f. Thus, p/(f) = —2+4 x 5 =0.
(3) Let f be a 5-face. If f is incident with at least one 7T-vertex, then each incident 7*-vertex of f sends 1 to

f by (R5). Thus, p/(f) > =1+ 1 = 0. Thus, assume that f isa (67,6,6,6,6 )-face. If f is incident
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with at least two 5T-vertices, then each incident 5'-vertex of f sends at least 1 to f by (R3) and (R4).
Thus, p/(f) = =1+ 2 x 4 = 0. Without loss of generality, we may assume that f is a (k1,4,4,4,4)-face
where d(vy) = k1 € {4,5,6} and d(v;) =4 for each i € {2,3,4,5}.

Suppose that v; is incident with at most one 3-face for some @ € {2,3,4,5}. If v; is incident with exactly
one 3-face where i € {2,3,4,5}, then by Lemma 2.3(2), it is incident with at most one 4-face. Thus, v;
sends at least i to f by (R2). Similarly, if v; is also a 4-vertex incident with at most one 3-face, then v;
sends at least i to f.

Let f be adjacent to ns(f) 3-faces, and be incident with 8 4-vertices where each such 4-vertex is incident
with at most one 3-face. Depending on the degree of the vertex vy, it is divided into the following three
cases.

Case 1. The face f is a (6,4,4, 4,4)-face where d(v;) = 6 and d(v;) = 4 for ¢ € {2,3,4,5}.
— If f is a poor 5-face, then vy sends 1 to f by (R4). Thus, ¢/(f) > —-1+1=0.
— If f is a semi-poor 5-face, then vy is incident with exactly one 3-face adjacent to f. By symmetry, let
edge v1v2 be not incident with 3-face and each other edge v;v; 1 be incident with one 3-face where
i €{2,3,4,5} (indices modulo 5). In this case, the 4-vertex vy is incident with exactly one 3-face by
Lemma 2.3(2). So, vo sends at least 1 to f. By (R4), v; sends 2 to f. Thus, p/(f) > -1+3+1 =0.
— If fis a rich 5-face, then f contains at least two 4-vertices in {vs,vs,vs,v5}, say v; and v;, each
incident with at most one 3-face. So, each of v; and v; sends at least i to f. By (R4), vy sends % to
f.Thus, f/(f) > -1+ 3 +2x1=0.
Case 2. The face f is a (5,4,4,4,4)-face where d(vy) =5 and d(v;) = 4 for i € {2,3,4,5}.
By (R3), v1 sends at least % to f. If v; is incident with at most one 3-face for some i € {2,3,4,5}, then
v; sends at least § to f. Thus, p/(f) > =1+ 4 + 18 = (3 — 2). To prove i/(f) > 0, it is sufficient to
consider the case of 8 < 1. This condition immediately implies that ns(f) > 4.

— Suppose first that ng(f) = 4. It follows from 5 < 1 that f is a semi-poor 5-face. By symmetry, let
edge v1v2 be not incident with 3-face and each other edge v;v; 1 be incident with one 3-face where
i € {2,3,4,5} (indices modulo 5). Then vy is incident with exactly one 3-face by Lemma 2.3(2).
So, vy sends at least 1 to f. If v; is a good 5-vertex, then vy sends 3 to f by (R3). Thus, p/(f) >
-1+ i + % = 0. Thus, assume that v; is a bad 5-vertex. By (R3), v; sends % to f. By the definition
of bad 5-vertex, the edge vivs is incident with one (5,57, 4)-face [vivsx]. Then = is a 5~ -vertex.
By Lemma 2.3(1), « is not a vertex on the face f. Since f is a (5,4, 4, 4,4)-face, it follows that the
vertex x is a source of the face f. By Lemma 2.5, x is a 5-vertex. By (R6), « sends i to f. Thus,
W) ==-1+5+5+5=0
— Next suppose that n3(f) = 5. It can verify that f is a poor 5-face where each edge v;v; 1 is incident
with a 3-face g; = [v;v;412;] for each ¢ € [5] (indices modulo 5). By Lemma 2.3(1), the vertices z
and x5 lie outside f, making them sources of f. Lemma 2.5 further establishes that both z; and x5
must be 5T-vertices.
Let y denote the remaining neighbor of v; not on f, and consider the faces h; and hs containing
paths yvix; and yvixs, respectively. The definition of rich 5-faces combined with Lemma 2.3(2)
shows that each h; is either a 6*-face or a rich 5-face. Consequently, each x; is incident with at least
one 5"-face that is not poor 5-face for each ¢ € {1,5}, and by (R6), must send at least % to f.
When vy is a good 5-vertex, by (R3), it sends 3 to f. Thus, p/(f) > -1+ 2 +2x + = -5 > 0. Now
consider that vy is a bad 5-vertex. By definition, its adjacent faces g1 and g5 are (5,57, 4)-faces, which
would imply z; and x5 are 5~ -vertices. However, this contradicts our earlier conclusion that they
must be 5T-vertices. This implies that 21 and x5 are exactly 5-vertices. As sources of f, they each
send £ to f by (R6), while the bad vertex v; sends 1 to f by (R3). Thus, p/(f) > —1+1+2x 1 =0.
Case 3. The face f is a (4,4, 4, 4,4)-face where d(v;) = 4 for i € [5].
If any vertex v; is incident with at most one 3-face where ¢ € [5], then it sends at least i to f. Consequently,
we have p//(f) > =1+ 13 = (8 — 4). To ensure p/(f) > 0, it suffices to consider the case where 3 < 3.
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By Lemma 2.3(2), we can conclude that the face f must be adjacent to at least three 3-faces. Therefore,
n3(f) > 3. For some i € [5], the vertex v; lies on two 3-faces.

Suppose v; is incident with two 3-faces [v;v;—1x;—1] and [v;v;41%;4+1] for some ¢ € [5] (indices modulo 5).
By Lemma 2.3(1), neither x;_; nor z; is a vertex on the face f. Thus, both x;_; and z; are sources of
f. By Lemma 2.5, each of x;_; and z; is a 5T-vertex. Let h; be the face containing the path z;_jv;x;,
where i € [5]. By Lemma 2.3(2), h; is a 5T-face. Recall that h; is incident with at least two 5T -vertices.
Therefore, h; is either a 61-face or a rich 5-face. This implies that each of x;_; and z; is incident with
at least one 5'-face other than poor 5-face. By (R6), each of x; 1 and x; sends at least % to f.

— First assume that n3(f) = 3. Let v;v;41 be incident with a 3-face g; = [v;v;112;] for some i € [5],
with indices taken modulo 5. By symmetry, we may assume without loss of generality that either all
three faces ¢1, g3, g4 are 3-faces, or all three faces g3, g4, g5 are 3-faces.

In the former case (where g1, g3, g4 are 3-faces), Lemma 2.3(2) implies that each of vy, v2,v3, and vs
is incident with exactly one 3-face. However, this contradicts our initial assumption that g < 3.

In the latter case (where g3, g4, g5 are 3-faces), Lemma 2.3(2) yields the following configuration: each
of vy, vq,v3 is incident with at most one 3-face, while each of vy, vs is incident with two 3-faces.
So, each of vy, v9,v3 sends at least % to f, and each of x3, x4, x5 contributes at least % to f. Thus,
W(f)>-1+3xi43xi=-14341=150

— Next assume that ng(f) = 4. Without loss of generality, we may assume that the edge vqvs is incident

with a 4T-face distinct from f, while each edge v;v;41 is incident with a 3-face f; = [v;v;112;] where
i €{2,3,4,5} with indices modulo 5.
By Lemma 2.3(2), we can verify the following configuration: each of v; and vs is incident with exactly
one 3-face, and while each of vz, v4, and v5 is incident with two 3-faces. So, both v, and vy send at
least i to f. Meanwhile, each of the vertices x2, 3, x4, and x5 contributes at least % to f. Combining
these contributions, we obtain p/(f) > —14+2x 1 +4x ¢ = £ > 0.

— Finally, we consider the case when ng(f) = 5. Then each vertex v; is incident with exactly two 3-faces
for i € [5]. Let v;v;41 be incident with one 3-face [v;v;+12;] where ¢ € [5] (indices modulo 5). Let
hi+1 be the face containing the path z;v; 12,11, where ¢ € [5] (indices modulo 5). Similarly, h;yq
must be either a 67-face or a rich 5-face. Since h; is also a 6T-face or rich 5-face, z; is incident with
at least two such 5'-faces (excluding poor 5-faces). By (R6), x; sends at least ; to f. Therefore,
W(f)>-1+5x+=71>0.

(4) Let f be a k-face where k > 6. Since no 67 -face participates in the discharge procedure, the charge of
f remains unchanged. Thus, p/(f) = u(f) =k —6 > 0.
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